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A B S T R A C T

Wire coating as an industrial process coats bare conducting wires for primary insulation so as to accomplish
mechanical strength and provide protection for aggressive environments. In the present study, we have in-
vestigated and discussed the influence of radiative linear as well as non-linear heat transfer on wire coating with
melt polymer as a coating fluid in response to a third-grade fluid model subject to Joule heating. In our analysis,
we deal with (i) Reynolds model and (ii) Vogel’s model to implement the temperature-dependent viscosity. The
governing equations characterizing the flow and heat transfer are solved numerically by the fourth-order Runge-
Kutta method. It is heartening to note that the temperature parameter ΘR is an indicator of the small/large
temperature difference between the surface and the ambient fluid, which has a remarkable effect on the heat
transfer characteristics and the temperature distributions in the flow region within the die. It is visualized that an
increase in ΘR and the radiation parameter R decrease the fluid temperature of the coating fluid, thereby en-
hancing the rate of heat transfer associated with a thinner thermal boundary layer.

1. Introduction

At the beginning of the 20th century, due to enormous applications
in industries and technological processes such as polymeric extrusion,
drawing of wires, petroleum drilling, manufacturing of food and papers,
etc., many investigators have been motivated in the study of viscoe-
lastic fluid flow and heat transfer in the wire coating process. In fact,
the most efficient process used for wire coating is the coaxial extrusion
process.

The co-extrusion process is an operation in which either molten
polymer is extruded continuously on an axially moving wire or the bare
preheated wire is dragged inside a die filled with molten polymer. In
this process of coating, the velocity of continuum as well as the melt
polymer (third grade fluid) develops high pressure in a specific region.
This high pressure generates strong bonding between the melt polymer
and the wire and hence provides fast coating. Wire-coating in pressure-
type die for Newtonian as well as non-Newtonian fluids were carried
out by pioneer researchers, namely Bernhardt [1], Bagley and Storey
[2], Han and Rao [3], Carley et al. [4], and Wagner and Mitsoulis [5] in
the beginning. The analysis of wire coating for pressure-type die for
Newtonian and non-Newtonian fluids is presented in the books of

Middleman [6], Tadmor and Gogos [7], and Mckelvey [8].
A series of studies were undertaken by many researchers, notably

Fata et al. [9], Hayat et al. [10] and Nayak and Dash [11], where they
analyzed wire coating using third grade fluid in various situations.
Regarding wire coating, third-grade fluid was considered as it itself a
viscoelastic fluid of industrial importance. A third-grade fluid was used
because it exhibits features such as shear thickening and shear thinning.
In addition, researchers viz. Ali and Javed [12], Ali et al. [13], Javed
et al. [14] performed studies investigating wire coating associated with
different kinds of fluids such as FENE-P fluid, Giesekus viscoelastic fluid
and Phan-Thien-Tanner fluid.

Nayak et al. [15] in their study explored the influence of transverse
magnetic field in wire coating using third grade fluid as coating ma-
terial. This is one of the major 20th century contributions, regarding
flow as well as heat transfer of third grade fluid on wire coating, to the
development of a better quality final product (coated wire), due to
better controlled rate of cooling. However, they did not investigate the
influence of linear as well as non-linear thermal radiation in their study.
The objective of the present study is to analyze the influence of linear as
well as non-linear thermal radiation in the wire coating process,
wherein a coating material is modeled as third grade fluid viz. melt
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polymer, and includes constant viscosity as well as temperature de-
pendent viscosity in response to Reynolds and Vogel’s models.In cases
where the temperature difference between the continuum and ambient
fluid is large, the thermal radiation effect is vital as it alters the struc-
ture of the thermal boundary layer and the rate of heat transfer. This
implies the relevance of radiative heat transfer in industrial processes
including nuclear power plants for power generation, gas turbines,
nuclear reactor cooling, satellites, etc. [16–22]. Usually the linearized
Rosseland approximation is accomplished by assuming sufficiently
small temperature differences between the surface and ambient fluid.
However, non-linear Rosseland approximation provides results for both
small and large temperature differences between Θw (constant wire
surface temperature) and Θd (constant ambient temperature of die).
Introduction of non-linear radiative effects in the energy equation de-
velops a high non-linearity in the governing equations (Cortel [23],
Hayat et al. [24]). Since then, the problem of steady or unsteady flow
with linear or non-linear thermal radiation effects has been observed
and investigated in [25–30].

