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a b s t r a c t
The present paper investigates steady conjugate mixed convection in a double lid-driven square cavity
including a solid inner body. The annulus is filled with water-Al2O3 nanofluid based on Buongiorno’s
two-phase model. The top horizontal wall is maintained at a constant low temperature and moves to
the right while the bottom horizontal wall is maintained at a constant high temperature and moves to
the left. The governing equations are solved numerically using the finite element method. The governing
parameters are the inner solid location (case 1-case 4), the nanoparticles volume fraction (0 6 / 6 0:04),
Reynolds number (1 6 Re 6 500), Richardson number (0:01 6 Ri 6 100), the size of the inner solid
(0:1 6 D 6 0:7) and thermal conductivity of the inner solid (kw ¼ 0:01, 0.045, 0.1, 0.76 and 1.95 W/m
°C). The other parameters; Prandtl number, Lewis number, Schmidt number, ratio of Brownian to
thermophoretic diffusivity and the normalized temperature parameter are fixed at
Pr ¼ 4:623; Le ¼ 3:5  105 ; Sc ¼ 3:55  104 ; NBT ¼ 1:1 and d ¼ 155, respectively. The results show that
the nanofluid strategy in such a cavity has a noticeable augmentation of heat transfer. However, at
low Reynolds number, the addition of nanoparticles has an adverse effect on the Nusselt number when
the Richardson number is very high. It is also found that a big size solid body can augment heat transfer in
the case of high values of both the Reynolds and the Richardson numbers.
Ó 2017 Elsevier Ltd. All rights reserved.

1. Introduction
Mixed convection or combined convection fluid flow and heat
transfer in cavities is a significant phenomenon in science and
engineering systems due to its wide applications in the operation
of solar collectors, heat exchangers, drying technologies, home
ventilation, high-performance building insulation and lubrication
technologies. Mixed convection is more complicated compared to
other modes of convection due to the coupling between the buoyancy force by the temperature difference and the shear force by the
movement of the wall(s). The study of Papanicolaou and Jaluria [1]
performed a numerical investigation of laminar mixed convection
in a rectangular cavity with an isolated thermal source. Huang
and Lin [2] studied numerically the effects of Grashof and Reynolds
numbers on the vortex flow and thermal characteristics in laminar
mixed convection in a horizontal rectangular duct. Prasad and
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Koseff [3] investigated experimentally the recirculating mixed convection flow in a lid-driven rectangular cavity filled with pure fluid
(water). Their results indicated that the convection heat transfer is
a very weak function of the Grashof number for the examined
range of the Reynolds number. Khanafer and Chamkha [4] considered the mixed convection flow in a lid-driven cavity filled with a
Darcian fluid-saturated porous medium. The low thermal conductivity of conventional heat transfer fluids such as water and oils is a
primary limitation in enhancing the performance and the compactness of many engineering electronic devices. An innovative and
new technique to enhance heat transfer is using solid particles in
the base fluid (i.e. nanofluids) in the range of sizes 10–50 nm. A
nanofluid is defined as a smart fluid with suspended nanoparticles
of average sizes below 100 nm in conventional heat transfer fluids
such as water, oil, and ethylene glycol [5]. Due to small sizes and
very large specific surface areas of the nanoparticles, nanofluids
have superior properties like high thermal conductivity, minimal
clogging in flow passages, longterm stability and homogeneity.
Also, nanoparticles are used because they stay in suspension longer
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Nomenclature

than larger particles. Thus, nanofluid seems a good candidate
for heat removal mechanisms in practical, thermal, fluid-based
applications. The thermal conductivity of nanoparticles is higher
than that of traditional fluids. Thus, nanofluids can be used in a
large industrial applications such as oil industry, nuclear reactor
coolants, solar cells, construction, electronics, renewable energy
and many others. The solid particles are usually metal or metal oxides such as copper (Cu), copper oxide, aluminum oxide (Al2 O3 ),
titanium (TiO2) and silver (Ag).
A comprehensive work on natural convection in cavities that
are partially occupied by nanofluids was reported by Khanafer
and Vafai [6]. Tiwari and Das [7] numerically investigated the
mixed convection heat transfer in a two-sided lid-driven square
cavity filled with nanofluid by using the finite volume method.
They found that the presence of nanoparticles in water tended to
increase the heat transfer capacity and both the Richardson number and the direction of the moving walls affect the fluid flow
and heat transfer within the cavity. The numerical simulation of
the fluid and temperature distributions and the convective heat
transfer of the nanofluid could be classified by two main
approaches, namely a single-phase model (homogenous) or a
two-phase model [8]. The single-phase approach considers the
fluid phase and the nanoparticles as being in thermal equilibrium
where the slip velocity between the base fluid and the nanoparticles is negligible. On the other hand, the two-phase approach
assumes that the relative velocity between the fluid phase and
the nanoparticles may not be zero where the continuity, momentum and energy equations of the nanoparticles and the base fluid
are handled using different methods. There are number of numerical studies used the single-phase model for simulation of the
nanofluids. Abu-Nada and Chamkha [9] considered the mixed convection flow in a lid-driven inclined square enclosure filled with a
nanofluid. Salari et al. [10] modeled a numerical study on the
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Greek symbols
thermal diffusivity
b
thermal expansion coefficient
d
normalized temperature parameter
h
dimensionless temperature
k
constant moving parameter (þ1 or 1)
l
dynamic viscosity
m
kinematic viscosity
q
density
u
solid volume fraction
u
normalized solid volume fraction
/
average solid volume fraction

a

subscript
b
c
f
h
nf
p
t
w

bottom wall
cold
base fluid
hot
nanofluid
solid nanoparticles
top wall
solid inner square

mixed convection flow inside a square lid-driven cavity filled with
nanofluid when both bottom and side walls are heated
simultaneously by finite heat sources. Ismael et al. [11] investigated numerically the mixed convection inside a lid-driven square
cavity filled with pure fluid. Ghalambaz et al. [12] numerically
studied the effects of the diameter and concentration of nanoparti-
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Fig. 1. Physical model of convection in a square cavity together with the coordinate
system for case 1 (x ¼ 0:5=L; y ¼ 0:5=L).
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Table 1
Grid testing for Wmin ; Wmax and Nunf at different grid sizes for counter-direction lid-driven (kt ¼ 1; kb ¼ 1), case 1, Re ¼ 100; Ri ¼ 10; / ¼ 0:02 and D ¼ 0:3.
Grid size
G1
G2
G3
G4
G5
G6
G7

