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Since inmost industrial rotating equipment, increasing thermal efficiency and reduction of drag has always been
subject of interest, in this paper, a 2-D numerical investigation on mixed convection heat transfer and drag coef-
ficient in a lid-driven square cavity filled with Al2O3 Nanofluid is done under the effect of an inner rotating cyl-
inder. To analyze effective parameters on heat transfer and drag coefficient on movable wall, a sensitivity
analysis is carried out utilizing the Response Surface Methodology. Simulations are performed for effective pa-
rameters of the Richardson number (0.1 ≤ Ri ≤ 10), dimensionless rotational speed (0 ≤ Ω ≤ 5), a/b ratios (0.5 ≤
S ≤ 1), and the Nanoparticle volume fraction (0.00 ≤ Ф ≤ 0.03) with a constant Grashof number of 104. It is
found that the mean Nusselt number enhances with Ri number and Ф and decreases with increasing of Ω and
S. Additionally, increasing the Ri number and Ω increases the drag coefficient but it reduces as Ф and S increase.
The sensitivity analysis results showed that to maximize themeanNu number andminimize the drag coefficient
simultaneously, the effective parameters must be Ω = 0, Ri = 0.13636, Ф = 0.03 and S = 0.5.
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1. Introduction

The mixed convective heat transfer has various application in engi-
neering and technological fields such as cooling of electronic devices,
cooling of nuclear reactors, air-conditioning, chemical processing equip-
ment, double pane windows, metallurgical and materials processing,
solar pond, lake and reservoir, solar collector, heat exchangers, solar col-
lectors, and food industries and etc. [1]. Due to these several mentioned
application, the problem of mixed convective heat transfer has been a
subject of interest in various researches [2–5]. Among them we can
mention: Bhattacharya et al. [6] have investigated themixed convection
in a lid-driven trapezoidal cavity. They observed multiple steady states
in either natural or mixed convection heat transfer regimes while the
convection was the dominated heat transfer regime due to assumption
of non-isothermal bottomwall. A numerical study onmixed convection
heat transfer within a square cavity for various thermal boundary con-
ditions based on thermal aspect ratio has been carried out by Rama-
krishna e al. [7]. The results showed higher overall heat transfer rates
for aspect ratio of 0.1 than other thermal aspect ratios of 0.5 and 0.9.
).
Basak et al. [8] have investigated a numerical study on the mixed con-
vection flows in a lid-driven porous square cavity various finite element
analysis for uniform and non-uniform heating of bottom wall. They
found that at low Pe or Pr numbers, the temperature profiles are sym-
metric even in the presence of asymmetric flow fields. Basak et al. [9]
have performed an analysis of mixed convection flows in a lid driven
square cavity with uniform and non-uniform heating of bottom wall.
They observed that for the uniform heating, the heat transfer rate is
very high at the edges and then decreases at the center of the bottom
wall. A numerical simulation on laminar mixed convection flow in a
lid-driven cavity with a wavy wall filled with a CuO/water Nanofluid
has been performed by Abu-Nada and Chamkha [10]. The results re-
vealed a significant effect due to using Nanoparticles on heat transfer
enhancement for all Richardson numbers. In addition to mentioned
studies, other researchers such as Ismael et al. [11], Chamkha and
Abu-Nada [12,13], Chamkha [14] and Chamkha and Al-Rashidi [15]
have also done valuable investigations on this issue.

Additionally, rotating circular cylinders have several practical appli-
cations such as rotating-tube heat exchangers, rotating shafts, drilling of
oil wells, nuclear reactor fuel rods and steel suspension bridge cables;
which have made the researchers interested in the problem of fluid
flow and heat transfer around a rotating circular cylinder in past years.
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Nomenclature

Cd drag coefficient
Cp specific heat (J kg−1 K−1)
d cylinder diameter (m)
FD drag force (N)
g gravitational acceleration (m s−2)
Gr Grashof number
k thermal conductivity (Wm−1 K−1)
L length of square enclosure (m)
Nuw local Nusselt number, NuW ¼ hW

kbf
p pressure (N m−2)
P⁎ dimensionless pressure
Pr Prandtl number
q0″ heat flux (Wm−2)
Ri Richardson number
ReW Reynolds number, ReW ¼ ρbf V0W

μbf

T temperature (K)
TC low temperature (K)
u, v velocity components along x-axis and y-axis, respec-

tively (m s−1)
u⁎, v⁎ dimensionless of velocity component
x, y x-axis and y-axis coordinates, respectively
x\, y⁎ dimensionless Cartesian coordinates
Greek symbols
α thermal diffusivity, k ρ−1cp−1 (m2 s−1)
β thermal expansion coefficient, (K−1)
Ф nanoparticle volume fraction (%)
θ dimensionless temperature
μ dynamic viscosity (Pa s)
υ kinematics viscosity (m2 s−1)
ρ density (kg m−3)
ω rotational speed (rad/s)
Ω dimensionless rotational speed
Subscripts
bf base fluid
nf nanofluid
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Some examples of theoretical and experimental studies related to con-
vective heat transfer with a rotating cylinder are: Hayase et al.'s [16] in-
vestigation on the forced convective heat transfer between rotating
coaxial cylinders with periodically embedded cavities. Their results
showed that the momentum and heat transfer increase by a factor of
1.1 as cavities are embedded in the outer cylinder. A numerical study
on laminar mixed convection in a square cavity with a heat conducting
horizontal square cylinder has been carried out by Rahman et al. [17].
They found that, the cylinder locations are considerably effective on
the flow and heat transfer rate. Additionally, the highest value of the
mean Nusselt number is observed in the forced convection dominated
area while the cylinder was located in the vicinity of the top wall. A nu-
merical investigation on natural convection of a cavity under the effect
of a rotating small circular cylinder near a hot wall has been carried
out by Fu et al. [18]. They found that the direction of the cylinder rota-
tion had an important effect on enhancement of the natural convective
heat transfer. An investigation on combined convection heat transfer for
a lid-driven square cavity with a circular body has been performed by
Oztop et al. [19]. They concluded that, for small circular body diameters
the thermal conductivity became inconsiderable. Paramane and Sharma
[20] have studied a 2-D numerical investigation on convective heat
transfer across a rotating circular cylinder with constant temperature.
They found that increasing the rotation rate reduces the mean Nusselt
number but it increases as the Reynolds number enhances. Moreover,
Misirlioglu [21], Yoon et al. [22] and Costa and Raimundo [23] have car-
ried out other investigations on heat transfer in rotating cylinders.
Using of Nanofluids, which are a mixture of Nano-sized solid parti-
cles in a base fluid has been a subject of interest in various researches
in recent years, due to their higher thermal conductivity than the
based fluid, to improve the heat transfer rate in several practical engi-
neering applications [1]. Zeeshan et al. [24] have studied a numerical in-
vestigation on the effect of magnetic dipole on heat transfer of ferro-
fluid over a stretching sheet with thermal radiation. The effects of mag-
netic dipole and thermal radiation on Nusselt number and dimension-
less temperature, velocity, surface friction and pressure are found in
this paper. A mathematical modeling has been done to evaluate the ef-
fects of nanoparticles on Jeffreyfluidwithin tapered arterywith stenosis
by Rahman et al. [25]. They obtained the effects of Jeffrey fluid Grashof
number, thermospheric diffusion parameter and Brownian diffusion co-
efficient on concentration, temperature and velocity graphically.
Sheikholeslami and Ellahi [26] have carried out a 3D investigation on
the magnetic field effect on natural convection of Nanofluid in a cubic
cavity. The results revealed that theNusselt number enhanceswith Ray-
leigh number andNanofluid volume but reduces as the Hartmannnum-
ber is increased. A mathematical model to investigate the effect of Cu/
H2O nanoparticles on natural convection heat transfer and entropy gen-
eration in an inverted cone has been simulated by Ellahi et al. [27]. The
obtained results are shown by graphs and tables and correlation of
Nusselt number and surface friction are also investigated in this study.
Sheikholeslami et al. [28] have studied the effect of thermal radiation
on Nanofluid flow and heat transfer between two horizontal rotating
plates using two phase model. The results showed that the Nusselt
number increases with radiation parameter and Reynolds number
while but reduces as other active parameters are increased. A numerical
study on natural and mixed convection heat transfer of Nanofluid has
been done in square cavity with several pairs of heat source-sinks by
Garoosi et al. [29]. They found that in given Rayleigh number and Rich-
ardson number, there is an optimal volume fraction of theNanoparticles
that the heat transfer rate is maximum. Ellahi et al. [30], Kandelousi and
Ellahi [31], Shehr Akbar et al. [32], Sheikholeslami and Ellahi [33], Shehr
akbar et al. [34]. Cho et al. [35], Ellahi et al. [36,37], Sher Akbara et al. [38]
and also other researchers [39–41] have been studied this issue.