The novelty of the present study is to explore the effects of linear
and non- linear thermal radiation in wire coating of third grade fluid
inspired by temperature dependent viscosity in response to Reynolds
and Vogel’s models in presence of Joule heating.

2. Formulation of the problem

Consider the boundary layer flow of an incompressible third grade
fluid such as molten polymer like polyvinyl chloride (PVC) inside a
stationary pressure type die of finite length L having radius Rd and
temperature Θd. Suppose a wire of radius Rw is extruded along the axis
of the die with velocity uw and temperature Θd as shown in Fig. 1. Let us
make the following assumptions: (1) the flow is steady (2) the polymer
melt flows through a suitably long cylindrical die in which a wire moves
axially at a constant speed (3) the flow is laminar (4) the velocity in the
radial direction is negligibly small compared to that in the axial di-
rection (5) the inertial effect is negligibly small compared to viscous
effect that is reasonably due to the very high viscosity of melt polymer
(7) excessive wall shear stress is avoided as it may lead to elongation or
frequent breakage of the wire using coating operation, and also uneven
and rough extruded coating (8) heat conduction in the flow direction is
negligibly small compared to that in the radial direction (9) the melt
density, specific heat, and thermal conductivity are independent of
temperature, whilst the viscosity depends on temperature (10) no-slip
boundary conditions are subjected to the moving wire as well as the
stationary die wall (11) the gravitational effect is negligible (12) the
fluid is acted upon by a constant pressure gradient dp

dz
in the axial di-

rection.The wire and die are concentric and a cylindrical co-ordinate
system r z( , ) is chosen at the center of the wire to analyze the flow

situation where z and r-axes are taken along and perpendicular to the
direction of flow respectively.

The design of the wire coating die is of primary importance since it
greatly affects the quality of the final product. The pressure type die is
considered because within this die the melt polymer meets the wire
where a complex flow field exists, and its understanding is vital for the
better design of dies with optimum performance.Taking into account
the above mentioned frame of reference and assumptions, consider the
fluid velocity, extra stress tensor and temperature field as

= = =V w r S S r r[0,0, ( )], ( ) and Θ Θ( ) (1)

The equations of continuity, momentum and energy governing the flow
of an incompressible fluid are

∇ =V· 0 (2)

= −∇ + + ×ρ DV
Dt

p F J B (3)

= ∇ + − ′ +ρC D
Dt

k ϕ q JΘ Θp r h
2

(4)

where = ∇F S· is the viscous force, = ∇ϕ S V: is the viscous dissipa-
tion, qr is the radiative heat flux so that ′qr is the derivative of qr with
respect to r, Jh is the Joule heating term, D

Dt
is the material derivative.

The relevant boundary conditions are:

= = =
= = =

⎫
⎬⎭

w u at r R
w at r R

, Θ Θ ,
0, Θ Θ

w w w

d d (5)

For third grade fluid, the extra stress tensor S is defined as

= − + + + + + + +S pI μA α A α A β A β A A A A β trA A( ) ( )1 1 2 2 1
2

1 3 2 1 2 2 1 3 1
2

1

(6)

where p is the pressure, I is the identity tensor, =μ μ(Θ) is the coeffi-
cient of viscosity − −(kg m s )1 1 . Here α1 and α2 are the second order
material constants −(kg m )1 , symbols β ,β1 2 and β3 are the third order
material constants − −(kg m s )1 1 and tr is the trace operator. The quan-
tities =A i( 1,2,3)i are the Rivlin-Ericksen tensors which are defined by

Nomenclature

Rw radius of the wire (m)
uw dragging velocity −(ms )1

θw wire temperature (K)
L length of die (m)
Rd radius of die (m)
qr radiative heat flux −(W m )2

ϕ dissipation function −(W m )2

q velocity of fluid −(ms )1

S extra stress tensor
θ fluid temperature (K)
Br Brinkman number
μ0 reference viscosity −(N s m )2

ρ density of the fluid −(kg m )3

α α β β, , ,1 2 1 2 material constants

D
Dt

substantial derivative
p pressure −(N m )2

F viscous force per unit volume −(N m )3

k thermal conductivity − −(W m K )1 1

Cp specific heat at constant pressure − −(J kg K )1 1

θd die temperature (K)
ΘR temperature parameter
R radiation parameter
δ wire coating aspect ratio
β0 non-Newtonian parameter
k1 mean absorption coefficient −(m )1

