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• Finite Difference Method (FDM) was applied to solve the governing equations.
• Water-based nanofluid with Cu nanoparticle were chosen for investigation.
• The heat distribution between the conjugate wall and the fluid and porous phases is investigated.
• The effect of increasing periodicity parameter on the streamlines and isotherms is studied.
• The heat transfer rate significantly increased with the relative non-uniform heating.
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a b s t r a c t

The effects of finite wall thickness and sinusoidal heating on convection in a nanofluid-
saturated local thermal non-equilibrium (LTNE) porous cavity are studied numerically
using the finite difference method. The finite thickness vertical wall of the cavity is
maintained at a constant temperature and the right wall is heated sinusoidally. The
horizontal insulated walls allow no heat transfer to the surrounding. The Darcy law is
used along with the Boussinesq approximation for the flow. Water-based nanofluids with
Cu nanoparticles are chosen for investigation. The results of this study are obtained for
various parameters such as the Rayleigh number, periodicity parameter, nanoparticles
volume fraction, thermal conductivity ratio, ratio of wall thickness to its height and the
modified conductivity ratio. Explanation for the influence of the various above-mentioned
parameters on the streamlines, isotherms, local Nusselt number and the weighted average
heat transfer is provided with regards to the thermal conductivities of nanoparticles
suspended in the pure fluid and the porous medium. It is shown that the overall heat
transfer is significantly increased with the relative non-uniform heating. Further, the
convection heat transfer is shown to be inhibited by the presence of the solid wall. The
results have possible applications in the heat-storage fluid-saturated porous systems and
the applications of the high power heat transfer.
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Nomenclature

Cp Specific heat capacity (J/kg K)
g Gravitational acceleration (m/s2)
h Convective heat transfer coefficient (W m−2 K−1)
H Inter-phase heat transfer coefficient
k Thermal conductivity (W m−1 K−1)
K Permeability of the porous medium (m2)
Kr Wall to nanofluid thermal conductivity ratio, Kr = kw/ϕknf
L Length of the cavity (m)
N Periodicity parameter
Nu Nusselt number
Ra Rayleigh number
S Dimensionless solid wall thickness (W/L)
T Temperature (K)
u, v Velocity components in the x- and y-directions respectively
U, V Dimensionless velocity components in the X- and Y -directions respectively
x, y & X, Y Dimensional coordinate & dimensionless space coordinates respectively

Greek symbols

α Thermal diffusivity (m2 s−1)
β Thermal expansion coefficient (1/K)
γ Modified conductivity ratio
µ Dynamic viscosity (N s/m2)
ν Kinematic viscosity (m2 s−1)
φ Volume fraction of nanoparticles
ϕ Porosity of the medium
ψ & Ψ Stream function and dimensionless stream function (m2 s−1)
θ Dimensionless temperature
ρ Density (kg/m3)

Subscript

c Cold
bf Base fluid
h Hot
nf Nanofluid
np Nanoparticles
p Solid of the porous medium
w Solid wall

1. Introduction

The use of nanofluids as working media has been considered bymany researchers because the presence of nanoparticles
enhances the thermal conductivity of the medium. Therefore, nanofluids are considered to be good candidates for heat-
removal mechanisms in practical, thermal, and fluid-based applications. Porous media have been preferred in heat-storage
applications. Considering the many different thermal problems that may be investigated in the above two media. A
comprehensive work on natural convection in cavities that are partially occupied by nanofluids was reported by Khanafer
and Vafai [1]. Jou and Tzeng [2] considered natural convective heat transfer in nanofluids occupying a rectangular cavity.
Santra et al. [3] investigated enhanced heat transfer in anOstwald deWaelemodel-based nanofluid housed in a differentially
heated cavity. Jahanshahi et al. [4] experimentally investigated the heat transfer in a cavity filledwith awater–silicon dioxide
nanofluid. Noghrehabadi et al. [5] studied the effects of variable viscosity and thermal conductivity on the natural convection
heat transfer of a nanofluid past a vertical plate in porous media. Hu et al. [6] studied experimentally and numerically
the natural convection heat transfer in a square cavity filled with TiO2–water nanofluids. They found that the average
Nusselt number increased with the addition of nanoparticles. Kandelousi [7] considered the effects of the constant heat flux
boundary condition and the magnetic field on ferrofluid flow and heat transfer in 2D cavity using the control volume based
finite elementmethod (CVFEM). Using the lattice Boltzmannmethod, Karimipour et al. [8] investigated themixed convection
of copper–water nanofluid in a shallow lid-driven cavity. Kandelousi [9] numerically used the Koo–Kleinstreuer–Li (KKL)
correlation for the simulation of a nanofluid in unsteady flow and heat transfer between two parallel plates. Recently,
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Ghalambaz et al. [10] numerically studied the effects of the diameter and concentration of nanoparticles on the natural
convection of Al2O3–water nanofluids considering the variable thermal conductivity around a porous medium. They found
that the heat transfer rate decreased with an increase in the volume fraction of nanoparticles or a decrease in the size of
nanoparticles. Using the lattice Boltzmann method, Sheikholeslami and Ellahi [11] considered the magnetic field effect on
natural convection of a nanofluid in a cubic cavity. They concluded that the heat transfer rate is increasedwith the increment
of the Rayleigh number and the nanofluid volume fraction. Zaraki et al. [12] theoretically analyzed the natural convection
heat transfer of nanofluids for which various aspects of nanoparticles are considered. The Darcy flow and Tiwari and Das’
nanofluid models are used to study the natural convection heat transfer of Cu–water nanofluids in a parallelogrammic
porous cavity [13]. Very recently, Sheikholeslami and Chamkha [14] numerically investigated the effect of an electric field on
natural convectionheat transfer of a nanofluid in a 2D cavity in the presence of a sinusoidalwall. Umavathi and Sheremet [15]
numerically studied the effect of the temperature-dependent conductivity on natural convective heat transfer in a vertical
rectangular duct filled with a nanofluid using the finite-difference method. They concluded that the heat transfer rate
increased at the leftwall anddecreased at the rightwall as the aspect ratio increased,whereas theheat transfer rate increased
at both of thewalls as the solid volume fraction increased. Sheikholeslami and Chamkha [16] used the control volume-based
finite element method (CVFEM) for investigating the magnetic field effect on flow and heat transfer of a ferro-nanofluid in
a lid-driven cavity in the presence of a wavy wall.

