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Abstract: A numerical solution is presented for the effects of chemical reaction, thermal radiation, Soret number, Dufour
number and magnetic field on double-diffusion free convection flow along a sphere. The governing boundary-layer equations
of the problem are formulated and transformed into non-similar form. The obtained equations are solved numerically by an
efficient, iterative, tri-diagonal, implicit finite-difference method. The Roseland approximation is used to describe the radiative
heat flux in the energy equation. Representative results for the fluid velocity, temperature and solute concentration profiles as
well as the local heat and mass transfer rates for various values of the physical parameters are displayed in both graphical and
tabular forms.
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1. Introduction
Double-diffusive convection which is a consequence of
buoyancy effects caused by diffusion of heat and chemical
species finds applications in a variety of engineering
processes such as heat exchanger devices, petroleum
reservoirs, chemical catalytic reactors and processes, nuclear
waste repositories and others. Flows of electricallyconducting fluids in the presence of a magnetic field have
received much attention by many researchers in recent years
due to their importance from technical point of view. In
addition, the study of heat and mass transfer processes is
useful for improving a number of chemical technologies such
as polymer production and food processing. In nature, the
presence of pure air or water is impossible as some foreign
species (possibly chemically reacting) may be present either
naturally or intentionally mixed with air or water.
Chemical reactions can be classified as either

