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Abstract: Background: The present paper is focused on the numerical investigation of the effects of 

temperature dependent viscosity and temperature-dependent thermal conductivity on steady, free con-

vection flow of a viscous incompressible fluid in a vertical rectangular duct.  

Objectives: The purpose of this study was to provide an overview of the flow field if one assumes that 

viscosity and thermal conductivity parameters are not constant but they depend on the temperature. 

Methods: Finite difference scheme of second order accuracy was applied to solve the two dimensional 

coupled nonlinear equations. Validity of the obtained results was justified with the literature.  

Results: The effects of the non-dimensional parameters such as variable viscosity, variable thermal 

conductivity, Grashof number, Brinkman number and aspect ratio on the velocity, temperature, shear 

stress, volumetric flow rate and heat transfer rate were evaluated and depicted pictorially and also in the 

form of tables. It was observed that the effects of variable viscosity and thermal conductivity on the 

velocity and temperature fields were significant.  

Conclusion: It has been concluded that for positive values of the viscosity and conductivity variation 

parameters, the viscous fluid flows in the upward direction and for negative values, the fluid flows in 

the downward direction of the duct. Increase in the viscosity variation parameter, the thermal conduc-

tivity variation parameter, Grashof number, Brinkman number and the aspect ratio resulted in the 

improvement of the volumetric flow rate.
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1. INTRODUCTION 

 “The study of natural convection in a rectangular cavity 
is of great importance both in theoretical and in experimental 
investigations” [1-4] De Vahl Davis et al. These types of 
problems can be applied to understand the crystal growth in 
liquids, in solar technology and in safety aspects of gas 
cooled reactors. Owing to the coupling between the transport 
properties of flow and thermal fields, the study of buoyancy 
driven flows has become complex. The various aspects of 
the subject were also studied by [5, 6] Ostrach and Hoogen-
doorn. “Free convection flows in an enclosure with top and 
bottom walls insulated and the vertical walls kept at different  
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Department, Prince Mohammad Bin Fahd University, Al-Khobar 31952, 
Saudi Arabia; Tel: +966 538475338; Fax: +966 38499387;  
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temperatures” were analysed by [7, 8] Lage and Bejan. “Free 
convection in a rectangular enclosure with bottom wall heat-
ing and/or top wall cooling” was studied by [9] November 
and Nansteel “Transferring heat from the first flowable heat 
transfer medium to the second flowable heat transfer medi-
um” was also analysed by [10] Terry et al. “The flow in a 
rectangular cavity by moving the upper wall and keeping the 
temperature of the upper wall different from the other walls” 
was studied by [11] Torrance et al. It was found that the 
buoyancy effects dominate for all aspect ratios for large val-
ues of Grashof number. “The effect of buoyancy on the flow 
and thermal fields in a shallow rectangular reservoir with 
applications to solar ponds” was studied by [12] Cha and 
Jaluria. “Two dimensional mixed convection flow in a rec-
tangular enclosure using inlet and outlet ports” was analysed 
by [13] Kumar and Yuan. “The study of heat flux through 
the element from the cold side for heat uptake to the hot side 
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using thermoelectric element” was analysed by [14] Zelis-
sen. 

 The literature cited above considered constant properties. 
But in the study of the fluids, in the theory of lubrication, 
heat generated by the internal friction and the corresponding 
rise in temperature require that the fluid properties cannot be 
considered as constant. “The viscosity and thermal conduc-
tivity become dependent on the temperature” as shown in a 
study by [15] Schlichting. In another study by [16] Kays and 
Crawford, one can see “different relations between the tem-
perature and physical properties of different fluids”. It was 
also studied by [17] Ockendon and Ockendon that “the sud-
denly heated or cooled channel flows assuming viscosity to 
be a function of temperature”.  