According to the literature review and to the best knowledge of the
authors, despite the mentioned important applications of mixed con-
vection heat transfer in lid driven cavities, with considering the effects
of the Nanofluids and rotating circular cylinders presence, a numerical
investigation and sensitivity analysis of effective parameters on heat
transfer rate and drag coefficient in a lid driven cavity filled with Al2O3

Nanofluid under the effect of rotating circular cylinder has not yet
been considered. Furthermore, a sensitivity analysis is needed to evalu-
ate the effects of the effective parameters of Richardson number, Nano-
particles volume fraction, horizontal locations of rotating circular
cylinder and dimensionless rotational speed on heat transfer rate and
drag coefficient inside a lid driven cavity. In this paper, the sensitivity
analysis of these parameters is performed using the response surface
Methodology (RSM). Current investigation aims to obtain the optimal
conditions to enhance the heat transfer rate and reduce the drag coeffi-
cient in order to provide a useful guideline for researchers in the energy
related fields. In general, the innovation issues in this article arise from
the investigation of optimal conditions and sensitivity of the mean Nu
number and drag coefficient of a lid driven cavity filled with Nanofluid
and under the effect of a rotating circular cylinder using the finite vol-
ume method (FVM) and RSM models.

2. Physical model and mathematical formulation

Fig. 1 indicates a schematic of the problem physical model studied
along with the significant geometric parameters and boundary condi-
tions. According to Fig. 1, the simulation domain is considered as a
square cavity filled with Al2O3–water Nanofluid; with adiabatic left
and right side walls H, and its movable side top wall is at a constant
cold temperature of Tc. This top wall is enabled to move along positive



Fig. 1. The schematic of the problem.
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x-direction at a constant velocity V0. The bottomwall of the cavity is as-
sumed to be under a constant heat flux q″. Additionally, A rotating insu-
lated cylinder is placed within the cavity with diameter of d = 0.25H
and its a/b ratios, (which change its place within the cavity) are consid-
ered 0.5, 0.75 and 1. This cylinder is assumed to rotate counterclockwise
about its central axis with a uniform rotational speed of ω. It must be
noted that using the relationΩ=ω/(2 V0/d) the corresponding dimen-
sionless rotational speed can be calculated. In addition, the gravity acts
in the negative y-direction.

The continuity, momentum and energy equations are used to obtain
the flow and temperature fields of the cavity. The following assump-
tions are considered to simplify the mentioned equations:

(i) The Nanofluid is Newtonian and the flow is laminar, steady state,
two-dimensional, and incompressible.

(ii) The thermo-physical properties of the Nanofluid are constant;
except for the density, which changes with the Boussinesq's
approximation.

(iii) The thermal equilibrium is applied to the base fluid (water) and
particles and no friction exists between them.

(iv) The thermal radiation and the viscous dissipation effects are
negligible.

3. Governing equations

Using the Navier–Stokes and the energy equations, the flow and
thermal fields within the square cavity with a rotating circular cylinder
are defined, respectively. Additionally, using the following non-
dimensional variables of Eq. (1); the dimensionless forms of the
governing equations are obtained and given as Eqs. (2) to (5) [42]:

x� ¼ x
H
; y� ¼ y

H
;u� ¼ u

V0
; v� ¼ v

V0
; p� ¼ p

ρbf V0
2 ; θ ¼ T−Tc

q0
″H

kbf

ð1Þ

∂u�

∂x�
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ρbf
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where the subscripts nf ,bf and P are theNanofluid, basefluid, andNano-

particles indicators, respectively,αnf ¼ knf
ðρCpÞnf is the effective thermal dif-

fusivity of the Nanofluid, and Ф is the volume fraction of the Al2O3

Nanoparticles in the base fluid. It must be noted that the non-
dimensional numbers used in these equations are the Prandtl, Reynolds,
Richardson and the Grashof numbers with the following definitions:

Pr ¼ ϑbf

αbf
;ReW ¼ ρbf V0H

μbf
;Ri ¼

gβbf
q0

″W
kbf

� �
H

V0
2 ¼ Gr

Re2
;

Gr ¼
gβbf

q0
″H

kbf

� �
H3

ϑbf
2

ð6Þ

Additionally, the variables u , v , P , TL , k , V0 and q0
″ are the veloc-

ity components along with x and y axes, pressure, low temperature,
thermal conductivity, wall velocity and the heat flux, respectively. The
effective properties of the Nanofluid used in these equations can be
computed as follows:

Effective density:

ρeff ¼ 1−Фð Þρ f þФρp ð7Þ

To calculate the effective thermal conductivity Chon et al.'s [43] cor-
relation which considers the Brownian motion and Nanoparticles mean
diameter is used as follows:

Keff

K f
¼ 1þ 64:7�Ф0:7460 � df

dp

� �0:3690

� Kp

K f

� �0:7476

� Pr0:9955 � Re1:2321

ð8Þ

where Pr and Re in Eq. (8), are defined as:

Pr ¼ μ f

ρ fα f
ð9Þ

Re ¼ ρ f KbT
3πη2l f

ð10Þ

where Kb is the Boltzmann constant (1.3807 × 10−23 j/k), lf = 0.17 nm
is the mean free path of water and η is calculated by the following ex-
pression:

η ¼ A� 10
B

T−C ;A ¼ 2:414� 10−5;B ¼ 247:8 and C ¼ 140 ð11Þ

The thermal expansion coefficient is given by Khanafer et al. [44] as
follows:

βeff ¼
1

1þ 1−Фð Þρ f

Фρp

βp

β f
þ 1

1þ Фρp

1−Фð Þρ f

2
6664

3
7775� β f ð12Þ

Additionally, the effective heat capacity is calculated using an accu-
rate equation [45] as follows:

Cp
� �

eff ¼
1−Фð Þ ρCp

� �
f þФ ρCp

� �
p

ρeff

" #
ð13Þ

Moreover, the effective viscosity is obtained using the equation de-
fined by Masoumi et al. [46] with considering of the effects of the vol-
ume fraction, density and the average diameters of the Nanoparticles
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and also the base fluid physical properties, as follows:

μeff ¼ μ f þ
ρpVBd

2
p

72Cδ
ð14Þ

where, VB and δ are the Brownian velocity of the Nanoparticles and the
distance between particles, respectively. VB and δ can be obtained using
the following expressions:

VB ¼ 1
dp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
18KBT
πρpdp

s
ð15Þ

δ ¼
ffiffiffiffiffiffiffi
π
6Ф

3

r
dp ð16Þ

where dp and T are the Nanoparticles diameter and temperature, re-
spectively. Additionally, C in Eq. (14) can be calculated as follows:

C ¼ μ−1
f c1dp þ c2
� �

Ф þ c3dp þ c4
� �� � ð17Þ

where, c1 , c2 , c3 and c4 are given as:

c1 ¼ −0:000001133; c2 ¼ −0:000002771

c3 ¼ 0:00000009; c4 ¼ −0:000000393

Moreover, the value of the Nusselt number can be used to estimate
the mixed convection heat transfer rate of the Nanofluid. The local Nu
number (Nu) and the mean Nu number (Num) of the top moveable
wall can be calculated using the following equation:

Nu ¼ hH
kbf

ð18Þ

here, hð¼ q″0
T−TC

Þ is the mixed convection heat transfer coefficient. Addi-
tionally, the wall heat transfer per unit area, q can be calculated as fol-
lows:

q ¼ −knf
T−TC

H
∂θ
∂x

				
wall

ð19Þ

Therefore, the form of the Nusselt number changes to:

Nu ¼ −
knf
kbf

� �
∂θ
∂x

				
wall

ð20Þ

By integrating the local value of the Nusselt number on the consid-
ered surface, the mean Nusselt number (Num) is obtained as follows:

Num ¼
Z 1

0
NudX ð21Þ
Table 1
The thermo-physical properties of thewater and the properties of the Al2O3 Nanoparticles
[47].

Property Water Al2O3 nanoparticles

Specific heat, Cp (J kg−1 K−1) 4179 765
Thermal conductivity, K (W m−1 K−1) 0.613 40
Thermal expansion coefficient, β (K−1) 2.1 × 10−4 0.85 × 10−5

Density, ρ (kg/m3) 997.1 3970
And the drag coefficient on the top moveable wall can be calculated
as follows:

Cd ¼ 2FD
ρV2

0H
ð22Þ

Table 1 shows the thermo-physical properties of thewater (the base
fluid) and the properties of the Al2O3 Nanoparticles.

3.1. Boundary conditions

As above mentioned, the bottom wall of the cavity is under a con-
stant heat flux q0

″ ; the top wall has a constant low temperature Tc and
moves with a constant velocity V0; and the left and right side walls are
assumed to be adiabatic. Therefore, according to these assumptions,
the appropriate forms of the dimensionless boundary conditions to be
used along with the cavity boundaries are as follows:
Left wall:

u� ¼ 0 ; v� ¼ 0;
∂θ
∂x

¼ 0 ð23Þ

Right wall:

u� ¼ 0 ; v� ¼ 0;
∂θ
∂x

¼ 0 ð24Þ

Top wall:

u� ¼ 1 ; v� ¼ 0; θ ¼ 0 ð25Þ

Bottom wall:

u� ¼ 0; v� ¼ 0;
∂θ
∂y

¼ kbf
knf

ð26Þ

On the cylinder surface

∂θ
∂x

¼ ∂θ
∂y

¼ 0 ð27Þ

The dimensionless rotational speed (Ω) and the Cartesian velocity
components are calculated on the cylinder surface, as follows:

u� ¼ −Ω Y−Y0ð Þ ð28Þ

v� ¼ −Ω X−X0ð Þ ð29Þ

4. Numerical method and validation

In this study, the governing equations along with the above men-
tioned boundary conditions are solved numerically using a finite vol-
ume method (FVM) [48]. The discretization of the convection term in
the governing equations is performed by the second order upwind
scheme. In addition, the SIMPLE1 algorithm is employed to couple the
velocity-pressure fields. The solution is considered to be converged
when the relative change in dependent variable between two succes-
sive iterations is b10−7 for every equation and every discrete control
volume. A square cavity is considered as the solution domain. Also, a
non-structured, non-uniform grid distribution is performed to
discretize the computational domain. The periphery of the circular cyl-
inder is gridded by three hundred grid points. To check for the grid in-
dependency three different mesh sizes are considered. Additionally, a
grid sensitivity analysis is performed. These mesh sizes are: M1 type
1 Semi-implicit method for pressure-linked equations consistent.



Table 2
The comparison between the mean Nusselt numbers of the present work and ref. [49] in
Ri = 0.1.

Ф The Num of the present study The Num of the ref. [47]

0.00 4.61 4.80
0.20 6.53 6.80
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with 51,871 meshes; M2 type with 58,754 meshes; and M3 type with
62,385 meshes. Calculations are done for the case with Ri = 1, Ω = 1,
Ф=0.01 and S=1. The simulation results indicated amaximumdiffer-
ence of 3.84% between M1 and M2 and b1.54% between M2 and M3

types, in terms of themeanNusselt number. Therefore, M2mesh is cho-
sen to obtain accurate results and to have computational convenience in
simulations. The computational mesh is shown in Fig. 2.

