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The melting process of a nano-enhanced phase-change material is investigated in a square cavity with a
hot cylinder located in the middle of the cavity in the presence of both single and hybrid nanoparticles.
The dimensionless partial differential equations are solved numerically using the Galerkin finite element
method using a grid with 6000 quadrilateral elements. The effects of the volume fraction of nanoparticles,
the Fourier number, the thermal conductivity parameter, and the viscosity parameters are studied. The
results show that the solid-liquid interface and the liquid fraction are significantly affected by the volume
fraction of nanoparticles and the thermal conductivity parameter. Additionally, it is found that the melt-
ing rate is much larger when the Fourier number changes between 0 and 0.5 and a further increase in the
Fourier number causes a reduction in the rate of the melting.
� 2016 The Society of Powder Technology Japan. Published by Elsevier B.V. and The Society of Powder

Technology Japan. All rights reserved.
1. Introduction

Natural convection caused by a circular cylinder inside an
enclosure has a variety of applications in engineering systems such
as compact heat exchangers, solar collectors, cooling of electronic
devices, chemical reactors. Cesini et al. [1] conducted a numerical
and experimental study of the natural convection induced by a
horizontal cylinder in a rectangular cavity. Yoon et al. [2] reported
the natural convection results from two hot circular cylinders
inside a cavity. They found that the bifurcation from steady state
to unsteady state natural convection significantly depends on the
location of the inner cylinders and the Rayleigh number. Huang
et al. [3] investigated the natural convection caused by a time-
periodic pulsating temperature of a cylinder inside a square cavity.
They reported an enhancement in the heat transfer compared to
the steady state natural convection. Zhang et al. [4] numerically
studied the effects of an elliptic cylinder on the natural convection
inside a square cavity using the Galerkin method.
One of the reliable ways of storing energy is using Phase Change
Materials (PCMs). This is due to the fact that a small volume of
PCMs can store a substantial amount of energy during the phase-
change process. The phase-change materials are now widely used
in a variety of applications such as cooling of electronic devices
[5] in various fields of thermal management of high power elec-
tronics [6], cooling of mobile electronic devices [7], cooling
enhanced by heat pipes [8]. An excellent review on thermal man-
agement systems using phase-change materials for electronic com-
ponents has been reported by Ziye et al. [9]. The phase-change
materials have also found important applications in solar heating
systems [6,9]. An extensive review of the applications of phase-
change materials has been addressed by Sharif et al. [10]. Also,
PCMs have been utilized in waste heat recovery systems [11].

Despite the fact that the phase-change materials are now
widely used in a variety of applications, they have a weak thermal
conductivity causing a reduction in the performance of the energy
storage unit. Luckily, the thermal conductivity of the PCMs can be
enhanced using nanofluids. Zeng et al. [12] reported an enhance-
ment in the thermal conductivity of a composite PCM using Ag
nanoparticles. A significant augmentation in the thermal conduc-
tivity of PCMs was reported by Liu et al. [13] by utilizing a small
volume fraction of TiO2 nanoparticles in saturated BaCl2. Wu

http://crossmark.crossref.org/dialog/?doi=10.1016/j.apt.2016.10.009&domain=pdf
http://dx.doi.org/10.1016/j.apt.2016.10.009
mailto:achamkha@pmu.edu.sa
mailto:doostaniali@gmail.com
mailto:doostaniali@gmail.com
mailto:eizad001@fiu.edu
mailto:m.ghalambaz@iaud.ac.ir
mailto:m.ghalambaz@iaud.ac.ir
http://dx.doi.org/10.1016/j.apt.2016.10.009
http://www.sciencedirect.com/science/journal/09218831
http://www.elsevier.com/locate/apt


Nomenclature

S(T) Carman-Kozeny equation (source term)
Amush mushy-zone constant (Carman-Koseny equation con-

stant)
C specific heat (J/kg K)
Cp specific heat in constant pressure (J/kg K)
D diameter of the cylinder
R radius of the cylinder
g gravity (m/s2)
k thermal conductivity (W/m K)
L latent heat of fusion (J/kg)
P pressure (Pa)
S enclosure inclination angle
T temperature (K)
t time (s)
H length and Height (m)
u velocity in the x-direction (m/s)
v velocity in the y-direction (m/s)
Tf melting temperature (K)
Ra Rayleigh number
Pr Prandtl number
Ste Stefan number
Nc conductivity parameter
Nm viscosity parameter
x, y Cartesian coordinates

Greek symbols
u (T) liquid fraction

a thermal diffusivity (m2/s)
/ volume fraction of nanoparticles
l dynamic Viscosity (kg/m s)
q density (kg/m3)
e Carman-Kozeny equation constant
t kinematic viscosity (m2/s)
DT mushy-zone temperature range (K)
n basis functions
c the ratio of thermal diffusivity
b thermal expansion coefficient (1/K)
h non-dimensional temperature

Subscripts
F fusion
l liquid phase
s solid phase
hnf hybrid nanofluid
nf nanofluid
bf base fluid
p particles
h hot
i interface position
c cold
k node number
i residual number
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et al. [14] found that the heating and cooling times declines up to
30.3% and 28.2% exploiting 1% of Cu nanoparticles in paraffin.
Harikrishnan and Kalaiselvam [15] reported a reduction up to
27.67% and 28.57% in the solidification and melting time using
CuO in oleic phase-change material. The nanofluids in liquid form
have also been studied in many recent studies. For instance, differ-
ent heat transfer aspects of nanofluids including mixed convection
in micro channels [16], film condensation [17] and the effect of
magnetic fields on the heat transfer of nanofluid [18,19] and natu-
ral convection in enclosures [19,20] and non-Newtonian nanoflu-
ids [21].

