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This article presents the magnetohydrodynamic boundary layer flow, heat and
mass transfer characteristics of a nanofluid over an inclined porous vertical plate with
thermal radiation and chemical reaction. The new enhanced concentration boundary
condition on the surface of the wall is considered in this analysis. The governing
nonlinear partial differential equations are transformed into a system of nonlinear
ordinary differential equations using the similarity variables and are solved numer-
ically using the finite element method. The effect of key parameters such as mag-
netic parameter (M), buoyancy ratio (Nr), Prandtl number (Pr), thermal radiation
(R), Brownian motion (Nb), thermophoresis (Nt), Lewis number (Le), and chemical
reaction parameter (Cr) on velocity, temperature, and concentration distributions is
discussed in detail and the results are shown graphically. Furthermore, the impact of
these parameters on skin-friction coefficient, Nusselt number, and Sherwood number
is also investigated and the results are shown in tabular form. The developed algo-
rithm is validated with works published previously andwas found to be in good agree-
ment. The thermal boundary layer thickness is elevated, whereas the solutal boundary
layer thickness retards with the improving values of the Brownian motion parame-
ter (Nb). The rates of nondimensional temperature and concentration both decelerate
with higher values of the thermophoresis parameter (Nt). C ⃝ 2016 Wiley Periodicals,
Inc. Heat Trans Asian Res, 46(7): 815–839, 2017; Published online in Wiley Online
Library (wileyonlinelibrary.com/journal/htj). DOI 10.1002/htj.21245
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1. Introduction

In recent years, in the field of science and technology, nanotechnology has become more
popular because of its specific application to the arenas of electronics, fuel cells, space, fuels, better
air quality, batteries, solar cells, medicine, cleaner water, chemical sensors, and sporting goods. In
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the understanding of all these features, there is a vital field acknowledged as the nanofluid, which is
fundamentally a homogenous mixture of the base fluid and nanoparticles. Nanoparticles are particles
of 1 nm to 100 nm in size. The convectional heat transfer fluids like water, oil, kerosene, and ethy-
lene glycol have poor heat transfer capabilities due to their low thermal conductivity. To improve the
thermal conductivity of these fluids, nano/microsized materials are suspended in the liquids. In con-
trast, metals have thermal conductivities up to three times higher than these fluids, so it is naturally
desirable to combine the two substances to produce a heat transfer medium that behaves like a fluid,
but has the thermal properties of a metal. Due to the nanofluid thermal conductivity enhancement,
performance, applications and benefits in several important arenas, the nanofluid has contributed sig-
nificantly in the field of microfluidics, manufacturing, microelectronics, advanced nuclear systems,
polymer technology, transportation, medical, and energy conservation. Choi [1] was the first who
introduced a new type of fluid called a nanofluid while doing research on new coolants and cooling
technologies. Eastman and colleagues [2] noticed in an experiment that the thermal conductivity of
the base fluid (water) was increased up to 60% when CuO nanoparticles of volume fraction 5% were
added to the base fluid. This is because of the increasing surface area of the base fluid due to the sus-
pension of nanoparticles. Eastman and colleagues [3] have also shown that the thermal conductivity
increased 40% when copper nanoparticles of less than 1% volume fraction are added to the ethylene
glycol or oil. Choi and colleagues [4] reported that there is a 150% enhancement in thermal conduc-
tivity when carbon nanotubes are added to ethylene glycol or oil. Buongiorno [5] has reported seven
possible mechanisms associating the convection of nanofluids through the moment of nanoparticles
in the base fluid using scale analysis. These mechanisms are nanoparticle size, inertia, particle ag-
glomeration, Magnus effect, nanoparticle volume fraction, Brownian motion, and thermophoresis.
Among all the mechanisms Brownian motion and thermophoresis are found to be very important.
The thermophoresis acts against the temperature gradient so the particles move from the region of
higher temperature to the region of lower temperature. Also, Brownian motion tends to move the
particles from higher concentration areas to lower concentration areas. Nield and Kuznetsov [6]
have discussed the Cheng-Mincowycz problem for a natural convection boundary layer flow in a
nanofluid saturated porous medium . Kuznetsov and Nield [7] studied the influence of Brownian mo-
tion and thermophoresis on the natural convection boundary layer flow of a nanofluid past a vertical
plate.