μ dynamic viscosity −(N s m )2

σ1 Stefan-Boltzmann constant − −(W m K )2 4

m Reynolds model viscosity parameter

Fig. 1. Wire coating process in a pressure type die.
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the recursive relation as follows:

= = + = + + =− −
−A I A L L A A L LA DA

Dt
n, and , 2,3,T

n n
T

n
n

0 1 1 1
1

where T denotes the transpose of the matrix and =L gradV .Because of
interaction of conducting fluid with magnetic field, a body force of
retarding nature i.e.,

→
×

⎯→⎯
J B is attained. This drag force acting along

the z -axis is given by

× = −J B B w(0,0, σ )0
2 (7)

where B0 is the uniform magnetic field applied along the positive radial
direction.

Taking into account Eq. (1), (2) is satisfied indicating that the fluid
flow is possible. The non-zero components of extra tensor S are

= + ⎛
⎝

⎞
⎠

= ⎛
⎝

⎞
⎠

=

= + ⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠

S α α dw
dr

S α dw
dr

S S

β β dw
dr

μ dw
dr

(2 ) , ,

2( ) Θ

rr zz rz zr

r

1 2

2

2

2

2 3

3

(8)

Making substitution of Eqs. (7) and (8), equation of balance of mo-
mentum (3) becomes

−∂
∂

= ⎧
⎨⎩

+ ⎛
⎝

⎞
⎠

⎫
⎬⎭

p
r r

d
dr

α α r dw
dr

1 (2 )1 2

2

(9)

∂
∂

=
p
θ

0 (10)

⎜ ⎟
∂
∂

= ⎛
⎝

⎞
⎠

+ ⎛
⎝

+ ⎛
⎝

⎞
⎠

⎞
⎠

−
p
z r

d
dr

rμ dw
dr r

d
dr

β β r dw
dr

σB w1 (Θ) 1 2( )2 3

3

0
2

(11)

Eq. (11) describes the flow due to pressure gradient. As drag of the wire
prevails outside the die, the pressure gradient is assumed to be zero i.e.,

=∂
∂ 0p

z . So the Eq. (11) takes the form

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

+ ⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

− =β
r

d
dr

r dw
dr r

d
dr

rμ dw
dr

σB w2 1 1 (Θ) 00

3

0
2

(12)

where = +β β β0 2 3
The viscous dissipation term

= ∇ = ⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠

ϕ S V μ dw
dr

β dw
dr

: (Θ) 2
2

0

4

(13)

Using the Rosseland approximation for thermal radiation [31] the
radiative heat flux is modeled as

= −q
k

d
dr

4σ
3

Θ
r

1

1

4

(14)

Following Pantokratoras and Fang [32], the Eq. (14) can be written as

= −q
k

d
dr

16σ
3

Θ Θ
r

1

1

3
(15)

Using Eqs. (13), (14) and (15), the energy equation (4) reads

⎡
⎣⎢

+ ⎤
⎦⎥

+ ⎡
⎣

⎤
⎦

+ ⎡
⎣

⎤
⎦

+ ⎡
⎣⎢

⎤
⎦⎥

+ =

k d
dr r

d
dr

μ dw
dr

β dw
dr

d
dr

σ
k

d
dr

σB w

Θ 1 Θ (Θ) 2 16
3

Θ Θ

0

2

2

2

0

4
1

1

3

0
2 2 (16)

Let us introduce the dimensionless parameters as

= = = −
−

r r
R

w w
U

, , Θ Θ Θ
Θ Θw w

w

d w (17)

From Eq. (17),

= + −Θ Θ [1 Θ(Θ 1)]w R

where =ΘR
Θ
Θ

d
w
is the temperature parameter.

We introduce the non-dimensional constants as

= = = = =M
σB R

μ
β

u β
μ R

B
μ u
k

δ R
R

R
σ
kk

, ,
Θ

, ,
16 Θ

3
w w

w
R

w

w

d

w

w2 0
2 2

0
0

0

0
2

0
2

1
3

1

2

(18)

where μ0 is a constant viscosity parameter.

Fig. 2. Influence of ΘR on temperature for = = = =M β B R1, 0.2, 10, 1r0 (Constant visc-

osity model).

Fig. 3. Influence of R on temperature for = = = =M β B R1, 0.2, 10, 1r0 with =Θ 0.01R .

