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abstract
In this study MHD flow in a lid driven nanofluid filled square cavity with a flexible side wall is numerically
investigated. The top wall of the cavity is colder than the bottom wall and it moves in the +x direction
with constant speed. Other walls of the cavity are insulated. The finite element formulation is utilized to
solve the governing equations. The Arbitrary-Lagrangian-Eulerian method is used to describe the fluid
motion with the flexible wall of the cavity in the fluid–structure interaction model. The influence of
the Young’s modulus of the flexible wall on the flow and heat transfer characteristics are numerically
investigated for the following parameters: (104 N/m2 ≤ E ≤ 2.5 × 105 N/m2 ), with a Richardson number
of (0.01 ≤ Ri ≤ 5), a Hartmann number of (0 ≤ Ha ≤ 50) and a volume fraction of the solid particles
given by (0 ≤ φ ≤ 0.04). The effect of Brownian motion on the effective thermal conductivity of the
nanofluid is taken into account. Averaged heat transfer decreases with increasing Hartmann number and
decreasing Richardson numbers. As the Young’s modulus of the flexible wall decreases, the averaged heat
transfer increases and 66.5% of the heat transfer enhancement is obtained for E = 104 N/m2 compared
with E = 2.5 × 105 N/m2 . An averaged heat transfer enhancement of 33.87% is obtained for a solid volume
fraction of 4% compared to the base fluid for the fluid–structure model coupled with the magnetic field.
© 2016 Elsevier Masson SAS. All rights reserved.

1. Introduction
Due to its importance in various engineering applications such
as cooling of electronic devices, solidification, float glass production, food processing, microelectronic devices, nuclear reactors,
coating and solar power, many researchers have studied the mixed
convection in lid driven cavities. The interaction between the shear
driven flow and the natural convection effect is quite complicated
and has an impact on the enhancement in the flow mixing and
heat transfer. Attempts were made to control the fluid flow and
heat transfer characteristics within the lid driven cavity with active and passive control strategies. In one of these attempts, a magnetic field was used to control the heat transfer [1–8]. Magnetic
field effects on fluid flow and heat transfer have received attention due to their importance in some engineering applications such
as purification of molten metals, cooling of nuclear reactors etc.
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Oztop et al. [9] studied mixed convection with a magnetic field in a
top sided lid-driven cavity heated by a corner heater. They showed
that heat transfer decreases with increasing Hartmann number and
the magnetic field plays an important role in controlling heat transfer and fluid flow. Rahman et al. [10] studied the conjugate effect of joule heating and magnetic force, acting normal to the left
vertical wall, of an obstructed lid-driven cavity saturated with an
electrically conducting fluid numerically using the finite element
method. They showed that the Joule heating parameter and the
Hartmann number have notable effects on the fluid flow and heat
transfer. Al-Salem et al. [11] studied the effects of moving the lid direction on MHD mixed convection in a cavity with a linearly heated
bottom wall using a finite volume method. They observed that the
direction of the lid has more of an effect on the heat transfer and
fluid flow in the cavity and that the heat transfer decreases with
increasing magnetic field parameter.
MHD with nanofluids have received some attention due to
the higher thermal conductivity when nanoparticles are added
to the base fluid [12–16]. Nanofluids which are composed of a
base fluid such as water or ethylene glycol and added nanosized particles such as Al2 O3 , CuO were shown to improve heat
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Nomenclature
a
B0
dp
E
f

local acceleration, (m/s2 )
magnetic field strength
particle diameter, (m)
Young’s modulus, (N/m2 )
body force per unit volume, (N/m3 )

Gr

Grashof number,

h

local heat transfer coefficient,
(W/m2 K)


Ha
k
H
n
Nux
Num
p
Pr
Re
Ri
T
u,
x,

g βf (Th −Tc )H 3

νf2

Hartmann number, B0 H

σnf
ρnf νf

thermal conductivity, (W/m K)
length of the enclosure, (m)
unit normal vector
local Nusselt number
averaged Nusselt number
pressure, (Pa)
ν
Prandtl number, αf

2. Mathematical formulation

f

Reynolds number, uνw H
f
Richardson number, Gr2
Re
temperature, (K)
v x–y velocity components, (m/s)
y Cartesian coordinates, (m)

Greek Characters

α
β
φ
ν
θ
σ
ρ

thermal diffusivity, (m2 /s)
expansion coefficient, (1/K)
solid volume fraction
kinematic viscosity, (m2 /s)
non-dimensional temperature,
electrical conductivity, (S/m)
density of the fluid, (kg/m3 )