Natural convection flow, heat and mass transfer over curved bodies through nanofluid
saturated porous medium is an important area in recent years because of its wide-range applications.
(e.g., chemical engineering, thermal energy storage devices, heat exchangers, ground water systems,
electronic cooling, boilers, heat loss from piping, nuclear process systems, and so on). Keeping
the above applications in mind, several authors, Noghrehabadi and Behseresht [8] have analyzed
how flow and heat transfer are affected by variable properties of a nanofluid over a vertical cone
saturated in a porous medium. Chamkha and colleagues [9] have discussed the mixed convection
flow over a vertical cone through porous medium saturated by a nanofluid with thermal radiation.
In addition, Gorla and colleagues [10] have studied the nanofluid natural convection boundary layer
flow through porous medium over a vertical cone. Chamkha and colleagues [11] have investigated
Non-Newtonian nanofluid natural convection flow over a cone through a porous medium with uni-
form heat and volume fraction fluxes. Cheng [12] has presented double diffusive natural convection
heat and mass transfer of a porous media saturated nanofluid over a vertical cone. Behseresht and
colleagues [13] have discussed heat and mass transfer characteristics of a nanofluid over a vertical
cone using a practical range of thermophysical properties of nanofluids. Recently, Ghalambaz
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and colleagues [14] have analyzed the influence of the nanoparticle diameter and concentration
on natural convection heat and mass transfer of an Al2O3-water-based nanofluids over a vertical
cone. Noghrehabadi and colleagues [15–17] have analyzed the natural convection of nanofluids
over a stretching sheet by taking partial slip boundary conditions and a prescribed constant wall
temperature, on a vertical plate by taking heat generation/absorption and partial slip, respectively.
Teamah and colleagues [18] have presented augmentation of MHD natural convection heat transfer
in a square cavity by utilizing nanofluids taking heat source into account. Teamah [19] and Mo-
hamed and colleagues [20] have analyzed boundary layer natural convective double-diffusive flow
over a rectangular enclosure by considering magnetic field and heat source. Sudarsana Reddy and
colleagues [21] have presented the natural convection boundary layer heat and mass transfer charac-
teristics of Al2O3-water and Ag-water nanofluids over a vertical cone. Sheremet and colleagues [22]
presented Buongiorno’s mathematical model of a nanofluid over a square cavity through porous
medium. Sheremet and colleagues [23] have deliberated three-dimensional natural convection in
Buongiorno’s mathematical model of a nanofluid over a porous enclosure. Ellahi and colleagues [24]
have reported Non-Newtonian flow and heat transfer between two coaxial cylinders through a
nanofluid saturated porous medium with variable viscosity. Sheikholeslami and colleagues [25]
have analyzed the natural convection heat transfer in an elliptic inner cylinder filled with a
nanofluid.

In all the above mentioned studies, it was assumed that the concentration of nanoparticles is
actively controlled on the surface, so, the concentration boundary condition on the surface is taken
as a constant volume fraction 𝜙w . But, how the volume fraction of nanoparticles on the surface of
the wall is actively controlled is not exactly mentioned by the previous authors. Kuznetstov and
Neild [26] have presented the natural convection boundary layer flow of a nanofluid past a vertical
plate under an enhanced boundary condition for a volume fraction of nanoparticles at the surface of
the wall. In this study, they have taken the surface of the wall is impermeable, so, the nanoparticles
cannot cross the surface of the wall, and hence the mass flux of the nanoparticles at the surface is
zero. Furthermore, the nanoparticles volume fraction on the boundary is passively controlled rather
than actively controlled and this model is physically more realistic than the works published pre-
viously. Sudarsana Reddy and colleagues [27] have discussed the influence of the size, shape, and
type of nanoparticles and the type and temperature of a base fluid over a stretching sheet under en-
hanced boundary conditions. Zargartalebi and colleagues [28] deliberated the boundary layer flow of
a nanofluid over a horizontal porous plate by taking variable thermophycal properties. In this study,
they considered a new concentration boundary condition to calculate the volume fraction of on the
surface. Junaid Ahmad Khan and colleagues [29] presented a three-dimensional boundary layer flow
of a nanofluid over a nonlinearly stretching sheet by taking the enhanced boundary conditions. Hayat
and colleagues [30] have perceived the impact of a magnetic field in the three-dimensional flow of an
Oldroyd-B nanofluid under new boundary conditions. Mabood and colleagues [31] have presented
the unsteady flow, heat and mass transfer characteristics of a nanofluid over a heated surface with a
magnetic field, and suction/injection using HAM.

The main aim of this article is to address the impact of thermal radiation and chemical
reaction on MHD boundary layer flow over a nanofluid saturated inclined porous plate under en-
hanced boundary conditions. The model incorporated in this problem consists of Brownian motion
and thermophoresis. To our knowledge, the problem is new and no such articles reported yet in the
literature.
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Nomenclature

g: gravitational acceleration vector (m s–2)
Rax: convention parameter
Km: thermal conductivity (W m−1 K−1)
Nux: Nusselt number
C: nanoparticle volume fraction
Cw: nanoparticle volume fraction on the cone
C�: ambient nanoparticle volume fraction
(x, y): Cartesian coordinates
Tw: temperature at the cone surface
T�: ambient temperature attained
T: fluid temperature (K)
Kr : chemical reaction parameter
qw: wall heat flux
Jw: wall mass flux
DB: Brownian diffusion coefficient (m2 s–1)
DT: thermophoretic diffusion coefficient (m2 s–1)
f(𝜂): dimensionless stream function
a: constant
Nt: thermophoresis parameter
Le: Lewis number
P: pressure (Pa)
Nb: Brownian motion parameter
K ∗: mean absorption coefficient
qr : radiative heat flux
M: magnetic parameter
𝜎∗: Stephan–Boltzman constant
Cr: scaled chemical reaction parameter
Shx: Sherwood number
B0: magnetic field strength
M: magnetic parameter
Nr: buoyancy ratio parameter
Pr: Prandtl number
(u,v): velocity components in x- and y-axis (m s–1)
R: radiation parameter
Cf: skin-friction coefficient
𝜏w: skin-friction coefficient
cp: specific heat (J/kg K)