Fig. 4. Influence of R on temperature for = = = =M β B R1, 0.2, 10, 1r0 with =Θ 1.5R .
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2.1. Constant viscosity

Let =μ μ(Θ) 0. Using Eqs. (17) and (18) in the Eqs. (12) and (16)
and dropping the bar for simplicity we get the non-dimensional mo-
mentum, and energy equations along with reduced boundary condi-
tions as

⎜ ⎟+ + ⎡
⎣⎢

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠

⎤
⎦⎥

− =r d w
dr

dw
dr

β r dw
dr

d w
dr

dw
dr

M wr2 3 0
2

2 0

2 2

2

3
2

(19)

= =w and w δ(1) 1 ( ) 0 (20)

− ⎡
⎣⎢

+ ⎤
⎦⎥

+ ⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠

+ − + − + ={ }
r d

dr
d
dr

rB dw
dr

rB β dw
dr

rR d
dr

d
dr

B M w

(Θ 1) Θ Θ 2

(Θ 1) [1 Θ(Θ 1)] Θ 0

R r r

R R r

2

2

2

0

4

3 2 2
(21)

= =δΘ(1) 0 and Θ( ) 1 (22)

2.2. Variable viscosity

2.2.1. Reynolds model
This is a model that accounts for temperature dependent viscosity.

For this model, the expression for the temperature dependent viscosity
is

= −μ μ e(Θ) β m
0

Θ0 (23)

where m is a non-dimensional viscosity parameter associated with
Reynolds model.

Using Eqs. (17), (18) and (23) in the Eqs. (12) and (16) and

Fig. 5. Variation of local Nusselt number with R associated with different ΘR for
= = =M β B1, 0.2, 1r0 (Constant viscosity model).

Fig. 6. Variation of local Nusselt number with Br associated with different M for
= = = =M β B1, 0.2, 1,Θ 1.1r R0 (Constant viscosity model).

Table 1
Local Nusselt Number for different R and ΘR for = = =M β B0.1, 0.01, 1r0 (Constant Viscosity model).

− + ′R(1 Θ )Θ (1)R
3

R =Θ 0.8R =Θ 1.2R =Θ 1.5R =Θ 1.8R =Θ 2R

0 3.68321801 −6.56860810 −3.49306026 −2.72417330 −2.46787765
1 2.08986836 −10.38789676 −11.85510021 −19.33634415 −27.99219136
2 1.32411791 −13.19329002 −19.19619643 −36.40795729 −56.50760570
3 0.75522285 −15.75183839 −26.29206346 −53.59802887 −85.76617710
4 0.26365107 −18.21328969 −33.29105498 −70.83571679 −115.32155643
5 −0.18964133 −20.62669609 −40.24191830 −88.09726211 −145.02523343

Table 2
Local Nusselt Number for different M and Br for = = =β R0.01, 1,Θ 1.1R0 (Constant
Viscosity model).

− + ′R(1 Θ )Θ (1)R
3

Br =M 0 =M 0.5 =M 1 =M 1.2

0 −23.72763208 −23.72763208 −23.72763208 −23.72763208
0.8 −26.12985935 −26.39125090 −27.13958248 −27.55608944
1.6 −28.53047959 −29.05307151 −30.54915074 −31.38181979
2.4 −30.92958133 −31.71319858 −33.95649625 −35.20501824
3.2 −33.32724587 −34.37172779 −37.36176272 −39.02585948
4 −35.72354804 −37.02874683 −40.76508019 −42.84450047

Fig. 7. Influence of ΘR on velocity for = = = = =M β B R m1, 0.01, 10, 1, 5r0 (Reynolds

model).
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Fig. 8. Influence of R on velocity for = = = = =M β m B1, 0.01, 5, 10,Θ 1.1r R0 (Reynolds

model).

Fig. 9. Influence of ΘR on temperature for = = = =M β B m1, 0.01, 10, 5r0 with R=1

(Reynolds model).

Fig. 10. Influence of R on temperature for = = = =M β B m1, 0.01, 10, 5r0 with =Θ 1.1R

(Reynolds model).

Fig. 11. Influence of R on temperature for = = = =M β B m1, 0.01, 10, 5r0 with =Θ 1.5R

(Reynolds model).

Fig. 12. Influence of R on temperature for = = = =M β B m1, 0.01, 10, 5r0 with =Θ 2.5R

(Reynolds model).