T −Tc
Th −Tc

Subscripts
c
h
m
nf
p
st

In another study, Khanafer [37] numerically investigated the mixed
convection in a lid driven cavity with a flexible bottom wall. He observed that compared to the flat wall case, significant heat transfer
enhancement with the flexible wall is achieved.
Based on the above literature survey and to the best of authors’
knowledge, mixed convection under the influence of a magnetic
effect in a nanofluid filled lid driven enclosure, with a flexible side
wall, has never been reported in the literature. A fluid–structure
interaction model coupled with a magnetic field in a nanofluid
filled lid driven cavity problem will be numerically studied. The
presented numerical study aims to investigate the effects of
Reynolds number, Richardson number, Young’s modulus of the
flexible wall, Hartmann number and volume fraction of the solid
particles on the fluid flow and heat transfer.

cold
hot
average
nanofluid
solid particle
static

transfer characteristics with little pressure drop when compared
to base fluids [17–22]. Mahmoudi et al. [23] numerically studied
the MHD natural convection in a triangular enclosure filled with
nanofluid. The impact of the Rayleigh number, Hartmann number
and nanoparticle volume fraction on the heat transfer and fluid
flow were numerically investigated. Ghasemi et al. [12] studied the
MHD natural convection in an enclosure filled with a water–Al2 O3
nanofluid. They observed that an enhancement or deterioration
in the heat transfer may be obtained with an increase in the
nanoparticle volume fraction depending on the value of the
Hartmann and Rayleigh numbers.
Other attempts to control the heat transfer and flow inside
the cavity can be mentioned as (a) using an obstruction within
a cavity or in a channel [24–34] (b) corrugated surface [35,36]
(c) deformable walls [37–40]. Al-Amiri and Khanafer [38] numerically studied the laminar mixed convection in a lid driven cavity
with a flexible bottom wall. They showed that elasticity of the bottom wall has a significant effect on the heat transfer enhancement.

A schematic of the problem and corresponding boundary
conditions is depicted in Fig. 1(a). The top horizontal wall of the
cavity is moving with constant velocity uw . The top wall of the
cavity is maintained at a constant cold temperature of Tc while the
bottom wall is at a hot temperature of Th and the other walls of the
cavity are insulated. The gravity acts in the negative y-direction.
The cavity is filled with a CuO-water nanofluid under the influence
of a vertical magnetic field. The thermo-physical properties of
the fluid are assumed to be constant except for the density
variation which is modeled by the Boussinesq approximation in the
buoyancy term. The effects of joule heating, displacement currents
and induced magnetic field are assumed to be negligible. The
flow inside the cavity is assumed to be laminar, steady and two
dimensional. The Arbitrary Lagrangian-Eulerian method is utilized
to describe the fluid motion with the flexible wall of the cavity in
the fluid–structure interaction model. Navier–Stokes and energy
equations with effective thermophysical properties are used to
describe the fluid domain.
The conservation equation of mass, momentum and energy in a
two dimensional Cartesian coordinate system for the fluid domain
can be written as follows [37]:

▽ ·u = 0

(1)

ρnf (u − ug ) · ▽u = ▽ · σ nf + ρ

(2)

u ▽ T = αnf ▽ T

(3)

b
nf ff

2

where fbf , σ nf , ug denote the body force per unit volume, stress
tensor and velocity of moving coordinates.
The equation for the solid domain of the fluid–structure
interaction model is given by [37]:

ρs as = ▽ · σ s + fbs

(4)

where as , fbs , σ s represent the local acceleration, externally applied
body force and solid stress tensor, respectively.
The effective density, specific heat, thermal expansion coefficient and electrical conductivity of the nanofluid are given by the
following equations:

ρnf = (1 − φ)ρf + φρp

(5)

(ρ cp )nf = (1 − φ)(ρ cp )f + φ(ρ cp )p

(6)

(ρβ)nf = (1 − φ)(ρβ)f + φ(ρβ)p

(7)

σnf = (1 − φ)σf + φσp

(8)

where the subscripts f , nf and p denote the base fluid, nanofluid
and solid particle, respectively.
The effective thermal conductivity of the nanofluid includes the
effect of Brownian motion. In this model, the effects of particle size,
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(a) Geometry.
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(b) Grid.
Fig. 1. Schematic description of the physical model with boundary conditions (a) and grid distribution (b).

Table 1
Thermophysical properties of base fluid and nanoparticle [44].

Table 2
Grid independence test.