Number of elements

Wmin

Wmax

Nunf

798
1286
2256
3216
4968
12232
31338

0.068969
0.069163
0.069963
0.071399
0.071933
0.072383
0.073227

0.0051001
0.0052753
0.0054968
0.0058769
0.0059732
0.0060409
0.0062314

9.3102
9.502
9.7742
9.9605
10.154
10.259
10.262

cles on the natural convection of Al2O3–water nanofluids considering the variable thermal conductivity around a porous medium.
They found that the heat transfer rate decreased with an increase
in the volume fraction of nanoparticles or a decrease in the size
of nanoparticles. Zaraki et al. [13] theoretically analyzed the natural convection heat transfer of nanofluids for which various aspects
of nanoparticles are considered. Umavathi and Sheremet [14]
numerically studied the effect of the temperature-dependent conductivity on natural convective heat transfer in a vertical rectangular duct filled with a nanofluid using the finite-difference method.
They concluded that the heat transfer rate increased at the left wall
and decreased at the right wall as the aspect ratio increased,
whereas the heat transfer rate increased at both of the walls as
the solid volume fraction increased. Sheikholeslami and Chamkha
[15] used the control volume-based finite element method
(CVFEM) for investigating the magnetic field effect on flow and
heat transfer of a ferro-nanofluid in a lid-driven cavity in the presence of a wavy wall.
Sheikholeslami et al. [16] used the single phase model (KooKleinstreuer-Li) of a nanofluid to study the natural convection heat
transfer in a square cavity where they found that the convection
heat transfer is increased with the increase in the volume fraction
of nanoparticles. Most of these above studies are used the
Maxwell-Garnett and Brinkman models to estimate the effective
thermal conductivity and viscosity of the nanofluid. However, the
study of Corcione [17] questions the validity of these models and
tended to propose new models for estimating the effective thermal
conductivity and viscosity of the nanofluid which appeared to be
close to the experimental data. The results showed that the heat
transfer rate enhanced with the relative concentration of nanofluid. The experimental study of Wen and Ding [18] found that
the slip velocity between the base fluid and particles may not be
zero. Thus, the two-phase nanofluid model observed to be more
accurate. Buongiorno [19] proposed a non-homogeneous equilibrium model with the consideration of the effect of the Brownian
diffusion and thermophoresis as two important primary slip mechanisms in nanofluid. Sheikholeslami et al. [20] used the two-phase
model of the nanofluid to investigate the thermal management for
natural convection heat transfer in a 2D cavity. Sheremet and Pop
[21] studied numerically the mixed convection heat transfer in a
lid-driven square cavity filled with water-based nanofluid using
Buongiorno’s model. Garoosi et al. [22] studied mixed convection
heat transfer where the two-phase mixture model used to simulate
the nanofluid in a two-sided lid-driven cavity with several pairs of
heaters and coolers (HACs). Esfandiary et al. [23] and Motlagh and
Soltanipour [24] investigated numerically the problem of natural
convection of nanofluids in a square cavity using the two phase
model. The results of these studies indicated that the heat transfer
rate enhanced with the increasing of the concentration of the
nanoparticles up to 0.04. Very recently, Ismael [25] numerically
considered the mixed convection flow in a lid-driven cavity with
arc-shaped moving wall.
Conjugate convective heat transfer for a regular fluid has very
important practical engineering applications in frosting practicali-

ties and refrigeration of the hot obtrusion in a geological framing.
For example, modernistic construction of thermal insulators which
are formed of two diverse thermal conductivities (solid and
fibrous) materials can be modeled by the partition length and conductivity model. Conjugate heat transfer (CHT) contains heat
exchange that happens simultaneously by convection between a
fluid and an adjacent surface, and by conduction over the solid.
CHT is ubiquitous and very important in key applications that
are predicted to be progressively relevant both in industrial and
domestic environments. CHT is a predominating process in different external combustion motors, thermo-acoustic devices and
other machines capable of utilising immaculate and renewable
energy styles like solar, refuse and geothermal heat. Indeed, the
prevalent and central advantage of these devices is their ingrained
dependence on internally thermal fluid flows which result in CHT.
However, developments to our understanding of CHT and therefore, to the performance of numerous of the above mentioned systems must come from exploring actual situations of CHT within a
framework that can capture the varying interplay between fluid
flow and heat transfer, and account for the existence of conjugate
fluid-solid interactions. There are some excellent studies considering the impact of partition length and conductivity on the heat
transfer rate.
Kim and Viskanta [26] and Viskanta and Kim [27] reported a
conjugate convection in a differentially-heated vertical rectangular
cavity filled with viscous (pure) fluids surrounded by four conducting walls. Kim and Viskanta [26] obtained a multicellular flow and
the heat transfer predictions compared favorably with experimental results. House et al. [28] investigated the effect of a centred
heat-conducting body on the natural convection heat transfer in
a square cavity. The two vertical walls were maintained at two different constant temperatures and the horizontal walls were adiabatic. The results showed that the heat transfer decreased with
the increase of the solid body. Ha et al. [29] investigated the effect
of unsteady natural convection processes in similar vertical cavities with a centred heat-conducting body. Zhao et al. [30] studied
the effect of a centred heat-conducting body on the conjugate natural convection heat transfer in a square enclosure. The results
show that the thermal conductivity ratio has strong influence on
the flow within the square cavity. Oztop et al. [31] investigated
the conjugate mixed convection heat transfer in a lid-driven square
cavity with solid bottom wall. They concluded that the values of
local and average Nusselt numbers are very close to each other
for higher values of thermal conductivity ratio. Mahmoodi and
Sebdani [32] used the finite volume method to investigate the conjugate natural convective heat transfer in a square cavity filled
with nanofluid and containing a solid square block at the center.
Mahapatra et al. [33] numerically used the finite volume method
to investigate the CHT and entropy generation in a square cavity
in the presence of adiabatic and isothermal blocks. They found that
the heat transfer enhanced with the low Rayleigh numbers and for
a critical block sizes. Alsabery et al. [34] used the finite deference
method to study the unsteady natural convective heat transfer in
nanofluid-saturated porous square cavity with a concentric solid
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Fig. 2. Streamlines (a), Ismael et al. [11] (left), present study (right), isotherms (b), Ismael et al. [11] (left), present study (right) for kt ¼ 1; kb ¼ 1 (top) and kt ¼ 1; kb ¼ 1
(bottom) at Ri ¼ 1; / ¼ 0 and D ¼ 0.
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behave heterogeneously. Hence, this model is more accurate than
the single-phase models, which based on only the used formulas
of the nanofluid properties, and especially those of viscosity and
the thermal conductivity. However, according to the study of Corcione et al. [37] and their comparisons with experimental results,
the two-phase mixture method is more reliable than the singlephase model. In addition, the study of Sheikhzadeh et al. [38] concluded that the single-phase homogeneous model is not competent
to predict the heat transfer features of nanofluids. Thus, it is better
to use Buongiorno’s two-phase (non-homogeneous) model. The
Boussinesq approximation is applicable, the nanofluid physical
properties are constant except for the density. By considering these
assumptions, the continuity, momentum and energy equations for
the laminar and steady state convection can be written as follows:

Fig. 3. Comparison of the mean Nusselt number obtained from present numerical
simulation with the experimental results of Ho et al. [42], numerical results of
Sheikhzadeh et al. [38] and numerical results of Motlagh and Soltanipour [24] for
different values of Rayleigh numbers for / ¼ 0:03.

insert and sinusoidal boundary condition. Very recently, Garoosi
and Rashidi [35] used the finite volume method to investigate
the two phase model of conjugate natural convection of the nanofluid in a partitioned heat exchanger containing several conducting
obstacles. They found that the heat transfer rate was significantly
influenced by changing the orientation of the conductive partition
from vertical to horizontal mode.
Based on the previously mentioned papers and to the authors’
best knowledge, there have been no studies on conjugate mixed
convection of Al2O3-water nanofluid in a double lid-driven horizontally heated square cavity with a solid inner insert using Buongiorno’s two-phase model. Thus, we believe that this work is
valuable and original. The aim of this study is to investigate conjugate mixed convection of Al2O3-water nanofluid in a double liddriven square cavity with a solid inner insert using Buongiorno’s
two-phase model. Solid inner blocks can be used to control heat
transfer as passive element in various shaped cavities filled with
nanofluids or pure liquids. This application can be seen in building
design, electronic equipment, heat exchangers and solar energy
systems [36]. A study on the effect of uniform temperatures on
the mixed convection in a double lid-driven square domain with
the presence of a solid inner block has many important engineering
applications, for example, when we consider the effect of the uniform temperatures of the solar energy collector when an isothermal heater is placed on the bottom horizontal wall of the square
domain and the other top horizontal wall is exposed to a low constant temperature.

2. Mathematical formulation
The current steady two-dimensional conjugate mixed convection problem in a square double-lid cavity with length L and with
an inserted solid square with side d is illustrated in Fig. 1. The Rayleigh number range chosen in the study keeps the nanofluid flow
incompressible and laminar. The top and bottom horizontal moving walls are kept isothermally at constant different temperatures
with T h at the bottom wall which is higher than that of the top wall
T c . While the left and right vertical walls of the cavity are thermally
insulated. The boundaries of the annulus are assumed to be impermeable, the fluid within the cavity is a water-based nanofluid having Al2O3 nanoparticles. We have used Buongiorno’s model. This
two-phase (non-homogeneous) model takes into account the thermophoresis and Brownian diffusion that are represented by the
slip between the base fluid and particles making the nanofluid to

r  v ¼ 0;
qnf v  rv ¼ rp þ r  lnf rv þ ðqbÞnf ðT  T c Þg;
ðqC p Þnf v  rT nf ¼ r  knf rT nf  C p J p  rT nf ;

v  ru ¼ 

1

qp

r  Jp ;

ð1Þ
ð2Þ
ð3Þ
ð4Þ

The energy equation of the inner solid wall is

rT w ¼ 0;

ð5Þ

where g is the acceleration due to gravity, u is the local volume
fraction of nanoparticles and Jp is the nanoparticles mass flux. Based
on Buongiorno’s model, nanoparticles mass flux can be written as:

J p ¼ J p;B þ J p;T ;

ð6Þ
kb T
J þ J p;T ;
3plf dp p;B

J p;B ¼ qp DB ru;

DB ¼

J p;T ¼ qp DT rT;

DT ¼ 0:26

lf
kf
u
2kf þ kp qf T

ð7Þ

ð8Þ

The thermo-physical properties of the nanofluid can be determined as follows:
The heat capacity of the nanofluids ðqC p Þnf given is

ðqC p Þnf ¼ ð1  uÞðqC p Þf þ uðqC p Þp :

ð9Þ

The effective thermal diffusivity of the nanofluids anf is given as

anf ¼

knf
:
ðqC p Þnf

ð10Þ

The effective density of the nanofluids qnf is given as

qnf ¼ ð1  uÞqf þ uqp :

ð11Þ

The thermal expansion coefficient of the nanofluids bnf can be
determined by:

ðqbÞnf ¼ ð1  uÞðqbÞf þ uðqbÞp :

ð12Þ

The dynamic viscosity ratio of water-Al2O3 nanofluids for 33 nm
particle-size in the ambient condition was derived in Ref. [17] as
follows:



0:3 1:03 
lnf
:
¼ 1= 1  34:87 dp =df
u
lf

ð13Þ

The thermal conductivity ratio of water-Al2O3 nanofluids is calculated by the Corcione et al. model [17] as:

 10  0:03
knf
T
kp
0:66
¼ 1 þ 4:4Re0:4
Pr
u0:66 :
B
T fr
kf
kf
where ReB is defined as

ð14Þ
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Fig. 4. Corcione et al. [37] (left), present study (right) for streamlines (a), isotherms (b) and nanoparticle distribution (c) at Ra ¼ 3:37  105 ; / ¼ 0:04 and D ¼ 0.