Fig. 13. Variation of local Nusselt number with R associated with different ΘR for
= = = =M β B m1, 0.01, 1, 5r0 (Reynolds model).
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dropping the bar for simplicity we get the non-dimensional momentum,
and energy equations along with reduced boundary conditions as

⎜ ⎟ ⎜ ⎟⎛
⎝

+ − ⎞
⎠

+ ⎡
⎣⎢

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠

⎤
⎦⎥

− =

−e r d w
dr

dw
dr

mr d
dr

dw
dr

r dw
dr

d w
dr

dw
dr

M wr

β Θ 2β 3

0

mβ Θ
2

2 0 0

2 2

2

3

2

0

(24)

= =w w δ(1) 1 and ( ) 0 (25)

⎜ ⎟− ⎛
⎝

+ ⎞
⎠

+ ⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠

+ − + − + =

−

{ }
r d

dr
d
dr

rB e dw
dr

rB β dw
dr

rR d
dr

d
dr

B M w

(Θ 1) Θ Θ 2

(Θ 1) [1 Θ(Θ 1)] Θ 0

R r
β m

r

R R r

2

2
Θ

2

0

4

3 2 2

0

(26)

= =δΘ(1) 0 and Θ( ) 1 (27)

2.2.2. Vogel’s model
It is a model that accounts for temperature dependent viscosity. In

this model, the expression for temperature dependent viscosity is

= =− + +e e eμ(Θ) μ μ
D

B
D

B1
Θ Θ 0 Θw 1 1 (28)

where D and B1 are viscosity parameters affiliated with Vogel’s model
and = −eμ μ0 1

Θw.Here it is remarkable to note that the previous authors
had considered the first order approximation of the Taylor’s series ex-
pansion in (23) and (28). However, we have considered the higher
order approximations in (23) and (28) so as to accomplish the char-
acteristic behavior of higher order terms involving the parameters

m D Biβ ,Θ, , ,Θw0, .Using Eqs. (17), (18) and (28) in the Eqs. (12) and (16)
and dropping the bar for simplicity we get the non-dimensional mo-
mentum, and energy equations along with reduced boundary condi-
tions as

⎜ ⎟

⎜ ⎟

⎛
⎝

+ − ⎡
⎣⎢ +

⎤
⎦⎥

⎞
⎠

+ ⎡
⎣⎢

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠

⎤
⎦⎥

− =

+e r d w
dr

dw
dr

r D
B

d
dr

dw
dr

β r dw
dr

d w
dr

dw
dr

M wr

( Θ)
Θ

2 3 0

D
B Θ

2

2
1

2

0

2 2

2

3
2

1

(29)

= =w w δ(1) 1 and ( ) 0 (30)
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⎝

+ ⎞
⎠

+ ⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠

+ − + − + =

+

{ }
r d

dr
d
dr

rB e dw
dr

rB β dw
dr

rR d
dr

d
dr

B M w

(Θ 1) Θ Θ 2

(Θ 1) [1 Θ(Θ 1)] Θ 0

R r
D

B r

R R r

2

2
Θ

2

0

4

3 2 2

1

(31)

= =δΘ(1) 0 and Θ( ) 1 (32)

The relevant quantity of practical interest here is the local Nusselt
number Nur defined as

=
−

Nu
rq

k (Θ Θ )r
w

w d (33)

where = − +∂
∂ =q k q( )w r r R r
Θ

w is the heat flux at the surface of the wire.

Fig. 14. Variation of local Nusselt number with Br associated with different M for
= = = =β R m0.05, 1,Θ 1.1, 10R0 (Reynolds model).

Table 3
Local Nusselt number for different R and ΘR for = = = =M β B m0.1, 0.01, 1, 1r0 (Reynolds model).

− + ′R(1 Θ )Θ (1)R
3

R =Θ 0.8R =Θ 1.2R =Θ 1.5R =Θ 1.8R =Θ 2R

0 2.97290158 −5.54788486 −3.11989444 −2.49660255 −2.28734220
1 1.37187191 −8.76575604 −9.41229471 −13.59316847 −17.95981467
2 0.57892917 −11.15661082 −14.53353963 −23.55915406 −32.91105591
3 −0.03970814 −13.32689643 −19.36335813 −33.25050450 −47.69536281
4 −0.59176179 −15.40717892 −24.07627070 −42.83179045 −62.41297214
5 −1.11131430 −17.44191799 −28.73056897 −52.35790225 −77.09717038

Table 4
Local Nusselt Number for different M and Br for = = = =β R m0.01, 1, 10,Θ 1.2R0
(Reynolds model).

