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Abstract
Purpose – The paper aims to examine the boundary layers of a three-dimensional stagnation point ﬂow of
Al-Cu nanoparticle-suspended water-based nanoﬂuid in an electrically conducting medium. The effect of
magnetic ﬁeld on second-order slip effect and convective heating is also taken into account.
Design/methodology/approach – The thermophysical properties of alloy nanoparticles such as
density, speciﬁc heat capacity and thermal conductivity are computed using appropriate formula. The nonlinear parabolic partial differential equations are transformed to ordinary differential equations and solved by
shooting technique.
Findings – The inﬂuence of compositional variation of alloy nanoparticle, nanoparticle concentration,
magnetic effect, slip parameters and Biot number are presented for various ﬂow characteristics. Interesting
results on skin friction and Nusselt number are obtained for different composition of aluminium and copper.
Originality/value – A novel result of the analysis reveals that impact of magnetic ﬁeld near the boundary
is suppressed by the slip effect.
Keywords Stagnation point, Alloy nanoparticle, Convective heating, Magnetic effect,
Second-order slip, Three dimension
Paper type Research paper

Nomenclature
B0
c
cp
k
dp
kb
Rex
qw

= Uniform magnetic ﬁeld;
= Ratio of velocity gradient along y and x axes;
= Speciﬁc heat at constant pressure;
= Thermal conductivity;
= Diameter of the nanoparticle;
= Boltzmann number;
= Local Reynolds number;
= Wall heat ﬂux;
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M
T
Tw
T1
u, v, w
ue, ve
Cfx, Cfy
a, b
Pr

= Magnetic parameter;
= Temperature of the ﬂuid;
= Temperature of the ﬂuid at wall;
= Temperature of the ﬂuid in free stream;
= Velocity components along x, y and z axes, respectively;
= Velocity components of the free stream along x and y, respectively;
= Skin friction along x and y direction, respectively;
= Prescribed constants; and
= Prandtl number.

Greek symbols
a
f
r
m

b 1, b 2, g 1, g 2
d
e
u
s
l
h
t

= Thermal diffusivity;
= Nanoparticle volume fraction;
= Density;
= Dynamic viscosity;
= Kinematic viscosity;
= Slip parameters;
= Molecular mean free path;
= Momentum accommodation coefﬁcient;
= Dimensionless temperature;
= Electrical conductivity;
= Unsteadiness parameter;
= Similarity variable; and
= Shear stress.

Subscripts
f = Base ﬂuid;
n,f = Nanoﬂuid; and
p = Nanoparticle.