ReB ¼

uB ¼

qf uB dp
:
lf
2kb T

plf d2p

:

6M
:
Npqf

ð15Þ

df ¼

ð16Þ

where M is the molecular weight of the base fluid, N is the Avogadro
number and qf is the density of the base fluid at standard temperature (310 K). Accordingly, and basing on water as a base fluid, the
value of df is obtained:

where kb ¼ 1:380648  1023 ðJ=KÞ is the Boltzmann constant.
lf ¼ 0:17 nm is the mean path of fluid particles. df is the molecular
diameter of water given as Corcione [17]


df ¼

ð17Þ

6  0:01801528

1=3

6:022  1023  p  998:26

¼ 3:85  1010 m:

ð18Þ
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Fig. 5. Comparison of (a) thermal conductivity ratio with Chon et al. [44] and Corcione et al. [37] and (b) dynamic viscosity ratio with Ho et al. [42] and Corcione et al. [37].

Fig. 6. Comparison of average Nusselt number with Motlagh and Soltanipour [24] for (a) Ra ¼ 102 and (b) Ra ¼ 106 at D ¼ 0.

r  V ¼ 0;
Table 2
Thermo-physical properties of water with Al2O3 nanoparticles at T ¼ 310 K [43,24].
Physical properties

Fluid phase (water)

Al2O3

C p (J/kg K)
q (kg/m3)
k (W m1 K1)
b  105 (1/K)

4178
993
0.628
36.2

765
3970
40
0.85

l  106 (kg/ms)

695

–

dp (nm)

0.385

33

ð20Þ

ðqbÞnf
qf lnf 1 2
r Vþ
Ri  hnf ;
ð21Þ
V  rV ¼ rP þ
qnf lf Re
qnf bf
ðqC p Þf knf
ðqC p Þf
1
DB
V  rhnf ¼
r2 hnf þ
ru  rhnf
ðqC p Þnf kf Re  Pr
ðqC p Þnf Re  Pr  Le
ðqC p Þf
rhnf  rhnf
DT
þ
;
ð22Þ
ðqC p Þnf Re  Pr  Le  NBT 1 þ dhnf
V  ru ¼

r2 hnf
DB
DT
r2 u þ

;
Re  Sc
Re  Sc  NBT 1 þ dhnf

rhw ¼ 0;
Now we introduce the following non-dimensional variables:

ð23Þ
ð24Þ

kb T c
where DB0 ¼ 3pl
is the reference Brownian diffusion coefficient,
dp
f

x
y
u
v
p
u
DB
X¼ ; Y¼ ; U¼
; V¼
; P¼
; u ¼ ; DB ¼
;
L
L
U0
U0
/
DB0
qnf U 20
DT ¼

T nf  T c
DT
Tc
Tw  Tc
; d¼
; hnf ¼
; hw ¼
:
DT0
Th  Tc
Th  Tc
Th  Tc

ð19Þ

This then yields the dimensionless governing equations are:

k

f
DT0 ¼ 0:26 2k þk
p
f

lf
qf h /

is the reference thermophoretic diffusion coef-

ficient, Re ¼ U 0 L=mf is Reynolds number, Ri ¼ Gr=Re2 is Richardson
number, Sc ¼ mf =DB0 is Schmidt number, N BT ¼ /DB0 T c =DT0 ðT h  T c Þ
is the diffusivity ratio parameter (Brownian diffusivity/thermophoretic diffusivity), Le ¼ kf =ðqC p Þf /DB0 is Lewis number,
Gr ¼ gbf ðT h  T c ÞL3 =m2f is the Grashof number for the base fluid
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Fig. 7. Variation of the streamlines (left), isotherms
/ ¼ 0:02; Re ¼ 100; Ri ¼ 10; D ¼ 0:3 and kw ¼ 0:045.
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Fig. 8. Variation of local Nusselt number interfaces with X for different locations of the solid inner block and for (a) Re ¼ 10 and (b) Re ¼ 100 at / ¼ 0:02; Ri ¼ 10; D ¼ 0:3 and
kw ¼ 0:045.

Fig. 9. Variation of average Nusselt number with / for different locations of the solid inner block when (a) Re ¼ 5, (b) Re ¼ 10 and (c) Re ¼ 50 at D ¼ 0:3 and kw ¼ 0:045.
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Fig. 10. Variation of the streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by solid volume fraction (/) for case 1,
Re ¼ 100; Ri ¼ 10; D ¼ 0:3 and kw ¼ 0:045.
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and Pr ¼ mf =af is the Prandtl number for the base fluid. The dimensionless boundary conditions of Eqs. (20) and (24) are:

@hnf
@ u
¼ 0;
¼ 0 on vertical walls of the cavity; ð25Þ
@n
@n


@hnf
@u
D
1
1

¼  T 
;
U ¼ 1; V ¼ 0;
@n
DB NBT 1 þ dhnf @n

U ¼ V ¼ 0;

hnf ¼ 1 on bottom wall;

ð26Þ

@hnf
@ u
D 1
1
U ¼ þ1; V ¼ 0;

¼  T 
;
@n
DB NBT 1 þ dhnf @n
hnf ¼ 0 on top wall;

ð27Þ

hnf ¼ hw ; on walls of the solid square surface;

ð28Þ

U ¼ V ¼ 0;

@hnf @hnf
@ u
D 1
1
@hw

¼  T 
;
¼ Kr
;
@n
DB NBT 1 þ dhnf @n
@n
@n

ð29Þ

where K r ¼ kw =knf is the thermal conductivity ratio and D ¼ d=L is
the aspect ratio of inner square cylinder width to outer square
cylinder width.
The local Nusselt number evaluated at the bottom horizontal
wall, which is defined by
Fig. 11. Variation of local Nusselt number interfaces with X for different / and for
case 1, Re ¼ 100; Ri ¼ 10; D ¼ 0:3 and kw ¼ 0:045.