Mahmoudi et al. [17] used the lattice Boltzmann method to study the chemical effects of natural convection in a square
cavity filled with Al2O3–water nanofluids. They found that the heat transfer rate increased linearly with an increment of the
nanoparticles volume fraction. Sheikholeslami et al. [18] numerically studied the effect of external magnetic field on forced
convection heat transfer of a nanofluid in a semi annulus cavity, and they concluded that the Nusselt number is clearly
enhanced with an increase in the nanoparticle volume fraction. The numerical simulation of the fluid and temperature
distributions and the convective heat transfer of the nanofluid could be classified by twomain approaches, namely a single-
phasemodel or a two-phasemodel [19]. The single-phase approach considers the fluid phase and the nanoparticles as being
in thermal equilibriumwhere the slip velocity between the base fluid and the nanoparticles is negligible. On the other hand,
the two-phase approach assumes that the relative velocity between the fluid phase and the nanoparticles may not be zero
where the continuity, momentum and energy equations of the nanoparticles and the base fluid are handled using different
methods. Sheikholeslami et al. [20] used the new single phase model (Koo–Kleinstreuer–Li) of a nanofluid to study the
natural convection heat transfer in a square cavity where they found that the convection heat transfer is increased with the
increase in the volume fraction of nanoparticles. Using the samemodel for simulating the effective thermal conductivity and
viscosity of a nanofluid, Sheikholeslami et al. [21] numerically studied the natural convection heat transfer of Al2O3–water
nanofluid in a square cavity. On the other hand, Sheikholeslami et al. [22] used the two-phase model of the nanofluid to
investigate the thermal management for natural convection heat transfer in a 2D cavity. Garoosi et al. [23] studied mixed
convection heat transferwhere the two-phasemixturemodel used to simulate the nanofluid in a two-sided lid-driven cavity
with several pairs of heaters and coolers (HACs).

Convection due to thermal interaction between solids and fluids is termed as conjugate convection. Conjugate natural
convection heat transfer in cavities has received much attention because of its importance in many engineering systems,
such as solar energy collectors, material processing, heat preservation of thermal transport circuits, building energy
components, and the cooling of electrical units. Kaminski and Prakash [24] numerically studied the effect of conjugate
natural convection heat transfer in a square cavity with a finite thickness vertical wall to compare different models of wall
heat conduction. Baytas et al. [25] numerically studied the conjugate natural convection heat transfer in a square cavity filled
with a porous medium and having two finite-thickness horizontal plates. Saeid [26] numerically investigated the conjugate
natural convection in a porous square cavity with the effect of conduction in one of the vertical walls. He found that the heat
transfer rate increased with an increase in the thermal conductivity ratio. Antar and Baig [27] numerically investigated the
conjugate natural convection heat transferwithin a hollow block. Saleh et al. [28] investigated the effect of conjugate natural
convection at the bottom wall based on the Darcy–Bénard convection in a square porous cavity. Chamkha and Ismael [29]
studied the effect of conjugate natural convection heat transfer in a porous cavity filledwith nanofluids and heated by a thick
triangular wall. Sheremet and Pop [30] used the finite difference method to investigate the conjugate natural convection
and heat transfer in a square porous cavity filled with a nanofluid.

Most of the previous studies considered natural convection heat transfer of a porousmedium in local thermal equilibrium
(LTE), where the fluid temperature is equal to the solid temperature. When the fluid temperature is different from the
solid temperature, this is called a local thermal non-equilibrium model (LTNE). Lloyd et al. [31] gave the formulation and
the numerical solution of the non-local thermal equilibrium equations flows in porous media. Haddad et al. [32] studied
the validity of the LTE assumption for natural convection in a porous medium along a vertical flat plate. Their study was
based on the two-phase model, and they used the Brinkman term (no-slip condition) to solve the problem. Zhang and
Liu [33] proposed a criterion for the LTE of forced convection flows in porous media using a numerical method based on
the Brinkman–Forchheimer equation. On the other hand, several studies have considered the LTNE for a porous medium.
Baytas and Pop [34] investigated the effect of using the LTNE on natural convection in a porous media-filled cavity. Anjum
Badruddin et al. [35] studied natural convection and heat transfer through a vertical annulus with a porous medium using
the LTNE model. The study of Kuznetsov and Nield [36] analyzed the effect of natural convection on a horizontal layer of a
porous medium filled with a nanofluid using the LTNE model. Agarwal and Bhadauria [37] studied the effect of the LTNE on
natural convection in a rotating porous layer filled with a nanofluid. Very recently, Pop et al. [38] performed a numerical
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study on natural convection heat transfer of nanofluid in a square porous cavity using the thermal non-equilibrium model.
They concluded that the increase of the modified thermal ratio clearly enhanced the convection heat transfer. Alsabery
et al. [39] numerically considered the unsteady natural convection in a nanofluid-saturated porous cavity by using the
LTNE model. Sabour and Ghalambaz [40] studied theoretically natural convection heat and mass transfer of nanofluids
in a triangular porous cavity where three heat equation model considered for the local thermal non-equilibrium model of
nanoparticles. They found that the convection heat transfer of the base fluid phase significantly increasedwith the increment
of the Rayleigh number. Using Buongiorno’s model, Zargartalebi et al. [41] numerically investigated natural convection heat
transfer in a square cavity filled with a nanofluid in the presence of a LTNE porous fin. They indicated that an increase of
thermal conductivity ratio led to the reduction of the heat transfer rate.