The aforementioned studies have been done utilizing a single
metallic or non-metallic nanoparticles. The metallic nanoparticles
are known for their high thermal conductivity, however, their ten-
dency to chemical reactions make them an unreliable choice. On
the other hand, the non-metallic particles have a high stability
and chemical inertness, albeit, they possess a weak thermal con-
ductivity. Recently, it is suggested to combine a small amount of
metallic nanoparticles with non-metallic nanoparticles causing
an enhancement in the thermal properties of the base fluid. Suresh
et al. [22] reported a considerably higher augmentation in the vis-
cosity compared to the thermal conductivity using Al2O3–Cu
hybrid nanoparticles. Suresh et al. [23] reported a maximum
enhancement of 13.56% in the Nusselt number by using an
Al2O3–Cu hybrid nanofluid. Yarmand et al. [24] reported a maxi-
mum 32.7% enhancement in the values of the Nusselt number
using a GNP–Ag/water hybrid nanofluid. Takabi and Salehi [25]
numerically investigated the effects of Al2O3–Cu/water hybrid
nanofluids inside a sinusoidal corrugated enclosure. They reported
higher enhancement in the heat transfer rate using a hybrid nano-
fluid compared to a regular nanofluid. Takabi and Shokouhmand
[26] numerically studied the effects of an Al2O3–Cu/water hybrid
nanofluid on the heat transfer rate in the turbulent regime. It
was found that the hybrid nanofluid causes improvements in the
heat transfer rate and also it has an undesirable effect on the fric-
tion factor which causes higher pressure drop in the hybrid nano-
fluid. The effects of Al2O3–Cu/water hybrid nanofluid over a
stretching sheet was numerically investigated by Surya and Anjali
[27]. It was shown that the Al2O3–Cu/water hybrid nanofluid has a
higher heat transfer rate compared to the Cu/water nanofluid even
in the presence of a magnetic field.

Due to the significant importance of phase-change materials
and their applications in the energy storage systems and the fact
that nano-enhanced phase-change materials could increase the
performance of an energy storage system, the authors of the pre-
sent study feel necessary to conduct the present research. In this
paper, the effects of hybrid and single nanoparticles on the melting
process of nano-enhanced phase-change materials are investigated
inside a square cavity for the first time. The melting is caused by a
hot cylinder located in the center of the cavity. The governing set of
equations has been solved numerically using the Galerkin finite
element method using 6000 quadrilateral elements. The results
of the present study are compared with both experimental and
numerical results available in the literature. The authors hope that
the results of the present study could help to improve the design
and the functionality of energy storage systems in the future. To
the best of the authors’ knowledge, the results of the present paper
are unique and the authors hope that the results of this paper help
to design much efficient energy storage systems in the future.

2. Geometric and mathematical models

2.1. Physics of the problem

As shown in Fig. 1, the schematic of a horizontal cylinder in a
square cavity, A concentric heated circular cylinder of radius R



Fig. 1. A schematic view of geometry details and physical model.
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located inside a cavity of height and width H. The cavity is filled
with a nano-enhanced phase-change material including hybrid
nanoparticles (HNePCM), the vertical and horizontal walls of the
cavity are maintained at a uniform cold temperature Tc according
to Fig. 1, consists of a cylinder (with diameter D = 2R) with a high
temperature Th. The area between the cylinder and the cavity is
initially maintained at a uniform temperature Tc. A schematic
view of the geometry details and the physical model are shown
in Fig. 1. In addition, the following assumptions are made in pre-
sent work.

The single/hybrid nanofluid shows a Newtonian behavior due to
the fact that experimental data on the behavior of most of the
nanofluids demonstrate that the regular nanofluids and hybrid
nanofluids follow the Newtonian behavior [22,28,29]. The viscous
dissipation and the thermal radiation are assumed negligible. This
assumption is valid as the driving force for the liquid is the natural
convection and the temperature differences in PCMs are limited.
The base fluid and the nanoparticles are considered as continuous
media and uniformly distributed as they are assumed to be in ther-
modynamic equilibrium. As for the preparation of the nanofluids,
the ultrasonic techniques or stabilizers additives are utilized, the
nanofluid could be assumed as a homogeneous suspension of
nanoparticles and the base fluid. As discussed in the work of Buon-
giorno [30], the nanoparticles are very tiny, and hence, the Biot
number of nanofluids is very small. Therefore, they can be assumed
to be in thermal equilibrium with the base fluid. The applied tem-
perature difference in the cavity is assumed to be limited, and
hence, the Boussinesq approximation for the buoyancy force is uti-
lized. As mentioned, the temperature difference for PCMs is small.
There is no chemical reaction between different types of the
nanoparticles and the base fluid. This assumption is valid because
the nanoparticles are selected in a way that they are inherently
inactive with the base fluid or with each other to gain a stable sus-
pension. These mentioned assumptions are generally valid for
many of single/hybrid nano-enhanced PCMs applications.