Additionally, to validate the results of the present work, the results
on hot wall are compared with reference [49], which investigated the
fluid flow and mixed convection heat transfer in a 2-D square cavity
filled with a copper–water Nanofluid. In this study, the vertical walls
are adiabatic and the topwall slides from left to right with a uniform ve-
locity of U0, which leads to a shear force; the bottom wall is kept at
higher temperature Th and the top wall at low-temperature TL which
causes an opposing buoyancy force in the cavity. Table 2 indicates the
results of these comparisons between reference [49] and present work
for themean Nusselt number. According to Table 2, the results are in ac-
ceptable compliance.

5. Optimization procedure

5.1. Response surface methodology (RSM)

The Response Surface Methodology (RSM) is a series of mathemati-
cal and statistical methods to make an empirical model. The method is
able to describe several variables simultaneously with least possible re-
sources and quantitative data and a suitable test design [50]. The RSM
aims to optimize a response (output variable), which is affected by sev-
eral independent variables (input variables) due to careful design of
experiments.

5.2. Test method

The statistical RSMmodel is used in this section to study the effects
of the four effective parameters (the dimensionless rotational speed Ω,
Richardson number, Nanoparticles volume fraction and the a/b ratios)
on the mean Nu number and drag coefficient in a lid driven square cav-
ity with circular cylinder filled with Nanofluid. The optimum status of
the parameters in studied domain on computational results is founduti-
lizing the RSMmethod with considering the interaction between men-
tioned parameters [51].

Three different levels are determined for each of above mentioned
parameters. Based on the number of these parameters and their levels,
the statistical model table (with 31 runs) is defined. −1, 0 and +1
test codes are determined as the lower, equal to and higher values of
the central points, respectively. It must be noted that the number of
Fig. 2. The schematic of the grid mesh
the experiments required is calculated based on the following expres-
sion:

Number of experiments required ¼ 2n factorial pointð Þ þ 2� n
axial pointð Þ þ d central pointð Þ ð30Þ

here, n is the number of the effective parameters (n = 4) and d = 7;
therefore, the number of the experiments required is 31.

The dependent variables in thismodel are themean Nusselt number
and drag coefficient on themoveablewall of the lid driven square cavity.
Additionally, a quadratic polynomial model is defined for each of these
dependent variables, which presents the main and interaction effects
of the factors on each variable separately; furthermore, all the linear,
square and the linear by linear interaction terms are considered. The
multivariate model is defined as follows [52]:

Y ¼ β0 þ
X3

i¼1
βixi þ

X3

i¼1
βiixixi þ

X3

i¼1
βijxix j ð31Þ

In this expression, Y is the dependent variable and β0 , βi , βii and βij

are the intercept, linear regression coefficient of ith factor, quadratic re-
gression coefficients of ith factor, and the interaction of ith and jth factors,
respectively.

Thismethod is used to achieve the aim of the optimization on the re-
sponse of the variable Y to find a correct relationship between the inde-
pendent variables and response variable. A face centered central
composite design (CCF) with 31 runs, 16 cube points, 7 center points
in cube and 8 axial points for all 4 mentioned independent parameters,
each at three levels (to estimate the percentage error of the sum of
squares) is used to fit the polynomial Eq. (31) [53]. Table 3 indicates
the effective parameters and their determined levels.

Responses and variables (as coded values) are analyzed by design of
experiment. The fitting quality of the resulting experiments are accept-
ed or rejected applying the change resources based on the p value, with
95% of certainty and a specific coefficient of determination; finally, the
answers are analyzed utilizing the analysis of the variance (ANOVA).

6. Discussion and results

The effects of the four effective parameters ofΩ, Ri number,Ф and S
on the mean Nu number and drag coefficient in a lid driven square cav-
ity with circular cylinder filled with Al2O3 Nanofluid are investigated in
this paper. The optimummode is determined and the sensitivity analy-
sis of thementioned effective parameters is performed on the mean Nu
number and drag coefficient.

The range of the effective parameters used in this simulation is given
as follows:

• Dimensionless rotational speed (Ω): it varied from 0 to 5.
• Richardson number (Ri): it varied from 0.1 to 10.
Table 3
Input variables and the levels of their values.

Variable Symbol −1 0 +1

Dimensionless rotational speed Ω 0 1 5
Richardson number Ri 0.1 1 10
Nanoparticles volume fraction Φ 0 0.01 0.03
a/b ratios S 0.5 0.75 1



Table 5
The variance analysis results of the mean Nu number.

Source DOF
Adj. SUM of squares Adj. mean

F-Value P-Value
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• Nanoparticles volume fraction (Ф): it varied from 0 to 0.03.
• a/b ratios (S): it varied from 0.5 to 1.
(SS) squares(MS)

Model 14 109.212 7.8009 3.07 0.017
Linear 4 36.133 9.0332 3.56 0.029
Ω 1 0.209 0.2087 0.08 0.778
Ri 1 20.666 20.6664 8.14 0.011
Φ 1 9.540 9.5401 3.76 0.070
S 1 5.718 5.7177 2.25 0.153
Square 4 43.726 10.9315 4.31 0.015
Ω ∗ Ω 1 2.667 2.6674 1.05 0.321
Ri ∗ Ri 1 0.075 0.0748 0.03 0.866
Φ ∗ Φ 1 0.989 0.9890 0.39 0.541
S ∗ S 1 3.498 3.4981 1.38 0.258
2-way Interaction 6 29.353 4.8922 1.93 0.138
Ω ∗ Ri 1 17.618 17.6181 6.94 0.018
Ω ∗ Φ 1 10.543 10.5429 4.15 0.058
Ω ∗ S 1 0.006 0.0060 0.00 0.962
Ri ∗ Φ 1 1.031 1.0310 0.41 0.533
Ri ∗ S 1 0.145 0.1455 0.06 0.814
Φ ∗ S 1 0.010 0.0098 0.00 0.951
Error 16 40.605 2.5378 – –
Lack-of-fit 10 40.605 4.0605 – –
Pure error 6 0.000 0.0000 – –
Total 30 149.817 – – –

R2 = 72.90%, R2 – adj = 49.18%.
6.1. Statistical analysis

Considering the defined conditions, statistical analysis of 31 Runs is
performed. Table 4 shows the results of the mean Nu number and
drag coefficient for determined conditions. Itmust be noted that the cal-
culated drag coefficient in Table 4, is the ratio of the drag coefficient of
any case to the case with Ω = 1, Ф = 0.01, S = 0.75 and Re = 1.

To present the effects of the performed run conditions on dependent
variables (Num and Cd), the regression coefficients are used. Tables 5
and 6 indicate the statistical analysis results of the mean Nu number
and drag coefficient, respectively.