1. Introduction
Heat transferring ability of pure liquids sounds inefﬁcient for today’s industrial needs due to
their lower thermal conductivity, and hence an idea of utilizing the higher thermal
conductivity of solids is inculcated to increase the thermal transport capacity. A binary
mixture composed of highly conducting solid particles of nanometer size are dispersed in a
liquid medium to enhance the heat conducting capacity of the liquid medium. Choi (1995)
named the nanometer-sized dispersions as “nanoparticles” and the corresponding
nanoparticle-ﬂuid mixture as “nanoﬂuid”. A substantial increase in liquid thermal
conductivity, liquid viscosity and heat transfer coefﬁcient are the unique features of
nanoﬂuids. Although improving the thermal conductivity is based on several factors such
as size, shape, temperature and nanoparticle concentration, material type plays the
dominant role. Zaraki et al. (2015) theoretically validated this concept by studying the
impact of size, shape and type of nanoﬂuids on boundary layer ﬂows. They concluded that
some nanoparticles can result in a signiﬁcant enhancement in heat transfer efﬁciency of
nanoﬂuids, whereas some nanoparticles are found to be impotent for today’s industrial
requirements. Several authors have used different nanoparticles such as the metallic
nanoparticles (Cu, Au, Ag), metallic oxide nanoparticles (CuO, Al2O3, TiO2, SiO2), nonmetallic nanoparticles such as single-walled and multiwalled carbon nanotubes and
magnetic nanoparticles (Fe, Fe3O4) based on their industrial requirement. The heat transfer
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efﬁciency of Cu nanoparticles was experimentally observed by Li et al. (2003). Ding et al.
(2007) conducted an experimental investigation on the convective heat transfer coefﬁcient of
carbon nanotubes. The investigations on the metallic oxide nanoparticles such as alumina,
titania, copper oxide, zirconium oxide can be seen in Pak and Cho (1998), Williams et al.
(2008) and Duangthongsuk and Wongwises (2008). Kumar et al. (2017) conducted efﬁciency
of Fe3O4–water nanoﬂuid in heat exchangers and developed new correlations for Nusselt
number and friction factor. Later, few researchers were involved in suspending two or more
different nanoparticles in the base ﬂuid named as hybrid nanoﬂuids. Suresh et al. (2011)
showed a signiﬁcant enhancement in effective thermal conductivity for Al2O3-Cu water
nanoﬂuid. Recently, Esfe et al. (2016) experimentally analyzed the mixture of nanodiamond
particles in ND-Co3O4 aqueous nanoﬂuid.
A pure material does not possess all the favorable characteristics required for a
particular purpose. Moreover, the inclusion of different nanoparticles exhibits different
pressure drop, varying sedimentation rates, use of different surfactants that will hinder
the efﬁciency of nanoﬂuids. Alloy nanoparticles will have properties different from their
parent elements, and they are permanently shaped unlike hybrid nanoparticles. Though
heat transfer efﬁciency is the prime objective in any nanoﬂuid usage, there are many
other controlling factors such as production cost, long-term stability, corrosion
resistivity in using a particular nanoparticle. This impediment can be overcome by
amalgamating distinct solid particles or using alloys to obtain an alloy nanoﬂuid.
Chopkar et al. (2007) experimentally investigated the use of aluminium-rich alloy
dispersoids in both water and ethylene glycol base ﬂuids. They adopted high energy
planetary milling to make the elemental powder blends of Al-30 At.% Cu and Al-30 At.
% Ag and obtained nanometric (20-80 nm) and isolated (non-agglomerated) particles. A
very low concentration 0.2-1.5 Vol.% is dispersed in both the base ﬂuids, and the
corresponding thermal conductivity is measured at room temperature by the thermal
comparator device. Their experimental investigation revealed that the alloyed
nanoﬂuids are capable of increasing the thermal conductivity ratio of about 2.4 times
than that of base ﬂuid and the degree of enhancement is higher than other nanoparticles
(Cu, CuO, Al2O3) in identical medium.
For the small-scale devices ranging in micro/nano dimensions, the conventional no slip
condition no longer applies. Moreover, the presence of nanoparticles causes the slip velocity
condition on the interface of ﬂuid and solid boundary. Hence, a slip regime occurs, that is, a
difference between the ﬂuid velocity at the wall and the wall velocity exists in non-negligible
amount. Slip ﬂows ﬁnds its importance in many areas, especially in corner ﬂows, in complex
geometries and in the extrusion of polynomial melts from a capillary tube. In earlier studies,
the slip ﬂow is studied in a ﬁrst-order limit framed by Navier (1823) and Maxwell (1879),
which states that the ﬂuid velocity tangential to the boundary walls is proportional to the
tangential stress. Wang (2002) studied ﬂow due to a stretching surface with partial slip
(Navier slip) is solved by similarity transform. An unsteady boundary layer ﬂow and heat
transfer on a stretching sheet in presence of both velocity and thermal slip conditions are
investigated by Mukhopadhyay and Andersson (2009). The inﬂuence of ﬁrst-order slip
effect in nanoﬂuid ﬂows are examined by Noghrehabadi et al. (2012), Uddin et al. (2016). An
important parameter in predicting slip ﬂow effect is Knudsen number (Kn), deﬁned to be the
ratio of molecular mean free path and the slip length factor. When Kn > 1, ﬁrst-order models
deviate from the linearized Boltzmann equation. Wu (2008) proposed a new second-order
slip model applicable for arbitrary Knudsen number. This second-order model was
incorporated by Nandeppanavar et al. (2012) to analyze the second-order slip ﬂow proposed
and heat transfer over a stretching sheet. They showed that the combination of the
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ﬁrst-order slip parameter, the second-order slip parameter and the mass suction parameter
greatly affect the ﬂuid ﬂow and wall shear stress. Following the above study, Rosca and Pop
(2013) studied the impact of second-order slip effect subject to variable heat ﬂux. Uddin et al.
(2014) studied the collective inﬂuence of second-order velocity slip, thermal slip, zero mass
ﬂux and microorganism slip boundary conditions on the free convection gyrotactic
bioconvection boundary layer ﬂow of nanoﬂuids.
A stagnation point is a point in the ﬂow ﬁeld about a body where the ﬂuid particles have
zero velocity with respect to the body. This zero velocity entrains the region of highest
pressure and highest heat transfer. Howarth (1951) laid the earlier ground for the stagnation
point ﬂow in a three-dimensional plane. The forced convection ﬂow of an electrically
conducting ﬂuid at the stagnation point of an isothermal two-dimensional porous body and
an axisymmetric body have been studied by Chamkha (1998). The unsteady convection ﬂow
in the stagnation-point region of a three-dimensional body in an ambient ﬂuid is studied by
Xu et al. (2008), Chamkha and Ahmed (2011).
Convective heat transfer induced along the wall boundaries is of crucial interest and was
studied by many researchers. Makinde and Aziz (2011) investigated the convective
boundary layer ﬂow of stretching surface. Murthy et al. (2013) studied the natural
convective ﬂow of nanoﬂuid saturated porous medium with convective boundary
conditions. Nawaz et al. (2015) studied the stagnation point ﬂow of Newtonian and nonNewtonian ﬂuids with convective heating. Rahman et al. (2016) examined the simultaneous
effects of slip and nanoparticles for the blood ﬂow of Jeffrey ﬂuid in tapered artery with
stenosis.
The study of magnetohydrodynamic (MHD) ﬂow and heat transfer are deemed as of
great interest due to the effect of magnetic ﬁeld on the boundary layer ﬂow control and on
the performance of many systems using electrically conducting ﬂuids. Recently, Ellahi
(2013) investigated analytic solutions of MHD nanoﬂuid of grade three ﬂowing through a
pipe. Sheikholeslami and Ellahi (2015) studied the hydrothermal treatment of nanoﬂuids
with magnetic effect. They observed that the applying magnetic ﬁeld drags the ﬂuid ﬂow,
and consequently, the convection currents are reduced. Natural convective ﬂow of nanoﬂuid
with induced magnetic ﬁeld effects are explored by Sheikholeslami et al. (2016). Motivated
by the applications of peristaltic ﬂow in drug delivery systems, Ellahi et al. (2016a)
presented the MHD peristaltic ﬂow of Jeffrey ﬂuids. Following are the studies that
incorporate both the magnetic ﬁeld effects and slip effects in boundary layer ﬂows: Ibrahim
and Shankar (2013) analyzed boundary layer ﬂow and heat transfer past a permeable sheet
with effects of magnetic ﬁeld, slip boundary condition and thermal radiation. Simultaneous
effects of velocity and thermal slip on MHD stagnation point ﬂow of nanoﬂuid toward a
stretching sheet is studied by Haq et al. (2015). Hayat et al. (2015) analyzed the MHD threedimensional ﬂow of viscous nanoﬂuid in the presence of partial slip and thermal radiation
effects. Narahari and Kamran (2016) investigated the MHD natural convective boundary
layer ﬂow with Newtonian heating. The MHD Couette ﬂow with slip effect is numerically
explored using hybrid technique by Ellahi et al. (2016b). The effects of the second-order
velocity slip and temperature jump boundary conditions on the ﬂow and heat transfer in the
presence of nanoparticles and magnetic effect was investigated by Aly and Sayed (2017).
Although the abovementioned studies incorporated the inﬂuence of MHD and slip, there has
been no study on the combined effect on the inﬂuence of magnetic ﬁeld in a slip regime.
The main objective of our study is to examine the simultaneous effects of both magnetic
effect and second-order slip near a three-dimensional stagnation-point of Al-Cu/water-based
nanoﬂuid. The speciﬁc comparison is made on different mass compositions of aluminium
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with copper alloy nanoparticles. As far as the author’s knowledge, there is no study on the
current subject neither communicated nor published before.
2. Mathematical formulation
Let us consider a three-dimensional stagnation point ﬂow of an electrically conducting
nanoﬂuid. The ﬂow is assumed to be time-dependent, laminar, viscous and incompressible.
Let us assume a Cartesian coordinate system (x, y, z) with the origin at forward stagnation
region, with x and y coordinates along the body surface, and the ﬂow is occupied by the
domain z > 0 perpendicular to the body surface at origin. A uniform magnetic ﬁeld of
strength B0 is applied in a direction normal to the body surface at x = 0, y = 0. By assuming
the magnetic Reynolds number to be small, we neglect the effects of induced magnetic ﬁeld.
The unsteadiness in the ﬂow ﬁeld is imparted by the potential velocity components varying
arbitrarily with time. The external free stream velocity components over the threedimensional body surface is given by ue ¼ ax=ð1  l t* Þ; ve ¼ by=ð1  l t* Þ. The surface
heat temperature at the stagnation point Tw is calculated by the convective heating process
using the temperature Tf and heat transfer coefﬁcient hf. The ambient ﬂuid has a constant
temperature T1. Under the above assumptions along with the boundary layer
approximations and neglecting the viscous dissipation, the basic unsteady conservation
equations of mass, momentum and thermal energy can be expressed as:
@u @v @w
þ þ
¼0
@x @y @z

