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2

The present work considers forced convection heat transfer of nanofluids in a channel filled with porous media
under the Local Thermal Non-Equilibrium (LTNE) condition and includes a three-equation energy model, for the
fluid/particle/solid phases. The fully-developed flow and the steady Darcy-Brinkman equation is employed in
the porous medium channel. The local thermal non-equilibrium model is assumed between the fluid, particles
and the solid phases. The nanoparticles are considered with a non-uniform distribution inside the channel. As a
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the heat transfer are completely studied. In
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our previous work, we introduced one model for calculating the absorbed heat flux by solid, particle and fluid
phases. In this paper, three new different heat flux models are proposed and compared together. The effect of
Nield number on absorbed heat flux obtained by 4 models are completely studied and compared together.
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1. INTRODUCTION
The present work is an extension to our previous work
on convection heat transfer of nanofluids in a channel filled with porous media (see Maghrebi et al.1
Armaghani et al.2 3 and Nazari et al.4 ). Nanofluids is a
name conceived by Choi5 at Argonne National laboratory and corresponds to fluids consisting of solid nanoparticles with size less than 100 nm suspended with solid
volume fraction typically less than 4%. Nanofluid can
enhance heat transfer performance compared to pure liquids. Nanofluids can be used to improve thermal management system in many engineering application such as
transportation, micromechanics and instrument and cooling devices. Recently, many investigators studied nanofluid
convective heat transfer in different geometry both numerically and experimentally.6–10 For numerical simulation,
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two approaches have been adopted in the literature to
investigate the heat transfer characteristics of nanofluids,
namely, the single-phase model and the two-phase model.
Another approach is to adopt the Boltzmann theory.11 In
single-phase model, a uniform volume fraction distribution is assumed for nanofluids. In other words, the viscosity and thermal conductivity of nanofluids are formulated
by volume fraction and nanoparticle size then continuity,
momentum and energy equations are solved for nanofluids.
In the two-phase model, the volume fraction distribution
equation is added to other conservation equations. Many
investigators used the single- and the two-phase models for
investigating the flow and heat transfer of nanofluids.12–16
Buongiorno17 introduced seven slip mechanisms
between nanoparticles and the base fluid. He showed that
the Brownian motion (movement of nanoparticles from
high concentration site) and thermophoresis (movement
of nanoparticles from the high temperature site to the low
temperature site) have effected significantly in the laminar
forced convection of nanofluids. Based on this finding, he
developed non-homogeneous two-component equations
2169-432X/2017/6/362/006
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in nanofluids. Heyhat and Kowsary18 used Buongiorno’s
papers written by Armaghani et al.,2 the effects of particle
model for investigating the effect of particles migramigration in a porous channel on nanofluid convective heat
tion on flow and convective heat transfer of nanofluids
transfer are completely studied when the assumption of
flowing through the circular pipe. Results show that the
local thermal non-equilibrium is valid between the phases.
Armaghani et al.3 investigated the effects of Nield numnon-uniform distribution leads to a higher heat transfer
ber on nanofluid forced convection heat transfer on the
coefficient while the wall shear stress is decreased. Thereporous channel under local thermal non-equilibrium confore, the particle migration can play an important role in
dition. They also introduced one model for considering the
improvement of the heat transfer coefficient in convective
absorbed heat flux. New models for heat flux splitting at
heat transfer in nanofluids. Recently, Saryazdi et al.19
the boundary of a porous medium: three energy equations
numerically investigated forced convection flow and heat
for nanofluid flow under local thermal Non-Equilibrium
transfer of a nanofluid flowing inside a straight circular
condition investigated by Nazari et al.4 They proposed
pipe filled with a saturated porous medium under LTE
three heat flux models for the first time. The proposed
condition using Buongiorno’s model.
models are also compared together and analyzed.
The effect of local thermal non-equilibrium on the onset
In this paper, we extend our research about nanofluid
of convection in a nanofluid and thermal instability in a
forced convection heat transfer on the porous channel
porous medium layer saturated by a nanofluid are investiunder local thermal non-equilibrium condition and propose
gated by Nield and Kuznetsov.20 21 They pointed in these
3 new models for obtaining the absorbed heat flux. The
papers it is assumed that no nanoparticle agglomeration
models are completely discussed and compared together
occurs and that the nanoparticle suspension remains stable.
also the effects of Nield number on absorbed heat flux
According to Anoop et al.,22 there are experimental techobtained by 4 models are completely studied and comniques that make it possible to prepare nanoparticle suspared together. The effect of conductivity ratio on solid
pensions that remain stable for several weeks. They treat
temperature distribution is studied too.
the nanofluid as a continuum, using quantities averaged
over a representative elementary volume, a procedure common in the study of flow in a saturated porous medium.
2. MATHEMATICAL FORMULATION
In recent papers, written by Kuznetsov and Nield23–25 the
Theto:
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heat transfer in a two-dimensional
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lations introduced
in this section numerically. The chanlayer of a porous medium uniformly heated from below).
nel is occupied with a saturated porous medium. Figure 1
Both Brownian motion and thermophoresis give rise to
shows the schematic of the porous channel and the syscross-diffusion terms that are in some way analogous to
tem coordinates. The nanofluids (Al2 O3 or TiO2 , etc.)
the familiar Soret and Dufour cross-diffusion terms that
which is treated as a two-component mixture, is flown
26
arise with a binary fluid. Nield and Kuznetsov introin the channel as discussed by Buongiorno.17 The govduced an analytical treatment of double-diffusive natural
erning equations for forced convection heat transfer of
convection boundary layer flow in a porous medium satnanofluid in saturated porous medium under local therurated by nanofluid. They used the Buongiorno’s model
mal Non-Equilibrium condition are presented in previously
for modeling the nanofluid and Darcy model for porous
papers such as Nazari et al.4
medium. The result showed a decrease in the reduced NusThe dimensionless forms of mentioned equations are:
selt number associated with an increase in the thickness of
1 dP ∗
u∗
the thermal boundary layer an increase in Brownian motion
−
=0
(1)
 2 u∗ −
parameter, buoyancy ratio, thermophoresis parameter, modDa Da dx∗
ified Dufour parameter and a decrease in regular buoyancy
Tf∗
Tf∗
∗
+
u
ratio. The analytical treatment of double-diffusive natural
t ∗
x ∗