Property

Water

CuO

Grid name

Grid size

Averaged Nusselt number

ρ (kg/m3 )
cp (J/kg K)
k (W/mK)
β (1/K)
σ (S/m)
dp (mm)

997.1
4179
0.61
210 × 10−6
0.05
–

6500
540
18
51 × 10−6
5 × 107
29

G1
G2
G3
G4
G5

1 027
2 193
3 918
17 224
35 049

6.110
6.271
6.432
6.596
6.601

particle volume fraction and temperature dependence are taken
into account and it is given by the following formula [41]:
knf = kst + kBrownian

(9)

where kst is the static thermal conductivity as given by [42]


kst = kf


(kp + 2kf ) − 2φ(kf − kp )
.
(kp + 2kf ) + φ(kf − kp )

(10)

The interaction between the nanoparticles and the effect of
temperature are included in the models as


kBrownian = 5 × 10 φρf cp,f
4

κb T ′
f (T , φ, dp )
ρp dp

(11)

where the function f ′ for the CuO-water nanofluid is given in [41].
The effective viscosity of the nanofluid due to micro mixing in
the suspension was given in [41]

µnf = µst + µBrownian = µf /(1 − φ)0.25 +

kBrownian
kf

×

µf
Prf

• For the vertical right wall:
∂T
= 0.
∂x
At the fluid structure interface, displacement compatibility
(df = ds ) and traction equilibrium (σ f = σ s ) must be satisfied [37].
The local Nusselt number on the bottom hot wall of the cavity
is calculated as
Nux = −

knf
kf



∂θ
∂Y



,

(13)

Y =0

where θ represents the non-dimensional temperature and X
denotes the nondimensional x- coordinate. The averaged Nusselt
number is obtained after integrating the local Nusselt number
along the bottom wall of the cavity as


Num =

1

Nux dX .

(14)

0

(12)

where the first term on the right hand side of the equation is the
viscosity of the nanofluid given in Ref. [43]. The thermo-physical
properties of the water-nanofluid are given in Table 1 [44].
At high volume fractions of nanoparticles, non-Newtonian
behavior of the nanofluid may be observed [45,46]. In this study
we assumed that the nanofluid behaves like a Newtonian fluid for
the considered range of solid nanoparticle volume fraction. Kole
and Dey [46] studied the alumina nanofluid based on an engine
coolant and they observed a transition from Newtonian to nonNewtonian behavior for high solid particle volume fractions. The
viscosity of Al2 O3 -water nanofluids having dispersants for volume
concentration of 1%–5% was experimentally studied by Duan
et al. [47]. They observed that after performing ultrasonic agitation
treatment nanofluids behave as Newtonian fluids.
The appropriate form of the dimensional boundary conditions
are:
• For the vertical left wall:
u = v = 0, ∂∂Tx = 0.
• For the horizontal bottom wall:
u = v = 0, T = Th .
• For the horizontal top wall:
u = uw , v = 0, T = Tc .

3. Solution methodology
The solution of governing equations in Eqs. (1)–(4) is made
by a Galerkin weighted residual finite element formulation. The
computational domain is discretized into triangular elements.
Triangular Lagrange finite elements of different orders are used
for each of the flow variables within the computational domain.
Residuals for each of the conservation equations is obtained by
substituting the approximations into the governing equations. The
convergence of the solution is assumed when the relative error for
each of the variables satisfy the following convergence criteria:


 n+1
Γ
− Γ n 
−6

 Γ n+1  ≤ 10 .

(15)

In order to obtain an optimal grid distribution with accurate
results and minimal computational time, numerical experiments
with various grid sizes were performed. Grid distribution of the
computational domain is shown in Fig. 1(b). The results of the averaged Nusselt number for various grid sizes are shown in Table 2.
G4 with 17 224 nodes ensured a grid independent solution and
hence was used in the subsequent computations. The present code
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(a) Results of Pirmohammadi and Ghassemi [48].

(b) Results of Sarris et al. [49].

(c) Ha = 25, Ra = 7 × 103 .

(d) Ha = 100, Ra = 7 × 105 .

(e) Ha = 25, Ra = 7 × 103 .

(f) Ha = 100, Ra = 7 × 105 .

Fig. 2. Code verification with the results of Pirmohammadi and Ghassemi [48] and Sarris et al. [49]. Comparison of streamlines and isotherms.

(a) Re = 100, Ψmax = 0.0086.

(b) Re = 250, Ψmax = 0.0216.

(c) Re = 1000, Ψmax = 0.0843.

(d) Re = 100.

(e) Re = 250.

(f) Re = 1000.