(1)

@u
@u
@u
@u @ue
@ue m nf @ 2 u s nf B20
þ ue
þ
þu þv þw
¼

ðu  ue Þ
@t
@x
r nf @z2
r nf
@t
@x
@y
@z

(2)

@v
@v
@v
@v @ve
@ve m nf @ 2 v s nf B20
þ ve
þ
þu þv þw ¼

ðv  ve Þ
@t
@x
r nf @z2
r nf
@t
@x
@y
@z

(3)

@T
@T
@T
@T
@2T
þu
þv
þw
¼ anf 2
@t
@x
@y
@z
@z

(4)

subject to the initial and boundary conditions:
t < 0 : u ¼ 0; v ¼ 0; w ¼ 0; T ¼ T1 for any x; y; z
t  0 : u ¼ uslip ; v ¼ vslip ; kf



@T
¼ hf Tf  T at z ¼ 0; x  0; y  0
@y

(5)

u ! ue ; v ! ve ; w ! W; T ! T1 as z ! 1; x  0; y  0
where (u, v, w) are the velocity components along the axes (x, y, z), T is the local temperature,
where anf is the thermal diffusivity of the nanoﬂuid deﬁned by anf ¼ knf =ð r cp Þnf .
Following the mixture theory, the effective density r nf and heat capacitance ð r cp Þnf of
nanoﬂuid are given by:
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ð r cp Þnf ¼ ð1  f Þð r cp Þf þ f ð r cp Þp