According to Tables 5 and 6, using the testingmethods and statistical
analysis of themodel resulted in high coefficient of multiple determina-
tion R2 for the mean Nu number and drag coefficient (72.90% and
99.99%, respectively), which means that this model is suitable to calcu-
late the values of the mean Nusselt number and drag coefficient. Al-
though the R2−adj amounts for the Num and Cd (49.18% and 99.98%,
respectively) are less than R2, but the model fits the experimental data
satisfactorily [54]. Considering the F-Value, the Meaningfulness of the
model for the Num and Cd is determined as 3.07 and 8642.57, respec-
tively. Therefore, the F-values are not caused by noise.

It must be noted that the importance of the regressionmodel will be
specified by the high F-values and lowP-values in regressionmodel. The
F-Value is the ratio of the residual variances in a model with and with-
out the predictor. If the values were close to 1, it means that the predic-
tor does not affect the residual variance. High values indicate a
reduction in residual variance that can be attributed to the predictor.
Therefore, equal F to the variance of the group is an indicator of division
Table 4
The levels of the factors values and the results of the experiments for the mean Nusselt
number and drag coefficient

Run order Coded values Values of parameters Num Cd

Ω Ri Φ S Ω Ri Ф S

1 −1 0 0 0 0 1 0.01 0.75 10.0667 3.0385
2 −1 −1 1 −1 0 0.1 0.05 0.5 14.6695 1.0085
3 −1 1 1 1 0 10 0.05 1 12.4883 9.2171
4 1 −1 1 1 5 0.1 0.05 1 10.3737 1.0279
5 −1 1 −1 1 0 10 0 1 12.5396 9.2655
6 −1 −1 −1 1 0 0.1 0 1 10.0648 1.0001
7 1 1 −1 1 5 10 0 1 12.7354 9.7783
8 1 1 −1 −1 5 10 0 0.5 11.8359 9.7072
9 0 0 0 0 1 1 0.01 0.75 9.9446 3.0116
10 0 0 0 0 1 1 0.01 0.75 9.9446 3.0116
11 1 0 0 0 5 1 0.01 0.75 11.3480 3.1785
12 0 0 −1 0 1 1 0 0.75 9.7126 3.0273
13 0 0 0 0 1 1 0.01 0.75 9.9446 3.0116
14 0 0 0 −1 1 1 0.01 0.5 10.1083 3.0135
15 1 −1 −1 1 5 0.1 0 1 8.5470 1.0233
16 0 0 0 0 1 1 0.01 0.75 9.9446 3.0116
17 −1 1 −1 −1 0 10 0 0.5 15.7982 9.3823
18 0 0 0 1 1 1 0.01 1 11.6009 3.0402
19 1 −1 −1 −1 5 0.1 0 0.5 9.7249 1.0150
20 1 1 1 −1 5 10 0.05 0.5 19.1126 9.6976
21 0 0 0 0 1 1 0.01 0.75 9.9446 3.0116
22 −1 −1 −1 −1 0 0.1 0 0.5 12.5443 1.0078
23 1 −1 1 −1 5 0.1 0.05 0.5 11.2254 1.0163
24 0 0 1 0 1 1 0.05 0.75 10.9092 3.0110
25 0 −1 0 0 1 0.1 0.01 0.75 9.8774 1.0000
26 0 1 0 0 1 10 0.01 0.75 9.1701 9.2069
27 0 0 0 0 1 1 0.01 0.75 9.9446 3.0116
28 −1 1 1 −1 0 10 0.05 0.5 10.6520 9.2834
29 0 0 0 0 1 1 0.01 0.75 9.9446 3.0116
30 1 1 1 1 5 10 0.05 1 14.5793 9.7414
31 −1 −1 1 1 1 0.1 0.05 1 12.5970 1.0018
by the mean of the within group variances. Given that the predictor is
uncorrelated to the response, the expected F-values are 1. Based on
the sampling distribution of F-values under the null hypothesis (predic-
tor is uncorrelated to the response, and some assumptions about the
distribution of the residuals) probabilities of getting F-values larger
that the observed can be obtained. Therefore, the P-value is the proba-
bility of obtaining a result at least as extreme as the one that was actu-
ally observed, given that the null hypothesis is true.

Tables 5 and 6 indicate that only 27.10% and 0.01% of total changes
cannot be considered by the model due to high values of R2, for the
mean Nu number and drag coefficient, respectively. Additionally, it
must be noted that the P-values b 0.05 for the model show that the
model terms are statistically considerable and the terms with the P-
value N 0.05 are meaningless. As a result, from Tables 5, it can be con-
cluded that the Ri number linear term along with theΩ ∗ Ri interaction
term are the significant model terms associated with the mean Nu
Table 6
The variance analysis results of the drag coefficient.

Source DOF Adj. SUM of
squares (SS)

Adj. mean
squares(MS)

F-Value P-Value

Model 14 359.854 25.704 8642.57 0.000
Linear 4 322.622 80.656 27,119.36 0.000
Ω 1 0.218 0.218 73.28 0.000
Ri 1 322.402 322.402 108,403.39 0.000
Φ 1 0.002 0.002 0.76 0.396
S 1 0.000 0.000 0.02 0.879
Square 4 37.038 9.259 3113.36 0.000
Ω ∗ Ω 1 0.030 0.030 10.06 0.006
Ri ∗ Ri 1 11.470 11.470 3856.51 0.000
Φ ∗ Φ 1 0.001 0.001 0.28 0.602
S ∗ S 1 0.002 0.002 0.58 0.458
2-way interaction 6 0.194 0.032 10.85 0.000
Ω ∗ Ri 1 0.183 0.183 61.58 0.000
Ω ∗ Ф 1 0.001 0.001 0.23 0.638
Ω ∗ S 1 0.007 0.007 2.32 0.147
Ri ∗ Φ 1 0.003 0.003 0.86 0.368
Ri ∗ S 1 0.000 0.000 0.11 0.740
Φ ∗ S 1 0.000 0.000 0.02 0.901
Error 16 0.048 0.003 – –
Lack-of-fit 10 0.048 0.005 – –
Pure error 6 0.000 0.000 – –
Total 30 359.901 – – –

R2 = 99.99%, R2 – adj = 99.98%.
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number. However, the linear terms of Ω, Ф and S and the Square terms
ofΩ ∗Ω, Ri ∗ Ri,Ф*Ф and S ∗ S alongwith the interaction terms ofΩ ∗Ф,
Ω ∗ S, Ri ∗ Ф, Ri ∗ S and Ф ∗ S imply inconsiderable effects on the given
design range. The sensitivity level of the mentioned considerable
terms for the mean Nu number from high to low is the linear term of
the Ri number and the interaction term of Ω ∗ Ri. In addition, from
Tables 6, it is clear that the linear terms of Ω and Ri number and the
Square terms of Ω ∗ Ω and Ri ∗ Ri along with the interaction term of
Ω ∗ Ri are the significant model terms associated with the drag coeffi-
cient. However, the linear terms of Ф and S and the Square terms of
Ф*Ф and S ∗ S, along with the interaction terms of Ω ∗ Ф, Ω ∗ S, Ri ∗ Ф,
Ri ∗ S and Ф ∗ S represent insignificant effects in the given design
range. The sensitivity level of the mentioned considerable terms for
the drag coefficient from high to low is the linear term of Ri, the Square
termof Ri ∗Ri, the linear term ofΩ, the interaction term ofΩ ∗ Ri and the
Square term of Ω ∗ Ω.