heterogeneous or homogeneous processes. This depends on
whether they occur at an interface or as a single phase
volume reaction. In well-mixed systems, the reaction is
heterogeneous if it takes place at an interface and
homogeneous if it takes place in solution. In most cases of
chemical reactions, the reaction rate depends on the
concentration of the species itself.
We are particularly interested in cases in which diffusion
and chemical reaction occur at roughly the same speed.
When diffusion is much faster than chemical reaction, then
only chemical factors influence the chemical reaction rate;
and when diffusion is not much faster than chemical reaction,
the diffusion and kinetics interact to produce very different
effects. Anjalidevi and Kandasamy [1, 2] have analyzed the
effects of chemical reaction, heat and mass transfer on
laminar flow with or without Magnetohydrodynamics
(MHD) effects along a semi infinite horizontal plate.
Chamkha et al. [3] investigated numerically the effects of
chemical reaction, thermal radiation and heat generation or
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absorption on unsteady free convective heat and mass
transfer along an infinite vertical porous plate in the presence
of a transverse magnetic field and Hall current. Chamkha et
al. [4] analyzed the similarity solution for unsteady heat and
mass transfer from a stretching surface embedded in a porous
medium with suction/injection and chemical reaction effects.
Muthucumaraswamy and Ganesan [5, 6] have studied the
impulsive motion of a vertical plate with heat flux, mass flux,
suction and diffusion of chemically reactive species. The
flow and mass transfer on a stretching sheet with a magnetic
field and chemically reactive species were examined by
Takhar et al. [7]. Muthucumaraswamy [8] has analyzed the
effects of a chemical reaction on a moving isothermal vertical
surface with suction.
The mass transfer caused by temperature gradient is called
the Soret effect and it has been utilized for isotope separation
and in a mixture between gases with very light molecular
weight ( H 2 , He ) and of medium molecular weight ( H 2 , air).
Also, the heat transfer caused by concentration gradient is
called the Dufour effect. Weaver et a1. [9] have pointed out
that when the differences of the temperature and the
concentration are large or when the difference of the
molecular mass of the two elements in a binary mixture is
great, the coupled interaction is significant. A primary
discussion on the effect of the cross-coupled diffusion in a
system with horizontal temperature and concentration a
gradient was made by Malashetty and Gaikwad [10].
Thermal diffusion, also called solutal thermo-diffusion or
Soret effect [11], corresponds to species differentiation
developing in an initially homogeneous mixture submitted to
a thermal gradient. In many studies, Dufour and Soret effects
are neglected on the basis that they are of a smaller order of
magnitude than the effects described by Fourier’s and Fick’s
laws. There are, however, exceptions. Eckert and Drake [12]
have presented several cases when the Dufour effect cannot
be neglected. Kafoussias and Williams [13] considered the
boundary-layer flows in the presence of Soret and Dufour
effects associated with thermal diffusion and diffusion
thermo for the mixed forced-natural convection. Mansour et
al. [14] studied the effects of chemical reaction, thermal
stratification, Soret number and Dufour number on MHD
free convective heat and mass transfer of a viscous,
incompressible and electrically conducting fluid on a vertical
stretching surface embedded in a saturated porous medium.
Chamkha and Aly [15] studied numerically the boundarylayer stagnation-point flow of a polar fluid towards a
stretching surface embedded in porous media in the presence
of the effects of Soret and Dufour numbers and first-order
homogeneous chemical reaction.
For some industrial applications such as glass production
and furnace design and in space technology applications such
as cosmical flight aerodynamics rocket, propulsion systems,
plasma physics and spacecraft re-entry aerothermodynamics
which operate at higher temperatures, radiation effects can be
significant. When radiation is taken into account, the
governing equations become quite complicated and hence,
many difficulties arise while solving such equations.
However, Greif et al. [16] have shown that in the optically
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thin limit, the physical situation can be simplified and then
they have derived an exact solution to fully-developed
vertical channel flow for a radiative fluid. Cogley et al. [17]
have shown that for an optically thin limit, the fluid does not
absorb its own emitted radiation or there is no selfabsorption, but the fluid does absorb radiation emitted by the
boundaries.
Convective flows along circular geometries and spheres
have been considered by many previous authors due to their
industrial applications. Molla et al. [18] have investigated
MHD natural convection flow on a sphere in presence of heat
generation. The problems of free convection boundary layer
flow over or on bodies of various shapes discussed by many
researchers. Amongst them, Nazar et al. [19, 20] have
considered free convection boundary-layer on an isothermal
sphere and on an isothermal horizontal circular cylinder in a
micropolar fluid. Mansour et al. [21] have examined the heat
and mass transfer in magnetohydrodynamic flow of
micropolar fluid on a circular cylinder with uniform heat and
mass flux. Alam et al. [22] have studied the effects of viscous
dissipation on MHD natural convection flow along a sphere.
Huang and Chen [23] have solved the laminar free
convection flow about a sphere with surface blowing and
suction effects. Cheng [24] has studied natural convection
heat and mass transfer from a sphere in micropolar fluids
with constant wall temperature and concentration.
Recently, Chamkha et al. [25-28] studied free convective
flows along vertical and stretching cones, sphere and a
vertical cylinder embedded in porous media under the effects
of different physical properties. Khan and sultan [29] studied
the double diffusive Darcian convection flow of EyringPowell fluid from a cone embedded in a homogeneous
porous medium with the effects of Soret and Dufour. Raju et
al. [30] performed numerical investigations using mixing of
copper nanoparticles in the kerosene to study the effects of
temperature dependent viscosity, heat source/sink and
viscous dissipation on natural convective heat transfer of
radiative magnetohydrodynamic (MHD) non-Newtonian
nanofluid caused by a cone.
In the present work, a numerical solution is presented for
coupled heat and mass transfer by natural convection MHD
flow along a sphere in the presence of Soret, Dufour, thermal
radiation and chemical reaction effects.

2. Mathematical Analysis
Consider steady, two-dimensional, MHD double-diffusion
convective boundary-layer flow of an incompressible,
viscous and electrically-conducting fluid along a sphere in
the presence of a uniform magnetic field and a homogeneous
chemical reaction and considering Soret and Dufour effects.
The fluid properties are assumed to be constant and the
chemical reaction is taking place in the flow. The physical
properties and rate of chemical reaction kc are constant
throughout the fluid. Under the boundary-layer assumptions
and considering the Boussinesq approximation, the
governing equations are given by:
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the radial distance from the symmetrical axis to the surface of
the sphere, respectively. u , v, T and C are the fluid xcomponent of velocity, y-component of velocity, temperature
and solute concentration, respectively. σ is the electric
conductivity, B0 is the strength of magnetic field, ρ is the
density, ν is the kinematic viscosity, k is the fluid thermal
conductivity, CP is the specific heat at constant pressure and

qr is the radiative heat flux. kc is the rate of chemical
reaction, g is the acceleration due to gravity, βT is the
volumetric coefficient of thermal expansion, βC is the
volumetric coefficient of concentration expansion. Dm is
coefficient of mass diffusivity. T∞ and C∞ are the free stream
temperature and concentration, respectively. Tm is the mean
fluid temperature, kT is the thermal diffusion ratio and CS is
the concentration susceptibility.
The physical boundary conditions for the problem are:
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the radiation parameter.
Substituting the following dimensionless variables:

where a is the radius of the sphere. The current physical
model with coordinate system has been shown in Figure 1.