(6)

where f is the nanoparticle volume fraction, r f and ð r cp Þf is the density and heat
capacitance of the base ﬂuid, respectively.
The effective dynamic viscosity is given by the Brinkman model:
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m nf ¼

mf

(7)

ð1  f Þ2:5

where m f is the dynamic viscosity of the base ﬂuid.
The electrical conductivity of the nanoﬂuid can be expressed by:
2
3


3 ss fs  1 f
6
 
 7
s nf ¼ 41 þ s
5s f
ss
s
sf þ 2  sf  1 f

(8)

The effective thermal conductivity of nanoﬂuid was given by Patel et al. (2005) as follows:
"
#
knf
kp df
f
2kb T
(9)
¼1þ
1þc
kf
kf dp ð1  f Þ
p m f dp a f
where kp is the thermal conductivity of the nanoparticle, kf is the thermal conductivity of the
_ kb is the Boltzmann
base ﬂuid, df is the molecular size of base ﬂuid (here, water 2A),
constant, c is the constant to be determined experimentally (here, taken as 25,000), T is the
temperature (here, taken as 300 K) and af is the thermal diffusivity of the base ﬂuid medium.
The slip parameter along x, y axis is given by Wu (2008):
!


2 3  e l2 3 1  l2
@u 1 4
2
@2u
@u
@2u
uslip ¼

l þ 2 ð1  l 2 Þ d 2 2 ¼ b *1
þ g *1 2

d
3
2 Kn
@z 4
Kn
@z
@z
@z
e
(10)

vslip

!


2 3  e l2 3 1  l2
@v 1 4
2
@2v
@v
@2v

l þ 2 ð1  l 2 Þ d 2 2 ¼ b *2 þ g *2 2
¼

d
e
3
2 Kn
@z 4
Kn
@z
@z
@z
(11)

where e is the momentum accommodation coefﬁcient with 0 # e # 1, d is the molecular
mean free path, Kn is the Knudsen number (ratio of molecular mean path d to length scale),
l = min (1/kn,1). Also, d is always positive which makes g *1 ; g *2 assumes only negative
values.
Equations (1)-(4) with boundary conditions (5) admits a similarity solution:

u¼

ax
f 0 ð h Þ;
1  l t*

v¼

by
g0 ð h Þ
1  l t*

w¼

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

a f 
f ð h Þ þ cgð h Þ l t* < 1
*
1  lt

T  T1
u ðh Þ ¼
;
Tw  T1

(12)

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
h¼
z
 f ð1  l t * Þ
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where c = b/a corresponds to ratio of the velocity gradient along the y and x axis,
respectively. The similarity equations hence derived are as follows:
(
)

 


r s
h 00
000
00
2:5
0
02
ð f þ cgÞf þ l 1  f  f þ 1  f
f þ ð1  f Þ
1f þf
rf
2
2

3

1 f
6
 
 7
þ ð1  f Þ2:5 41 þ s
5M ð1  f 0 Þ ¼ 0
ss
s
þ
2


1
f
sf
sf

000

g þ ð1  f Þ

2:5



3



ss
sf

(13)

(
)




r s
h 00
00
0
02
ð f þ cgÞg þ l 1  g  g þ c 1  g
1f þf
rf
2
2

3


3 ss fs  1 f
6
 
 7
þ ð1  f Þ2:5 41 þ s
5M ð 1  g 0 Þ ¼ 0
ss
s
þ
2


1
f
sf
sf
!
1 knf
u 00 þ
Pr kf

ð r cp Þs
ð1  f Þ þ f
ð r cp Þf

!
ð f þ cgÞu 0 

lh 0
u
2

¼0

(14)

(15)

and the appropriate boundary conditions become:
00

f ð0Þ ¼ 0;

f 0 ð0Þ ¼ b 1 f 00 ð0Þ þ g 1 f ð0Þ;

f 0 ð1Þ ¼ 1

gð0Þ ¼ 0;

g0 ð0Þ ¼ b 2 g00 ð0Þ þ g 2 g000 ð0Þ;

g 0 ð1Þ ¼ 1

u 0 ð0Þ ¼ Bið1  u ð0ÞÞ;

(16)

u ð1Þ ¼ 0

where Pr ¼  f =af is the Prandtl number, l is thepunsteadiness
parameter,
M ¼ s f B2 = r f a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
*
is ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
the magnetic ﬁeld parameter (B ¼ B0 = 1  l t ), b 1 ¼ a=1  l t* b *1 ; b 2 ¼
p
a=1  l t* b *2 are the ﬁrst-order slip parameter taken along x, y direction, and
g 1 ¼ a=1  l t* g *1 ; g 2 ¼ a=1  l t* g *2 are the second-order slip parameter taken along x, y
direction, respectively.
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The physical quantities of interest are the skin friction coefﬁcient along the x and y axis,
Cfx, Cfy and the local Nusselt number Nux, which are deﬁned as:
Cfx ¼
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t wx
;
r f u2e

Cfy ¼

t wy
r f u2e

Nux ¼

xqw
kf ðTw  T1 Þ

where the surface shear stress t wx, t wy and the surface heat ﬂux qw are given by:
 
 
 