Recently, the problem of natural convection in closed cavities with various thermal boundary conditions has been given
considerable attention by several studies. The work of Sarris et al. [42] considered natural convection in a 2-D cavity with
a sinusoidal temperature profile on the upper wall while the other walls were adiabatic by using finite volume method.
Saeid and Yaacob [43] numerically considered natural convection in a square cavity filled with pure fluid with a non-
uniformedhot-wall temperature and a uniform cold-wall temperature. Deng and Chang [44] numerically studied the natural
convection in a rectangular cavity filled with a pure fluid and heated by two sinusoidal temperature distributions on the
vertical left and right sidewalls. Khandelwal et al. [45] numerically studied the effect of periodicity of a sinusoidal boundary
condition on natural convection in a fluid-saturated porous cavity. They found that the local heat transfer rate decreased
with the increasing of the height of the porous cavity. Recently, Buongiorno’smathematicalmodelwas applied to investigate
the natural convection in a square porous cavity filled with a nanofluid and with sinusoidal temperature distributions
on both vertical walls [46]. Xu et al. [47] theoretically investigated the LTNE model on the unsteady heat conduction in
a porous-solid system with a sinusoidal boundary temperature. Using Buongiorno’s mathematical model, Sheremet and
Pop [48] considered the natural convection in 2D porous cavity filled with a nanofluid and heated by sinusoidal temperature
distributions. However, to the best of the authors’ knowledge, the study of conjugate natural convection in a nanofluid-
saturated porous square cavity with a sinusoidal boundary condition using the LTNE model has not been undertaken yet.
Thus, the authors of the present study believe that this work is valuable. The aim of this study is to investigate the conjugate
natural convection in a nanofluid-saturated square porous cavity with a sinusoidal boundary condition using the local
thermal non-equilibrium model.

2. Mathematical formulation

The steady two-dimensional natural convection problem in a square cavity with side L is illustrated in Fig. 1. The left
vertical surface of the impermeable wall is maintained at a constant temperature Th, and the right surface of the porous
cavity is heated by a sinusoidal temperature function of the form ((Th − Tc) sin(Nπy/L)+ Tc), where N is a positive integer
and y is the vertical coordinate. The horizontal walls are adiabatic. The pores are saturated by a nanofluid that is composed
of water and Cu nanoparticles. The following assumptions are made:

(a) The Darcy model and the Boussinesq approximation are applicable,
(b) the convective nanofluid and the solid matrix are not in local thermodynamic equilibrium,
(c) the properties of the nanofluid and the porous medium are homogeneous and isotropic,
(d) there is no slip mechanism in nanofluids [49],
(e) the nanofluid physical properties are constant except for its density and
(f) the boundaries of the cavity are assumed to be impermeable.

Under the above assumptions, the governing equations can be written as:

∂u
∂x

+
∂v

∂y
= 0, (1)

∂u
∂y

−
∂v

∂x
= −

gK (ρβ)nf
µnf

∂Tnf
∂x

, (2)

u
∂Tnf
∂x

+ v
∂Tnf
∂y

=
ϕknf
(ρCp)nf


∂2Tnf
∂x2

+
∂2Tnf
∂y2


+

h

Tp − Tnf


(ρCp)nf

, (3)

∂2Tp
∂x2

+
∂2Tp
∂y2

=
h

Tnf − Tp


(1 − ϕ)kp

, (4)

where K is the permeability of the porous medium, ϕ is the porosity of the medium, g is the acceleration due to gravity. The
energy equation for the impermeable solid wall is

∂2Tw
∂x2

+
∂2Tw
∂y2

= 0. (5)
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Fig. 1. Physical model of convection in a porous square cavity together with the coordinate system.

In the above equations,φ is the volume fraction of nanoparticles, knf is the effective thermal conductivity of the nanofluid,
ρnf is the effective density of the nanofluid, µnf is the effective dynamic viscosity of the nanofluid and all these quantities
are as defined below [50]:

αnf =
knf

(ρCp)nf
, ρnf = (1 − φ)ρbf + φρnp, µnf =

µbf

(1 − φ)2.5
, (6)

(ρCp)nf = (1 − φ)(ρCp)bf + φ(ρCp)np, (7)
(ρβ)nf = (1 − φ)(ρβ)bf + φ(ρβ)np. (8)

Expressions for ρnf , (ρCp)nf and (ρβ)nf are the weighted-average values of the corresponding quantities of base fluid and
nanoparticles. The expression for µnf and knf are taken from phenomenological relations.

The thermal conductivity based on Maxwell–Garnett’s (MG) model is given below [51]:

knf =
(knp + 2kbf )− 2φ(kbf − knp)
(knp + 2kbf )+ φ(kbf − knp)

kbf . (9)

We now define the stream function as follows:

u =
∂ψ

∂y
, v = −

∂ψ

∂x
, (10)

and also introduce the following non-dimensional variables:

X =
x
L
, Y =

y
L
, Ψ =

ψ

ϕαbf
, θnf =

Tnf − Tc
Th − Tc

, θp =
Tp − Tc
Th − Tc

,

θw =
Tw − Tc
Th − Tc

, H =
hL2

ϕknf
, γ =

ϕknf
(1 − ϕ) kp

. (11)

Eqs. (1)–(5), on using Eqs. (10)–(11), now become

∂2Ψ

∂X2
+
∂2Ψ

∂Y 2
= − (1 − φ)2.5 Rabf

(ρβ)nf

(ρβ)bf

∂θnf

∂X
, (12)

∂Ψ

∂Y
∂θnf

∂X
−
∂Ψ

∂X
∂θnf

∂Y
=
αnf

αbf


∂2θnf

∂X2
+
∂2θnf

∂Y 2


+ H


θp − θnf


, (13)