2.2. Governing equations

According to the physical model of the cavity with the hot inner
cylinder, the governing partial differential equations can be written
as follows:

Continuity

r � u ¼ 0 ð1Þ
Momentum

@u
@t

þ ðu � rÞu ¼ � 1
qhnf

rP þ lhnf

qhnf
r � ðlðuÞruÞ þ bhnf

qhnf
gðT � Tf Þ

þ 1
qhnf

SðTÞu ð2Þ

Energy

@T
@t

þ ðuÞ � rT ¼ ahnfrðahnf ðuÞrTÞ � L
ðCpÞhnf

@uðTÞ
@t

ð3Þ

The above equations in expanded form are as follows:
Here a(u) = al, hnfu + as, hnf (1 � u) and u is the melt fraction and

can be measured utilizing the temperature as follows:
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uðTÞ ¼
0 T < Tf

T�Tf
DT Tf < T < Tf þ DT

2

1 T > Tf þ DT

8><
>: ð4Þ

whereDT represents the temperature of themushy-zone. The viscos-
ity of themushy zine can also be controlled by the following relation:

lðuÞ ¼ llð1þ Amushð1�uÞÞ ð5Þ
Controlling the viscosity using Eq. (5) in the mushy region

causes the pressure and the velocity fields to be uniform in the
domain of the solution. Additionally, it causes the velocity field
to be zero close to the solid parts of the domain. As mentioned,
the thermal diffusivity in the liquid, mushy and solid regions is a
linear function of the volume fraction of the liquid as a(u) = al, hnf-
u + a

s, hnf
(1 � u). The source term S(T) in the momentum equation is

assumed to be a continuous equation for phase change by using
the Carman-Kozeny equation as follow:

SðTÞ ¼ �Amush
ð1�uðTÞÞ2
uðTÞ3 þ e

ð6Þ

The buoyancy force which creates the motion in the liquid
phase and causes the liquid to move upward and natural convec-
tion happens, is modeled by utilizing the Boussinesq approxima-
tion as follows:

F
!
¼ qhnfb g

!ðT � Tf Þ ð7Þ
Based on the problem description and according to Fig. 1, the

boundary conditions are given by:

On all externals walls of the cavity T ¼ Tc and u ¼ v ¼ 0 ð8aÞ

On the cylinder T ¼ Th ð8bÞ
Eqs. (4)–(7) are changed into the non-dimensional form by uti-

lizing the following dimensionless variables:

X ¼ x
H
; Y ¼ y

H
; U ¼ uH

al;bf
; V ¼ vH

al;bf
; h ¼ T � Tf

Th � Tf
; AR ¼ R

L

ð9aÞ

Fo ¼ tabf

H2 ; SðhÞ ¼ sðTÞH2

ql;hnfal;bf
; lr ¼

lhnf ðuÞ
lbf

; ar ¼ ahnf ðuÞ
abf

;

P ¼ PH2

ql;bfa2
l;bf

ð9bÞ

Accordingly, the dimensionless parameters can be written as
follows:

Ra ¼ gbbf ðTh � Tf ÞL3
al:bftbf

; Ste ¼ Cl;bf ðTh � Tf Þ
L

; Pr ¼ tbf
al;bf

ð10Þ

Here Ra, Ste, and Pr represent the Rayleigh number, the Stefan
number, and the Prandtl number, respectively. By substituting
Eqs. (8) and (9) into Eqs. (1)–(3), the dimensionless form of the
governing Eqs. (11)–(14) are derived as follows:

Continuity:

@U
@X

þ @V
@Y

¼ 0 ð11Þ

Momentum in X-direction:

@U
@Fo

þ U
@U
@X

þ V
@U
@Y

¼ � qbf

qhnf

@P
@X

þ qbf

qhnf

lhnf

lbf
Pr

@

@X
lr

@U
@X

� �
þ @

@Y
lr

@U
@Y

� �� �

þ qbf

qhnf
SðhÞU ð12Þ
Momentum in Y-direction:

@V
@Fo

þ U
@V
@X

þ V
@V
@Y

¼ � qbf

qhnf

@P
@Y

þ qbf

qhnf

lhnf

lbf
Pr

@

@X
lr

@V
@X

� �
þ @

@Y
lr

@V
@Y

� �� �

þ qbf

qhnf
SðhÞV þ PrRah

ðqbÞhnf
qhnfbbf

ð13Þ

Energy:

@h
@Fo

þ U
@h
@X

þ V
@h
@Y

¼ @

@X
ahnf ðuÞ
al;bf

@h
@X

� �
þ @

@Y
ahnf ðuÞ
al;bf

@h
@Y

� �� �

� ðCpÞbf
ðCpÞhnf

1
Ste

@uðhÞ
@Fo

ð14Þ

In the heat equation, the thermal diffusivity ratio can be evalu-

ated as ahnf ðuÞ
al;bf

¼ ual;hnfþð1�uÞas;hnf
al;bf

which it can be written as
ahnf ðuÞ
al;bf

¼ uarl þ ð1�uÞars where arl ¼ al;hnf
al;bf

and. ars ¼ al;hnf
al;bf

. Here, arl
denotes the thermal diffusivity ratio of hybrid nanofluid and the
base fluid for the liquid phase, and ars denotes the thermal diffu-
sivity ratio of the hybrid nanofluid in the solid phase and the ther-
mal diffusivity of the base fluid in the liquid phase. In the solid
phase, the nanoparticles are trapped in the solid structure and they
cannot freely move. In addition, the volume fraction of the
nanoparticles is very low, and hence, they cannot affectively
change the thermo-physical properties of the solid phase. There-
fore, either it can be assumed that the thermal diffusivity of the
solid hybrid nanofluid (as, hnf) is equal to the thermal diffusivity
of the solid base fluid (as, bf), which as a result yields as, bf/al,
bf � 1 or the thermal diffusivity of the solid hybrid nanofluid (as,
hnf) can be evaluated using the Maxwell model of nanofluids. It is
worth noticing that the change in the thermal diffusivity of the liq-
uid hybrid nanofluid (al, hnf) due to the presence of hybrid nanopar-
ticles is quite significant, and it should be taken into account.