Greek Symbols

𝛼: thermal diffusivity of base fluid (m2 s–1)
𝜈: kinematic viscosity of the base fluid (m2s−1)
𝜌f: fluid density (kg m−3)
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𝜌p: nanoparticle mass density
𝜓 : stream function
(𝜌cp)f: heat capacitance of the base fluid (J m–3 K)

𝜏: parameter defined by 𝜀
(𝜌c)p
(𝜌c) f

(𝜌cp)p: heat capacitance of the nanofluid
𝜙 (𝜂): dimensionless nanoparticle volume fraction
𝜂: similarity variable
𝜃 (𝜂): dimensionless temperature
(𝜌)p: density of the nanofluid
𝛽: thermal expansion coefficient (1 K–1)
𝜎: electrical conductivity

Subscripts

w: condition at cone surface
�: condition far away from cone surface
𝜂: similarity variable
f: base fluid

2. Mathematical Analysis

We consider a two-dimensional, steady, electrically conducting, natural convection boundary
layer flow, heat and mass transfer over an inclined plate embedded in a nanofluid saturated porous
medium, with an acute angle 𝛼 to the vertical, as illustrated in Fig. 1. Themodel used for the nanofluid
incorporates the effects of Brownian motion and thermophoresis. The nanoparticles tend to pro-
pel from hot surface to cold surface because of thermophoresis. In contrast, the Brownian motion
drives nanoparticles to move from higher concentration surface to lower concentration surface. Ac-
cordingly, the hot surface makes nanoparticles move away from the surface of the cone. Since the
Brownian motion force makes the concentration of nanoparticles uniform, there exists a concen-
tration boundary layer of nanoparticles over the surface of the cone. Similarly, the thermophoresis
force makes the temperature of nanoparticles uniform, so there exists a thermal boundary layer of
nanoparticles at the cone surface. The surface of the plate is maintained at uniform temperature
Tw, and these values are assumed to be greater than the ambient temperature and concentration, T∞
and 𝜙∞, respectively. A constant magnetic field of strength B0 is applied in the direction of the y-
axis. Imposing a magnetic field into the electrically conducting fluid produces a resistive force in
the negative x-direction and is called Lorentz force. Based on the reference works of Kuznetsov and
Neild [6] and by employing the Oberbeck–Boussinesq approximation the governing equations em-
body the conservation of total mass, momentum, thermal energy, and conservation of nanoparticles
for nanofluids in the presence of thermal radiation and other important parameters take the following
form:

𝜕u
𝜕x

+ 𝜕v
𝜕y

= 0. (1)
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Fig. 1. Flow configuration and coordinate system.

𝜌n f

(
u
𝜕u
𝜕x

+ v
𝜕u
𝜕y

)
= 𝜇

𝜕2u
𝜕y2

− 𝜇

k
u

+g
[(
1 − 𝜙∞

)
𝜌 f∞𝛽

(
T − T∞

)
−
(
𝜌p − 𝜌 f∞

) (
𝜙 − 𝜙∞

)]
Cos𝛾 − 𝜎B02u.

(2)

u
𝜕T
𝜕x

+ v
𝜕T
𝜕y

= 𝛼
𝜕2T
𝜕y2

+ 𝜏

[
DB

𝜕𝜙

𝜕y
.
𝜕T
𝜕y

+
(
DT

T∞

)(
𝜕T
𝜕y

)2
]
− 1

(𝜌cp)n f

𝜕qr
𝜕y

. (3)

u
𝜕𝜙

𝜕x
+ v

𝜕𝜙

𝜕y
= DB

𝜕2𝜙

𝜕y2
+
(
DT

T∞

)
𝜕2T
𝜕y2

− Kr
(
𝜙 − 𝜙∞

)
. (4)

The associated boundary conditions are

u = 0, v = 0, T = Tw , DB
𝜕𝜙

𝜕y
+
(
DT

T∞

)
𝜕T
𝜕y

= 0 at y = 0. (5)

u → 0, T → T∞, 𝜙→ 𝜙∞ at y → ∞ . (6)

The radiative heat flux qr (using Rosseland approximation) is defined as

qr = − 4𝜎∗
3K ∗

𝜕T 4

𝜕y
, . (7)

We assume that the temperature variances inside the flow are such that the term T 4 can be
represented as a linear function of temperature, so, it has a Taylor series expansion. After neglecting
higher order terms from the Taylor series expansion of T 4 about T∞, we get

T 4 ≅ 4T∞3T − 3T∞4. (8)
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Thus, substituting Eq. (8) in Eq. (7), we get

qr = −
16T∞3𝜎∗

3K ∗
𝜕T
𝜕y
. (9)

We now introduce the following similarity variables to transform the governing equations
into a system of ordinary differential equations:

𝜂 =
y

x
Ra

1∕4
x , f (𝜂) = 𝜓

𝛼 Ra
1∕4
x

, 𝜃 (𝜂) =
T − T∞
Tw − T∞

, ∅ (𝜂) =
𝜙 − 𝜙∞
𝜙w − 𝜙∞

, (10)

where Rax =
g𝛽𝜌 f∞(Tw − T∞)(1 − 𝜙∞)x3

𝜇 𝛼
, is the Rayleigh number.