∂2θp

∂X2
+
∂2θp

∂Y 2
= γH


θnf − θp


, (14)

∂2θw

∂X2
+
∂2θw

∂Y 2
= 0, (15)
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where Rabf = gK(ρβ)bf (Th − Tc)L/(ϕµbf αbf ) is the Darcy–Rayleigh number of the porous medium. The dimensionless
boundary conditions for solving Eqs. (12)–(15) are:

Ψ = 0, on all solid boundaries, (16)
θw(0, Y ) = 1, (17)
θnf (1, Y ) = θp(1, Y ) = sin(NπY ), (18)

∂θnf (X, 0)
∂Y

=
∂θp(X, 0)
∂Y

=
∂θw(X, 0)
∂Y

= 0, (19)

∂θnf (X, 1)
∂Y

=
∂θp(X, 1)
∂Y

=
∂θw(X, 1)
∂Y

= 0, (20)

θnf (S, Y ) = θp(S, Y ) = θw(S, Y ), (21)

∂θnf (S, Y )
∂X

= Kr
∂θw(S, Y )
∂X

− γ−1 ∂θp(S, Y )
∂X

, (22)

where Kr =
kw
ϕknf

is the thermal conductivity ratio.
The local Nusselt numbers along the left and right vertical walls are defined, respectively by

Nul = −


∂θw

∂X


X=0

, (23)

Nur = −


∂θnf

∂X


X=1

. (24)

The average nanofluid and porous Nusselt numbers evaluated at the hot left wall are defined respectively by

Nunf =

 1

0


−


knf
kbf


∂θnf

∂X


X=0

dY , (25)

Nup =

 1

0


−


kp
kbf


∂θp

∂X


X=0

dY , (26)

where kp is the thermal conductivity of the porous matrix. We now define a weighted-average Nusselt number, Nuwa, in the
following way:

Nuwa = ϕNunf + (1 − ϕ)Nup. (27)

3. Numerical method and validation

An iterative finite difference method (FDM) is employed to solve (12)–(15) subject to the boundary conditions (16)–(22).
The FDM solution begin with the finite difference equation (FDE) of the energy equations and stream function equation. The
FDE of (14) written in the Gaussian SOR formulation is:

(θp)
k+1
i,j = (θp)

k
i,j +

λr

2(1 + B2)


(θp)

k
i+1,j + (θp)

k+1
i−1,j + B2((θp)

k
i,j+1 + (θp)

k+1
i,j−1)

−2(1 + B2)(θp)
k
i,j − (1X)2(Sθp)

k
i,j


(28)

where

(Sθp)i,j = Hγ

(θp)i,j − (θnf )i,j


. (29)

The FDE of other equations could be treated in the same way, where B =
1X
1Y and λr is the relaxation parameter.

In this paper, several grid testings are performed: 10×10, 20×20, 40×40, 60×60, 80×80, 100×100, 120×120, 140×140
and 160×160. Table 1 shows the calculatedΨmin and Nusselt numbers at different grid sizes for the case Rabf = 102,N = 1,
φ = 0.04, γ = 10, H = 10, Kr = 1 and S = 0.2. The results show insignificant differences for the 140 × 140 grids and
above. Therefore, for all computations in this paper for similar problems to this subsection, the 140 × 140 uniform grid is
employed. For the purpose of validating the data, the present figures are compared with the ones provided by Saeid [26] for
a pure fluid and a constant left and right walls temperature for Rabf = 103, φ = 0, Kr = 0.1 and S = 0.2 as depicted in
Fig. 2. In addition, Fig. 3 demonstrates the comparison between the results of this study and the results presented by Baytas
and Pop [34] for the case Rabf = 103, γ = 10, H = 1, φ = 0 and S = 0.
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Table 1
Grid testings for Ψmin and Nusselt numbers at different grid sizes for the case Rabf = 102 ,
N = 1, φ = 0.04, γ = 10, H = 10, Kr = 1 and S = 0.2.

Grid size Ψmin Nunf Nup

10 × 10 −1.2186 0.4198 0.2935
20 × 20 −1.1761 0.4296 0.2946
40 × 40 −1.1616 0.4318 0.2973
60 × 60 −1.1714 0.4219 0.2897
80 × 80 −1.1698 0.4190 0.2901
100 × 100 −1.1728 0.4148 0.2891
120 × 120 −1.1739 0.4146 0.2885
140 × 140 −1.1752 0.4147 0.2882
160 × 160 −1.1757 0.4144 0.2880

Fig. 2. (a) Streamlines: Saeid [26] (left), present study (right) and (b) isotherms: Saeid [26] (left), present study (right) for the case Rabf = 103 , φ = 0,
Kr = 0.1 and S = 0.2.

4. Results and discussion

This section presents numerical results for the streamlines and isotherms of the nanofluid phase and the isotherms of
the porous phase with various values of the Rayleigh number (102

≤ Rabf ≤ 103), periodicity parameter (0 ≤ N ≤ 6),
nanoparticles volume fraction (0 ≤ φ ≤ 0.05), thermal conductivity ratio (Kr = 0.44, 1, 2.40, 9.90 and 23.8) (epoxy–water:
0.44, brickwork–water: 1, glass–water: 2.40, epoxy–air: 9.90, stainless steel–water: 23.8), the ratio of wall thickness to its
height (0 ≤ S ≤ 0.7), themodified conductivity ratio (10−1

≤ γ ≤ 104) and the inter-phase heat transfer coefficient (H = 1
and 10). The weighted average Nusselt number (Nuwa) is calculated for various values of φ, S and γ . The thermophysical
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(a) Baytas and Pop [34].

(b) Present study.

Fig. 3. (left) Streamlines, (middle) isotherms for fluid phase and (right) isotherms for solid phase for Rabf = 103 , γ = 10, H = 1, φ = 0 and S = 0: (a)
Baytas and Pop [34] and (b) present study.

Table 2
Thermo-physical properties of water with Cu nanoparticles.