convection boundary layer flow of a nanofluid past a verti1


cal plate was also studied by Kuznetsov and Nield.27
=
Tf∗ · Tf∗ 
 2 Tf∗ +  ∗ · T ∗  +
Re
Pr
Le
LeN
bt
The effects of particle migration on forced convective

heat transfer of nanofluid in a porous medium are investi∗
∗
∗
∗
+ Nhp Tp − Tf  + Nhs Ts − Tf 
(2)
gated by Maghrebi et al.1 They show the particles migration has a significant role in heat transfer. The results
show that the local Nusselt number is decreased when the
Lewis number is increased. It is observed that as the Lewis
number is increased, the wall temperature gradient is
decreased and as a consequence the local Nusselt number
is decreased. The effects of Lewis number, Schmidt number and modified diffusivity ratio on the volume fraction
Fig. 1. Geometry of problem and system of coordinate.
distribution are also studied and discussed. In the recent
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Tp∗

1
+ u∗ · Tp∗

1
  2 Tp∗ + p Nhp Tf∗ − Tp∗ 
=
(3)
Re Pr p
Ts∗
1
=
(4)
  2 Ts∗ + s Nhs Tf∗ − Ts∗ 
t ∗
Re Pr s
It is obvious that at steady-state condition, the Péclet
number doesn’t play any role in the solid-phase temperature. The particle volume fraction equation can be
expressed as,