r (x )

(8)

Using Equations (7) and (8) in the energy equation (3), one
obtains

The radial distance from the symmetrical axis to the
surface of the sphere r = r ( x ) is given by

T∞

(7)

Equations (1), (2), (4) and (9) yields the following
dimensionless equations:

u = υ = 0, T = T∞ , C = C∞ , on y = 0

 x
r = a sin   ,
a

4σ 0 ∂T 4
3k * ∂y

where σ 0 and k * are Stefan-Boltzman constant and mean
absorption coefficient, respectively. The Taylor series
expansion for T 4 neglecting higher order terms gives

(4)

where x, y and r = r ( x ) are the Cartesian coordinates and

u → 0, T → T∞ , C → C∞ as y → ∞

The radiative heat flux term is given and simplified by
using the Rosseland approximation (see Sparrow and Cess
[31]) as

TW
Du =

CW

y

Figure 1. The physical model and coordinate system.

M=

σ B02 a 2
ρν Gr1/ 2

Dm kT  C w − C∞ 



ν C S C P  Tw − T∞ 

is the

magnetic

field parameter,

is the Dufour number,
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is the Soret number and γ = kc a1/ 2 is the chemical reaction
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parameter.
The dimensionless boundary conditions become:
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ψ (ξ ,η ) = ξ r (ξ ) f (ξ ,η ) ,

U = V = 0, θ = ϕ = 1 at η = 0
U → 0, θ → 0, ϕ → 0 at η → ∞

(15)
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and applying it to the above dimensionless equations yields
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The corresponding transformed boundary conditions are:

f = f ′ = 0, θ = ϕ = 1

at η = 0

f ′ → 0, θ → 0, ϕ → 0 at η → ∞

(20)

It can be seen that at the lower stagnation point of the
sphere ( ξ ≈ 0 ) the above equations and conditions reduce to
the following ordinary differential equations:
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Of special significance for this type of flow and heat and
mass transfer situation are the skin-friction coefficient C f ,
the heat transfer rate or Nusselt number Nu and the mass
transfer rate or Sherwood number Sh. These physical
quantities are defined in dimensionless form, respectively, as
follows:
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3. Numerical Method

subject to the boundary conditions
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are the shear stress, surface heat flux
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and the surface mass flux, respectively. Using the new
variables (10) and (16) gives
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and

The non-similar equations (17) through (19) are linearized
and then descritized using three points central difference
quotients with variable step sizes in the η direction and using
two-point backward difference formulae in the ξ direction
with a constant step size. The resulting equations form a tridiagonal system of algebraic equations that can be solved by
the well known Thomas algorithm (see Blottner [32]). The
solution process starts at ξ=0 where Equations (21) through
(23) are solved and then marches forward using the solution
at the previous line of constant ξ until it reaches the desired
value of ξ (=120o in this case). Due to the nonlinearities of
the equations, an iterative solution with successive over or
under relaxation techniques is required. The convergence
criterion required that the maximum absolute error between
two successive iterations be 10-6. The computational domain
was made of 196 grids in the η direction and 1000 grids in
the ξ direction. A starting step size of 0.001 in the η direction
with an increase of 1.0375 times the previous step size and a
constant step size in the ξ direction of 0.0021 were found to
give very accurate results. The maximum value of η (η∞)
which represented the ambient conditions was assumed to be
35. The step sizes employed were arrived at after performing
numerical experimentations to assess grid independence and
ensure accuracy of the results. The accuracy of the
aforementioned numerical method was validated by direct
comparisons with the numerical results reported earlier by
Huang and Chen [23] and Cheng [24] in the absence of
magnetic field, thermal radiation, Soret and Dufour and
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concentration buoyancy effects. Table 1 presents the results
of this comparison. It can be seen from this table that
excellent agreement between the results exists. This
favorable comparison lends confidence in the numerical
results to be reported in the next section.
Table 1. Comparison of values of Nu/Gr1/4 with Huang and Chen [23] and
Cheng [24] for Du=0, M=0, N=0, Pr=0.7, R=∞ and Sr=0.
ξ