Additionally, Eq. (19) is the non-dimensional form of the viscos-
ity mentioned in Eq. (9) can be evaluated as:

lr ¼ ð1þ Amushð1�uÞÞ ð15Þ
The relevant boundary conditions mentioned in Eq. (8) are trans-
formed into the dimensionless form as follows:

On all externals walls of the cavity h ¼ 0 and U ¼ V ¼ 0

ð16aÞ

On the cylinder h ¼ 1 ð16bÞ
In the above equations, U and V are the non-dimensional veloc-

ities in the X and Y directions, respectively. Additionally, P and h
represent the non-dimensional pressure and the non-
dimensional temperature of the nanofluid, respectively. The sub-
scripts hnf, bf and p specify the variables related to the nanofluid,
the base fluid and the nanoparticles, respectively. The melt volume
fraction as a function of h can be written as:

uðhÞ ¼
0 h < 0
h
Dh 0 < h < Dh

1 h > Dh

8><
>: ð17Þ

where Dh ¼ DT
Th�Tf

. The initial temperature in the non-dimensional

form h is equal to 0 in the cavity. According to the study of Zaraki
et al. [31], the dynamic viscosity ratio and the thermal conductivity
ratio can be measured using following relations:

lhnf

lbf
¼ ð1þ Nv � /Þ ð18Þ



Table 1
The evaluated of Nc and Nv for different samples of hybrid nanofluids (cases 1-5) and single nano fluids (cases 6-11).

Case Refs. Base fluid Temperature (�C) Type Size (nm) Shape Relative fraction Nc Nm

1 [32] Water – Ag 25 Unspecific 0.5 20.3 6.2
MgO 40 Unspecific 0.5

2 [22] Water 32 Al2O3 17 Spherical 0.9 9.2 33.29
Cu 17 Spherical 0.1

3 [33] EG 30 ZnO 35–45 Spherical 0.5 6.68 –
TiO2 30 Spherical 0.5

4 [34] Water 60 Cu 55 Spherical 0.5(g) 4.03 –
TiO2 55 Spherical 5(g)

5 [35] EG 30 F-MWCNTs ID = 3–5 Unknown 0.5 10.45 –
OD = 5–15

Fe3O4 20–30 Spherical 0.5
6 [36] Water 15 TiO2 21 Spherical – 4.25 4.47
7 [36] Water 25 TiO2 21 Spherical – 3.87 7.65
8 [36] Water 25 ZnO 150 Rectangular – 3.86 13.20
9 [37] Water 25 MgO 40 Spherical – 7.70 12.05
10 [38] Kerosene 25 Al2O3 44 Spherical – 14.1 15.62
11 [38] Kerosene 25 Al2O3 21 Spherical – 20.1 20.23
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khnf
kbf

¼ ð1þ Nc � /Þ ð19Þ

where Nv and Nc represent the dynamic viscosity number and the
thermal conductivity number, respectively, as discussed by Zaraki
et al. [31]. Generally, Nv and Nc could be functions of the shape of
nanoparticles, the size of nanoparticles, type of the base fluid, type
of nanoparticles, and the method of preparation. According to Zar-
aki et al. [31], each synthesized nanofluid has a unique value of
Nv and Nc, which could be obtained using a linear curve fit of the
experimental data. Some values for Nc and Nv are represented in
Table 1. For instance, Esfe et al. [32] prepared a Ag-MgO/water
hybrid nanofluid combining 50% of Ag and 50% of MgO nanoparti-
cles. They investigated the effects of the volume fraction of hybrid
nanoparticles on the thermal conductivity and viscosity of a hybrid
nanofluid. They reported the value of the thermal conductivity khnf/
kbf equal to approximately 1.2 for 3% volume fraction of hybrid
nanoparticles and the value of the dynamic viscosity lhnf/lbf equal
to approximately 1.4 for 2% of nanoparticles volume fraction. Addi-
tionally, Suresh et al. [23] reported 1.12 for the thermal conductiv-
ity and value close to 1.8 for the viscosity of Al2O3-Cu hybrid
nanofluid prepared by 2% volume fraction of Al2O3-Cu hybrid
nanoparticles. The values of the thermal conductivity parameter
Nc and viscosity parameter Nv for different hybrid nanoparticles
and single nanoparticles are presented in Table 1 which are
obtained using the available experimental data in the literature
for lhnf/lbf and khnf/kbf.