 “The heat control device, which does not require the in-
stallation of a cooling device, considers the thermal conduc-
tivity of a variable material” as can be seen in the study by 
[18] Koichi and Satoru. “In micro structuring of frozen aer-
ated systems like ice cream, a low temperature extrusion 
process and a respective device for an energy optimized and 
viscosity’ were adopted in a study by [19] Josef and Johann . 
“The flow of a viscous incompressible fluid along a heated 
vertical plate treating viscosity and thermal diffusivity to be 
dependent on temperature” was analysed by [20] Elbash-
beshy and Ibrahim. “The flow and heat transfer over a con-
tinuously moving vertical infinite plate with uniform suction 
and heat flux for the radiating and conducting fluid consider-
ing viscosity to be variable” was studied by [21] Mostafa and 
Mahmoud. “Pharmaceutical compositions comprising low 
viscosity dispersions” were studied by [22] Johnston et al. 
“Lower critical solution temperature (LCST) mixture was 
used for cooling a micro device” by [23] Ullmann et al. “A 
method for overall temperature-control close to the mould 
cavity of temperature-controlled shell-type polyhedral spac-
es, from the rear of the mould” was invesigated by [24] 
Reiche et al. “Modeling of fluid elasticity effects on prop-
pant dynamics” was analysed by [25] Lin et al. “Analysis 
device for anlysing a mixture of gases” was investigated by 
[26] Betrand et al. In a study by [27] Golubev and MacKunis 
“an unmanned aerial vehicle was provided with a plurality of 
synthetic jet actuators along with a nonlinear robust control-
ler”. “Flame guard and exhasust system for large area com-
bustion deposition line, and associated methods” were ana-
lysed by [28] McLean and Dear  

 “Temperature measuring method” was researched by 
[29] Barari et al. “An optical arrangement comprising: at-
least one optical element comprising an optical surface and a 
substrate” was invented by [30] Bear et al. “System and 
method for numerical simulation of air craft flow field” was 
studied by [31] Tian and Yiran. There was a reduction of 
60% in the viscosity of water, when the temperature in-
creased from 1000°C to 5000°C. In view of this observation, 
it was required to take into account variable viscosity to pre-
dict accurately the flow behaviour. “The flow nature changed 
remarkably considering variable viscosity instead of constant 
viscosity” which was proved by [32, 33] Gary and Kssoy, 
Mehta and Sood. “Assuming variable viscosity, the fully 
developed forced convection duct flow with frictional heat-
ing” was studied by [34] Magyari and Barletta. “Flow over a 
stretching sheet using the conducting visco-elastic fluid 

treating conductivity to be a variable” was studied by [35] 
Subhas Abel and Mahesha . “Convective heat transfer in slip 
flow assuming variable properties” was discussed by [36] 
Sadik Kakac. 

 Keeping the observations made as in the references cited 
above, it is reasonable to consider viscosity and conductivity 
to be dependent on temperature, instead of assuming viscosi-
ty and temperature to be constant which helps to understand 
realistic problems. This motivated the authors to study the 
flow structure treating viscosity and thermal conductivity to 
be a function of temperature for the viscous fluid filled in a 
vertical rectangular duct.  

2. MATHEMATICAL FORMULATION 

 Steady, free convection flow of a viscous incompressible 

fluid in a vertical rectangular duct was considered for the 

study. The schematic diagram is shown in Fig. (1a). The 

length of the duct is represented by a and breadth of the duct 

is represented by b. T1 is the temperature at Y = 0 and T2 is 

the temperature at Y = b with T2 > T1. At X = a and at X = 0, 

the flux temperature is assumed to be zero. The flow is ob-

served in the duct due to the buoyancy force. Further it was 

assumed that the viscosity and thermal conductivity depend 

on the temperature. The following relations apply for the 

fully developed flow.  

 

Fig. (1a). Physical configuration. 

 

U =V = 0,
U

X
=

U

Y
=

V

X
=

V

Y
= 0,

P

X
=

P

Y
=

P

Z
= 0

         (1) 

 Using Equation (1), the continuity equation becomes 
W

Z
= 0

 which implies that W does not depend on Z, i.e. W = 

W(X,Y). Following the above assumptions, the equations 

governing the flow are: 
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where μ = μ
0
e

a
1

T T
0( ) , K = K

0
+ b

1
T T

0
( ) . 

 To solve Eqs. (2) and (3), the following boundary condi-

tions are used. 