Substituting Eqs. (9) and (10) into Eqs. (1) to (4), we obtain the following nonlinear ordinary
differential equations:

f
′′′ + 1

Pr

(3
4
f f ′′ − 1

2
(
f ′
)2) +

(
𝜃 − Nr ∅

)
Cos 𝛾 − (M + K ) f ′ = 0. (11)

(1 + R) 𝜃′′ + 3
4
f 𝜃′ + Nb 𝜃′∅′ + Nt

(
𝜃′
)2 = 0. (12)

∅′′ + 3
4
Le f ∅′ − Cr .∅ + Nt

Nb
𝜃′′ = 0. (13)

The transformed boundary conditions are

𝜂 = 0, f = 0 , f ′ = 1, 𝜃 = 1 , Nb∅′ + Nt𝜃′ = 0,
𝜂 → ∞, f ′ = 0 , 𝜃 = 0 , ∅ = 0, (14)

where prime denotes differentiation with respect to 𝜂, and the significant thermophysical parameters
dictating the flow dynamics are defined by

Nr =
(
𝜌p − 𝜌 f∞

)
(𝜙w − 𝜙∞)

𝜌 f∞𝛽(Tw − T∞)
(
1 − 𝜙∞

) , Nb =
𝜏DB(𝜙w − 𝜙∞)

𝛼
, Nt =

𝜏DT (Tw − T∞)
𝛼 T∞

,

K = x2

k Ra
1∕2
x

,

Le = 𝛼

DB
, Cr =

Kr x
2

Ra
1∕2
x

, Pr = 𝜇

𝜌 𝛼
, R =

16T∞3𝜎∗

3K ∗𝛼 𝜌cp
, M =

𝜎𝛽2o

𝜇 Ra
1∕2
x

.

(15)

Quantities of practical interest in this problem are the skin-friction coefficient, local Nusselt
number Nux , and the local Sherwood number Shx , which are defined as

C f =
2 𝜏w
𝜌
, Nux =

xqw
k
(
Tw − T∞

) , Shx =
x Jw

DB
(
𝜙w − 𝜙∞

) . (16)
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The set of ordinary differential Eqs. (11) to (13) are highly nonlinear, and therefore cannot
be solved analytically. The finite element method (FEM; [32–35]) has been implemented to solve
these nonlinear equations. A very important aspect in this numerical procedure is to select an ap-
proximate finite value of 𝜂∞. So, in order to estimate the relevant value of 𝜂∞, the solution process
has been started with an initial value of 𝜂∞ = 5, and then the Eqs. (11) to (13) are solved together
with boundary conditions (14). We have updated the value of 𝜂∞ and the solution process is con-
tinued until the results are not affected with further values of 𝜂∞. The choice of 𝜂max = 7 for the
velocity, 𝜂max = 10 for the temperature, and 𝜂max = 7 for the concentration have confirmed that all
the numerical solutions approach the asymptotic values at free stream conditions.

3. Method of Solution

The FEM is a powerful method for solving ordinary differential equations and partial differ-
ential equations. The basic idea of this method is dividing the whole domain into smaller elements
of finite dimensions called finite elements. This method is a good numerical method in modern en-
gineering analysis, and it can be applied for solving integral equations including heat transfer, fluid
mechanics, chemical processing, electrical systems, and many other fields. The steps involved in the
finite element method are as follows:

i. Finite element discretization

In the finite element discretization, the entire interval is divided into a finite number of subin-
tervals and this subinterval is called an element. The set of all these elements is called the finite
element mesh.

ii. Generation of the element equations
(a) Variational formulation of the mathematical model over the typical element (an element

from the mesh) is performed.
(b) An approximate solution of the variational problem is assumed and the element equations

are made by substituting this solution in the above system.
(c) Using interpolating polynomials, the stiffness matrix is constructed.

iii. Assembly of element equations

By imposing interelement continuity conditions, all the algebraic equations are assembled.
This results in a large number of algebraic equations called the global finite element model and it
represents the whole domain.

iv. Imposition of boundary conditions

The boundary conditions which represent the flowmodel are imposed on the assembled equa-
tions.

v. Solution of assembled equations
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The assembled equations so obtained can be solved by many numerical techniques, namely,
the Gauss elimination method, LU decomposition method, and so on. An important consideration is
that of the shape functions which are employed to approximate actual functions.