Now, considering the liquid thermal diffusivity ratio (arl = al, hnf/
al, bf) as al, hnf/al, bf = (kl, hnf/kl, bf) � ((qCp)l,bf/((qCp)l,hnf) and substitut-
ing 1 + Nv � / for kl, hnf/kl, bf from Eq. (23) gives:

arl ¼ ð1þ Nv/Þ ðqCPÞbf
ðqCPÞhnf

ð20Þ
3. Method of solution and validation

In order to solve the governing equations, the set of the non-
linear dimensionless partial differential equations, mentioned in
Eqs. (11)–(14), and its relevant boundary conditions (16) are first
transformed into a weak form and then have been solved by utiliz-
ing the Galerkin finite element method [39]. The continuity Eq.
(11) is exploited as a constraint to satisfy the mass conservation
by controlling the pressure distribution. The dimensionless pres-
sure in the momentum equations is estimated by the continuity
equation and the penalty parameter (v) as described by [40] which
can be written as follows:
P ¼ v @U
@X

þ @V
@Y

� �
ð21Þ

Using Eq. (25), the momentum Eqs. (16) and (17) can be rewrit-
ten as follows:
@U
@Fo

þ U
@U
@X

þ V
@U
@Y

¼ � qbf

qhnf

@

@X
v @U

@X
þ @V

@Y

� �� �

þ qbf

qhnf

lhnf

lbf
Pr

@

@X
lr

@U
@X

� �
þ @

@Y
lr

@V
@Y

� �� �

þ qbf

qhnf
SðhÞU ð22Þ

@V
@Fo

þ U
@V
@X

þ V
@V
@Y

¼ � qbf

qhnf

@

@Y
v @U

@X
þ @V

@Y

� �� �

þ qbf

qhnf

lhnf

lbf
Pr

@

@X
lr

@U
@X

� �
þ @

@Y
lr

@V
@Y

� �� �

þ qbf

qhnf
SðhÞV þ PrRah

ðqbÞhnf
qhnfbbf

ð23Þ

In Eqs. (22) and (23), the continuity Eq. (11) is satisfied for large
values of the penalty parameter (v = 107) [40]. Now, the velocities
U and V as well as the temperature, h, can be expanded using a
basis set fnkgNk¼1 in the domain interval of �0.5 < X < 0.5 and
0 < Y < 1 as,

U �
XN
k¼1

UknðX;YÞ;V �
XN
k¼1

kknðX;YÞ; h �
XN
k¼1

hknðX;YÞ ð24Þ

It is noteworthy that the basis function f for all of the three vari-
ables is the same which causes the total number of the nodes N to
be equal to 3. By using the mentioned basis functions in Eq. (24),
the nonlinear residual equations (RN

i ) of the governing Eqs. (11)–
(14) can be rewritten as follows:

R1
i ¼

XN
k¼1

Uk

Z
X

@nk
@Fo

nidXdY

þ
XN
k¼1

Uk

Z
X

XN
k¼1

Uknk

 !
@nk
@X

þ
XN
k¼1

Vknk

 !
@nk
@Y

" #
nidXdY

þ qbf

qhnf

XN
k¼1

Uk

Z
X

@ni
@X

ðvÞ @nk
@X

dXdY
� �

þ
XN
k¼1

Vk

Z
X

@ni
@X

ðvÞ @nk
@Y

dXdY
� � !

þ qbf

qhnf

lhnf

qbf
Pr
XN
k¼1

Uk

Z
X

@ni
@X

lr
@nk
@X

dXdY
� �"

þ
XN
k¼1

Uk

Z
X

@ni
@Y

lr
@nk
@Y

dXdY
� �#

þ qbf

qhnf
SðhÞ

XN
k¼1

Z
X

XN
k¼1

ðUknkÞni
 !

dXdY

ð25Þ
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R2
i ¼
XN
k¼1

Vk

Z
X

@nk
@Fo

nidXdY

þ
XN
k¼1

Vk

Z
X

XN
k¼1

Uknk

 !
@nk
@X

þ
XN
k¼1

Vknk

 !
@nk
@Y

" #
nidXdY

þ qbf

qhnf

XN
k¼1

Uk

Z
X

@ni
@Y

ðvÞ@nk
@X

dXdY
� �

þ
XN
k¼1

Vk

Z
X

@ni
@Y

ðvÞ@nk
@Y

dXdY
� � !

þ qbf

qhnf

lhnf

qbf
Pr
XN
k¼1

Vk

Z
X

@ni
@X

lr
@nk
@X

dXdY
� �"

þ
XN
k¼1

Vk

Z
X

@ni
@Y

lr
@nk
@Y

dXdY
� �#

þðqbÞhnf
qhnfbbf

RaPr
Z
X

XN
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Fig. 2. The liquid fraction vs. Fourier number for various grid sizes.
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3.1. Grid check

The grid independency of the solution is evaluated by using sev-
eral grid sizes for the case in which Nc = 20, Nv = 20 Pr = 50,
Ra = 107, arl = ars = 1.0, Ste = 0.1, Amush = 1.6 � 106, and / = 2%. A
supercomputer with 40 GB of memory and 20 CPU cores each of
2.2 GHz is utilized to obtain the results of the present study.
Fig. 2 represents the variation of the liquid fraction versus the
Fourier number for different grid sizes. The results indicate that
6000 quadrilateral elements can accurately estimate the results
with a reasonable amount of time. In the case of 2000 quadrilateral
elements, the time spent to obtain the results is 9 h and 48 min
while in the case with 8000 quadrilateral elements took 1 day,
8 h and 23 min.
Fig. 3. A comparison between the present results and the experimental results of Ga
isothermal hot wall at the left and isothermal cooled wall at the right, keeping the bott
3.2. Validation of the results

In order to examine the accuracy of the present study, several
comparisons have been done. First, the results of the present study
in the case of a rectangular enclosure without an inner cylinder are
compared with the experimental results reported by Gau and Vis-
kanta [41], and the numerical results available in the literature for
the case in which the aspect ratio (height/width) of the rectangular
cavity is equal to 0.714.