W=0, T=T
1

at Y=0 for 0 X a

W=0, T=T
2

at Y=b for 0 X a

W=0,
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W =0,
T

X
=0 at X =a for 0 Y b

        (4) 

 Equations (2) and (3) in non-dimensional form using the 

following transformations: 
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 The dimensionless boundary conditions become: 

w=0, =
1

2
at y=0 for 0 x A

w=0, =
1

2
at y=1 for 0 x A

w=0,
x
=0 at x=0 and x=A for 0 y 1

         (8) 

2.1. Rate of Heat Transfer 

 The heat transfer parameters on the walls expressed in 

terms of the Nusselt number are; 

Nu =
b

T
2

T
1

( )
T

Y
Y =±b

 

which in non-dimensional form become: 

Nu =
y

y=0,1

 

 The finite difference approximations at both the plates 

are taken as: 

 

2.2. Skin Friction 

 The skin friction on the plates is defined as: 

=
b

2

μ

W

Y
Y =±b

 

which in the non-dimensional form becomes: 

=
w

y
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 The finite difference approximation at both the plates is 

taken as: 

 

 

 The values of Nusselt number (rate of heat transfer) and 

skin friction at both the walls were evaluated for all the gov-

erning parameters and the values are shown in the tables. 

 The volumetric flow rate is defined by; 

 

which in the non-dimensional form becomes: 

 

3. METHOD OF SOLUTION 

 The dimensionless governing Eqs. (6) and (7) are discre-

tized using the finite-difference technique along with the 

boundary conditions as given in Eq. (8). Uniform grid sys-

tem is applied for the computational domain. Replacing the 

derivatives with corresponding central difference approxima-

tions, a set of algebraic equations is obtained which are 

solved by Successive-Over Relaxation method. The compu-

tational domain of the present flow is divided into 100 grids 

in the y-direction and 100xA grids in the x-direction. The 

iterations are continued till the values of w
i , j

 and 
i , j

 be-

come less than the prescribed tolerance. The tolerance value 

is taken to be 10-14.  
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 Using the above relations, equations (6) and (7) become 

along with the discretized boundary conditions as:   
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,0 ,1 ,0 ,1
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 Here i ranges from 1 to Nx and j ranges from 1 to Ny.  Nx 

is the number of grids in the x direction and Ny is the number 

of grids in the y direction. A typical cell is plotted in Fig. 

(1b), where the dimensionless velocity and temperature are 

located on the cell center. The values of wi,j and i,j are iter-

ated according to the difference equations (9) and (10).  

 The solutions obtained are found to be in good agreement 

with results shown by the [37] Umavathi in the absence of 

porous matrix for constant properties. 

 

 

Fig. (1b). Schematic plot of a uniform grid system. 

4. RESULTS AND DISCUSSION 

 Finite difference method is used to solve the nonlinear 

partial differential Eqs. (6) and (7) along with boundary con-

ditions as defined in Eq. (8). Viscosity is assumed to be ex-

ponentially dependent on the temperature whereas thermal 

conductivity is assumed to be linearly dependent on the tem-

perature. Figures 2-6 display the results obtained for the var-

iations of the viscosity variation parameter BV, thermal con-

ductivity variation parameter BK, Grashof number Gr, 

Brinkman number Br and aspect ratio A and are displayed 

graphically in 3-D (3-dimensional), 2-D (two-dimensional) 

and 1-D (one-dimensional).  

 The effect of viscosity variation parameter BV on the 

flow is shown in Figs. (2a & 2b) fixing the other parameters. 

As the viscosity variation parameter BV  increases, the flow 

increases in the downward direction for BV < 0 and in the 

upward direction for BV > 0 (as can be viewed in 3-D pic-

tures). From 2-D contours, it is seen that for BV < 0, the 

number of contours increases in the lower half region 
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1