For the solution of system of nonlinear ordinary differential Eqs. (11) to (13) together with
boundary conditions (14), first we assume that

df
d𝜂

= h (17)

the Eqs. (11) to (13) then reduce to

h
′′ + 1

Pr

(3
4
f h′ − 1

2
(h)2

)
+
(
𝜃 − Nr ∅

)
Cos 𝛾 − (M + K ) h = 0. (18)

(1 + R) 𝜃′′ + 3
4
f 𝜃′ + Nb 𝜃′∅′ + Nt

(
𝜃′
)2 = 0. (19)

∅′′ + 3
4
Le f ∅′ − Cr ∅ + Nt

Nb
𝜃′′ = 0. (20)

The boundary conditions take the form

𝜂 = 0, f = 0, h = 1, 𝜃 = 1, Nb∅′ + Nt𝜃′ = 0.
𝜂 → ∞, h = 0, 𝜃 = 0, ∅ = 0. (21)

3.2. Variational formulation

The variational form associated with Eqs. (17) to (19) over a typical linear element (𝜂e, 𝜂e+1)
is given by

𝜂e+1
∫
𝜂e

w1

(
df
d𝜂

− h
)
d𝜂 = 0 (22)

𝜂e+1
∫
𝜂e

w2

(
h
′′ + 1

Pr

(3
4
f h′ − 1

2
(h)2

)
+
(
𝜃 − Nr ∅

)
Cos 𝛾 − (M + K ) h = 0

)
d𝜂 = 0 (23)

𝜂e+1
∫
𝜂e

w3

(
(1 + R) 𝜃′′ + 3

4
f 𝜃′ + Nb 𝜃′∅′ + Nt

(
𝜃′
)2) d𝜂 = 0 (24)

𝜂e+1
∫
𝜂e

w4

(
∅′′ + 3

4
Le f ∅′ − Cr ∅ + Nt

Nb
𝜃′′

)
d𝜂 = 0 (25)

where w1,w2, w3, and w4 are arbitrary test functions and may be viewed as the variations in f, h, 𝜃,
and ∅, respectively.
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3.3. Finite element formulation

The finite element model may be obtained from the above equations by substituting finite
element approximations of the form

f =
3∑
j=1

f j𝜓 j , h =
3∑
j=1

h j𝜓 j , 𝜃 =
3∑
j=1

𝜃 j𝜓 j , ∅ =
3∑
j=1

∅ j𝜓 j . (26)

with w1 = w2 = w3 = w4 = 𝜓i , (i = 1, 2, 3)

where 𝜓i are the shape functions for a typical element (𝜂e, 𝜂e+1) and are defined as

𝜓e
1 =

(
𝜂e+1 + 𝜂e − 2 𝜂

) (
𝜂e+1 − 𝜂

)
(𝜂e+1 − 𝜂)2

, 𝜓e
2 =

4
(
𝜂 − 𝜂e

) (
𝜂e+1 − 𝜂

)
(𝜂e+1 − 𝜂)2

,

𝜓e
3 =

(
𝜂e+1 + 𝜂e − 2 𝜂

) (
𝜂 − 𝜂e

)
(𝜂e+1 − 𝜂)2

, 𝜂e ≤ 𝜂 ≤ 𝜂e+1 (27)

The finite element model of the equations thus formed is given by

⎡⎢⎢⎢⎢⎣

[
K 11] [

K 12] [K 13] [
K 14][

K 21] [
K 22] [K 23] [

K 24][
K 31] [

K 32] [
K 33] [K 34][

K 41] [
K 42] [

K 43] [
K 44]

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
f
h
𝜃

∅

⎤⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎣

{
r1
}{

r2
}{

r3
}{

r4
}
⎤⎥⎥⎥⎥⎦
,

where [Kmn] and [rm] (m, n = 1, 2, 3, 4) are defined as

Ki j
11 =

𝜂e+1
∫
𝜂e

𝜓i

𝜕𝜓 j

𝜕𝜂
d𝜂, Ki j 12 = −

𝜂e+1
∫
𝜂e

𝜓i𝜓 j d𝜂, Ki j 13 = Ki j
14 = 0.

Ki j
21 = 0,

Ki j
22 = −

𝜂e+1
∫
𝜂e

𝜕𝜓i

𝜕𝜂

𝜕𝜓 j

𝜕𝜂
d𝜂 + 3

4 Pr
f1
𝜂e+1
∫
𝜂e

𝜓i𝜓1
𝜕𝜓 j

𝜕𝜂
d𝜂 + 3

4 Pr
f1
𝜂e+1
∫
𝜂e

𝜓i𝜓2
𝜕𝜓 j

𝜕𝜂
d𝜂

− 1
2 Pr

𝜂e+1
∫
𝜂e

𝜓i𝜓 j
2d𝜂 − (M + K )

𝜂e+1
∫
𝜂e

𝜓i𝜓 jd𝜂,

Ki j
23 = Cos (𝛾)

𝜂e+1
∫
𝜂e

𝜓i𝜓 jd𝜂. Ki j 24 = − Nr Cos (𝛾)
𝜂e+1
∫
𝜂e

𝜓i𝜓 jd𝜂

Ki j
31 = 0, Ki j

32 = 0 ,
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Fig. 2. Effect of M on Velocity profiles. [Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com/journal/htj.]