Nunf ¼ 

knf
kf



@hnf
:
@Y Y¼0

Fig. 12. Variation of average Nusselt number with Ri for different / when (a) Re ¼ 5, (b) Re ¼ 10 and (c) Re ¼ 50 for case 1, D ¼ 0:3 and kw ¼ 0:045.

ð30Þ
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Fig. 13. Variation of the streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by Reynolds number (Re) for case 1, / ¼ 0:02; Ri ¼ 10; D ¼ 0:3
and kw ¼ 0:045.
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Fig. 14. Variation of local Nusselt number interfaces with X for different Re when (a) D ¼ 0:1 and (b) D ¼ 0:6 for case 1, / ¼ 0:02; Ri ¼ 10 and kw ¼ 0:045.

Fig. 15. Variation of average Nusselt number with Re for different / and for case 1, Ri ¼ 10; D ¼ 0:3 and kw ¼ 0:045.

Finally, the average Nusselt number evaluated at the bottom
horizontal wall which is given by:

Z
Nunf ¼

1

Nunf dX

ð31Þ

0

problems for partial differential equations. The finite element
method formulation of the problem results in a system of algebraic
equations. To solve the problem, it subdivides a large problem into
smaller, simpler parts that are called finite elements [39]. Therefore, a finite element analysis of a boundary-value problem should
include the following basic steps [40]:

3. Numerical method and validations
The governing dimensionless Eqs. (20)–(24) subject to the
boundary conditions (25)–(29) are transformed into the weak form
and numerically solved based on the Galerkin weighted residual
finite element method. The finite element method (FEM) or the
finite element analysis (FEA) is a numerical method (procedure)
for solving problems of engineering and mathematical physics
including structural analysis, heat transfer, fluid flow, mass transport, and electromagnetic potential [39]. The analytical solution
of such problems generally requires the solution to boundary value

1. Discretization or subdivision of the domain into several small
elements, connected with nodes.
2. Selection of the interpolation functions for providing an approximation of the unknown solution within an element.
3. Formulation of the system of equations where the Galerkin
methods can be used.
4. Solving the system of equations.
The details of such a procedure are clearly described in Donea
and Huerta [41]. Following the above mentioned steps, the
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Fig. 16. Variation of the streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by Richardson number (Ri) for case 1,
/ ¼ 0:02; Re ¼ 100; D ¼ 0:3 and kw ¼ 0:045.

A.I. Alsabery et al. / International Journal of Heat and Mass Transfer 119 (2018) 939–961

Fig. 17. Variation of local Nusselt number interfaces with X for different Ri when (a) D ¼ 0:1 and (b) D ¼ 0:6 for case 1, / ¼ 0:02; Re ¼ 100 and kw ¼ 0:045.

Fig. 18. Variation of average Nusselt number with / for different Ri when (a) Re ¼ 5, (b) Re ¼ 10 and (c) Re ¼ 50 for case 1, D ¼ 0:3 and kw ¼ 0:045.
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Fig. 19. Variation of the streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by the length of the inner solid square (D) for case 1,
/ ¼ 0:02; Re ¼ 100; Ri ¼ 10 and kw ¼ 0:045.

computational domain is discretised into triangular elements. Triangular Lagrange finite elements of different orders are used for
each of the flow variables within the computational domain. Resid-

uals for each conservation equation are obtained by substituting
the approximations into the governing equations. To simplify the
nonlinear terms in the momentum equations, a Newton-Raphson
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Ciþ1  Ci 


 6 g;

 Ciþ1 
where i represents the iteration number and g is the convergence
criterion. In this study, the convergence criterion was set at

g ¼ 106 .
3.1. Grid size assessment
To ensure the independence of the present numerical solution
on the grid size of the numerical domain, we have used different
grid sizes to calculate the minimum strength of the flow circulation
(Wmin ), maximum strength of the flow circulation (Wmax ) and average Nusselt number for the case of counter-direction lid-driven
(kt ¼ 1; kb ¼ 1), case 1, Re ¼ 100; Ri ¼ 10; / ¼ 0:02 and D ¼ 0:3.
The results are shown in Table 1 indicate insignificant differences
for the G6 grids and above. Therefore, for all computations in this
paper for similar problems to this subsection, the G6 uniform grid
is employed.
3.2. Comparisons with others
Fig. 20. Variation of local Nusselt number interfaces with X for different D and for
case 1, / ¼ 0:02; Re ¼ 100; Ri ¼ 10 and kw ¼ 0:045.

iteration algorithm was used. The convergence of the solution is
assumed when the relative error for each of the variables satisfies
the following convergence criteria:

To promote the validations of the present numerical solution,
we have performed several comparisons with other published
works. The streamlines and isotherms of horizontal walls lid driven
cavity filled with pure fluid showed very good agreement with
Ismael et al. [11] as shown in Fig. 2. In addition, the case of natural
convection filled with nanofluid using Buongiorno’s model is

Fig. 21. Variation of average Nusselt number with Ri for different D when (a) Re ¼ 5, (b) Re ¼ 10 and (c) Re ¼ 50 for case 1, / ¼ 0:02 and kw ¼ 0:045.
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Fig. 22. Variation of the streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by the inner solid thermal conductivity (kw ) when (a) Re ¼ 10
and (b) Re ¼ 100 for case 1, / ¼ 0:02; Ri ¼ 10 and D ¼ 0:3.