1
1
∗ 1 ∗ ∗
2 ∗
2 ∗
u
+
·
=

+

T

(5)

f
t ∗ 
x ∗
ReSc
Nbt

Then, the non-dimensional heat flux is introduced as:
 ∗


Tf
kp Tp∗
∗
∗
∗
+  0 
Qm · 1 = 1 −  0 
y ∗ wall
kf y ∗ wall
 ∗
k Tf
+ 1 −  s
(8)
kf y ∗ wall
∗
Tf
(8-1)
Qf∗ = 1 − ∗ 0 
y ∗ wall


kp Tp∗
∗
∗
(8-2)
Qp =  0 
kf y ∗ wall


k Tf∗
Qs∗ = 1 −  s
(8-3)
kf y ∗ wall

The dimensionless parameters are defined as follows:

Model 2: The total heat flux affected by solid temperature
gradient:


Ts

q = 1 − kf + kp + 1 − ks 
y wall (9)
and Tw = Tf = Tp = Ts

t ∗

Da =
Le =
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D B 0

Nbt =

Re =

D B 0 T 1

DT T

u0 H



Pr =

Sc =


f

DB

f =


kf
cf

The non-dimensional heat flux is introduced:


kp
k
Qm∗ · 2 = 1 − ∗ 0  + ∗ 0  + 1 −  s
kf
kf


∗
H 2 hfs
c
1 − 0 
f
Ts
Nhs =


p =
×
(10)
1 − 0 kf
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Tf

where Da, , Re, Sc, Pr are the Darcy number, inertia
q = 1 − kf + kp + 1 − ks 
y wall (11)
parameter, Reynolds, Schmidt and the Prandtl numbers,
and
T
=
T
=
T
=
T
w
f
p
s
respectively. The parameter Le is the nanofluid’s Lewis
number.  is the modified particle-density increment and
The non-dimensional heat flux is:


Nbt is a modified diffusivity ratio. This parameter can be
kp
ks
∗
∗
∗
Q
=
1
−



+



+
1
−

0
0
m·3
expressed as the ratio of the Brownian diffusion to the
kf
kf
thermophoresis diffusion. The Nhp and Nhs are the Nield
 ∗
Tf
numbers for the fluid/particle interface and the Nield num×
(12)
28–30
ber for the fluid/solid-matrix interface, respectively.
y ∗ wall
p
and s are the modified thermal capacity ratios. p and s
Model 4: The total heat flux affected by nanoparticles
are the modified thermal diffusivity ratios.
temperature gradient:


Three models for the absorbed heat flux by the fluid,
Tp
nanoparticles and the solid matrix are suggested for the
q  = 1 − kf + kp + 1 − ks 
y wall (13)
first time as follows:
and
T
=
T
=
T
=
T
w
f
p
s
Model 1:2 The total heat flux affected by fluid, solid and
The non-dimensional heat flux can be written as:
nanoparticles temperature gradient:


kp
ks




∗
∗
∗
Qm · 4 = 1 −  0  +  0  + 1 − 
Tf
Tp
kf
kf
q  = 1 − kf
+ kp
y wall
y wall
 ∗
Tp


Ts
×
(14)
+1 − ks
y ∗ wall
y wall
where ∗ is selected as the dimensionless volume fraction
and Tw = Tf = Tp = Ts (at the impermeable wall)
of particles at the channel center.
(6)
cp
=

cf

H 2 hfp
Nhp =

1 − 0 kf

The non-dimensional heat flux is introduced as follows:
q 
(7)
Q∗ =
kf T1 − T0 /H
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2.1. Numerical Method
The second order finite difference method is used to solve
the governing equations appeared in Eqs. (1)–(5). A fully
J. Nanofluids, 6, 362–367, 2017
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Table I. Grid study.
Grid number

Local Nusselt number

50 ∗ 50
100 ∗ 100
200 ∗ 200
300 ∗ 300
400 ∗ 400

75398
75418
75419
7542
7542

implicit method is employed to discretize the time dependent terms. The thermophoretic parameter, i.e., T ∗ · T ∗ ,
is linearized by the method specified in Patankar.31 The
uniform grids are used in the computational domain. The
results of grid independency are given in Table I. The coupled energy and volume fraction distribution equations are
solved by a line-by-line iterative procedure which sweeps
the computational domain in x − y directions (Patankar31).
The boundary conditions are defined as follows,

Fig. 2. Fluid temperature and solid temperature and particle temperature at Nhs = 106 and Nhp = 106 .