Ki j
34 = Nb 𝜃′1

𝜂e+1
∫
𝜂e

𝜓i𝜓1
𝜕𝜓 j

𝜕𝜂
d𝜂 + Nb 𝜃′2

𝜂e+1
∫
𝜂e

𝜓i𝜓1
𝜕𝜓 j

𝜕𝜂
d𝜂

Ki j
41 = 0, Ki j

42 = 0, Ki j 43 =
Nt
Nb

𝜂e+1
∫
𝜂e

𝜕𝜓i

𝜕𝜂

𝜕𝜓 j

𝜕𝜂
d𝜂.

r2i = −
(
𝜓i
d𝜓i
d𝜂

)𝜂e+1

𝜂e

, r3i = −
(
𝜓i
d𝜓i
d𝜂

)𝜂e+1

𝜂e

, r4i = −
(
𝜓i
d𝜓i
d𝜂

)𝜂e+1

𝜂e

.

Where f̄ =
2∑
j=1

f̄ j𝜓 j , 𝜃′ =
2∑
j=1

�̄� j𝜓 j ,

4. Results and Discussion

Numerical examination of the boundary value problem (11) to (13) together with boundary
conditions (14) has been conducted on the nine influenced parameters, such as, Magnetic parameter
(0.1 to 1.0), buoyancy ratio parameter (0.1 to 1.0), Prandtl number (0.5 to 1.3), Inclination angle
parameter (0 to 𝜋/2), radiation parameter (0.1 to 1.0), Brownian motion parameter (0.1 to 0.5), ther-
mophoresis parameter (0.1 to 0.5), Lewis number (1.0 to 3.0), and chemical reaction parameter (0.1
to 0.5) to deliver physical insight of the flow problem. The results are shown graphically in Figs.
2 to 20. The results obtained in this study are compared with the results of Puneet Rana and col-
leagues [36] and are shown in Table 1. Thus, it is very clear from Table 1 that the results of this
study are in close agreement with the results published previously.

Figures 2 to 4 depict the velocity ( f ′), temperature (𝜃), and concentration (∅) distributions
for different values of the magnetic parameter (M). The velocity profiles diminish throughout the
boundary layer regime with the improving values of the magnetic parameter (Fig. 2). This is due
to the fact that the presence of the magnetic field in the flow creates a force known as the Lorentz
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Table 1. Comparison of present results with previously published work, for Nr = 0.5, 𝛾 = 𝜋

6
,

M = 0, R = 0, and Cr = 0

Parameter −𝜃′ (0) −∅′ (0)

Le Nt Nb Puneet Rana et al. [36] Present results Puneet Rana et al. [36] Present results

5.0 0.1 0.5 0.4425 0.4430 1.5101 1.5104

5.0 0.1 1.0 0.3025 0.3029 1.5433 1.5436

5.0 0.1 1.5 0.0879 0.0875 1.5693 1.5687

5.0 0.3 0.5 0.4064 0.4068 1.5106 1.5112

5.0 0.3 1.0 0.2779 0.2785 1.5601 1.5606

5.0 0.3 1.5 0.0807 0.0801 1.5855 1.5849

5.0 0.5 0.5 0.3742 0.3747 1.5194 1.5198

5.0 0.5 1.0 0.2559 0.2563 1.5803 1.5812

5.0 0.5 1.5 0.0742 0.0735 1.6013 1.6006

15.0 0.1 0.5 0.4298 0.4304 2.6943 2.6947

15.0 0.1 1.0 0.2823 0.2826 2.7192 2.7197

15.0 0.1 1.5 0.0747 0.0741 2.7362 2.7354

15.0 0.3 0.5 0.3933 0.3938 2.7160 2.7172

15.0 0.3 1.0 0.2579 0.2585 2.7444 2.7451

15.0 0.3 1.5 0.0683 0.0674 2.7555 2.7548

15.0 0.5 0.5 0.3609 0.3616 2.7461 2.7466

15.0 0.5 1.0 0.2366 0.2371 2.7741 2.7747

15.0 0.5 1.5 0.0626 0.0620 2.7735 2.7728

force. This acts as a retarding force and consequently, the hydrodynamic boundary layer thickness
decelerates throughout the flow region. We define the thermal energy as the additional force which
drags the nanofluid from the impact of the magnetic field. This additional force raises the thickness
of the thermal boundary layer, so that the temperature profiles enhance in the flow regime with the
rise inM (Fig. 3). From Fig. 4, we notice that as the value ofM increases, the solutal boundary layer
thickness is increased.

Figures 5 and 6 illustrate the effect of the buoyancy ratio parameter (Nr) on velocity and tem-
perature distributions through the boundary layer regime. It is observed from Fig. 5 that the velocity
profiles decelerate as the values of (Nr) increase. The temperature profiles of the fluid increases with
increasing values of the buoyancy ratio parameter. This is because the higher saturated values buoy-
ancy ratio parameter enhances the fluids temperature, so the thermal boundary layer thickness is
increased (Fig. 6).
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Fig. 3. Effect of M on Temperature profiles. [Color figure can be viewed in the online issue, which
is available at wileyonlinelibrary.com/journal/htj.]