Huang and Chen [23]

Cheng [24]

Present work (Nu)

0

0.4574

0.4576

0.4577

0.1745

0.4563

0.4565

0.4564

0.3491

0.4532

0.4534

0.4533

0.5236

0.4480

0.4481

0.4480

0.6981

0.4407

0.4407

0.4407

0.8727

0.4312

0.4310

0.4312

1.047

0.4194

0.4191

0.4192

1.222

0.4053

0.4049

0.4050

1.396

0.3886

0.3881

0.3883

1.571

0.3684

0.3686

0.3685

Figure 3. Effects of the chemical reaction parameter and the Schmidt
number on the temperature profiles.

4. Results and Discussion
In this section, representative numerical results are
displayed with the help of graphical illustrations.
Computations were carried out for various values of physical
parameters such as the chemical reaction parameter γ ,
magnetic field parameter M , radiation parameter R ,
buoyancy ratio parameter N, Soret number Sr, Dufour
number Du, Prandtl number Pr and the Schmidt number Sc .
Figures 2-16 illustrate the influence of these material
parameters on the velocity, temperature and the concentration
profiles. In addition, Figures 17-27 illustrate the effects of the
physical parameters on the local skin-friction coefficient and
the rates of heat and mass transfer.

Figure 4. Effects of the chemical reaction parameter and the Schmidt
number on the concentration profiles.

Figure 2. Effects of the chemical reaction parameter and the Schmidt
number on the velocity profiles.

Figures 2-4 show the influence of the chemical reaction
parameter γ and the Schmidt number Sc on the velocity,
temperature and concentration profiles in the boundary layer
at the circumferential position ξ = 90o, respectively.
Increasing the chemical reaction parameter produces a
decrease in the species concentration. In turn, this causes the
concentration buoyancy effects to decrease as γ increases.
Consequently, less flow is induced along the plate resulting
in decreases in the fluid velocity in the boundary layer. Also,
increasing the chemical reaction parameter leads to an
increase in the temperature profiles. In addition, increasing
the Schmidt number Sc causes decreases in both the velocity
and concentration profiles while the temperature profiles
increase. Furthermore, the concentration boundary layer
thickness decreases as either γ or Sc increases. These
behaviors are clearly depicted in Figs. 2-4.
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decrease as the magnetic field parameter increases. In
addition, this decrease in the flow movement as the magnetic
field parameter increases is accompanied by increases on
both the temperature and concentration profiles. These
behaviors are clear from Figs. 5-7.

Figure 5. Effects of the magnetic field parameter on the velocity profiles.

Figure 8. Effects of the buoyancy ratio on the velocity profiles.

Figure 6. Effects of the magnetic field parameter on the temperature
profiles.

Figure 9. Effects of the buoyancy ratio on the temperature profiles.

Figure 7. Effects of the magnetic field parameter on the concentration
profiles.

Figures 5-7 present the effects of the magnetic field
parameter M on the velocity, temperature and concentration
profiles at the circumferential position ξ = 90o, respectively.
Application of a magnetic field has the tendency to slow
down the movement of the fluid causing its velocity to

Figure 10. Effects of the buoyancy ratio on the concentration profiles.
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Figures 8-10 show the effects of the buoyancy ratio N on
the velocity, temperature and concentration profiles at the
circumferential position ξ = 90°, respectively. For N=0 the
flow around the sphere is induced only by thermal buoyancy
effect due to temperature gradient. However, for N>0 the
flow around the sphere is caused by both temperature and
concentration gradients. In this case, the flow will be aided
by the concentration buoyancy effects. Therefore, as N
increases, the flow around the sphere increases at the expense
of decreased temperature and concentration. These decreases
in both the temperature and concentration values are
accompanied by corresponding decreases in both the thermal
and solutal (concentration) boundary layer thicknesses. The
increased flow is characterized by the formation of
distinctive peaks in the velocity profiles in the immediate
vicinity of the sphere surface as N increased. However, the
velocity appear to decrease far downstream as N increases
causing decreases in the hydrodynamic boundary layer
thickness.

Figure 13. Effects of the radiation parameter on the concentration profiles.