Gau and Viskanta [41] have studied the melting interface
exploiting the pour-out method and the probing method. They
assumed that the left wall is hot while the top and bottom walls
are chosen to be insulated. In addition, the problem of the melting
process of a phase-change material is numerically investigated by
Kashani et al. [42], Khodadadi and Hosseinzadeh [43], Brent et al.
[44], Joulin, et al. [45], Viswanta and Jaluria [46], Dessai and Vafai
[47] and Tiari et al. [48] when / = 0 and ars = 1. The comparison
between the present study and the results in the literature is plot-
ted in Fig. 3(a) and (b) which clearly shows an acceptable
agreement. In the case of large Fourier numbers such as
Fo = 3.48, a difference between the present results and the experi-
mental results can be seen, which in previous studies, the authors
u and Viskanta [41] and numerical studies available in the literature (a) and (b):
om and top walls insulated, Ra = 6 � 105, Pr = 0.0216.



Fig. 4. A comparison between the results of the present study with the results of
the benchmark study of Bertrand et al. [49] in the case when (a): s = 2 � 10�3 (b):
s = 1 � 10�2, (s = Fo � Ste).
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have concluded that the difference could result from the method of
measuring the melting interface in the experiments of Gau and Vis-
kanta [41]. Because they evaluated the melting interface mechan-
ically using a manual mechanical probe. In fact, in the case with
large values of Fo, the solid-liquid interface of melting could be
unstable which makes it hard to evaluate the exact shape of the
interface.

In the second case, the results of the present finite element code
are compared with the benchmark study of Bertrand et al. [49]
when Ra = 1 � 107, Pr = 50, / = 0 and ars = 1.0, for which different
authors have obtained the results of the melting interface for a
square cavity. Fig. 4 clearly illustrates a good agreement between
the results of the present study and the results of Bertrand et al.
[49].

In the third case, the results of the present study are compared
with the experimental study reported by Kumar et al. [50] for the
melting of lead. They have investigated the melting of lead con-
tained inside a stainless steel cuboid. In their study, a heater was
located at one of the vertical side walls of the cavity to provide a
constant heat flux, while the other walls were insulated. Using
neutron radiography, they captured the photography of the solid-
liquid interface movement, during the melting process of the lead.
Table 2 provides the non-dimensional parameters used by Kumar
et al. [50]. In their experiment, the temperature was linearly dis-
tributed before the melting started, because the heater increased
the temperature on both sides of the cavity. Although, after the
melting started, the temperature was higher at the right-hand side
wall (the heater side) compared to the left-hand side wall. Due to
the fact that the experiment by Kumar et al. [50] have been accom-
plished in the case in which heat flux is constant, the Rayleigh
number, Stefan number, and the Prandtl number should be calcu-
lated, accordingly. Thus, the Rayleigh number and the Stefan num-
ber can be written as Ra⁄ = gbq00

condL
4
y/(kav) and Ste⁄=Cp q00

condL
4
x/

(kL), respectively.
The comparison between the results of the present study with-

out the inner cylinder and the photography carried out by Kumar
Table 2
Input provided for one case in the simulation by Kumar et al. [50].

Heater input (right side) Prandtl number Stefan number

16.3 kW/m2 0.0236 0.4
et al. [50] is shown in Fig. 5 in which both results represent a
curved shape for the solid-liquid interface. In addition, both results
indicate that the maximum and minimum depths happen at the
top and bottom of the enclosure, respectively. Furthermore,
increasing the values of Fo from 0.37 to 1.74 leads to increasing
the depth of the solid-liquid interface predicted accurately by the
present numerical results.

In the final case, the results of the Nusselt number of the pre-
sent study are compared with the results reported by Hussein
[51] for the case in which there is a hot cylinder inside a cavity
filled with a pure molten fluid as shown in Fig. 6. The cylinder
can be placed in different vertical locations inside the cavity where
d denotes the non-dimensional position of the center of the cylin-
der from the center of the cavity. Here, d = 0 indicates a cavity with
a cylinder at its center the same as the present study. The Prandtl
number in this comparison is considered equal to 0.71 similar to
study of Hussein [51]. Obviously, for all of the chosen Rayleigh
numbers, the results are in a complete agreement with the results
reported by Hussein [51].
4. Results and discussion

In order to investigate the change phase heat transfer of
nanofluids, a square cavity with the size of H = 5 cm, a cylinder
with the radius R equal to 0.5 cm, which leads to the aspect ratio
R/H = 0.1 is considered. The cavity is filled with Octadecane for
which the thermophysical properties are presented in Table 3.
The temperature at the surface of the inner cylinder Th is equal
to 40 �C and the temperature at the cold walls of the cavity is
Tc = 30 �C. Thus, the corresponding non-dimensional parameters
can be calculated as: Pr = 50, Ste = 0.1, Ra = 1.25 � 107.