Fig. 4. Effect of M on Concentration profiles. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com/journal/htj.]

The variation in velocity, temperature, and concentration profiles for different values of the
plate inclination angle (𝛼) are depicted in Figs. 7 to 9. The hydrodynamic boundary layer thickness
deteriorates with improving values of plate inclination angle (𝛾). This is because as the values of (𝛾)
rises the velocity of the fluid impedes in the fluid region (Fig. 7). It is perceived that an increase in
plate inclination angle (𝛾) resists the motion of the fluid, which causes an enhancement in the thick-
ness of the thermal boundary layer (Fig. 8). The solutal boundary layer thickness is improved in the
fluid region with an increase in the values of 𝛾 (Fig. 9). This elevation in temperature and concentra-
tion profiles is because of the reduction in buoyancy ratio term g [𝛽(T − T∞) − 𝛽(𝜙 − 𝜙∞)] cos(𝛾)
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Fig. 5. Effect of Nr on Velocity profiles. [Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com/journal/htj.]

Fig. 6. Effect of Nr on Temperature profiles. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com/journal/htj.]

in the momentum equation with increasing values of 𝛾 . It is also noticed that the maximum buoyancy
force occurs for 𝛾 = 0 (vertical plate) for the same temperature and concentration differences and
there is no buoyancy term when 𝛾 = 𝜋/2 (horizontal plate), as the above term vanishes.

The velocity and temperature distributions for various values of the Prandtl number (Pr) are
revealed in Figs. 10 and 11, respectively. It is reported that the velocity profiles of the fluid elevates
as the values of (Pr) increases. However, temperature profiles retard with the increasing values of
Prandtl number. This is because of the fact that the Prandtl number is demarcated as the ratio of
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Fig. 7. Effect of 𝛾 on Velocity profiles. [Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com/journal/htj.]

Fig. 8. Effect of 𝛾 on Temperature profiles. [Color figure can be viewed in the online issue, which
is available at wileyonlinelibrary.com/journal/htj.]

the momentum diffusivity to the thermal diffusivity. Increasing the values of (Pr) means higher
momentum diffusivity which causes elevation in the thickness of the momentum boundary layer
(Fig. 10) or reduces the thermal diffusivity which causes the deterioration in the thermal boundary
layer thickness (Fig. 11).

The effect of thermal radiation parameter (R) on temperature and concentration profiles is
displayed in Figs. 12 and 13. It is noticed from Fig. 12 that the thermal boundary layer thickness is
enhanced with the higher values of (R) in the entire flow region. This is due to the fact that imposing
thermal radiation into the flow warms the fluid, which causes an increment in the temperature of the
fluid. In general, this is true because a higher value of (R) means increasing the Rosseland diffusion
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Fig. 9. Effect of 𝛾 on Concentration profiles. [Color figure can be viewed in the online issue, which
is available at wileyonlinelibrary.com/journal/htj.]

Fig. 10. Effect of Pr on Velocity profiles. [Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com/journal/htj.]

approximation causes an elevation in the temperature of the fluid. However, there is depreciation in
the solutal boundary layer thickness as the values of R increase (Fig. 13).

The effect of the Brownian motion parameter (Nb) on velocity, temperature, and concentra-
tion profiles is illustrated in Figs. 14 and 16. Brownian motion is the random motion of suspended
nanoparticles in the base fluid and is more influenced by fast moving atoms or molecules in the base
fluid. It is worth mentioning that Brownian motion is related to the size of the nanoparticles and are
often in the form of agglomerates and/or aggregates. It is observed from Fig. 14 that the hydrody-
namic boundary layer thickness is improved as the values of the Brownian motion parameter (Nb)
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Fig. 11. Effect of Pr on Temperature profiles. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com/journal/htj.]

Fig. 12. Effect of R on Temperature profiles. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com/journal/htj.]

increases. It is also noticed that both thermal and solutal boundary layer thickness decelerates (Figs.
15 and 16) in the fluid regime with the growing values of Brownian motion parameter (Nb).

Variation of nondimensional temperature and concentration distributions for different values
of thermophoretic parameter (Nt) is depicted in Figs. 17 and 18. It is perceived from these figures
that both temperature and concentration profiles elevate in the boundary layer region with the higher
values of thermophoretic parameter (Nt). This is because of the fact that particles near the hot surface
create thermophoretic force; this force enhances the temperature and concentration of the fluid in
the boundary layer region.
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Fig. 13. Effect of R on Concentration profiles. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com/journal/htj.]

Fig. 14. Effect of Nb on Velocity profiles. [Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com/journal/htj.]