− + ′R(1 Θ )Θ (1)R
3

Br =M 0 =M 0.5 =M 1 =M 1.2

0 −3.23980280 −3.23980280 −3.23980280 −3.23980280
0.8 −6.39714662 −6.68355344 −7.60444126 −8.20156403
1.6 −9.25341125 −9.99844633 −12.60316081 −14.46348405
2.4 −11.86779943 −13.31615182 −19.16683673 −24.22099810
3.2 −14.28336312 −16.75045357 −29.06757218 −43.47126859
4 −16.53237222 −20.41348762 −46.39456999 −93.44189824

Fig. 15. Influence of ΘR on velocity for = = = = =M β B R1, 0.01, 1, 1,Ω 1r0 (Vogel’s

Model).
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The local Nusselt number in non-dimensional form can be obtained
as

= − + ′Nu R(1 Θ )Θ (1)r R
3 (34)

where ′Θ is the differentiation of Θ with respect to r .

Fig. 16. Influence of R on velocity for = = = = =M β B1, 0.01, 1,Θ 1.1,Ω 1r R0 (Vogel’s

Model).

Fig. 17. Influence of ΘR on temperature for = = = = =M β B R1, 0.01, 1, 1,Ω 1r0 (Vogel’s

Model).

Fig. 18. Influence of R on temperature for = = = = =M β B1, 0.01, 1,Θ 1.1,Ω 1r R0

(Vogel’s Model).

Fig. 19. Influence of R on temperature for = = = =M β B1, 0.01, 1,Ω 1r0 (Vogel’s Model).

Fig. 20. Influence of R on temperature for = = = =M β B1, 0.01, 1,Ω 1r0 (Vogel’s Model).

Fig. 21. Variation of local Nusselt number with R associated with different ΘR for
= = = =M β B1, 0.01, 1,Ω 1r0 (Vogel’s Model).
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3. Results and discussion

The influence of radiative linear as well as non-linear heat transfer
on wire coating of third grade fluid inspired by temperature dependent
viscosity using Reynolds and Vogel’s models in presence of Joule
heating has been analyzed. The non-linear Rosseland approximation is
adopted to develop the coupled non-linear energy equation. The fourth
order Runge-Kutta method is employed to obtain the solutions of the
modified governing boundary layer equations along with the reduced
boundary conditions. The numerical results explored the effects of
thermal radiation (linear as well as non-linear) on velocity, temperature
and heat transfer of coating fluid in the wire coating process in presence
of magnetic field through requisite graphs and hence discussion. In
order to ensure the accuracy of our results, the results obtained and
presented in the present study are compared quantitatively with the
noteworthy researchers viz. Cortel [21], Hayat et al. [22].This com-
parison confirms to us that our numerical results are found to be in
excellent agreement for the considered values of the parameters and
therefore we are confident about the accuracy and generality of our
results.

3.1. Constant viscosity case

We will now discuss the heat transfer variation due to the influence
of linear as well as non-linear thermal radiation in detail, as shown in
Figs. 2–6, by saying that temperature of the coating fluid gets reduced
with increasing values of temperature parameter ΘR in presence of low
magnetic field strength and moderate viscous heating as is visualized in
Fig. 2. However, with a low value of ΘR (i.e., when the wire tempera-
ture is 0.8 times greater than the dye temperature), the temperature of
the coating fluid reduces significantly, leading to a better heat transfer
rate and hence considerable cooling, yielding better quality of coating.
It is convenient to express the variations in fluid temperature in the

presence of thermal radiation for different values of temperature
parameter as shown in Figs. 3 and 4. The observations based on these
figures have revealed that the temperature of coating fluid diminishes
with increasing values of thermal radiation parameter R for fixed value
of ΘR = =and(Θ 0.01 Θ 1.5)R R . This is well in agreement with the re-
sults reported earlier by Cortel [21] and Hayat [22]. We will now de-
scribe why the fluid temperature decreases due to the enhancement of
R. Physically this is because of the fact that with the increase in R, the
mean absorption coefficient decreases. As a consequence, the rate of
radiative heat transfer to the coating fluid gets enhanced. An important
point is to be mentioned here that the temperature profiles for