According to the experimental study by Esfe et al. [32] and the
theoretical study by Zaraki et al. [31], the magnitudes of qbf/qhnf,
(qCp)bf/(qCp)hnf, Cbf/Chnf and qhnfbbf/(qb)hnf for most of nanofluids
is close to unity. Likewise, in the present study, these values are
considered equal to unity. In fact, only the dynamic viscosity and
the thermal conductivity of the base fluid are significantly affected
by the presence of the nanoparticles. Thus, by substituting (qCp)bf/
(qCp)hnf � 1 and Eq. (19) in Eq. (20), the thermal diffusivity ratio
ahnf/abf can be simplified as:

arl ¼ khnf
kbf

ðqCPÞbf
ðqCPÞhnf

¼ ð1þ Nc � /Þ � ð� 1Þ ¼ 1þ Nc � / ð28Þ

The dynamic viscosity ratio and the thermal conductivity ratio
are calculated utilizing Eqs. (22) and (23). As a results, the non-
dimensional parameters in the present study can be summarized
as Pr = 50, Ste = 0.1, ars = 1.0, Ra = 1.25 � 107. The mentioned non-
dimensional values are utilized in order to obtain the results of this
section, otherwise, the values of the non-dimensional parameters
will be stated. The thermal diffusivity ratio of the liquid hybrid
nanofluid to the thermal diffusivity of the base fluid (arl) and the
dynamic viscosity ratio (lhnf/lbf) are respectively a function of
the thermal conductivity number (Nc) and the dynamic viscosity
number (Nv), and they can be evaluated using Eq. (28) and Eq.
(18), accordingly. The thermal conductivity number (Nc) and the
dynamic viscosity number (Nv) have been summarized for some
typical nanofluids and hybrid nanofluids in Table 1.
Rayleigh number Temp at left side (K) Temp at right side (K)

1.4 � 107 555 599



Fig. 5. The result of benchmark experimental of Kumar et al. [50] and the results of present study when (a) Fo = 0.37, (b) Fo = 0.73, (c) Fo = 1.10, (d) Fo = 1.47.
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Fig. 6. The results of the present study for the Nusselt number and the results of
Hussein [51], when Pr = 0.71 and R/H = 0.2.

Table 3
Thermophysical properties of Octadecane.

Property Symbol Value Unit

Density (Solid/Liquid) q 800 (kg/m3)
Thermal expansion coefficient b 2 � 10�3 (1/K)
Fusion temperature Tf 303.16 (K)
Thermal conductivity (Solid/Liquid) k 0.2 (W/m K)
Latent heat of fusion L 1.25 � 10�5 (J/kg)
Specific heat capacity (Solid/Liquid) C 1250 (J/kg K)
Dynamic viscosity l 8 � 10�3 (kg/m s)

(a-1): ϕ=0%,

(a-2): ϕ=5%, N

Streamlines

Fig. 7. Streamlines and isotherms, when
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Fig. 7 depicts as the Fourier number increases, the liquids inter-
face further moves into the solid regions. In fact, the Fourier num-
ber is a dimensionless parameter representing the ratio between
the conduction rate and the thermal energy storage rate through
time. As the Fourier number increases, the depth of the solid-
liquid interface remarkably increases.

Fig. 7 illustrates the streamlines and the isotherms for different
values of the Fourier number, the conductivity parameter, the vis-
cosity parameter and the volume fraction of nanoparticles. As dis-
cussed, different values of Nc and Nv can represent various types of
regular nanofluids or hybrid nanofluids. For example if Nc � 4, then
according to the study of Madhesh et al. [34], the type of hybrid
nanoparticles are Cu/TiO2 and their sizes is 55 nm. The case of
Nc � 20 corresponds to a Ag-Mgo hybrid nanofluid with Ag
nanoparticles with a size of 25 nm and Mgo nanoparticles with a
size of 40 nm [32].

As the values of /, Nc and Nv increase, Fig. 7 illustrates that the
depth of the solid-liquid interface augments for a constant value of
the Fourier number. This is due to the fact that adding the hybrid or
single nanoparticles increases the base fluid viscosity and thermal
conductivity. Adding the hybrid or single nanoparticles affects the
thermal conductivity of the base fluid which leads to an augmen-
tation in the strength of the heat conduction throughout the
NEPCM in the cavity. In the beginning of the melting process, i.e.
small values of the Fourier number, the flow motion is weak and
most parts of the cavity are filled with the solid phase, and hence,
 Nc=Nv=0 

c=20, Nv=4

Isotherms

(a) Fo = 0.1, (b): Fo = 0.3, (c) Fo = 1.



(b-1): ϕ=0%, Nc=Nv=0 

(b-2): ϕ=5%, Nc=20, Nv=4

Fig. 7 (continued)
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the dominant mechanism of heat transfer is the diffusion mecha-
nism due to a higher thermal conductivity of the hybrid nanofluid.
As the presence of nanoparticles enhances the thermal conductiv-
ity of the PCM, the melting space around the cylinder in the case of
the hybrid nanofluid is higher than that of the pure base fluid.
These results can be seen by a visual comparison between the
results of Fig. 7-a-1 and a-2.