@u
@v
@T
t wx ¼ m nf
;
t wy ¼ m nf
;
qw ¼ knf
@z z¼0
@z z¼0
@z z¼0

(17)

(18)

with m nf and knf being the dynamic viscosity and thermal conductivity of the nanoﬂuids,
respectively. Using the similarity variables (12), we obtain:
 
knf 0
f 00 ð0Þ
y
g00 ð0Þ
1=2
1=2
1=2
ð
Þ
Cfx ð Rex Þ ¼
;
C
Re
¼
c
; Nux ð Rex Þ
¼
u ð0Þ
x
fy
2:5
2:5
kf
x
ð1  f Þ
ð1  f Þ
(19)
where Rex = uex/ f is the local Reynolds number.
2.1 Thermophysical properties of Al-Cu alloys
The density of the alloys can be computed by the formula:
1
m1 m1
¼
þ
r alloy r 1 r 2

(20)

where r 1, r 2 and m1, m2 corresponds to the density and mass compositions of ﬁrst and
second elements, respectively.
The speciﬁc heat capacity of the alloys can be computed using the Neumann Kopp rule
described by Grimvall (1999) which expresses the molar heat capacity of an alloy as the
weighted sum of the speciﬁc heat of the elements forming it. That is:
ðcp Þalloy ¼ a1 cp1 þ a2 cp2

(21)

where cp1, cp2 and a1, a2 corresponds to the speciﬁc heat capacity and atomic compositions of
ﬁrst and second elements, respectively.
The electrical conductivity of different compositions can be appropriately calculated by
taking the inverse of the electrical resistivity values tabulated by Ho et al. (1983). Also, the
thermal conductivity values for speciﬁc compositions can also be obtained from Ho et al. (1978).
Table I displays the thermophysical properties of other nanoparticles obtained from Jang and
Choi (2007).
3. Results and discussion
The set of non-linear differential equations (13-15) with boundary conditions (16) are solved
numerically using ﬁfth-order Runge–Kutta Fehlberg method with the shooting technique. In
this algorithm, we ﬁrst transform the governing partial differential equation into system of
ordinary differential equation, and the asymptotic boundary conditions given in (16) were
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replaced by a ﬁnite value of h = 15. Then the above boundary value problem is converted
into initial value problem by guessing the missing slopes f 00 ð0Þ; g00 ð0Þ; u ð0Þ and solved by
shooting technique. A step size h is taken as 0.001 with an error tolerance of 106 is used. In
the absence of nanoparticles, the dimensionless surface skin friction coefﬁcients are
compared with the literature Kumari and Nath (2002) and Ibrahim (2008) available in
Table II. These verify the validity of the results to possess a good accuracy.
3.1 Eﬀect of Al-Cu mass composition
Four different mass ratios of aluminium and copper are considered in the analysis. In
the work of Chopkar et al. (2007), they have considered Al2Cu which approximately
equals the 50:50 mass composition (i.e. 70:30 atomic composition) of Al and Cu,
respectively. The thermophysical properties of the nanoparticles change for varying
proportions and temperature. In this regard, we have considered four different
compositions of Al and Cu such as 50:50, 70:30, 90:10 and 95:5, and a comparative study
is reported. Figures 1-7 show the results in the absence of slip and for the convectively
heated plate with Bi = 105. The reason is that as Biot number reaches 105, the wall
temperature is almost constant.
The variation of surface skin friction in x, y directions and the surface heat transfer
with the velocity gradients in free stream are shown in Figures 1-3. For –1 # c # 0, the
saddle point region the linear decrease of the skin friction and Nusselt number upto c =
0.5 is observed and for the remaining values of c in saddle point region and in the nodal
point region the rise is observed. We observe that the surface skin friction is minimum
with the reduced amount of Cu proportion and as the amount of Cu inclusion increases,
the skin friction increases signiﬁcantly. A quite similar behavior with variation in c is
observed in the skin friction along y direction, whereas the difference among the
different alloy compositions is found to be minute. The skin friction is found to be
higher for Al50Cu50, whereas the Nusselt number which represents the surface heat
transfer rate is higher for Al95Cu5. The reason behind this is the maximum solid
solubility of copper in aluminium is 5.70 per cent (2.50 At.%), which leads to copper

Physical properties

Fluid phase (water)

Al2O3

CuO

Al

Cu

4,170
997
0.613

729
3880
42.34

540
6510
18

902
2689
237

385
8933
401

Cp (J/Kg K)
Rho (Kg/m3)
K (W/m K)
Source: Jang and Choi (2007)

c
1.0
0.5
0
0.5
1

Present results

f00 (0)
Ibrahim
(2008)

Kumari and
Nath (2002)

1.311857
1.266725
1.235348
1.230095
1.271499

1.31194
1.26687
1.23538
1.23019
1.27154

1.3153
1.2654
1.2268
1.2304
1.2732

Present results

g00 (0)
Ibrahim
(2008)

Kumari and
Nath (2002)

1.311857
0.997901
0.570326
0.111459
0.794162

1.31194
0.99813
0.57049
0.11150
0.79449

1.3153
1.0142
0.5848
0.1113
0.8110
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Table I.
Thermophysical
properties of ﬂuid
and nanoparticles at
300K