2

 and in the upper half region 1

2
< y <1  for BV > 

0. The 3-D pictures on temperature for variations of BV dis-

play the same nature for all values of BV. Further, if one ob-

serves very closely, there was a slight bulging outside (con-

vexity) of the temperature field for all values of BV. The 

temperature contours were nearly linear for BV > 0 and BV < 

0 (2-D graphs). To better understand the effects of BV, the 

velocity and temperature profiles are drawn in Fig. (2b) 

choosing different positions of y such as at y = 0.1 which is 

near the left of the duct, y =0.5, which is at the center of the 

duct and at y = 0.9, which is at the right of the duct varying 
x  from 0 to 1. The effect of BV is to increase the flow in the 

downward direction for BV < 0 and in the upward direction 

for BV > 0 at any position of y. However the profiles at  

y = 0.1 were in the downward direction whereas at y = 0.5 

and at y = 0.9, the velocity profiles were in the upward direc-

tion. The nature of the temperature profiles also showed the 

similar nature as that on velocity field. That is, for BV < 0, 
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Fig. (2a-i). Velocity contours for different BV with BK = 0.5, Gr =10, Br = 1, A = 1. 

 

 

Fig. (2a-ii). Temperature contours for different BV with BK = 0.5, Gr =10, Br = 1, A = 1. 
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Fig. (2b). Velocity and temperature profiles for different BV BK = 0.5, Gr =10, Br = 1, A = 1 at y = 0.1, 0.5, 0.9. 

 

temperature increased in the downward direction and for BV 

> 0, temperature increased in the upward direction. One can 

also reveal from Fig. (2b) that the profiles for BV = 0 (con-

stant viscosity) lie above BV < 0 and below BV > 0.  

 The effect of Grashof number for variations of BV is 

shown in Figs. (3a & 3b). As Grashof number increased, the 

fluid flowed in the upward direction (3-D graph). One can 

also visualize from Fig. (3a) (2-D graph) that fixing Gr, as 

BV increases, the flow increases in the upper half region. For 

Gr = 1, the number of contours was three for BV = - 0.5 and 

two for BV =0.5. For Gr =25, the number of contours was 

two for BV = - 0.5 and there was no contour for BV = 0.5 in 

the lower half region of the duct. The 3-D pictures on tem-

perature display that as Gr  increased, the convexity nature 

also increased. However for BV < 0, the convexity nature 

was less when compared with BV > 0 for increasing the val-

ues of Gr. The 2-D contours were nearly linear for Gr =1 

and became nonlinear for Gr = 25 for both BV < 0 and BV > 

0. Figure 3b clearly depicts that there was not much varia-

tion in BV when Gr = 1 and the profiles were distinguishable 

for variations in BV when Gr = 25. Figure 3b is drawn at y = 

0.5 for x varying from 0 to 1. As BV increased, both the ve-

locity and temperature field increased. Here also the profiles 

for BV = 0 lie above BV < 0 and below BV > 0. 

 From equation (3), the non-dimensional parameter which 

governs the viscous dissipation is characterized through 

Brinkman number Br. The effects of Br and BV on the veloc-

ity and temperature field are displayed in Figs. (4a & 4b). As 

Br increased, the fluid moved in the upward direction as seen 

in 3-D graphs for any value of BV. Here, also the number of 

contours was more in the lower half region for smaller val-

ues of Br when compared to larger values of Br. Also the 

number of contours was more in the lower half region for BV 

< 0 when compared with BV > 0. The 3-D pictures on tem-

perature show the convexity nature for large values of Br. 

The temperature contours were linear for small values of Br 

and became nonlinear for large values of Br. From Fig. (4b), 

it is very clear that as BV increased, both the velocity and 

temperature field increased for all values of Br. The plots of 

BV = 0 lie above BV < 0  and below BV > 0. 

 All the above graphs are drawn for the duct with equal 

height and width (A=1). The aspect ratio A is defined as the 

ratio of width to height. Hence, A= 0.5 implies, height 

length is twice than that of the width length which leads to 
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a narrow duct. For values of A=2.0, the width length is 

twice the length of the height which leads to a wider duct. 

The effects of A and BV on the flow filed are displayed in 

Figs. (5a & 5b). It is seen that for A= 0.5, the flow was 

both in the upward and downward directions whereas for 

A=2.0, the magnitude of flow in the upward and direction 

was less when compared to A= 0.5 as seen in 3-D graphs. 