The impact of Lewis number (Le) on concentration profiles is plotted in Fig. 19. It is ob-
served that concentration boundary layer thickness deteriorates with the increasing values of the
Lewis number in the entire fluid region. By definition, the Lewis number represents the ratio of
the thermal diffusivity to the mass diffusivity. Increasing the Lewis number means a higher thermal
diffusivity and a lower mass diffusivity, and this produces a thinner concentration boundary layer.
Figure 20 illustrates the effect of the chemical reaction parameter (Cr) on the concentration distribu-
tions. We see from this figure that the concentration profiles are highly influenced in the fluid region
and impeded with the improving values of chemical reaction parameter.
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Fig. 15. Effect of Nb on Temperature profiles. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com/journal/htj.]

Fig. 16. Effect of Nb on Concentration profiles. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com/journal/htj.]

The values of skin-friction coefficient (− f
′′ (0)) and Nusselt number (−𝜃′ (0)) are calculated

for various values of the key parameters entered into the problem and are shown in Table 2. It is
evident that the skin-friction coefficient enhances, whereas the Nusselt number decelerates with the
increasing values of the magnetic parameter (M). It is also seen that the skin-friction coefficient and
Nusselt number decreases with the higher values of radiation parameter (R). With the higher values
of Brownian motion parameter (Nb) the rate of change of velocity and heat transfer rates are both
raised in the boundary layer regime. We have noticed depreciation in both skin-friction coefficient
and Nusselt number with the improving values of (Nt) in the entire boundary layer region. It is
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Fig. 17. Effect of Nt on Temperature profiles. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com/journal/htj.]

Fig. 18. Effect of Nt on Concentration profiles. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com/journal/htj.]

observed from this table that both skin-friction coefficient and Nusselt number diminish with the
improving values of chemical reaction parameter (Cr).
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Fig. 19. Effect of Le on Concentration profiles. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com/journal/htj.]

Fig. 20. Effect of Cr on Concentration profiles. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com/journal/htj.]

5. Conclusion

A numerical investigation of the study of MHD natural convection boundary layer flow, heat
and mass transfer over an inclined porous vertical plate filled by a nanofluid using the nanofluid
model proposed by Kuznetsov and Nield with thermal radiation and chemical reaction is presented
in this article. A mathematical model is formulated for the considered flow, and a numerical code
has been established to solve the mathematical model. The impact of key parameters on velocity,
temperature, and concentration distributions as well as on skin-friction coefficient( − f

′′ (0)), Nusselt
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Table 2. The values of skin-friction coefficient (− f
′′ (0)) and Nusselt number (−𝜃′ (0)) for different

values of M, R, Nt, Nb, and Cr.

M R Nb Nt Cr − f ′′(0) −𝜃′ (0)

0.1 0.1 0.5 0.5 0.1 0.76811 0.431031

0.3 0.1 0.5 0.5 0.1 0.86600 0.417761

0.5 0.1 0.5 0.5 0.1 0.95734 0.405616

0.7 0.1 0.5 0.5 0.1 1.04312 0.394457

1.0 0.1 0.5 0.5 0.1 1.16306 0.379314

0.1 0.1 0.5 0.5 0.1 0.79543 0.447013

0.1 0.3 0.5 0.5 0.1 0.78190 0.406391

0.1 0.5 0.5 0.5 0.1 0.77071 0.374734

0.1 0.7 0.5 0.5 0.1 0.76125 0.349216

0.1 1.0 0.5 0.5 0.1 0.74948 0.318843

0.1 0.1 0.1 0.5 0.1 0.89482 0.384571

0.1 0.1 0.2 0.5 0.1 0.90500 0.390990

0.1 0.1 0.3 0.5 0.1 0.91053 0.393964

0.1 0.1 0.4 0.5 0.1 0.91399 0.395675

0.1 0.1 0.5 0.5 0.1 0.91635 0.396797

0.1 0.1 0.5 0.1 0.1 0.81441 0.470107

0.1 0.1 0.5 0.2 0.1 0.81087 0.458708

0.1 0.1 0.5 0.3 0.1 0.80733 0.447576

0.1 0.1 0.5 0.4 0.1 0.80381 0.436711

0.1 0.1 0.5 0.5 0.1 0.80030 0.426112

0.1 0.1 0.5 0.5 0.1 0.84315 0.440511

0.1 0.1 0.5 0.5 0.2 0.83943 0.440307

0.1 0.1 0.5 0.5 0.3 0.83778 0.439287

0.1 0.1 0.5 0.5 0.4 0.83708 0.438015

0.1 0.1 0.5 0.5 0.5 0.83685 0.436686

number (−𝜃′ (0)), and Sherwood number (−∅′(0)) is studied and the results are shown graphically
and in tabular form. The very important conclusions of this study are summarized as follows:

1. The velocity profiles decelerates, however, the temperature and concentration profiles en-
hanced with the higher values of (M).
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2. As the plate inclination angle (𝛾) increases, the hydrodynamic boundary layer thickness
deteriorates, whereas thermal boundary layer thickness is improved.

3. The rate of heat transfer escalates in the entire boundary layer regime as the values of
Brownian motion parameter (Nb) increase.

4. Temperature profiles elevate with the higher values of thermophoretic parameter (Nt).

5. Solutal boundary layer thickness depreciates in the fluid region with increasing values of
chemical reaction parameter (Cr).
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