=Θ 0.01R (for greater wire temperature) exhibits opposite trend against
=Θ 1.5R (for lower wire temperature). Fig. 5 reveals the variation of

heat transfer rate with thermal radiation for different values of ΘR.
While Fig. 6 yields the variation of heat transfer rate with Br for dif-
ferent M. There are some observations suggesting that increasing values
of ΘR enhances the heat transfer rate (absolute value) in response to
different values of radiation parameter R (Fig. 5). Further, as the
magnetic field strength goes on increasing, the rate of heat transfer
(absolute value) produced follows the same trend (i.e., diverging trend)
that acts as a source of temperature in association with different values
of Br.An important result regarding heat transfer rate is reported in
Tables 1 and 2. Nevertheless, the value of temperature parameter, the
Nusselt number and hence heat transfer rate higher increases due to an
increase in R at fixed higher value of ΘR indicating more cooling and
hence better coating. However, for lower value of ΘR ( =Θ 0.8R ) a re-
verse trend is attained. Furthermore, at fixed non-zero R, the absolute
value of Nusselt number and hence heat transfer rate gets enhanced due
to increase in temperature parameter contributing to more cooling
(Table 1). It is too significant to be given attention in the context that
with increasing value of Br (i.e., with more viscous heating compared to
heat conducted), the rate of heat transfer gets reduced for any strength
of magnetic field (even in the absence or presence of magnetic field)
[15] as illustrated in Table 2. It is from Table 2 that at fixed value of Br,
an increase in magnetic field strength reduces the rate of heat transfer
[15]. Another interesting point to be noted is that the heat transfer rate
shows no deviation in the absence of Br, irrespective of magnitude
(absence/presence) of magnetic field strength.

3.2. Variable viscosity

3.2.1. Reynolds model
We will have to keep on observing the variation of fluid velocity for

different values of temperature parameter ΘR and radiation parameter R
as shown in Figs. 7 and 8.We can now say that the velocity of the
coating fluid gets accelerated near the surface of the wire <r( 1.3) with
an increase in ΘR whereas a reverse trend is attained towards the die
surface as is seen in Fig. 7. Further, Fig. 8 conveys to us the fluid ve-
locity behavior under the influence of thermal radiation. It is under-
stood from this figure that the velocity of coating fluid increases though
insignificantly due to increasing values of radiation parameter R in
association with lower magnetic field strength and moderate viscous
heating. However, it is hard to track the velocity behavior under the

Fig. 22. Variation of local Nusselt number with Br associated with different M for
= = = =β R0.01, 1,Θ 1.1,Ω 1R0 (Vogel’s Model).

Table 5
Local Nusselt number for different R and ΘR for = = = =M β B1, 0.01, 1,Ω 0.01r0 (Vogel’s model).

− + ′R(1 Θ )Θ (1)R
3

R =Θ 0.8R =Θ 1.2R =Θ 1.5R =Θ 1.8R =Θ 2R

0 −1.32649919 −1.55879443 −1.48914638 −1.47172894 −1.46592264
1 −1.52929952 −3.93705688 −7.75274721 −15.36278233 −23.82256985
2 −1.85171139 −6.27478409 −14.41609473 −31.55286167 −51.30872064
3 −2.20253883 −8.60297035 −21.17616040 −48.30454002 −80.05455385
4 −2.56442143 −10.92742207 −27.97457292 −65.27981066 −109.30275191
5 −2.93173535 −13.25002807 −34.79207664 −82.36664313 −138.80180879
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influence of R near the surface of the wire.
We must now explore the effects of fluid temperature for different

values of ΘR and R, as are observed in Figs. 9–12. It may be stated here
that the fluid temperature decreases with increasing values of ΘR,
however, that shows an opposite trend for lower value of ΘR =(Θ 0.8)R

(Fig. 9). It is preferentially observed that the decreasing trend of tem-
perature of coating fluid is more significant in the Reynolds model case
compared to that in the constant viscosity case. Figs. 10–12 present a
result showing that increase in radiation parameter R decreases the
temperature of the coating fluid [16,17]. It should be mentioned that
the decreasing trend appears to be prominent for =Θ 1.1R compared to

=Θ 1.5R and =Θ 2.5R . It is clear that the heat transfer rate is com-
paratively more in the former ( =Θ 1.1R ) than the latter ( =Θ 1.5R and

=Θ 2.5R ).
It must be noted from Figs. 13 and 14 that the heat transfer rates

show similar behavior under the influence of the temperature para-
meter and the magnetic field strength in response to different values of
R and Br, as in the constant viscosity case. However, this trend (en-
hancement of absolute value of the heat transfer rate) continues faster
in this case compared to the constant viscosity case.