Thus, the linear term of the Ri number is themost significant factors
on the mean Nu number and drag coefficient. The interaction term and
Square term are the secondly most considerable for the mean Nu num-
ber and drag coefficient, respectively. The interaction term is the least
significant for drag coefficient.

6.2. Analysis of variance and model estimation

Simulation studies are investigated along with different experimen-
tal compounds in order to obtain the estimated regression and statisti-
cal analysis of experimental models. Additionally, using the analysis of
variance (ANOVA) and entering thedata into analytical software, the re-
sidual plots are obtained. Figs. 3 and 4 indicate these plots.

Figs. 3 and 4 showed good conditions for the normal probability
plots of the residuals [55]. Additionally, Residual Histograms are found
to bemore similar to asymmetrical and less skewed distributions. Com-
paring the residual diagrams with fitted values indicates that there is a
good correlation between observed and fitted values. It must be noted
that the errors of the residuals are normally distributedwhile they com-
monly fall on a straight line. Moreover, the least square fit sufficiency is
supported by it. Since the simulation data are in agreement with the
P
er

ce
n

t

5.02.50.0-2.5-5.0

99

95
90
80
70
60
50
40
30
20
10

5

1

Residual

Normal Probability Plot
(response is Nu)

43210-1-2-3

12

10

8

6

4

2

0

Residual

Fr
eq

u
en

cy

Histogram
(response is Nu)

Fig. 3. The residual plots of
predicted values, very accurate results can be obtained from the devel-
oped regression mathematical models.

Eq. (32) is obtained as uncoded units by applying the Response Sur-
face Methodology (RSM) and is the general form of the relationship be-
tween the effective test parameters and the variations of the mean
Nusselt number and drag coefficient, as follows:

Num or Cd ¼ Aþ B Ωþ C Riþ D Ф þ E Sþ F Ω �Ωþ G Ri � Ri
þ H Ф � Ф þ I S � Sþ J Ω � Riþ K Ω � Ф þ L Ω � S
þM Ri � Ф þ N Ri � Sþ O Ф � S ð32Þ

Table 7 contains the estimated regression coefficients of the mean
Nu number and drag coefficient in Eq. (32). Insignificant coefficients
are neglected according to P-value [52,54].

Eqs. (33) and (34) show the relationship between the variations of
themean Nusselt number and drag coefficient and the effective test pa-
rameters as coded units. Only meaningful coefficients are considered in
these equations.

Num ¼ 11:351–0:108 Ωþ 1:072 Riþ 0:728 Ф−0:564 S
þ 1:049 Ω � Ri ð33Þ

Cd ¼ 3:0106þ 0:1100 Ωþ 4:2322 Ri−0:0112 Ф−0:0020 S
þ 0:1259 Ω �Ω−2:1208 Ri � Riþ 0:1070 Ω � Ri ð34Þ

The changes of the mean Nusselt number and drag coefficient in
terms of the effective test parameters of the Ω and Ri number (a), Ω
and Ф (b), Ω and S (c), Ri number and Ф (d), Ri number and S (e) and
the Ф and S (f) are shown in Figs. 5 and 6, respectively.

According to Fig. 5, it can be concluded that:

(a) The mean Nusselt number enhances with Ri number and the
highest value of the mean Nusselt number is observed at level
(+1) and its lowest value, at (−1) for Ri number. This enhance-
ment is in the vicinity of the 24.59% for the casewithΩ=0,Ф=
0.00, S = 1 and Re = 0.1 to 10.

(b) Enhancement of the Ф increases the mean Nusselt number and
the highest value of the mean Nusselt number is observed at
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Fig. 4. The residual plots of the drag coefficient
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level (+1) and its lowest value, at (−1) forФ. This enhancement
is in the vicinity of the 2.34% for the casewithΩ=1, Re=1, S=
0.75 andФ=0.00 to 0.01. Due to increasingФ the effective ther-
mal conductivity of theNanofluid enhances,which leads to an in-
crease in the mean Nusselt number according to Eq. (27).

(c) Increasing the Ω and S decreases the mean Nusselt number and
the highest value of the mean Nusselt number is observed at
level (−1) and its lowest value, at (+1) for Ω and S. In other
words, increase inΩ leads to an increase in the convective trans-
port which resists against the combined convection due to lid
motion and buoyancy; as a result, a better mixing of the fluid
can be obtained which reduces the heat transfer rate from the
bottom wall.

Moreover, according to Fig. 6, it can be concluded that:

(a) The drag coefficient enhances with Ri number and the highest
value of drag coefficient is observed at level (+1) and its lowest
Table 7
Estimated regression coefficients of the mean Nu number and drag coefficient.

Term Num coefficients Cd coefficients

A 11.351 3.0106
B −0.108 0.1100
C 1.072 4.2322
D 0.728 −0.0112
E −0.564 −0.0020
F 0.000 0.1259
G 0.000 2.1208
H 0.000 0.0000
I 0.000 0.0000
J 1.049 0.1070
L 0.000 0.0000
M 0.000 0.0000
N 0.000 0.0000
O 0.000 0.0000
value, at (−1) for Ri number. This enhancement is in the vicinity
of the 826.44% for the casewithΩ=0,Ф=0.00, S=1 and Re=
0.1 to 10.

(b) Increasing the Ω increases the drag coefficient and the highest
value of drag coefficient is observed at level (+1) and its lowest
value, at (−1) for Ω. This enhancement is in the vicinity of the
5.54% for the case with Re = 1, Ф = 0.01, S = 0.75 and Ω = 1
to 5.

(c) Thedrag coefficient decreases asФ and S increase and thehighest
value of drag coefficient is observed at level (−1) and its lowest
value, at (+1) for Ф and S.