Further one can also view from 2-D graphs that the number 

of contours was more in the lower half region for BV < 0 

and in the upper half region for BV > 0. Furthermore one 

can see from the velocity contours that the contours were 

nearly circular in shape for A= 0.5 and nearly rectangular 

in shape for A=2.0. The temperature field was in convex 

nature for any value of A and BV (3-D graphs) and the tem-

perature profiles were nearly linear for any value of A and 

BV. The plots of W and  were also drawn at y = 0.5 vary-

ing x from 0 to 1. The profiles on velocity clearly indicated 

that the plots were narrow for A= 0.5 and flat for A= 2.0. 

The temperature profiles were linear for A=0.5 and became 

nonlinear for A=2.0. Further as BV increased, the flow field 

increased for A= 0.5 and 2. Here also the profile of BV = 0 

lies above the profile of BV = - 0.5 and below the profile of 

BV = 0.5. The effects of viscosity variation parameter BV, 

Grashof number Gr, Brinkman number Br and aspect ratio 

A on the velocity and temperature fields as depicted in 

Figs. (2-5) were similar to the results obtained by [38] 

Umavathi.  

 Figures 2-5 were drawn for variations of viscosity varia-

tion parameter fixing thermal conductivity parameter. The 

flow nature for variations of thermal conductivity parameter 

BK  fixing BV was also analyzed as shown in Figs. (6a & 

6b). As BK increased, the flow increased in the lower half 

region for BK < 0 and in the upper half region, for BK > 0 as 

can be viewed in 2-D graphs. It is interesting to see that in 

the temperature field in 3-D, there was a bulging inside 

(concavity) for BK < 0 and bulging outside (convexity) for 

BK > 0 and there was no bulging for BK = 0. The tempera-

ture contours were nearly linear nature for all values of BK. 

To understand the effects of BK in a more elaborated way, 

the velocity and temperature profiles were drawn at different 

positions of y varying x from 0 to 1. As BK increased, veloci-

ty and temperature field increased in the downward direction 

for BK < 0 and in the upward direction for BK > 0 at all posi-

tions of y. However, the velocity profiles were in the down-

ward direction at y = 0.1 and in the upward direction at y = 

0.9, and the profiles were symmetric at y = 0.5. The tempera-

ture profiles seemed to be similar at any point of y. The ef-

fect of Grashof number, Brinkman number and aspect ratio 

on the flow for variations in BK showed the similar nature as 

that of the variations in BV, which is not shown pictorially. 

However the only difference is that the 3-D graph on tem-

perature field for BK < 0 was concave in nature and convex 

in nature for BK > 0 whereas, the temperature curvature was 

only concave for any values of BV  

 

 

Fig. (3a-i). Velocity contours for different BV and Gr with BK = 0.5, Br = 1, A = 1. 
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Fig. (3a-ii). Temperature contours for different BV and Gr with  BK = 0.5, Br = 1, A = 1. 

 

 

 

 

Fig. (3b). Velocity and temperature profiles for different BV and Gr with BK = 0.5, Br = 1, A = 1. 
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Fig. (4a-i). Velocity profiles for different BV and Br with BK = 0.5, Gr =10, A = 1. 

 

Fig. (4a-ii). Temperature profiles for different BV and Br with BK = 0.5, Gr =10, A = 1. 
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Fig. (4b). Velocity and temperature profiles for different BV and Br with BK = 0.5, Gr =10, A = 1 at y = 0.1. 

 

 

Fig. (5a-i). Velocity contours for different BV and A with BK = 0.5, Gr =10, Br = 1. 

 

 

Fig. (5a-ii). Contd…. 
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Fig. (5a-ii). Temperature contours for different BV and A with BK = 0.5, Gr =10, Br = 1. 

 

 

 

 

 

 

Fig. (5b). Velocity and temperature profiles for different BV and A with BK = 0.5, Gr =10, Br = 1 at y = 0.5. 



12    Recent Patents on Mechanical Engineering 2017, Vol. 10, No. 3 Umavathi et al. 

 

Fig. (6a-i). Velocity contours for different values of BK with BV = 0.5, Gr =10, Br = 1, A = 1. 