Figures 11-13 display the effects of the thermal radiation
parameter R on the velocity, temperature and concentration
profiles in the boundary layer at the circumferential position
ξ = 90°, respectively. Decreasing the thermal radiation
parameter R (i.e. increasing radiation effects) produces
significant increase in the thermal state of the fluid causing
its temperature to increase. This increase in the fluid
temperature induces by virtue of the thermal buoyancy effect
more flow in the boundary layer causing the velocity of the
fluid there to increase. The concentration profiles tend to
decrease as the radiation parameter decreases (i.e. increased
radiation strength).

Figure 11. Effects of the radiation parameter on the velocity profiles.

Figure 14. Effects of Dufour and Soret numbers on the velocity profiles.

Figure 12. Effects of the radiation parameter on the temperature profiles.
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Figure 18. Effects of the buoyancy ratio and magnetic field parameter on
the local heat transfer rate.

Figure 19. Effects of the buoyancy ratio and magnetic field parameter on
the local mass transfer rate.
Figure 16. Effects of Dufour and Soret numbers on the concentration
profiles.

Figures 14-16 display the effects of the combined Soret
and Dufour numbers on the velocity, temperature and
concentration profiles at the circumferential position ξ = 90o,
respectively. As the Soret number decreases and the Dufour
number increases, the fluid velocity and solute concentration
profiles tend to decrease while the fluid temperature profiles
increase.

Figure 17. Effects of the buoyancy ratio and magnetic field parameter on
the local skin-friction coefficient.

Figures 17-19 elucidate the effects of the buoyancy ratio N
on the local skin-friction coefficient Cf and the local rates of
heat and mass transfer (Nu and Sh) along the sphere
circumferential distance ξ for two values of the magnetic
field parameter M (M=0, 1), respectively. In general, in these
figures and all subsequent figures, the values of Cf increase
(up to around ξ=100o) while the values of Nu and Sh
decrease with increasing values of ξ. It is predicted that all of
Cf, Nu and Sh increase with increasing values of N while
they decrease as the value of M increases.

Figure 20. Effects of the Prandtl number and radiation parameter on the
local skin-friction coefficient.
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Figure 21. Effects of the Prandtl number and radiation parameter on the
local heat transfer rate.

Figure 22. Effects of the Prandtl number and radiation parameter on the
local mass transfer rate.

Figure 24. Effects of the Schmidt number and chemical reaction coefficient
on the local heat transfer rate.

Figure 25. Effects of the Schmidt number and chemical reaction coefficient
on the local mass transfer rate.

Figures 20-22 illustrate the effects of the Prandtl number Pr
and the thermal radiation parameter R on the local skin-friction
coefficient Cf and the local rates of heat and mass transfer (Nu
and Sh) along the sphere circumferential distance ξ for two
different values of the radiation parameter R, respectively. It is
clearly seen that the values of the local-skin friction coefficient
and the local rate of mass transfer decrease while the values of
the local rate of heat transfer increase as the Prandtl number
increases. However, as the thermal radiation parameter R
increases (which means decreased radiation effects), the values
of Cf, Nu and Sh decrease.

Figures 23-25 depict the influence of the Schmidt number
Sc and the chemical reaction parameter γ on the local skinfriction coefficient and local rates of heat and mass transfer
for various values of ξ , respectively. It is observed that the
local skin-friction coefficient and the local heat transfer rate
decrease while local mass transfer rate increases as either of
the Schmidt number or the chemical reaction parameter
increases.

Figure 23. Effects of the Schmidt number and chemical reaction coefficient
on the local skin-friction coefficient.

Figure 26. Effects of Dufour and Soret numbers on the local heat transfer
rate.
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radiation parameter or the chemical reaction parameter. In
addition, the Nusselt number was predicted to increase due to
increases in either of the buoyancy ratio or the Prandtl
number while it decreased as either of the thermal radiation
parameter, magnetic field parameter, Dufour number,
chemical reaction parameter or the Schmidt number
increased. Furthermore, the Sherwood number was predicted
to increase as a result of increasing either of the buoyancy
ratio, chemical reaction parameter, Dufour number or the
Schmidt number while it decreased as a result of increasing
either of the magnetic field parameter, thermal radiation
parameter or the Prandtl number.
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