Physical properties Water Cu

Cp (J/kg K) 4179 383
ρ (kg/m3) 997.1 8954
k (Wm−1 K−1) 0.6 400
β × 10−5 (1/K) 21 1.67

properties of the base fluid (water) and the solid Cu phase are tabulated in Table 2 where the value of the Prandtl number
is considered for water (Prbf = 6.2).

4.1. Effects of the periodicity parameter (N)

Fig. 4 presents the effects of various periodicity parameters (N) on the streamlines (left), isotherms of the global nanofluid
phase (middle), isotherms of the global porous phase (right) for Rabf = 103, γ = 10, H = 1, Kr = 1 and S = 0.2. The
isotherms of the global nanofluid phase are the contour results of Eqs. (13) and (15) which represent the energy equation
in the solid wall related to the nanofluid phase, and the isotherms of the global porous phase are the contour results of Eqs.
(14) and (15) which represent the energy equation in the solid wall related to the porous phase. The effect of changing the
flow behavior and the temperature distribution with the uniform boundary conditions on the vertical walls of the cavity is
illustrated in Fig. 4(a). In general, changing the flowmotionwith the boundary conditions set causes the streamlines to create
a clockwise rotating cell located in themiddle of the porous cavity. The streamlines tend to appearwith high intensity next to
the verticalwalls of the cavity. The contour level labels define the direction of the fluid heat flow (clockwise or anti-clockwise
direction) and also the strength of the flow. Positive Ψ denotes anti-clockwise fluid heat flow, whereas negative designates
clockwise fluid heat flow. Ψmin represents the optimal stream function. These values are important to show the minimum
change of the flow. The strength of the flow circulation decreases with the addition of the 5% of Cu nanoparticles affected by
the viscosity forces and the inertial force (seeΨmin values). The isotherms patternwithin the nanofluid phase tends to appear
with almost vertical lines close the right and interface walls, while in themiddle of the cavity, the isotherms patterns appear
to be horizontal due to the convective heat transfer effects. Whereas, the isotherms pattern within the porous phase occurs
with a diagonal shape due to the low modified conductivity ratio. The isotherms pattern appears vertically within the solid
wall affected by the high resistance to the conductive heat transfer in the solid regime. Increasing the periodicity parameter
up to 2 clearly enhances the flowbehavior and the temperature distribution due to the higher temperature gradient provided
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by the sinusoidal right boundary condition. The singular streamlines clockwise cell divides up horizontally into different
cells in the upper segment of the porous cavity, and the primary bigger streamlines cell remains in the clockwise direction,
while the secondary smaller cell tends to switch into the anti-clockwise direction. This is due to the sinusoidal temperature
profile that is applied on the right vertical wall. The strength of the flow circulation increases with the low value of N (see
Ψmin values) with the addition of the 5% of Cu nanoparticles. The isotherms pattern of the nanofluid and the porous phases
are clearly affected with the periodicity parameter increment. Close the right vertical wall, the isotherms tend to take an
irregular shape. The isotherms patterns are slightly distorted next to the left vertical wall of the cavity. This is due to the
reduction of the resistance to the conduction heat transfer with the relative non-uniform heating. At the higher periodicity
parameter value (N = 6), near the left wall, the primary streamlines cell in the clockwise direction tends to shrink. While
we observe numerous streamlines circulation cells next to the right wall of the cavity. The strength of the flow circulation of
the pure fluid increases (seeΨmin values), while it decreases for the nanofluid. This indicates that the non-uniform condition
showsmore effect on the pure fluid compared to the case of the nanofluid. This is due to the fact that the thermal conductivity
of pure fluid is lower than that of the nanofluid which is enhancedmore by the non-uniform heating. The isotherm patterns
close to the right vertical wall are transferred from an irregular-shape to a spot-shape especially within the porous phase
due to the higher temperature gradient as shown in Fig. 4(d). While within the solid wall, the isotherms patterns are less
distorted compared to those of the relative non-uniform heating (N = 2). This figure indicates the low resistance to the
conduction heat transfer in the solid wall with the relative non-uniform heating.

4.2. Effects of the thermal conductivity ratio (Kr )

Fig. 5 depicts the effects of various thermal conductivity ratios (Kr ) on the streamlines (left), isotherms of the global
nanofluid phase (middle), isotherms of the global porous phase (right) for Rabf = 103, N = 1, γ = 10, H = 1 and S = 0.2.
Changing the flowmotionwith the set boundary conditions causes the streamlines to create two different rotating cells. The
main clockwise cell occurs in the center of the cavity near the right wall and a secondary anti-clockwise cell occurs at the
top right corner of the cavity. This behavior tends to appear due to the various heating systems on the vertical walls of the
cavity. Due to the lower thermal conductivity ratio (Kr = 0.44), the isotherms patterns of the nanofluid and porous phases
appear with a high density within the solid wall, as illustrated in Fig. 5(a). As the thermal conductivity ratio increases up
to 2.44, the intensity of the streamlines increases within the middle of the cavity. The shape of the inner vortices changes
with the thermal conductivity ratio values. The strength of the flow circulation tends to increase (see Ψmin values) with this
increase. The isotherm patterns within the solid wall show a lesser density by an increasing of thermal conductivity ratio,
especially within the isotherms of the porous phase, as shown in Fig. 5(c) and (d). This is due to the reduction of the thermal
resistance of the solid wall upon increasing the thermal conductivity ratio and the fact that the thermal conductivity of the
fluid is different from the thermal conductivity of the insert resulting inmore heat being received by that medium for which
the thermal conductivity is relatively greater. This is true for the heat transfer between the fluid and the porous medium
since the thermal conductivity of the porous medium is not the same as that of the fluid.