 

 

Fig. (6a-ii). Temperature contours for different values of BK with BV = 0.5, Gr =10, Br = 1 and A = 1. 
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Fig. (6b). Velocity and temperature profiles for different BK with BV = 0.5, Gr =10, Br = 1, A = 1 at y = 0.1, 0.5, 0.9. 

 

 The volumetric flow rate, skin friction and rate of heat 

transfer were evaluated for viscosity variation parameter and 

are shown in Tables 1a, 1b & 1c for all the non-dimensional 

parameters. It was seen that as BV increased, the volumetric 

flow rate increased for all the governing parameters. The 

value of flow rate increased with increase in Grashof num-

ber, Brinkman number and aspect ratio for all the values of 

BV. The shear stress 
dw

dy
y=0

 decreased in magnitude as BV 

increased and the shear stress 
dw

dy
y=1

 increased in magnitude 

as BV increased. For constant property of BV = 0( ) , it was 

observed that 
dw

dy
y=0

 and 
dw

dy
y=1

 increased in magnitude as 

Gr,Br  and A  increased (Table 1a). The shear stress 
dw

dx
 at 

x = 0 and 1 increased in magnitude as BV  increased. The 

value of 
dw

dx
 at x = 0 and 1 were the same values except the 

difference in sign for any value of Gr,Br  and A , For con-

stant property of BV (= 0) ,
dw

dx
 at x = 0 and 1 increased in 

magnitude as Gr,Br  and A  increased. The rate of heat trans-

fer 
d

dy
 at y =0 and 1 decreased as BV increased and the 

magnitude of suppression was in the order of 10-4 which is 

very small. For the value of BV=0, the rate of heat transfer 

d

dy
 increased at y = 0  and decreased at y =1  for increas-

ing values of Gr,Br  and A . 

 The volumetric flow rate and skin friction for variations 

of BK are tabulated in Tables 2a and 2b. The nature of BK, 
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Table 1a. Values of Volumetric Flow Rate and Skin Friction for BK = 0.5. 

BV  Q  

  

Q  

  

G =1  G = 25  

-0.5 1.0259E-3 -3.4467E-2 -2.8669E-2 7.04801E-2 -0.716283 -0.815452 

0.0 1.7324E-3 -2.7213E-2 -3.6056E-2 0.103248695 -0.529961 -1.058112 

0.5 2.4670E-3 -2.1403E-2 -4.52462E-2 0.160234742 -0.3471325 -1.4251359 

 Br = 0.01  Br = 2  

-0.5 1.02592E-2 -0.3446722 -0.2866954 1.509937E-2 -0.328658 -0.296872 

0.0 1.73244E-2 -0.2721343 -0.3605636 2.286269E-2 -0.257869 -0.374725 

0.5 2.46706E-2 -0.2140385 -0.4524622 3.133828E-2 -0.200862 -0.472696 

 A = 0.5  A = 2.0  

-0.5 3.93085E-3 -0.2685064 -0.2015232 2.291606E-2 -0.360571 -0.355177 

0.0 7.53276E-3 -0.2140005 -0.2537592 3.386248E-2 -0.277972 -0.449093 

0.5 1.13584E-2 -0.1703273 -0.3194741 4.541998E-2 -0.212034 -0.565942 

 

Table 1b. Values of Skin Friction for BK = 0.5. 

BV  

    

G =1  G = 25  

-0.5 3.022432700E-3 -3.022432700E-3 0.232517870008 -0.232517870009 

0.0 6.0133303652E-3 -6.0133303653E-3 0.36308094446 -0.36308094447 

0.5 9.1312286421E-3 -9.1312286422E-3 0.587133512253 -0.587133512254 

 Br = 0.01  Br = 2  

-0.5 3.0224327003E-2 -3.0224327004E-2 4.7039309255E-2 -4.7039309255E-2 

0.0 6.0133303656E-2 -6.0133303657E-2 7.9484618057E-2 -7.9484618058E-2 

0.5 9.1312286426E-2 -9.1312286427E-2 0.1149300148141 -0.1149300148147 

 A = 0.5  A = 2.0  

-0.5 2.1837537205E-2 -2.1837537206E-2 4.45350907891E-2 -4.453509079E-2 

0.0 4.7135119551E-2 -4.71351195518E-2 7.7201883016E-2 -7.7201883017E-2 

0.5 7.3957010284E-2 -7.3957010285E-2 0.111992053563 -0.111992053564 
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Table 1c. Values of Rate of Heat Transfer BK = 0.5. 