Fig. 3. Effects of varying Reynolds number on the flow patterns and isotherms for fixed values of Ri = 1, E = 105 , Ha = 25, φ = 0.02.

is validated with the existing results of Pirmohammadi and Ghassemi [48] and Sarris et al. [49]. Fig. 2 demonstrates the comparison
results of streamlines and isotherms for (Ra = 7 × 103 , Ha = 25)
and (Ra = 7 × 105 , Ha = 100). The comparison results show good
overall agreement.
4. Results and discussion
In this numerical study, the influence of the Reynolds number
(100 ≤ Re ≤ 103 ), Richardson number (Ri = Gr2 , 0.01 ≤
Re

Ri ≤ 5), Young’s modulus of flexible wall (104 N/m2 ≤ E ≤
2.5 × 105 N/m2 ), Hartmann number (0 ≤ Ha ≤ 50) and nanoparticle volume fraction (0 ≤ φ ≤ 0.04) on the flow and heat transfer
were investigated. The cavity is filled with a CuO-water nanofluid
under the influence of a vertical magnetic field. The effects of varying Reynolds number on the streamlines and isotherms are shown
in Fig. 3 (Ri = 1, E = 105 , Ha = 25, φ = 0.02). The characteristic of the lid driven cavity is seen with a primary main recirculating cell whose center is located above the mid of the cavity. As
the Reynolds number increases, the extent of the vortex increases
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(a) Local Nusselt number.
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(b) Averaged Nusselt number.

Fig. 4. Local and averaged Nusselt number for various Reynolds number at fixed values of Ri = 1, E = 105 , Ha = 25, φ = 0.02.

(a) Ri = 0.01.

(b) Ri = 1.

(c) Ri = 5.

(d) Ri = 0.01.

(e) Ri = 1.

(f) Ri = 5.

Fig. 5. Streamlines and isotherms for various Richardson numbers Re = 200, E = 5 × 104 , Ha = 25, φ = 0.02.

(a) Local Nusselt number.

(b) Averaged Nusselt number.

Fig. 6. Effects of Richardson number on local and averaged Nusselt numbers for fixed values of Re = 200, E = 5 × 104 , Ha = 25, φ = 0.02.

towards the bottom wall and the strength of the convection increases. The Richardson number is kept at 1. The boundary layer
along the bottom wall becomes thinner which causes locally enhanced heat transfer with increasing Reynolds numbers. The local
and averaged Nusselt numbers are demonstrated in Fig. 4(a)–(b).
The averaged Nusselt number increases with increasing Reynolds
number almost linearly due to the increase in kinetic energy of
the flow. The effects of varying the Richardson number on the
streamlines and isotherms are demonstrated in Fig. 5(a)–(f) (Re =
200, E = 5 × 104 , Ha = 25, φ = 0.02). For low Richardson
number, the effect of forced convection due to the mechanicallydriven upper wall is more pronounced compared to natural convection (Ri = Gr2 ). At Ri=1, a secondary recirculating cell is seen
Re

above the bottom wall and a steep temperature gradient is seen
from mid of the bottom wall towards the left end. Further increasing the Richardson number leads to the formation of a small recirculating cell adjacent to the left part of the bottom wall (Fig. 5(c))
due to the increasing effect of buoyancy. Temperature gradient becomes higher towards the right end of the bottom wall (Fig. 5(f)).
Fig. 6(a)–(b) demonstrates the effect of varying Richardson number on the local and averaged heat transfer. At Ri = 1, heat transfer
along the bottom wall of the cavity first increases until x/H = 0.25
and then decreases. At Ri = 5, local heat transfer deteriorates until x/H = 0.15 due to the formation of the recirculating cell and
then increases afterwards along the bottom wall until x/H = 0.90.
The averaged heat transfer generally increases as the Richardson
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(a) E = 104 .

(b) E = 5 × 104 .

(c) E = 2.5 × 105 .

(d) E = 104 .

(e) E = 5 × 104 .

(f) E = 2.5 × 105 .

Fig. 7. Streamlines and isotherms for various Young modulus of the flexible wall at Ri = 0.5, Re = 200, E = 105 , Ha = 25, φ = 0.02.

(a) u-velocity.

(b) v -velocity.

Fig. 8. Effect of varying Young modulus on velocity distributions along the mid plane at Ri = 0.5, Re = 200, E = 105 , Ha = 25, φ = 0.02.

(a) Local Nusselt number.

(b) Averaged Nusselt number.