Table II.
Comparison of
numerical results for
the values of f00 (0)
and g00 (0) for a pure
ﬂuid (water) for the
steady state ﬂow
l =0
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Figure 1.
Variation of surface
skin friction in x
direction with c (1 #
c # 1) for different
Al-Cu compositions
when l = 1, M = b 1=
b 2 = g1 = g2 = 0
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Figure 2.
Variation of surface
skin friction in y
direction with c (1 #
c # 1) for different
Al-Cu compositions
when l = 1, M = b 1=
b 2 = g1 = g2 = 0
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solubility in aluminium decrease with increase in copper proportion. This in turn,
reduces the thermal conductivity of the alloy formed. Hence, this results in a decrease in
the Nusselt number for the proportional increase in copper. Further, the light metal
alloys (containing copper composition less than 15 per cent) are the most preferred in
industries that improves the tensile strength and hardness, reduces shrinkage and
improves machining qualities.
Figure 4 shows the variation of Nusselt number with the unsteadiness parameter l
for different compositions discussed for the above ﬁgures. As l decreases, ﬂow
behaves like an adverse pressure gradient that leads to velocity increase in z-direction.
This makes the surface heat transfer enhancement with decrease in l . The
development of velocity proﬁles in x, y directions and temperature proﬁles are drawn in
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Figure 3.
Variation of Nusselt
number with c (1 #
c # 1) for different AlCu compositions
when l = 1, M =
b 1 = b 2= g 1 = g 2 =
0, Bi = 105
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Figures 5-7, respectively, for c = 0.5 and Pr = 5.8. This ﬁgure shows that the boundary
layer thickness increases with the increase in the proportion of Cu in Al. Tables III and
IV represents the variation of skin friction and Nusselt number values for different
nanoparticle volume fraction f . We observe that the skin friction along both x, y axis
increases and Nusselt number increase with increase in f for all the chosen. The
highest Nusselt number is obtained for Al95Cu5–water nanoﬂuid with f = 0.05.

Figure 4.
Variation of Nusselt
number with l for
different Al-Cu
compositions when
c = 0.5, M = b 1=
b 2 = g 1 = g 2 = 0,
Bi = 105
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Figure 5.
Variation of velocity
proﬁle in the x
direction for different
Al-Cu compositions
when l = 1, c = 0.5,
M = b 1= b 2= g 1 =
g2 = 0
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Figure 6.
Variation of velocity
proﬁle in the y
direction for different
Al-Cu compositions
when l = 1, c = 0.5,
M = b 1= b 2= g 1 =
g2 = 0
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3.2 Eﬀect of magnetic parameter and slip parameters
On the vision of the higher Nusselt number and the solubility of Cu in Al, the Al95Cu5–water
is chosen for further analysis. Figures 8-10 displays the effect of ﬁrst-order slip parameter
b 1, b 2 on the velocity proﬁle f 0 ð h Þ; g0 ð h Þ and temperature proﬁle u ( h ), respectively, for
ﬁxed values of c = 0.5, l = 1, M = 1, g 1 = g 2 = –0.1, Pr = 5.8 and Bi = 105. Here, we assume
the slip is assumed to vary in a simultaneous way along the x and y axis. We observe that
the velocity near the boundary increases with the increase in the slip parameters b 1, b 2,
which does not entrain to zero velocity near the stagnation region. Physically, this is a
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Figure 7.
Variation of
temperature proﬁle
for different Al-Cu
compositions when
l = 1, c = 0.5, M, =
b 1 = b 2 = g1 = g2 =
0, Bi = 105
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0.0

0.01

0.03

0.05

(a)
50:50
70:30
90:10
95:5

1.5242
1.5242
1.5242
1.5242

1.5676
1.5620
1.5581
1.5573

1.6564
1.6397
1.6279
1.6255

1.7483
1.7204
1.7006
1.6965

(b)
50:50
70:30
90:10
95:5

0.6496
0.6496
0.6496
0.6496

0.6680
0.6657
0.6640
0.6637

0.7059
0.6988
0.6937
0.6927

0.7451
0.7332
0.7247
0.7230

Composition
50:50
70:30
90:10
95:5

0.0

0.01

0.03

0.05

0.7101
0.7101
0.7101
0.7101

0.8599
0.8781
0.9180
0.9474

1.1405
1.1885
1.2934
1.3698

1.4029
1.4749
1.6331
1.7480

Table III.
Variation of surface
skin friction along x,
y direction with
nanoparticle volume
fraction a for
different Al-Cu
compositions when
l = 1, M = b 1=
b 2 = g1 = g2 = 0