At the channel outlet, x ∗ = 20:
Tf∗
x ∗

Tp∗

= 0

x ∗

= 0

Ts∗
= 0
x ∗

∗
=0
x ∗

3. RESULTS AND DISCUSSION
(16)

The initial conditions, at t ∗ = 0, are:
Tf∗ t ∗ = 0

Tp∗ t ∗ = 0

Ts∗ t ∗ = 0 = 0

and ∗ t ∗ = 0 = 1

(17)

The computational procedure for the solution of governing
equations can be summarized as follows:
1. Solve the Darcy-Brinkman equation to obtain the fluid
velocity (u).
2. Use the obtained velocity and solve the fluid temperature equation to recover Tf .
3. Solve the particle temperature equation to recover Tp .
4. Solve the particle temperature equation to recover Ts .
5. Use the new values of Tf in the volume fraction distribution equation to obtain the new .
n
6. Calculate the absolute error: if Tfn+1
 s p − Tf  s p  >
−15
−15
n+1
n
10
and  −   > 10
return to step 2 using new
values of , Ts and Tp .
2.2. Code Validation
When the Nield number is equal to zero, the energy equations (for three phases) are completely decoupled and
the obtained results are the same as one-equation model.
J. Nanofluids, 6, 362–367, 2017

In the present paper, the numerical results are related
to fixed and variable values of dimensionless variables
appeared in Eqs. (1)–(5) as proposed in Refs. [17],
[32]–[34]. The fixed parameters are: 0 = 003, Nbt = 01,
Le = 100, Sc = 100, p = 10, s = 10, Pr = 1, Re = 100
Da = 1/500,  = 1 The variable parameters are: s , Nhp
and Nhs .
Figure 3 displays the effect of s on the temperature
of the solid phase inside the porous medium. s varies in
the range of 1–100 (s  100 for iron-porous and water,
s  10 for pyrex-porous and water and for many types
of proxy and fiberglass with water as a working fluid is
less than 10) for Nhs = 1, Nhp = 1 and p = 10. The figure

Fig. 3.

Solid temperature for different values of conductivity ratio.
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In this case, the obtained results were presented in our
previous work (see Maghrebi et al.1 ) and we do not repeat
these results for the sake of brevity. Moreover, for checking the accuracy of numerical solution of Eqs. (3) and (4),
At y ∗ = 0 and 2 Tf∗ = 1 Tp∗ = 1 Ts∗ = 1
the fluid temperature distribution in the case of thermal
equilibrium is derived from our previous published paper
∗ = 0 u∗ = 0
(see Maghrebi et al.1 ) and inserted into the present code.
(15)
Then, we set Nhs = 106 and Nhp = 106 in the simulation.
At x∗ = 0 Tf∗ = 1 Tp∗ = 1
As shown in Figure 2, both the solid temperature and the
Ts∗ = 1 ∗ = 1
particle temperature distributions are fully overlapped to
the fluid temperature distribution. As expected, large valFor outlet boundary, the normal gradientDelivered
of properties
by Ingenta
IdesN correspond to the thermal equilibrium
uesto:
of Bids
Nhs and
hp
along the outlet is zero and the values
of all properties
IP: 78.46.41.91
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10:57:41
condition.Publishers
the outlet are interpolated from the computational
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Fig. 4. Heat flux absorbed by the solid/particle phases for different values of (a) Nhs , (b) Nhp .
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Fig. 6. Dimensionless heat flux for different values of Nhs .