Irrespective of ΘR (except at =Θ 0.8R ), an increase in R enhances the
heat transfer rate (absolute value) while at fixed moderate R, an in-
crease in ΘR shows the same trend on rate of heat transfer in presence of
magnetic field strength and viscous heating (Table 3). It is evident from
Table 4 that the Nusselt number (absolute value) and hence the heat
transfer undergoes a similar fashion to that of the constant viscosity
case but with a greater magnitude.

3.2.2. Vogel’s model
What has been discussed so far indicates that the fluid velocity,

somehow, varies in response to linear as well as non-linear thermal
radiation in the Reynolds model of variable viscosity. Figs. 15 and 16
indicate that the variation of coating fluid is insignificant (there is no
trace of any change in fluid velocity) for increasing values of the ra-
diation parameter as well as the temperature ratio parameter.

Confirmed evidence for the influence of non-linear thermal radia-
tion on temperature profiles can be seen in Fig. 17. Here we explore
whether the fluid temperature decreases due to an increase in tem-
perature ratio parameter ΘR. An important point to be kept in mind in
this regard is that the temperature profiles for =Θ 0.8R exhibits a dia-
metrically opposite response compared to that for =Θ 1.1,1.2,1.5,2.
Figs. 18–20 represent the picture of well-designed temperature profiles
for different values of radiation parameter R. It is found from this re-
presentation that fluid temperature decreases in response to rising va-
lues of R affiliated with Vogel’s viscosity model [16,17]. However, it
must be noted that the decreasing trend of fluid temperature is pro-
minent and symmetric (at r = 1.5) for =Θ 1.1R compared to =Θ 1.5R

and =Θ 2.5R as is illustrated in Figs. 18–20.Figs. 21 and 22 demonstrate
the influence of temperature parameter ΘR and magnetic field strength
on heat transfer rate respectively. It is again interesting to note from
Figs. 21 and 22 that heat transfer rates exhibit the exact behavior under
the influence of temperature parameter and magnetic field strength in
response to different values of R and Br as in the constant viscosity case,
as well as the Reynolds model case. However, this discussion confirms
to us that this trend (enhancement of absolute value of heat transfer
rate) continues at the fastest rate among all three cases considered in
the present study.

Let us turn our attention to the data incorporated in Table 5, where
we observed similar behavior of heat transfer rate (absolute value) in
interaction with ΘR and R influenced by magnetic field strength and
viscous heating.

In sum, we can now see how different the temperature behavior of
coating fluid is in Vogel’s model compared to that in Reynolds model as
well as the constant viscosity model. There are some observations in-
dicating that the decreasing trend of fluid temperature is in the fashion

< <Θ Θ ΘVogel ynolds Cons tvis ityRe tan cos in the flow domain. This suggests that

more heat transfer rate and hence more cooling is achieved in Vogel’s
model rather in Reynolds model and the constant viscosity case.

4. Conclusion

The effects of linear as well as non-linear thermal radiation asso-
ciated with pertinent governing parameters on the flow of a third-grade
fluid in wire coating under the influence of Joule heating have been
discussed in some detail with the help of graphs and tables. In the
present study, the fourth order Runge-Kutta method is employed to
solve the non-dimensional momentum and energy equations in asso-
ciation with reduced boundary conditions. The numerical results
achieved in the present study agree quantitatively with the previously
published results. The major contributions of the present study are as
follows:

1. The velocity of the coating fluid gets accelerated near the surface of
the wire <r( 1.3) with an increase in ΘR whereas the reverse trend is
attained towards the die surface.

2. The temperature behavior (a decreasing trend) of the coating fluid
in Vogel’s model compared to that in the Reynolds model as well as
the constant viscosity model is in the fashion

< <Θ Θ ΘVogel ynolds Cons tvis ityRe tan cos in the entire flow domain.
3. The heat transfer rate exhibits a similar behavior (increasing trend

of rate of heat transfer) under the influence of the temperature
parameter and the magnetic field strength in response to different
values of R and Br in the constant viscosity, Reynolds model and
Vogel’s model cases. However, this trend continues to be at the
fastest rate in Vogel’s model case compared to the constant viscosity
and Reynolds model case.
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