Table IV.
Variation of Nusselt
number with
nanoparticle volume
fraction a for
different Al-Cu
compositions when
l = 1, M = b 1= b 2=
g 1 = g 2 = 0, Bi = 105
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Figure 8.
Effect of ﬁrst-order
slip parameter b 1, b 2
on velocity proﬁle in
the x direction when
l = 1, c = 0.5, M = 1,
g 1 = g 2 = 0.1 for
Al95Cu5–water
working ﬂuid
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Figure 9.
Effect of ﬁrst-order
slip parameter b 1, b 2
on velocity proﬁle in
the x direction when
l = 1, c = 0.5,
M = 1, g 1 = g 2 =
0.1 for Al95Cu5–
water working ﬂuid
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consequence of the fact that if slip occurs, the ﬂow velocity near the boundary will not
coincide with the velocity of the ﬂow. As the slip velocity increases, the slip between the
region and the ﬂow velocity is altered, thereby increasing the velocity distribution. The
temperature proﬁle reveals that the thermal boundary layer rapidly decreases with increase
in slip parameters b 1, b 2. Figures 11-13 shows the inﬂuence of second-order slip
parameters g 1, g 2 on the velocity and temperature distribution. Different from the previous
Figures 8-10, an opposite trend is observed for the case of g 1, g 2. Here, the velocity increases
and temperature decreases with decrease in the second-order slip parameter g 1, g 2.
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Figure 10.
Effect of ﬁrst-order
slip parameter b 1,
b 2 on temperature
proﬁle when l = 1,
c = 0.5, M = 1, g 1 =
g 2 = 0.1, Bi = 1 for
Al95Cu5–water
working ﬂuid
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The impact of Biot number on the temperature proﬁle can be observed in Figure 14. We see
that u ( h ) increases rapidly with Biot number near the boundary. From this ﬁgure, it is
observed that as Bi increases from 1 to 10, the temperature boundary layer increases
signiﬁcantly, and a further increase in Bi upto 103 has a minor effect, and as Bi approaches
from 103 to 105, it has no signiﬁcant change, i.e. as Bi ! 1, there will be inﬁnitesimal
variation that will be pointless. A consequent increase in heat transmission rate will be seen,
which has been omitted for the sake of brevity. Temperature proﬁles appearing for the case

Figure 11.
Effect of second-order
slip parameter g 1, g 2
on velocity proﬁle in
the x direction when
l = 1, c = 0.5, M = 1,
b 1 = b 2 = 0.1 for
Al95Cu5–water
working ﬂuid
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Figure 12.
Effect of second-order
slip parameter g 1, g 2
on velocity proﬁle in
the x direction when
l = 1, c = 0.5, M = 1,
b 1 = b 2 = 0.1 for
Al95Cu5–water
working ﬂuid
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Figure 13.
Effect of second-order
slip parameter g 1, g 2
on temperature
proﬁle when l = 1,
c = 0.5, M = 1, b 1 =
b 2 = 0.1, bi = 1 for
Al95Cu5–water
working ﬂuid
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of Bi = 103, 105 shows that the initial slope of the curve and the extent of thermal boundary
layer is not signiﬁcantly affected beyond 103.
To get a clear insight on the effect of magnetic ﬁeld on the slip ﬂow, the graphical
illustrations are made for the velocity distributions and the temperature distributions
in Figures 15-17. Our results reveal that in no slip ﬂow regime, the ﬂuid velocity
increases with increase in the magnetic ﬁeld. In the presence of momentum slip when
b 1, b 2 = 0.1, g 1, g 2 = –0.1, there is an initial decrease in the velocity distribution with
magnetic parameter which lasts only to a small range and an overturn is observed
resulting in the velocity increase with magnetic parameter. Moreover, the velocity shift
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occurs near the boundary. When the slip parameter assumes the values b 1 = b 2 = 0.5,
g 1 = g 2 = –0.5, the similar behavior of the above situation retains with the exception
that the overturn occurs relatively farther from the boundary. This ﬁgure indicates that
the slip velocity dominates the magnetic effect near the boundary. The velocity
distribution along the y-axis, g0 ð h Þ with varying magnetic ﬁeld and slip parameter
possesses the same velocity behavior as attained in the x direction, whereas the velocity
is relatively lower compared to the f 0 ð h Þ. The inﬂuence of the combined effect of
magnetic parameter and slip parameters on the temperature proﬁle u ( h ) is depicted in
Figure 17. In the absence of slip, the thermal boundary layer decreases with the
presence of magnetic effect, and the variation is quite delicate compared to the no slip
case discussed above. Now, for b 1, b 2 = 0.5, g 1, g 2 = –0.5, the temperature distribution

Bi = 1, 2, 5, 10, 103, 105
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Figure 14.
Effect of second Biot
number on
temperature proﬁle
when l = 1, c = 0.5,
M = 1, b 1 = b 2 = 0.1,
g 1 = g 2 = 0.1 for
Al95Cu5–water
working ﬂuid

Figure 15.
Inﬂuence of magnetic
parameter M and slip
parameters b 1, b 2,
g 1, g 2 on velocity
proﬁle in the x
direction when l = 1,
c = 0.5 for Al95Cu5–
water working ﬂuid
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Figure 16.
Inﬂuence of magnetic
parameter M and slip
parameters b 1, b 2,
g 1, g 2 on velocity
proﬁle in the y
direction when l = 1,
c = 0.5 for Al95Cu5–
water working ﬂuid.
for Al95Cu5–water
working ﬂuid