(d) It must be noted that the drag force on the moving lid is actually
acting along the negative x direction. As above mentioned, the
drag increases with enhancement of the Ri number. Therefore,
increasing the Ri number leads to more fluid coming from the
bottom hot wall to the uppermoving lid, and the drag coefficient
increases due to enhancement of the fluid resistance on themov-
ing lid. Additionally, increasing the Ri number leads to a reduc-
tion in Re (since Gr is kept constant). Thus, according to
Eq. (29), Cd increases with Ri. Furthermore, the rotation of the
cylinder resists against the lidmovement, which leads to another
enhancement in the drag. However, from Eq. (29) the drag re-
duces due to enhancement of Ф. Moreover, as the Re number is
defined based on the basefluid viscosity, the drag seems to be in-
dependent of the nanoparticle loading. However, the drag chang-
es due to the variations of the velocity field as a result of the
change in the effective viscosity with nanoparticle loading.
6.3. Optimization plots of effective parameters

In this section, using the optimization plot the optimization of the
data is performed. The optimization plot makes the interactive modifi-
cation of the variable settings possible due to indicating the relationship
between the variables and the predicted responses.
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The graph in the optimization plot is composed of columns and rows
in which each column fits to a variable; the upper row is the composite
desirability and other rows are related to a response variable. The vari-
ations of a response variable or composite desirability with one of the
factors, while all other variables are assumed to be constant are indicat-
ed in each cell of the graph. The red and black numbers at top of each
column indicate the current variable value, and high and low variable
values in the experimental design, respectively. The goal for the re-
sponse, the predicted response y at the current variable settings and
the individual desirability score are shown at the left side of the graph
by the analytical software. Additionally, the composite desirability D,
which apprises how the settings optimize a set of the responses, is
shown in the upper left corner of the graph. The range of theDesirability
is between zero and one. Zero shows that one or more responses are
outside their acceptable limits, and one is an indicator of the ideal
case. Additionally, the current response values are shown by the hori-
zontal blue lines [56].

The optimization plots for themeanNusselt number drag coefficient
and both of them simultaneously are shown in Figs. 7 to 9, respectively.
Additionally these Figs. indicate the effects of each parameter on re-
sponses or composite desirability.
Fig. 5. The variations of themeanNunumber as a function of effective parameters (a)Ω and Rin
According to Figs. 7 and 8, the predicted maximum value of the
mean Nusselt number and minimum value of drag coefficient are
14.6562 and 0.8861, respectively. In addition, the results of the simulta-
neous optimization for the maximum mean Nusselt number and mini-
mum drag coefficient showed that the predicted values are 12.7294
and 1.0117, respectively. Moreover, from Figs. 7 to 9, it is clear that to
maximize only the mean Nusselt number, this purpose can be obtained
at levels (+1), (+1), (+1) and (−1) forΩ, Ri number,Ф and S, respec-
tively. However, if the purpose is to minimize only the drag coefficient,
this occurs at levels (−0.0101), (−1), (+1) and (+1) forΩ, Ri number,
Ф and S, respectively. To maximize the mean Nu number and minimize
the drag coefficient simultaneously, this can be obtained at levels (−1),
(−0.9596), (+1) and (−1) for Ω, Ri number, Ф and S, respectively. It
must also be noted that, the value of the desirability is N0.5 in all
three Figs., which indicates that the responses are in their acceptable
limits. Furthermore, to calculate the values of the levels (−0.0101)
and (−0.9596), which are obtained to minimize only the drag coeffi-
cient for Ω, and to maximize the mean Nu number and minimize the
drag coefficient simultaneously for Ri number, respectively, the interpo-
lation is used. The corresponding values to above mentioned levels
based on the performed interpolation areΩ=0.9899 and Ri=0.13636.
umber, (b)Ω andФ, (c)Ω and S, (d) Rinumber andФ, (e) Rinumber and S and (f)Ф and S.



Fig. 5 (continued).
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7. Sensitivity analysis

The sensitivity analysis plays an important role in the computational
and simulation models and it is absolutely needed to investigate the
sensitivity of the model outputs to the disturbances of the parameter
values, input variables and calculations [57] due to their sensitivity to
different uncertainty sources. Hence, using the sensitivity analysis
mathematical and computational concepts, numerical simulationmeth-
od may be developed to study the models [48].

To determine the sensitivity, the derivative of the mean Nusselt
number and drag coefficient output variables, as Eqs. (33) and (34), re-
spectively to input parameters of Ω, Ri number, Ф and S, are calculated
as follows:

∂Nu
∂Ω

¼ −0:108þ 1:049 � Ri ð35Þ

∂Nu
∂Ri

¼ 1:072þ 1:049 �Ω ð36Þ

∂Nu
∂Ф

¼ 0:728 ð37Þ
∂Nu
∂S

¼ −0:564 ð38Þ

∂Cd

∂Ω
¼ 0:11þ 0:2518 �Ωþ 0:1070 � Ri ð39Þ

∂Cd

∂Ri
¼ 4:2322þ 4:2416 � Riþ 0:1070 �Ω ð40Þ

∂Cd

∂Ф
¼ −0:0112 ð41Þ

∂Cd

∂S
¼ −0:002 ð42Þ

Eqs. (35) to (38) and (39) to (42) are related to the sensitivity of the
mean Nusselt number and drag coefficient to input parameters,
respectively.

The positive value of the sensitivity means an increase in the
objective function with the input parameter; and the negative value
indicates that the objective function decreases as the input parameter
increases.



Fig. 6. The variations of drag coefficient as a function of effective parameters (a) Ω and Ri number, (b) Ω and Ф, (c) Ω and S, (d) Ri number and Ф, (e) Ri number and S and (f) Ф and S.
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The results of this sensitivity analysis are showed in Tables 8
and 9. It must be noted that the table values are obtained for a lid
driven cavity with circular cylinder filled with Al2O3 Nanofluid for
the cases with the Ri number at levels −1, 0 and +1 (0.1, 1 and
Fig. 7. The optimization plots for the m
10), a/b ratios S at levels 0 and +1 (0.75 and 1), the volume
fraction of Nanoparticles Ф at levels 0, +1 (0.01 and 0.03) and
dimensionless rotational speed Ω with levels of −1, 0 and +1
(0, 1 and 5).
aximummean Nusselt number.



Fig. 8. The optimization plots for the minimize drag coefficient.
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The sensitivity of the mean Nusselt number and drag coefficient to
the effective input parameters, are indicated in Tables 8 and 9, respec-
tively. From Table 8 it can be concluded that:

- The sensitivity of themean Nusselt number to the Ri number is pos-
itive and independent ofΩ, S and Ф parameters. This positive sensi-
tivity means that the mean Nusselt number increases with the Ri
number. This can also be seen in Fig. 5.

- The sensitivity of themean Nusselt number toΩ is independent of S
andФ parameters. Moreover, this sensitivity reduces asΩ increases.

- The sensitivity of the mean Nusselt number to Ф is always positive,
but to S is negative whichmeans that themean Nusselt number en-
hances with Ф but reduces as S increases.