After a while, the melting process advances (higher values of
the Fourier number) and more parts of the cavity are transformed
from the solid phase to the liquid phase. In this case, the convective
heat transfer regime due to the buoyancy forces gets stronger. The
buoyancy flows tend to move the hot fluid in the upward direction
and towards the top cold walls or the cold solid regions above the
cylinder. As the hot liquid reaches the cold solid phase above the
cylinder, the melting process accelerates and the solid phase
changes into the fresh cold liquid phase. This cold liquid is denser
than its surrounding hot liquid and tends to move downward due
to buoyancy forces. As a result, the cold fresh liquid moves down-
ward through the regions on the right and left hand sides of the
cylinder. Indeed, the upward direction of the convective flow takes
place right above the cylinder, and the downward direction takes
place in the right and left hand sides of the cylinder. In the case
of the hybrid nanofluid, in which the diffusion mechanism is stron-
ger than that of the pure base fluid, the liquid regions are bigger. As
a result, the convective circulation areas in the case of a hybrid
nanofluid are larger than those of a pure base fluid.

Figs. 8–10 illustrate the effects of the nanoparticles volume
fraction and the Fourier number on the solid-liquid interface.
Fig. 8 indicates that for small values of the thermal conductivity
parameter, increasing the nanoparticles volume fraction does not
have a significant impact on the melting front. In contrast, it can
be seen from Figs. 9 and 10 that for large values of the thermal con-
ductivity parameter. According to the study of Chandrasekar et al.
[38], the case of Nc = 20 and Nv = 20 corresponds to 21 nm Al2O3

nanoparticles and the case of Nc = 4 and Nv = 4 corresponds to
21 nm TiO2 nanoparticles [36].

Figs. 9 and 10 show that the melting front is remarkably
affected by the volume fraction of nanoparticles. This is due to
the fact that a larger thermal conductivity parameter causes strong
conduction in the boundary layer which leads to an increase in the
depth of the solid-liquid interface. It is worth mentioning that the
boundary layer thickness above the cylinder is much larger than
the one below it which is caused by the buoyancy force.

The effects of the thermal conductivity and viscosity parame-
ters on the liquid fraction versus the Fourier number are shown
in Figs. 11–13 for different values of the nanoparticles volume frac-
tion. According to the study of Madhesh et al. [34], for Nc = 4, the
type of hybrid nanoparticles are Cu/TiO2 and their sizes are equal



(c-1): ϕ=0%, Nc=Nv=0

(c-2): ϕ=5%, Nc=20, Nv=4

Fig. 7 (continued)

Fig. 8. The melting front for Nc = 4, Nv = 20.
Fig. 9. The melting front for Nc = 20, Nv = 20.
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to 55 nm. According to the study of Chandrasekar et al. [38], the
type of single nanoparticles is Al2O3 within the size of 21 nm.
Figs. 12 and 13 clearly indicate that for a viscosity parameter
equals to 20, the liquid fraction significantly increases as the
conductivity parameter increases from 4 to 20 for all considered
values of the Fourier number. Comparing this phenomenon for dif-
ferent values of the nanoparticles volume fraction indicates that
for larger values of the nanoparticles volume fractions, as the ther-
mal conductivity parameter increases, the change in the liquid
fraction is much larger than for the small values of the nanoparti-
cles volume fractions. In contrast, for constant values of the ther-
mal conductivity parameter, as the viscosity parameter increases,
the liquid fraction does not change significantly. Moreover, it can
be seen that as the Fourier number increases from 0 to 0.5, the liq-
uid fraction significantly increases for all the values of the
nanoparticles volume fraction, and the thermal conductivity and
viscosity parameters. However, further increase in the Fourier
number does not have substantial effects on the liquid fraction.



Fig. 10. The melting front for Nc = 20, Nv = 4.

Fig. 11. Effect of / = 1% volume fraction of nanoparticles on liquid fraction for
different Nc and Nm.

Fig. 12. Effect of / = 2% volume fraction of nanoparticles on liquid fraction for
different Nc and Nm.

Fig. 13. Effect of / = 5% volume fraction of nanoparticles on liquid fraction for
different Nc and Nm.
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The hybrid nanofluids which have Nc much greater than Nm or
say equivalent values, are expected to melt faster than those hav-
ing Nc� Nv. Thus, the hybrid nanoparticles configuration of Esfe
et al. [32], which uses Ag-MgO nanoparticles dispersed in water
can be considered as having a great chance in accelerating the
melting process.
5. Conclusion

The melting process of a nano-enhanced phase-change material
in a square cavity in the presence of a hot inner cylinder is inves-
tigated in this paper. The governing partial differential equations
are first transformed into a dimensionless form and then solved
numerically using the Galerkin finite element method using 6000
quadrilateral elements. The Prandtl number, the Stefan number,
the Rayleigh number, and the thermal diffusivity ratio are kept
constant and equal to 50, 0.1, 1.25 � 107 and 1, respectively, while
the effects of the other parameters such as the volume fraction of
nanoparticles, the Fourier number, the thermal conductivity num-
ber, and the viscosity parameter are investigated. It is found that
the solid-liquid interface is substantially affected by the volume
fraction of nanoparticles for large values of the thermal conductiv-
ity. However, as the viscosity parameter changes, the melting front
and the liquid fraction do not change significantly. Likewise, the
liquid fraction augments as the thermal conductivity parameter
increases. The augmentation in the values of the liquid fraction is
much more noticeable for larger values of the nanoparticles vol-
ume fractions. Furthermore, the Fourier number has a remarkable
impact on both the melting front and the liquid fraction. For the
values of the Fourier number between 0 and 0.5, the rate of the
melting is much larger compared to the larger values of the Fourier
number.

In the present study, the single/hybrid nanofluids with a New-
tonian behavior are analyzed. However, there are also nanofluids
and hybrid nanofluids with non-Newtonian behaviors which could
be subject of future studies.
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