shown in Fig. 3 where the average Nusselt number was compared
with experimental work of Ho et al. [42] and numerical works of
Sheikhzadeh et al. [38] and Motlagh and Soltanipour [24]. It shows
very good agreement with Sheikhzadeh et al. [38], which is based
on the same model, and acceptable agreement when compared
with the experimental work of Ho et al. [42]. However, overestimated results are observed when Ra  106 as demonstrated by
Motlagh and Soltanipour [24] too. The comparison with Corcione

et al. [37] also showed very good agreement between the maps
of streamlines, isotherms and nanoparticles distribution inside a
free cavity as shown in Fig. 4. Fig. 5 presents alternative comparisons regarding the enhancement in the thermal conductivity due
to the addition of the Al2 O3 nanoparticles with two different experimental results and the numerical results of Corcione et al. [37] as
well. Except at some nanoparticle volume fractions, the predictions
of the thermal conductivity enhancement are in good agreement
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fashion. Additional validation has been achieved by comparing the
average Nusselt number with the numerical predictions of Motlagh
and Soltanipour [24] for the case of natural convection inside a
square cavity filled by nanofluid and free of inside body as shown
in Fig. 6. Very good agreements are observed in low and high Rayleigh numbers especially at low concentration of nanoparticles.
Based on these validations, the numerical outcomes of the present
numerical code amount to a high degree of reliability.
4. Results and discussion
In this section, we present numerical results for the streamlines,
isotherms and nanoparticle distribution with various values of the
inner solid location (case 1 (x ¼ 0:5; y ¼ 0:5), case 2 (x ¼ 0:2;
y ¼ 0:5), case 3 (x ¼ 0:2; y ¼ 0:8) and case 4 (x ¼ 0:5; y ¼ 0:2)),
the nanoparticle volume fraction (0 6 /  0:04), the Reynolds
number ð1 6 Re 6 500Þ, the Richardson number ð0:01 6 Ri 6 100Þ,
length of the inner solid (0:1 6 D 6 0:7), thermal conductivity of
the inner solid (kw ¼ 0:01, 0.045, 0.1, 0.76 and 1.95 W/m.°C)
(plastics: 0.01, fiberglass: 0.045, softwood: 0.1, brickwork: 0.76,
granite: 1.95 W/m.°C), where the values of Prandtl number, Lewis
number, Schmidt number, ratio of Brownian to thermophoretic
diffusivity and normalized temperature parameter are fixed at
Pr ¼ 4:623; Le ¼ 3:5  105 ; Sc ¼ 3:55  104 ; N BT ¼ 1:1 and d ¼ 155,
respectively.
The
case
of
counter-direction
lid-driven
(kt ¼ 1; kb ¼ 1) is applied in all the results of this study. We have
considered this direction because it contributes in stimulating the
fluid circulation in clockwise direction and this assist in enhancing
the overall convection inside the cavity. Otherwise, if the horizontal walls move in the same direction (either left or right), the main
circulation can split into two recirculation and this may restrict the
buoyancy force and hence, reducing the Nusselt number as was
noticed by Ismael et al. [11] and Sheremet and Pop [21]. The values
of the average Nusselt number are calculated for various values of
Re, Ri; / and D. The thermophysical properties of the base fluid
(water) and solid Al2O3 phases are tabulated in Table 2. According
to the governing parameters, the results are categorized in the following four subsections, where in each subsection we discussed
one parameter and the other parameters were kept as constant
as possible.
The contour level legends define the direction of the fluid heat
flow (clockwise or anti-clockwise direction) and also the strength
of the flow. Positive values of W denotes the anti-clockwise fluid
heat flow, whereas negative designates the clockwise fluid heat
flow. Wmin represents the extreme values of the stream function.
These values are important to show the minimum change of the
flow. This due to the fact that the nanoparticles are moving with
the same direction with the flow which is in clockwise direction
and tend to take a negative values.
4.1. Effect of the inner solid location
The effect of location of the inner solid block on the streamlines,
isotherms, and nanoparticles distribution is studied by fixing the
other parameters at / ¼ 0:02; Re ¼ 100; Ri ¼ 10; D ¼ 0:3 and
kw ¼ 0:045. Four locations are studied as shown in Fig. 7, characterized by the coordinates of the center of the solid body and termed
as case 1, 2, 3 and 4. It is worth noting that without the movement
of the horizontal walls, the problem becomes Rayleigh-Bénard
merely. However, for case 1 (x ¼ 0:5; y ¼ 0:5) the lid direction associated with the movements of the top wall to the right (kt ¼ 1) and
the bottom wall to the left (kb ¼ 1) motivates the fluid to circulates in a main clockwise vortex with four cores localized close
to each corner of the solid. Two perturbations are seen in the tails
of each moving wall (Fig. 7(a)). When the position of the solid body
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is shifted close to the left adiabatic wall, case 2 (x ¼ 0:2; y ¼ 0:5),
the symmetric circulation is disturbed and thus, the streamlines
strengthen, deviate from the left adiabatic wall and merge in a single circulation with vertically elongated core as shown in Fig. 7(b).
This scenario is seen also when the solid body is positioned close to
the left upper corner of the cavity, case 3 (x ¼ 0:2; y ¼ 0:8) which is
shown in Fig. 7(c). For the lower position of the solid wall (case 4,
x ¼ 0:5; y ¼ 0:2), the streamlines weaken because the formation of
the secondary vortices as shown in Fig. 7(d). On the other hand, the
isotherms exhibit the most common stratified pattern for the central solid body position (case 1). For the other cases, random distributions of the isotherms are observed. It is worth noting that the
solid body looks isothermal for cases 1 and 2. The distribution of
the nanoparticles of case 1 shows symmetric aggregation of the
nanoparticles surrounding the solid body. For cases 2 and 3, the
nanoparticles aggregate randomly around the solid body and look
homogenous in the remainder cavity. Contrarily, case 4 depicts
mostly homogenous distribution of the nanoparticles within the
entire cavity. This can be attributed to the restricted Brownian diffusion in this position.
Fig. 8 shows that local Nusselt number decays along the lower
wall. Although case 1 exhibits maximum local Nusselt number
when Re ¼ 10 (Fig. 8(a)), it looks the worst case when Re ¼ 100
(Fig. 8(b)). When Re ¼ 100, case 4, which has narrow path close
to the hot moving wall, provides a significant profit of the buoyancy force, this in turn enhances the local Nusselt number of case
4 as shown in Fig. 8(b). The average Nusselt number shown in Fig. 9
also emphasizes the advantage of the central position of the solid
body at low Reynolds number (Re 6 50).
Fig. 9 reveals that regardless of the nanofluid effect, it is worth
mentioning that the difference between the present results and
those obtained by Ismael et al. [11] and Sheremet and Pop [21] is
that the present geometry provides a facility for controlling the
mixed convection inside the cavity. This can be done by varying
the location, size and thermal conductivity (as will be discussed
later) of the inner solid block.