BV  

    

 G =1  G = 25  

-0.5 0.6669386 0.3997805 0.8333245 0.2091068 

0.0 0.6669229 0.3997473 0.8505975 0.1517288 

0.5 0.6669152 0.3997076 0.9171381 3.17436E-2 

 Br = 0.01  Br = 2  

-0.5 0.6669386 0.3997805 0.7202448 0.3527576 

0.0 0.6669229 0.3997473 0.7186100 0.3444819 

0.5 0.6669152 0.3997076 0.7189288 0.3341878 

 A = 0.5  A = 2.0  

-0.5 0.6848409 0.3870143 0.6984093 0.3701979 

0.0 0.6837473 0.3850489 0.6973268 0.3649607 

0.5 0.6831115 0.3826284 0.6975552 0.3586829 

 

 

Table 2a. Values of Volumetric Flow Rate and Skin Friction BV = 0.5.  

BK  Q  

  

Q  

  

G =1  G = 25  

-0.5 -1.0212E-3 -2.8659E-2 -3.44830E-2 1.34248E-2 -0.642883 -0.998267 

0.0 7.06632E-4 -2.5335E-2 -4.0296E-2 7.21248E-2 -0.532874 -1.186006 

0.5 2.46706E-3 -2.1403E-2 -4.5246E-2 0.1602347 -0.347132 -1.425135 

 Br = 0.01  Br = 2  

-0.5 -1.0212E-2 -0.2865984 -0.3448302 -5.55646E-3 -0.2772610 -0.3606250 

0.0 7.06632E-3 -0.2533576 -0.4029683 1.23774E-2 -0.2429502 -0.4200814 

0.5 2.46706E-2 -0.214038 -0.452462 3.13382E-2 -0.200862 -0.472696 

 A = 0.5  A = 2.0  

-0.5 -2.7531E-3 -0.199136 -0.273003 -1.33146E-2 -0.335153 -0.391353 

0.0 4.22675E-3 -0.186684 -0.299009 1.54416E-2 -0.278081 -0.482947 

0.5 1.13584E-2 -0.170327 0.3194741 4.54199E-2 -0.212034 -0.565942 

 

  
y

y=0   
y

y=1
y

y=0
y

y=1

w

y
y=0

  

w

y
y=1

  

w

y
y=0   

w

y
y=1



16    Recent Patents on Mechanical Engineering 2017, Vol. 10, No. 3 Umavathi et al. 

Table 2b. Values of Skin Friction BV = 0.5. 

BK  

    

G =1  G = 25  

-0.5 -3.00606557E-3 3.00606557E-3 6.061784133E-2 -6.0617841331E-2 

0.0 3.01569493E-3 -3.01569493E-3 0.268581466257 -0.2685814662578 

0.5 9.131228642E-3 -9.13122864E-3 0.587133512253 -0.587133512254 

 Br = 0.01  Br = 2  

-0.5 -3.00606557E-2 3.00606557E-2 -1.3911950217E-2 1.39119502177E-2 

0.0 3.01569493E-2 -3.01569493E-2 4.86919406183E-2 -4.8691940619E-2 

0.5 9.13122864E-2 -9.13122864E-2 0.1149300148141 -0.1149300148147 

 A = 0.5  A = 2.0  

-0.5 -1.43672101E-2 1.43672101E-2 -2.387890695E-2 2.38789069525E-2 

0.0 2.937969523E-2 -2.93796952E-2 4.2559720297E-2 -4.2559720298E-2 

0.5 7.395701028E-2 -7.39570102E-2 0.111992053563 -0.111992053564 

 

 

Table 2c. Values of Rate of Heat Transfer BV = 0.5. 