Figure 17.
Inﬂuence of magnetic
parameter M and slip
parameters b 1, b 2,
g 1, g 2 on
temperature
distribution when
l = 1, c = 0.5, Bi = 1
for Al95Cu5–water
working ﬂuid

violates from the above behavior, where there is an increase in thermal boundary layer
with magnetic effect. The effect of M in a slip regime shows a surprising result, that is,
the velocity overturn obtained by varying magnetic ﬁeld is not observed in slip ﬂow
regime. Closer inspection reveals that as the slip factor values increases, the shift in the
overturn starts near the boundary in low slip regime and moves farther from the
boundary as magnitude of slip values rises. This is due to the fact that the presence of
magnetic ﬁeld produces a Lorentz force that retards the ﬂuid ﬂow, whereas the increase
in slip leads to an expansion of boundary layer thickness. Hence, the slip effect is

MHD
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point ﬂow
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Figure 18.
Inﬂuence of magnetic
parameter M and Biot
number Bi on
temperature
distribution when
l = 1, c = 0.5, b 1 =
b 2 = 0.1, g 1 = g 2 =
0.1 for Al95Cu5–
water working ﬂuid
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g 1, g 2

CfxRex1/2

(x/y)CfyRex1/2

NuxRex-1/2

0.0
0.1
0.5
0.0
0.1
0.5
0.0
0.1
0.5

2.1533
2.0156
1.6021
1.8723
1.7626
1.4301
1.1720
1.1269
0.9782

0.9789
0.9528
0.8720
0.8623
0.8444
0.7879
0.5577
0.5538
0.5399

1.2101
1.2490
1.3453
1.2997
1.3238
1.3885
1.4596
1.4656
1.4848

0.0
0.1
0.5

a

M

CfxRex1/2

(x/y)CfyRex1/2

NuxRex-1/2

0.0

0
1
0
1

1.1713
1.5521
1.3147
1.7626

0.5308
0.7435
0.5945
0.8444

0.5168
0.5229
1.2988
1.3238

0.05

Table V.
Variation of surface
skin friction along x,
y direction and
Nusselt number with
slip parameters b 1,
b 2, g 1, g 2 when l =
1, c = 0.5, M = 1, Bi =
1 for Al95Cu5–water
working ﬂuid

Table VI.
Variation of surface
skin friction along x,
y direction and
Nusselt number with
magnetic ﬁeld M
when l = 1, c = 0.5,
b 1 = b 2 = 0.1 g 1 =
g 2 = 0.1, Bi = 1 for
base ﬂuid (water) and
Al95Cu5–water
working ﬂuid
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disturbed by the Lorentz forces, which makes the ﬂow proﬁles to get shifted as h
increases.
Figure 18 represents the variation of temperature proﬁle u ( h ) for several values of Bi
and M. From the ﬁgure, we identify that for all the values of Bi, the thermal boundary layer
is decreased with magnetic ﬁeld and the difference seems to be consistent.
Table V is prepared to illustrate the effect of the slip parameters b 1, b 2, g 1, g 2 on the
surface skin friction parameters along x, y axes and the Nusselt number. The slip condition
leads to decreased overall drag, which causes the skin friction along both x, y axis to reduce
with increase in b 1, b 2 and decrease in g 1, g 2. As a result of increased velocity with slip,
stronger convection is formed that leads to increased Nusselt number values. Table VI
shows the effect of nanoparticle volume fraction and magnetic ﬁeld on the ﬂow control
parameters. It reveals that skin friction values along both x, y axis, and Nusselt number
values increase in f and M.
4. Conclusion
The unsteady, incompressible, viscous nanoﬂuid ﬂow near a stagnation point with effective
second-order slip and convective heating effects in an electrically conducting medium is
considered. The nanoﬂuid is composed of aluminium rich copper nanoparticles
homogeneously suspended in base ﬂuid water. The governing partial differential equations
are reduced to ordinary differential equations using similarity transformation and solved by
shooting technique. The study is performed for different Al-Cu compositions, and varying
pertinent parameters such as unsteadiness parameter, ratio of velocity gradients, magnetic
parameter, slip parameters and Biot number. Some of the important ﬁndings of the
investigation are listed as follows:
 The highest skin friction is obtained for Al 50Cu50–water and the highest Nusselt
number is obtained for Al95Cu5–water. This is due to the solubility of copper and
the changes in thermophysical properties with mass proportion variation.
 The Nusselt number increases as unsteadiness parameter l decreases, and ratio of
velocity gradient c increases in the nodal point region.
 The velocity distribution is only minimally affected for different proportions and it
seems to be high for Al50Cu50 nanoparticles, whereas the temperature distribution is
high for Al95Cu5–water.
 The combined variation of slip parameters and magnetic ﬁeld shows that the slip
regime dominates the magnetic effect nearer the boundary and the magnetic effect
resumes its dominance farther from the boundary.
 In no slip regime, the thermal boundary layer is reduced with magnetic ﬁeld effect
and in slip regime with magnetic ﬁeld, both reducing and increasing values are
observed depending on the magnitude of slip factors.
 The increase in convective heating raises the temperature distribution.
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