4.3. Effects of the solid wall thickness (S)

Fig. 6 illustrates the effects of various solidwall thicknesses (S) on the streamlines (left), isotherms of the global nanofluid
phase (middle), isotherms of the global porous phase (right) for Rabf = 103, N = 1, γ = 10, H = 1 and Kr = 1. Fig. 6(a)
shows the flowbehavior and the temperature distributionwithin theporous cavitywith the absence of the solidwall (S = 0).
It can be seen that the streamlines within the cavity tend to appear with a primary cell in the clockwise direction located
within the middle of the cavity and with a secondary cell in the anti-clockwise direction next to the right vertical of the
cavity. Due to the sinusoidal right boundary condition, the density of the isotherms pattern of the global nanofluid and the
porous phases is high near the right and bottom walls of the cavity. The streamlines are moved towards the adiabatic walls
due to the presence of a solid finite thickness wall as the left wall of the cavity. In addition, the primary cell in the clockwise
direction tends to shrink horizontally, while the secondary cell in the anti-clockwise direction expands horizontally. The
strength of the flow circulation decreases due to the solid wall (see Ψmin values) which has a higher thermal resistance.
Due to the viscosity forces and the inertial force, the strength of the flow circulation decreases with the addition of the
5% nanoparticles; as a result, the circulation of the streamlines of the pure fluid appears bigger than that of the nanofluid.
Increasing the thickness of the solidwall to 0.5 significantly influences the distribution of flow behavior and the temperature
profiles. Two streamlines cells in the clockwise direction occur next to the adiabatic horizontal walls of the porous cavity
while the secondary cell in the anti-clockwise direction shrinks horizontally with the increase of the solid wall thickness.
This is due to the thermal property of the solid insert. The density and the amount of the isotherms pattern of the global
nanofluid and porous phases are distinctly increased within the solid wall. This is due to the fact that the solid wall offers a
high resistance which leads to the low temperature, as demonstrated in Fig. 6(d).

4.4. Effects of the modified conductivity ratio (γ )

Fig. 7 shows the effects of the two modified conductivity ratios (γ = 0.1 and 1000) on the streamlines (left), isotherms
of the global nanofluid phase (middle), isotherms of the global porous phase (right) for Rabf = 103, N = 1, H = 10,
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(a) N = 0.

(b) N = 2.

(c) N = 4.

(d) N = 6.

Fig. 4. Variation of the streamlines (left), isotherms of the global nanofluid phase (middle), isotherms of the global porous phase (right) with periodicity
parameter (N) for Rabf = 103 , γ = 10, H = 1, Kr = 1, S = 0.2, φ = 0 (solid lines) and φ = 0.05 (dashed lines).
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(a) Kr = 0.44.

(b) Kr = 2.40.

(c) Kr = 9.90.

(d) Kr = 23.8.

Fig. 5. Variation of the streamlines (left), isotherms of the global nanofluid phase (middle), isotherms of the global porous phase (right) with thermal
conductivity ratio (Kr ) for Rabf = 103 , N = 1, γ = 10, H = 1, S = 0.2, φ = 0 (solid lines) and φ = 0.05 (dashed lines).



A.I. Alsabery et al. / Physica A 470 (2017) 20–38 31

(a) S = 0.

(b) S = 0.1.

(c) S = 0.3.

(d) S = 0.5.

Fig. 6. Variation of the streamlines (left), isotherms of the global nanofluid phase (middle), isotherms of the global porous phase (right) with the solid wall
thickness (S) for Rabf = 103 , N = 1, γ = 10, H = 1, Kr = 1, φ = 0 (solid lines) and φ = 0.05 (dashed lines).
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(a) γ = 0.1.

(b) γ = 1000.

Fig. 7. Variation of the streamlines (left), isotherms of the global nanofluid phase (middle), isotherms of the global porous phase (right) with the modified
conductivity ratio (γ ) for Rabf = 103 , N = 1, H = 10, Kr = 1, S = 0.2, φ = 0 (solid lines) and φ = 0.05 (dashed lines).

Kr = 1 and S = 0.2. Fig. 7(a) presents the flow behavior and the temperature distribution within the porous cavity for
the local thermal non-equilibrium case. The flow within the porous cavity appears with two streamlines rotating cells: one
in the anti-clockwise direction near the right vertical wall, and the other in the clockwise direction at the top segment
of the cavity close to the interface wall. The isotherms patterns are highly destroyed within the nanofluid phase affected
by the sinusoidal boundary condition. While the non-uniform heating on the right boundary leads to a lesser effect on the
isotherms patterns of the porous phase. The isotherms patternswithin the solidwall appearwith a less density for the global
porous phase compared to that of the global nanofluid phase. Due to the high resistance of the solid wall to the conductive
heat transfer within the global porous phase. Increasing the value of themodified conductivity ratio to 1000 causes the flow
and temperature distributions to appear like those of the local thermal equilibrium case. The strength of the flow circulation
decreaseswith the increasing of themodified conductivity ratio. Because of the highmodified conductivity ratio (γ = 1000),
we achieve the thermal equilibrium case, and the isotherms of the global nanofluid phase become similar to the isotherms
of the global porous phase, as shown in Fig. 7(b).

4.5. Local heat transfer

Fig. 8 depicts the effects of various values of the periodicity parameter and two Rayleigh numbers (Rabf = 102 and
103) on the local Nusselt number and along the Y coordinate for φ = 0.04, γ = 10, H = 10, Kr = 1 and S = 0.2. At
the left vertical wall, the local heat transfer is clearly decreased for all periodicity parameter values. This happens due to
the presence of the uniform boundary condition. However, a lower N value (N = 2) results in a stronger influence on the
local heat transfer. Increasing the periodicity parameter from 0 to 6 causes the heating domain on the right wall to move
upwards and the cooling domain tomove downwards,which causes the local Nusselt number to have a sinusoidal shape. The
minimum changing on the local heat transfer is obtained with the absence of the periodicity parameter (N = 0). Increasing
the Rayleigh number clearly enhances the local heat transfer, as presented in Fig. 8(b). Due to the constant thermal heating
on the left wall of the cavity, the local heat transfer is systematically decreased. However, the contour lines for the local
Nusselt number along the Y coordinate tends to take a sinusoidal shape with the relative non-uniform heating (N = 2). At
the right vertical wall, the higher periodicity (N = 6) significantly enhances the local heat transfer at which the maximum
value of the local average Nusselt number can be obtained.