4.2. Effect of nanoparticles average volume fraction
Figs. 10–12 depicts the effect of the average volume fraction of
nanoparticles (the ‘‘average” will be dropped for brevity) on the
fluid flow, thermal field and nanoparticles distribution inside the
cavity. The contours of streamlines, isotherms and nanoparticles
distribution are shown in Fig. 10. When the volume fraction
increases from 0.02 to 0.04, the cores adjacent to the perturbations
tend to diminish and the fluid circulation weakens. This caused by
the viscous forces, which increases with increasing the volume
fraction /. The isotherms exhibit plume like behavior which clamp
the solid body and thermal boundary layers close the vertical
walls. This evidence does not noticeably change with /. This
because the thermal resistance exerted by the low conductivity
solid. The distribution of the nanoparticles shows high concentration in both the region surrounding the solid because the strong
circulation there and close to the vertical walls because the thermophoresis effect there which arises due to the high temperature
gradients. However, at low volume fraction, the distribution of the
nanoparticles looks symmetric, while with the increase of the volume fraction, the increased viscous forces disturb this symmetry.
Fig. 11 shows the distribution of the local Nusselt number Nunf
along the hot bottom wall for Re ¼ 100; Ri ¼ 10, and D ¼ 0:3. It
shows an increase of Nunf with /. Fig. 12 presents the average Nusselt number with Ri for different / and Re values. The figure shows
that at low Reynolds number, the role of the nanoparticles
switches to adverse action when Ri P 10 (Fig. 12(a)). This can be
attributed to the insufficient buoyancy force to carry the
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nanoparticles towards the cavity core, therefore, the viscous and
inertia forces overcome the thermal conductivity enhancement of
nanofluid. Whereas, when Re increases to 10 (Fig. 12(b)), the
enhancement role of the nanoparticles start when Ri P 10. However, when Re is further increased to 50, an essential role of the
nanoparticles is seen for all ranges of Ri. This can be explained by
the dominance of the thermal conductivity enhancement on the
effect of the increase in the viscous and inertia forces. Moreover,
using the two-phase mixture model for nanofluid along with the
Corcione reliable relations of the thermal conductivity and
dynamic viscosity gives results with a confidence level higher than
those obtained by the single-phase mixture model. For example,
the independent research groups [6,7,9,10,32] have used the same
single-phase mixture relations but their results conflict in some
situations. Whereas [6,7,9,10] have reported increasing functions
of the average Nusselt number with the volume fraction, Mahmoodi and Sebdani [32] has addressed a decreasing function of
the average Nusselt number with the volume fraction at Rayleigh
number of 104 .
4.3. Effect of Reynolds number
Fig. 13 presents the variation of streamlines, isotherms and the
distribution of the nanoparticles with Reynolds number for
/ ¼ 0:02; Ri ¼ 10; D ¼ 0:3 and kw ¼ 0:045. When Re ¼ 1, the inertia
force balance the viscous force, thus the effect of shear friction
exerted by the moving wall is focused at the fluid close to these
walls. Therefore, two main clockwise circulations are formed there
as shown in Fig. 13(a). As Reynolds number increases, the inertia
force plays essential role in reinforcing the circulations until they
break down to form the four-core pattern surrounding the square
body. Whereas Re increases, the fluid flow is intensified appreciably especially close to the solid boundaries. The isotherms of
Re ¼ 1 are equivalent to the case of pure conduction where when
Re ¼ 1 and Ri ¼ 10, the Grashof number is 10 too. This weak convection case leads to the pure conduction which heat up the solid
from below and thus, the isotherms inside the solid looks horizontal as shown in Fig. 13(a). Fig. 13(b) shows that the isotherms tend
to stratify because the start of the buoyant force resulting from
increasing Re to 10 (i.e. Grashof number to 1000). The solid body
in this case receives heat from the left, thus, it experiences vertical
isotherms. Increasing Re to 100 and further to 500 (as shown in
Fig. 13(c) and (d)) enhances the natural convection, which leads
to the plume like pattern while the center of the cavity (including
the solid body) looks isotherm. The distribution of the nanoparticles at low Re values (Re 6 10) is mainly due to the thermophoresis
because the dominance of the conduction where we can see vertically elongated concentration surrounding the solid body. As Re
increases to 100, the natural convection leads to symmetric distribution with homogeneous fashion onward the solid body, as
shown in Fig. 13(c). When Re is further increased to 500, the strong
convection circulation leads to settle some nanoparticles close to
the moving bottom wall as shown in Fig. 13(d).
Fig. 14 shows the distribution of the local Nusselt number
along the hot wall for different values of Re at
/ ¼ 0:02; Ri ¼ 10; kw ¼ 0:045 and for two values of D (D ¼ 0:1 and
D ¼ 0:6). The local Nusselt number increases with Re because the
development of the mixing action. The average Nusselt number
which is presented in Fig. 15, depicts a continuous enhancement
with Re.
4.4. Effect of Richardson number
Richardson number characterizes the ratio of the natural to
forced convections. Fixing / at 0:02; Re at 100 and D at 0:3,