shows that as s is increased, the temperature of the solid
by the fluid, solid and the nanoparticles temperature grais also increased. However, the temperature of the solid
dients at the wall. The solid temperature gradient does
phase does not have a visible change by increasing s
not have a significant effect by changing Nhp while the
(from 1 to 100). The heat flux absorbed by the solid phase
other two parameters increase with Nhp . As shown in this
at the wall does not show a significant change with the
figure,
the variation of Nhp has no significant role in changconductivity ratio. A similar trend is also observed for the
∗
ing
Q
m · 2 (dimensionless heat flux obtained by model 2).
temperature of the particles.
The
heat
flux in model 2 is only affected by the solid
The non-dimensional heat flux absorbed by the fluid
temperature
gradient which is not sensible by Nhp . When
2
phase and solid phase are investigated by Armaghani et al.
is
increased,
the dimensionless heat flux obtained by
N
hp
As shown in Figure 4, the non-dimensional heat flux
∗
is
increased.
This is due to increasing of the
model
3,
Q
m·3
absorbed by the particles is decreased by increasing Nhp .
fluid
temperature
gradient
at
the wall. The dimensionless
Owing to the decrease of the particle temperature gradient
heat
flux
of
model
2
is
greater
than those obtained by the
Delivered
byby
Ingenta to: Bids Ides
at the wall, by increasing Nhp , the heat flux
absorbed
other
models.
As
shown
before,
the dominant heat flux is
IP: 78.46.41.91
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the particles is decreased. The absorbed
heat flux by
related
to
that
absorbed
by
the
solid
phase. One can note
Copyright:
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particles in Eqs. (2)–(14) is obviously related to the temthat model 2 is only affected by the solid temperature graperature gradient and the nanoparticles volume fraction at
dient; therefore it experienced a maximum value. Model 3
the channel center. The numerical results show that the
in comparison with models 1 and 2 is only affected by the
temperature gradient is the dominant term in the calculafluid temperature gradient which is small with the solidtion of the particle-phase heat flux. The local increase of
phase gradient at the wall.
Qp∗ in the thermally-developing region of the channel is
Figure 6 shows the effect of various Nhs values on the
related to the volume fraction distribution of the particles
total dimensionless heat flux. As mentioned before, Qm∗ · 1
in this region. Analyzing this interesting effect will remain
is affected by the solid, fluid and the nanoparticles temperfor the future investigation.
ature gradients at the wall. As discussed before, the value
Figure 5 shows the effect of different Nhp values on the
of Qs∗ is decreased by increasing the value of Nhs , while
total dimensionless heat flux for the different models 1, 2
the increasing trend of Qp∗ is different from the solid-phase
and 3. The results indicate that the dimensionless heat flux
heat flux, as shown in Figure 4. Figure 6 clearly indiobtained by model 1, Qm∗ · 1 increases by increasing Nhp .
cate that any decrease in Qs∗ , due to Nhs , does not affect
By referring to Eq. (14), one can find that Qm∗ · 1 is affected
the increase in Q∗ . The results show that any increase in
f

Nhs causes a decrease in the solid temperature gradient at
the wall which decreases Qm∗ · 2 . Note that the heat flux in
model 3 is only affected by the fluid temperature gradient
at the wall. In this case, by increasing Nhs , the value of Q∗
is increased.

4. CONCLUSION

Fig. 5. Dimensionless heat flux for different values of Nhp .
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In this work, we proposed and compared three new models related to heat flux of a nanofluid flowing into a
porous medium-filled channel with considering thermal
non-equilibrium heat transfer (please note that one model
(model 1) is presented in our published paper Ref. [2]).
The effects of the Nield number on the total heat fluxes
J. Nanofluids, 6, 362–367, 2017
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were studied and compared together. Model 2 was only
affected by the solid temperature gradient; therefore it
experienced a maximum value. Model 3 in comparison
with models 1 and 2 was only affected by the fluid temperature gradient which was small with the solid phase
gradient at the wall; therefore it experienced a minimum
value.
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