Fig. 9 depicts the effects of various values of the periodicity parameter and two values of the solidwall thickness (S = 0.02
and S = 0.5) on the local Nusselt number and along the Y coordinate for Rabf = 103, φ = 0.04, γ = 10, H = 10 and
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(a) Ra = 102 .

(b) Ra = 103 .

Fig. 8. Variation of the local Nusselt number interfaces with Y for different periodicity parameter for φ = 0.04, γ = 10, H = 10, Kr = 1 and S = 0.2.

Kr = 1. In the left vertical wall, the local heat transfer decreases for all periodicity parameter values affected by the uniform
boundary condition. At the right vertical wall, as the periodicity parameter increases from 0 to 6, the heating domain tends
tomove upward and the cooling domain downwards, which causes the local Nusselt number to take a sinusoidal shape. The
local Nusselt number is clearly affected with the increasing of the solid wall thickness (S = 0.5). The local heat transfer is
obviously decreased by the increasing of the solid wall thickness. This is due to the high resistance of the solid wall which
tends to decrease the local heat transfer. However, we observe the increase of the local Nusselt number values with the
relative non-uniform heating (N = 2), as illustrated in Fig. 9(b)

4.6. Weighted average Nusselt number

Fig. 10(a) presents the effect of various periodicity parameters on the weighted average Nusselt number with the
nanoparticles volume fraction for Rabf = 103, γ = 10, H = 10, Kr = 1, S = 0.2 and ϕ = 0.4. We clearly observe
that the convection heat transfer increases by the augmentation of the nanoparticles volume fraction, and this is attributed
to the higher thermal conductivity of the nanoparticles. The application of the non-uniform heating significantly increases
the heat transfer rate, which results in a maximumweighted average Nusselt number. This is due to the higher temperature
gradient and magnitude provided by the sinusoidal right boundary condition. On the other hand, the uniform boundary
condition (N = 0) weakly enhances the convection heat transfer, thus the minimum weighted average Nusselt number is
obtained. Fig. 10(b) demonstrates the effect of various values of the porosity on the weighted average Nusselt number with
the nanoparticles volume fraction for Rabf = 103, N = 1, γ = 10, H = 10, Kr = 1 and S = 0.2. We observe from the
Nwa lines that the convection heat transfer is clearly enhanced by the addition of nanoparticles. A significant increase in
the convection heat transfer is predicted with the higher porosity; in other words, a higher porosity allows more heat to be



34 A.I. Alsabery et al. / Physica A 470 (2017) 20–38

(a) S = 0.02.

(b) S = 0.5.

Fig. 9. Variation of the local Nusselt number interfaces with Y for different periodicity parameter for Rabf = 103 , φ = 0.04, γ = 10, H = 10 and Kr = 1.

Fig. 10. Variation of the weighted-average Nusselt number with φ for different (a) N and (b) ϕ for Rabf = 103 , γ = 10, H = 10, Kr = 1 and S = 0.2.

transferred within the cavity. On the contrary, a lower porosity value results in a reduction in the convection heat transfer,
and we therefore, obtain the minimum weighted average Nusselt number.

Fig. 11(a) presents the effect of various values of the thermal conductivity ratio on the weighted average Nusselt number
with the nanoparticles volume fraction for Rabf = 103, N = 1, γ = 10, H = 10, S = 0.2 and ϕ = 0.4. The convection
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Fig. 11. Variation of the weighted-average Nusselt number with φ for different (a) Kr and (b) S for Rabf = 103 , N = 1, γ = 10, H = 10 and ϕ = 0.4.

Fig. 12. Variation of the weighted-average Nusselt number with S for different (a) N and (b) φ for Rabf = 103 , γ = 10, H = 10, Kr = 1 and ϕ = 0.4.

heat transfer increases with the increase of the nanoparticles volume fraction due to the higher thermal conductivity of
the nanoparticles. It can be observed that the convection heat transfer increases with an increase in φ in [0.025, 0.05],
particularly for the low thermal conductivity ratio (Kr = 0.44). However, there is no change in the heat transfer rate with
the higher thermal conductivity ratio (Kr = 23.8). Fig. 11(b) illustrates the effect of various solid wall thicknesses on the
weighted average Nusselt number with the nanoparticles volume fraction for Rabf = 103, N = 1, γ = 10, H = 10, Kr = 1
and ϕ = 0.4. Similar to the previous case, the overall heat transfer increases significantly with the addition of nanoparticles
due to the higher thermal conductivity of the nanoparticles. The convection heat transfer is strongly enhanced with the
thin solid wall (S = 0.02), and this is because fluids transfer more heat than solids. In addition, it can be seen that the heat
transfer rate decreases with an increase in the thickness of the solid wall due to the resistance of the solid wall which leads
to a weak temperature gradient.

Fig. 12(a) shows the effect of various values of the periodicity parameter on the weighted average Nusselt number with
the solid wall thickness for Rabf = 103, φ = 0.04, γ = 10, H = 10, Kr = 1 and ϕ = 0.4. As the thickness of the
solid wall increases, the overall heat transfer decreases because of the resistance of the solid wall. The application of a non-
uniform temperature on the right vertical wall of the cavity significantly enhances the convection heat transfer. However,
a lower periodicity parameter (N = 2) results in a strong enhancement, especially at the thick solid wall. This is due to
the various effects of the non-uniform heating and the characteristics of the solid wall. Fig. 12(b) demonstrates the effect of
various values of the nanoparticles volume fraction on the weighted average Nusselt number with the solid wall thickness
for Rabf = 103, N = 1, γ = 10, H = 10, Kr = 1 and ϕ = 0.4. We observe from the lines drawn for Nwa that the heat
transfer rate decreases systematically with the increase of the solid wall thickness for all φ values. The best enhancement
on the overall heat transfer is obtainedwith the high concentration of nanoparticlesφ = 0.05, because of the higher thermal
conductivity of the nanoparticles which leads to the maximum weighted average Nusselt number.