BK  

    

 G =1  G = 25  

-0.5 0.40021448 0.66638090 0.51182140 0.44432483 

0.0 0.50021787 0.49972780 0.63058952 0.24097040 

0.5 0.66691522 0.39970764 0.91713819 3.17436155 

 Br = 0.01  Br = 2  

-0.5 0.40021448 0.66638090 0.44036065 0.60763872 

0.0 0.50021787 0.49972780 0.54179723 0.44011683 

0.5 0.66691522 0.39970764 0.71892884 0.33418780 

 A = 0.5  A = 2.0  

-0.5 0.41253683 0.64797482 0.42640981 0.63270836 

0.0 0.51364452 0.48251689 0.52536110 0.46426917 

0.5 0.68311154 0.38262842 0.69755521 0.35868297 
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Gr, Br and A showed the similar nature as observed for vari-

ations of BV (Table 1a and 1b). The rate of heat transfer 
d

dy
 

at y = 0  increased and y =1  decreased for increase in BK . 

For the value of BK = 0 , the rate of heat transfer 
d

dy
 in-

creased at y = 0  and decreased at y =1  for increasing val-

ues of Gr,Br  and A  as seen in Table 2c. The effect of BK  

on the rate of heat transfer was more pronounced when com-

pared with the effect of BV. 

CONCLUSION 

 Free convective flow in a vertical duct filled with purely 

viscous fluid was studied and the effects of all the governing 

parameters on the flow field were determined. Following are 

the conclusions drawn:  

1. For positive values of the viscosity and conductivity var-

iation parameters, the viscous fluid flows in the upward 

direction and for negative values, the fluid flows in the 

downward direction of the duct.  

2. As the Grashf number and Brinkman number increased, 

the fluid flow enhanced in the upward and in the down-

ward directions of the duct. Large values of the aspect ra-

tio resulted in flattening of the flow profiles. 

3. The effect of all the governing parameters on the temper-

ature field was not very operative. However it was af-

fected by the thermal conductivity variation parameter. 

The temperature profiles were convex for positive values 

and concave for negative values of the thermal conduc-

tivity variation parameter.  

4. Increase in the viscosity variation parameter, the thermal 

conductivity variation parameter, Grashof number, 

Brinkman number and the aspect ratio resulted in the im-

provement of the volumetric flow rate. 

5. By increasing the viscosity variation parameter, the rate 

of heat transfer decreased at the left wall and increased at 

the right wall of the duct and the opposite effect was ob-

served for increasing the conductivity variation parame-

ter. As the Grashof number, Brinkman number and as-

pect ratio increased, the rate of heat transfer enhanced at 

the left wall and suppressed at the right wall of the duct 

for both viscosity and thermal conductivity variation pa-

rameters. 

6. The present results were by agreed by [37] Umavathi for 

the effects of Grashof number, Brinkman number and as-

pect ratio for constant properties and by [38] Umavathi 

for variable properties. 

CURRENT & FUTURE DEVELOPMENTS 

  The effect of temperature-dependent viscosity and con-

ductivity on the flow for purely viscous fluid was considered 

for the study. The conclusions drawn were that the flow was 

in the upward direction for positive values and in the down-

ward direction of the duct for increasing values of variable 

viscosity and variable conductivity parameters. In view of 

the above, in order to obtain accurate flow rate, it is very 

much essential to treat viscosity and temperature to be de-

pendent on temperature in all the problems related to energy 

conservation irrespective of the geometry or the fluid under 

study.  

LIST OF ABBREVIATIONS 

A  Aspect ratio b a( )  

a  Horizontal distance 

a
1
 Empirical constant 

b  Vertical distance 

b
1
 Empirical constant 

Br  Brinkman number μ3
K T

2
b

2( )( )  

BV  Viscosity variation parameter a
1

T( )  

BK  Conductivity variation parameter b
1

T( )  

Gr  Grashof number g
f

T b
3

f

2 μ
f

2( )  

K  Thermal conductivity of the fluid 

Nx, Ny  Grid number in computational domain 

T  Temperature 

T
0
 Reference temperature 

U ,V ,W  Velocity component 

u,v,w  Dimensionless velocity component 

X ,Y ,Z  Space coordinate 

x, y, z  Dimensionless space coordinate 

Greek symbols 

 Density 

μ  Viscosity 

 Dimensionless temperature 

 Skin friction 
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