Additionally, considering the results shown in Table 9, the follow-
ings are concluded:
Cur
High

Low

D: 0.6287
Optimal

Predict

d = 0.39585

Maximum

Nu

y = 12.7294

d = 0.99867

Minimum

Cd

y = 1.0117

D: 0.6287

Desirability

Composite

-1.0

1.0

-1.0

1.0
Ri

[-1.0] [-0.9596]

Fig. 9. The optimization plots for the maximummean Nusselt n
- The sensitivity of thedrag coefficient to theRinumber is positive and in-
dependent of S and Ф parameters. This positive sensitivity means that
the drag coefficient increases with the Ri number. This can also be
seen in Fig. 5. Additionally, this sensitivity increaseswith increasing inΩ.

- The sensitivity of the drag coefficient to theΩ is independent of S pa-
rameter. Additionally, in high Ri numbers, this sensitivity increases
with the Ri number. Also asΩ increases, this sensitivity reduces initially
and then increases.

- The sensitivity of the drag coefficient to S andФ parameters is negative
whichmeans that thedrag coefficient reducesdue to increasing in S and
Ф. This can also be seen in Fig. 6.

8. Conclusions

A2-Dnumerical simulation and sensitivity analysis are carried out to
improve heat transfer rate and reduce drag coefficient in a lid driven
-1.0

1.0

-1.0

1.0
S

[1.0] [-1.0]

umber and the minimize drag coefficient simultaneously.



Table 8
The sensitivity analysis for the mean Nu number.

Effective parameters Sensitivity

Ri Ф S Ω ∂Nu
∂Ri

∂Nu
∂Ω

∂Nu
∂Ф

∂Nu
∂S

−1

0 0

−1 0.023 −1.157 0.728 −0.564
0 1.072 −1.157 0.728 −0.564
+1 2.121 −1.157 0.728 −0.564

0 −1 0.023 −0.108 0.728 −0.564
0 1.072 −0.108 0.728 −0.564
+1 2.121 −0.108 0.728 −0.564

+1 −1 0.023 0.941 0.728 −0.564
0 1.072 0.941 0.728 −0.564

+1 2.121 0.941 0.728 −0.564

−1

+1 +1

−1 0.023 −1.157 0.728 −0.564
0 1.072 −1.157 0.728 −0.564
+1 2.121 −1.157 0.728 −0.564

0 −1 0.023 −0.108 0.728 −0.564
0 1.072 −0.108 0.728 −0.564
+1 2.121 −0.108 0.728 −0.564

+1 −1 0.023 0.941 0.728 −0.564
0 1.072 0.941 0.728 −0.564
+1 2.121 0.941 0.728 −0.564
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cavity with rotating circular cylinder filled with an Al2O3 Nanofluid. The
top wall of the cavity is movable, the bottom wall is under a constant
heat flux and the right and left walls are adiabatic. Numerical simu-
lations are performed to study the effects of the four effective param-
eters of the Richardson number (0.1 ≤ Ri ≤ 10), dimensionless
rotational speed (0 ≤ Ω ≤ 5), Nanoparticles volume fraction
(0.00 ≤ Ф ≤ 0.03) and the a/b ratios (0.5 ≤ S ≤ 1), on the heat transfer
performance and drag coefficient onmovable wall. Themean Nusselt
number and drag coefficient are calculated and the residual diagrams
are obtained in order to define the optimum conditions for a better
heat transfer and less drag coefficient. Finally, using the sensitivity
analysis, the effects of the above mentioned effective parameters
on heat transfer performance and drag coefficient are studied. The
results obtained from the numerical study may be summarized as
the following:

- The mean Nusselt number enhances with Ri number andФ. Howev-
er, increasing theΩ and S decreases the mean Nusselt number.

- Enhancement of the Ri number andΩ increases the drag coefficient.
Additionally, the drag coefficient decreases as Ф and S increase.

- The sensitivity of themean Nusselt number to the Ri number is pos-
itive and independent of Ω, S and Ф parameters.
Table 9
The sensitivity analysis for the drag coefficient

Effective parameters Sen

Ri Ф S Ω ∂Cd
∂Ri

−1

0 0

−1 −0
0 −0
+1 0.09

0 −1 4.12
0 4.23
+1 4.33

+1 −1 8.36
0 8.47
+1 8.58

−1

+1 +1

−1 −0
0 −0
+1 0.09

0 −1 4.12
0 4.23
+1 4.33

+1 −1 8.36
0 8.47
+1 8.58
- The sensitivity of themean Nusselt number toΩ is independent of S
andФ parameters. Moreover, this sensitivity reduces asΩ increases.

- The sensitivity of the mean Nusselt number to Ф is positive, but to S
is always negative which means that the mean Nusselt number en-
hances with Ф but reduces as S increases.

- The sensitivity of the drag coefficient to the Ri number increases
with the Ri number. Additionally, this sensitivity increases with in-
creasing in Ω.

- The sensitivity of the drag coefficient to theΩ is independent of S pa-
rameter. In high Ri numbers, this sensitivity increases with the Ri
number. Additionally, this sensitivity reduces initially and then in-
creases as Ω increases.

- The sensitivity of the drag coefficient to S andФ parameters is nega-
tive whichmeans that the drag coefficient reduces due to increasing
in S and Ф.

- To maximize only the mean Nusselt number, the effective parame-
ters must have the values of Ω= 5, Ri = 10, Ф= 0.03 and S = 0.5.

- If the purpose is tominimize only the drag coefficient, this occurs for
Ω = 0.9899, Ri = 0.1, Ф = 0.03 and S = 1.

- To maximize the mean Nu number and minimize the drag coeffi-
cient simultaneously, the effective parameters must be Ω = 0,
Ri = 0.13636, Ф = 0.03 and S = 0.5.
sitivity

∂Cd
∂Ω

∂Cd
∂Ф

∂Cd
∂S

.1164 −0.2488 −0.0112 −0.002

.0094 0.003 −0.0112 −0.002
76 0.2548 −0.0112 −0.002
52 −0.1418 −0.0112 −0.002
22 0.11 −0.0112 −0.002
92 0.3618 −0.0112 −0.002
68 −0.0348 −0.0112 −0.002
38 0.217 −0.0112 −0.002
08 0.4688 −0.0112 −0.002

.1164 −0.2488 −0.0112 −0.002

.0094 0.003 −0.0112 −0.002
76 0.2548 −0.0112 −0.002
52 −0.1418 −0.0112 −0.002
22 0.11 −0.0112 −0.002
92 0.3618 −0.0112 −0.002
68 −0.0348 −0.0112 −0.002
38 0.217 −0.0112 −0.002
08 0.4688 −0.0112 −0.002
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- To design any equipment for energy related fields, it must be noted
that the Ri number is the most significant factors on heat transfer
improvement and drag coefficient reduction.
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