Fig. 13 shows the effect of various values of the thermal conductivity ratio on the weighted average Nusselt number with
the solid wall thickness for Rabf = 103, N = 1, φ = 0.04, γ = 10, H = 10 and ϕ = 0.4. As in the previous figure, increasing
the thickness of the solid wall clearly decreases the overall heat transfer. This is due to the resistance of the solid wall which
obviously leads to the reduction of the heat transfer rate. However, there is no significant change in the heat transfer rate
with the high thermal conductivity ratio (Kr = 9.90 and 23.8) for all S. This is because of the resistance of the solid wall
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Fig. 13. Variation of the weighted-average Nusselt number with S for different (a) Kr and (b) γ for Rabf = 103 , N = 1, φ = 0.04, H = 10 and ϕ = 0.4.

Fig. 14. Variation of the steady state weighted-average Nusselt number with γ for different (a) N and (b) Kr for Rabf = 103 , φ = 0.04, H = 10, S = 0.2
and ϕ = 0.4.

to the heat which obviously alters the heat transfer rate. Fig. 13(b) illustrates the effects of various values of the modified
conductivity ratio on the weighted average Nusselt number with the solid wall thickness for Rabf = 103, N = 1, φ = 0.04,
H = 10, Kr = 1 and ϕ = 0.4. As in the previous case, the overall heat transfer decreases significantly with the solid wall
thickness, affected by the solid wall resistance. Furthermore, a higher modified conductivity ratio (γ = 1000) leads to a
stronger enchantment of the convection heat transfer, which has a maximum weighted average Nusselt number.

Fig. 14(a) demonstrates the effect of various values of the periodicity parameter on theweighted average Nusselt number
with modified conductivity ratio for Rabf = 103, φ = 0.04, H = 10, Kr = 1, S = 0.2 and ϕ = 0.4. The overall heat
transfer enhanceswith an increase in themodified thermal conductivity ratio due to the increase of the thermal conductivity.
However, a strong enhancement of the convection heat transfer is obtained for the local thermal equilibrium case (γ ≥ 100)
for all periodicity parameters. Enforcing the sinusoidal boundary condition on the right vertical wall of the cavity clearly
increases the heat transfer rate. This is due to the various effects of the non-uniform heating at the right wall of the cavity.
Fig. 14(b) depicts the effect of various values of the thermal conductivity ratio on theweighted average Nusselt numberwith
the modified conductivity ratio for Ra = 103, N = 1, φ = 0.04, H = 10, S = 0.2 and ϕ = 0.4. As the modified conductivity
ratio increases, the convection heat transfer is enhanced, as it is affected by the increases in the thermal conductivity. A
lower thermal conductivity ratio (Kr = 0.44) is realized by a significant increase in the overall heat transfer rate, which has
the maximum weighted average Nusselt number. Furthermore, there is no change in the convection heat transfer with the
higher thermal conductivity ratio (Kr = 23.8). This is due to the resistance to the heat in the solid which allows less heat to
transfer within the cavity.

5. Conclusions

The present study considered the conjugate natural convection in nanofluid-saturated square porous cavity with a
sinusoidal boundary condition using the local thermal non-equilibrium model. The dimensionless governing equations
together with the boundary conditions were solved numerically by the finite difference method. The conclusions are made
over water-based nanofluids with Cu nanoparticles for a wide range of (102

≤ Rabf ≤ 103), periodicity parameter
(0 ≤ N ≤ 6), nanoparticles volume fraction (0 ≤ φ ≤ 0.05), thermal conductivity ratio (Kr = 0.44, 1, 2.40, 9.90 and
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23.8) (epoxy–water: 0.44, brickwork–water: 1, glass–water: 2.40, epoxy–air: 9.90, stainless steel–water: 23.8), the ratio
of wall thickness to its height (0 ≤ S ≤ 0.7) and the modified conductivity ratio (10−1

≤ γ ≤ 104). Some important
conclusions from the study are given below:

1. The flow behavior and the temperature distribution are clearly enhancedwith the relative periodicity parameter (N = 2)
due to the higher temperature gradient provided by the sinusoidal right boundary condition. The strength of the flow
circulation of nanofluid increases with the relative non-uniform heating.

2. In the global porous phase,we clearly observe the high resistance of the solidwall to the conductive heat transferwith the
local thermal non-equilibrium case (low modified conductivity ratio) compared to that of the local thermal equilibrium
case.

3. A higher solid wall thickness clearly alters the temperature distribution due to the high resistance of the solid wall which
leads to the weak temperature gradient, as a result; the isotherms pattern of the global nanofluid phase becomes almost
similar to the isotherms pattern of the global porous phase.

4. The size and the thermal property of the solidwall significantly influence the heat transport. A bigger solidwall decreases
the heat transport in the nanofluid-saturated porous medium and so does a low thermal conductivity of the solid wall
(in comparison with that of the nanofluid).

5. It is clearly observed that the overall heat transfer increases by the augmentation of nanoparticle volume fraction due
to a higher thermal conductivity of the nanoparticles. Applying a lower non-uniform heating strongly increases the heat
transfer rate due to the higher temperature gradient provided by the sinusoidal right boundary condition.

6. The ramification of the above important results can be most likely seen in the context of heat removal and heat storage
systems like solar-energy systems and nuclear energy systems. Enhancement or inhibition of the heat transfer can be
managed in these applications and also in other industrial applications by managing the various factors.
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