Fig. 9. Effect of varying Young modulus on the Nusselt number distributions along the bottom wall at Ri = 0.5, Re = 200, E = 105 , Ha = 25, φ = 0.02.

number increases and heat transfer enhancements of 74.35% and
26.67% are obtained for Ri = 1 and Ri = 5 compared to the averaged heat transfer at Ri = 0.01. Streamlines and isotherms are
depicted in Fig. 7(a)–(f) for various values of the Young’s modulus of the flexible side wall. As the deformation of the flexible
side wall increases with decreasing Young’s modulus, the extent
of the main recirculating cells increases towards the bottom wall
and more space is provided for the hot rising fluid in the vicinity of the right part of the bottom wall. The temperature gradient becomes steeper towards the right end of the bottom wall as
the flexibility of the side wall increases with decreasing Young’s
modulus. Velocity profiles along the mid plane of the cavity are

demonstrated in Fig. 8(a)–(b). The absolute value of the u and v
velocities increases as the flexibility of the side wall increase due
to the favorable effect of additional space created by a deformable
side wall on natural convection. Heat transfer is locally enhanced
especially in the vicinity of the right part of the bottom wall as depicted in Fig. 9(a). Averaged heat transfer increases with decreasing
values of Young’s modulus. The averaged heat transfer enhancement of 66.55% is obtained for Young’s modulus of E = 104 N/m2
compared to the case at E = 2.5 × 105 N/m2 . The influence of
varying magnetic effect on streamlines and isotherms is shown in
Fig. 10(a)–(f) (Ri = 1, Re = 200, E = 104 , φ = 0.02) for various
Hartmann numbers. At Ha = 0, a main recirculating cell occupies
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(a) Ha = 0.

(b) Ha = 20.

(c) Ha = 50.

(d) Ha = 0.

(e) Ha = 20.

(f) Ha = 50.
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Fig. 10. Effects of varying Hartmann numbers on streamline and isotherm distributions for fixed values of Ri = 1, Re = 200, E = 104 , φ = 0.02.

(a) Local Nusselt number.

(b) Averaged Nusselt number.

Fig. 11. Local and averaged Nusselt number distributions along the bottom wall for different Hartmann numbers at Ri = 1, Re = 200, E = 104 , φ = 0.02.

the whole cavity and natural convection is effective which results
in better mixing and thermal transport. As the value of Hartmann
number increases, the center of the recirculating vortex moves upwards and the effect of forced convection due to the moving upper
wall becomes important. The magnetic field suppresses the natural convection effects. The temperature gradient along the bottom wall increases with decreasing values of Hartmann number
(Fig. 10(a)–(f)). Due to the suppression of the convective recirculating flow within the cavity with magnetic field, the local and averaged heat transfer along the bottom wall decrease with increasing
Hartmann number as shown in Fig. 11(a)–(b). 54.55% of the averaged heat transfer enhancement is obtained when the Hartmann
number is reduced from Ha = 50 to Ha = 0.
The local Nusselt number variations for favorable and unfavorable parameters of interest, and a comparison with rigid wall are
shown in Fig. 14. The averaged Nusselt numbers are also shown in
the plot. The presence of the flexible wall brings about 13.2% averaged heat transfer enhancement for the unfavorable parameters
compared to the rigid wall. The averaged heat transfer enhances
significantly for the lowest values of the Hartmann number and the
Young’s modulus, and for the highest values of Richardson number
and nanoparticle solid volume fraction.
The effect of the nanoparticle volume fraction on the y-velocity
is depicted in Fig. 12(Ri = 1, Re = 150, E = 5 × 104 , Ha =
25). The y-velocity increases especially at x/H = 0.17 which
indicates increased convection as the solid volume fraction of the
nanoparticles increases. Local and averaged heat transfer plots
are shown in Fig. 13(a)–(b) for various solid volume fractions. As
the volume fraction of the nanoparticles increases, the effective
thermal conductivity of the nanofluid increases which results

Fig. 12. y-velocity distributions along the mid plane for various nanoparticle
volume fractions at Ri = 1, Re = 150, E = 5 × 104 , Ha = 25.

in better thermal transport of the fluid within the enclosure.
According to Eq. (13), as the thermal conductivity of the nanofluid
increases, enhancement in local and averaged heat transfer is
achieved. The averaged heat transfer enhancement of 33.87% is
achieved for solid volume fraction of φ = 0.04 compared to pure
fluid (φ = 0).
5. Conclusions
Numerical simulation of the fluid–structure interaction model
coupled with a magnetic field in a nanofluid filled lid driven cavity
was performed. The following conclusions can be drawn from the
numerical study:

• At Ri = 1, a secondary vortex is formed above the bottom
wall and a steep temperature gradient is seen from mid of the
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(a) Local Nusselt number.

(b) Averaged Nusselt number.

Fig. 13. Effects of varying solid volume fraction of nanoparticles on local and averaged Nusselt number distributions for fixed values of Ri = 1, Re = 150, E = 5 × 104 ,
Ha = 25.
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