Fig. 16 presents the effect of Ri on the contour maps of the streamlines, isotherms and the nanoparticles distribution. For dominant
forced convection (Ri ¼ 0:01), Fig. 16(a) shows that each one of
the two main circulations shifts towards the leading edge of the
moving wall. This because the essential role of the shear friction
exerted by the moving wall. For comparative mode of convection
(Ri ¼ 1), Fig. 16(b) shows the strengthen of these circulations only,
while when Ri increases to 10, the four-core fashion (Fig. 16(c))
takes place as an indication to the increased natural convection.
The strong natural convection associated with Ri ¼ 100 (Fig. 16
(d)) violently reinforces the circulation of the nanofluid resulting
in expediting the rise up and the fall down the nanofluid. This scenario prevents the chance of circulating fluid at the lower left and
the upper right corners of the cavity. Therefore, only two-core pattern is observed. The isotherms maps show that with increasing Ri
number, the change of the isotherms from the mostly vertical lines
to plume-like pattern with isothermal core as an indication to the
dominance of the natural convection. The contours of the nanoparticles distribution shows that at the dominant forced convection
(Ri ¼ 0:01), the concentration close to the solid body follow the
motion of the driven walls as shown in Fig. 16(a). For higher Ri values, the thermophoresis arises where the distribution of the
nanoparticles becomes identical with the respective temperature
gradient as shown in Fig. 16(c) and (d).
Fig. 17 shows the variation of the local Nusselt number for different Ri at Re ¼ 100; / ¼ 0:02, and two different solid sizes. In general, the figure depicts an increase in the convective heat transfer
with the increase of Ri. The average Nusselt number augmentation
with Ri can be demonstrated by Fig. 18 where a continuous
increase of Nunf is seen with Ri for various parameters.
4.5. Effect of the inner solid size
The size of the inner solid body affects the space available for
circulation of the nanofluid and the amount of the thermal resistance, which impede the heat transfer within the cavity. Fig. 19
presents the streamlines, isotherms and the distribution of the
nanoparticles for different solid sizes at / ¼ 0:02; Re ¼ 100, and
Ri ¼ 10. For small solid (D ¼ 0:1), Fig. 19(a) shows two-core pattern with strong circulation because the large space available and
low thermal resistance. When D ¼ 0:3, the restricted space
switches the four-core pattern with decreased strength of the circulation. However, when D increased to 0.5 (Fig. 19(c)) and further
to 0.7 (Fig. 19(d)), the free space available for flow is narrowing,
thus, the fluid intensifies within the annulus region and the flow
strength decreases noticeably. The isotherms show a pure natural
convection pattern with isothermal region localized at the cavity
core when D 6 0:3. This because the low thermal resistance and
small obstruction exerted by the solid body. As D is brought to larger than 0.5, the effect of the thermal resistance switches the temperature gradient within the solid body. Moreover, the shear action
of the moving walls becomes more pronounced. The distribution of
the nanoparticles demonstrates a noticeable inhomogeneity
around the small solid body (Fig. 19(a)), this because the strong circulation surrounding the sold body. As D increased, the proximity
of the solid body walls to the cavity walls produces higher temperature gradients, and thus stimulates the thermophoresis effect, but
the weak circulation lead to relatively homogenous distribution of
nanoparticles.
The local distribution of the Nusselt number shown in Fig. 20
depicts clear decrease in the heat transfer when D increased to
0:7. The average Nusselt number for different sizes of the solid
body is illustrated in Fig. 21 with some details. At low Re number
(Fig. 21(a)) presents a clear adverse role of the body size at all Ri
values. Moreover, Ri has a negligible influence on the Nunf when
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Fig. 23. Variation of local Nusselt number interfaces with X for different kw when (a) Re ¼ 10 and (b) Re ¼ 100 for case 1, / ¼ 0:02; Ri ¼ 10; D ¼ 0:3.

Fig. 24. Variation of average Nusselt number with Ri for different kw when (a) Re ¼ 5, (b) Re ¼ 10 and (c) Re ¼ 50 for case 1, / ¼ 0:02 and D ¼ 0:3.
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the solid size is too large (D ¼ 0:7). For high Re number (Re ¼ 10),
the solid size of 0:3 6 D 6 0:5 manifests larger Nusselt number at
very high Ri number as shown in Fig. 21(b). When Re is set at
higher values (Re ¼ 50), the role of D has an alternative fashion
that is the curves of D’s 6 0:5 are asymptotic along most ranges
of the Ri number, while an increase in Nunf is seen at D ¼ 0:7
within Ri P 50 as shown in Fig. 21(c). This behavior is due to the
positive interaction between the buoyancy force and the shear
action from the moving solid walls.

nolds and Richardson numbers, it enhances the heat transfer inside
the cavity. It is worth concluding that the location of the inner
block facilitates the possibility of controlling the mixed convection
inside the cavity.

4.6. Effect of the thermal conductivity of the inner block
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The role of thermal conductivity of the inner solid on the characteristics of the present geometry is presented in this section.
Fig. 22 depicts the streamlines, isotherms and nanoparticles distribution for two thermal conductivities (kw ) of the inner solid when
(a) Re ¼ 10 and (b) Re ¼ 100 for / ¼ 0:02; Ri ¼ 10 and D ¼ 0:3. At
low Reynolds number, Fig. 22(a), the intensity of the nanofluid circulation close to the moving walls is not significantly affected by
the thermal conductivity of the inner solid. The isotherms experience an obvious temperature gradient within the inner solid due
to its low thermal conductivity, while for higher thermal conductivity (kw ¼ 1:95) the inner solid looks isothermal. The nanoparticles aggregate on the top and bottom of the inner solid while the
remainder bulk cavity has homogenous distribution. At high Reynolds number, (Fig. 22(b)) the action of the moving wall spreads
out through the entire cavity to form the four-eye circulation pattern and the isotherms present plume-like pattern with isothermal
inner solid, while the nanoparticles shows heterogeneous distribution. It is worth noting the thermal conductivity of the inner block
has no significant effect on these three maps. However, at low Reynolds (Re ¼ 10), the circulation of nanofluid concentrates under
and above the inner solid while a little amount of nanofluid confine
the inner solid by a weak circulation. Thus, the blockage effect of
the inner solid assists in heat transfer. If kw increases, the heat
transport across the inner solid acts adversely with this mechanism. Therefore, Fig. 23(a) presents a reduction in local Nusselt
number with increasing kw . For high Reynolds number
(Re ¼ 100), the effect of kw is absent because the strong circulation
within the cavity due to the moving wall as shown in Fig. 23(b).
The average Nusselt emphasizes the above attribution of the kw
effect, where its effect is limited at low Reynolds number (Fig. 24
(a)) and this effect diminishes with increasing Re values (Fig. 24
(b)) until it completely disappears at higher Reynolds number as
shown in Fig. 24(c). It is interesting to note that at very low Reynolds number (Re ¼ 5), the effect of kw is pronounced with increasing Richardson number while at Re ¼ 10, the kw effect is observed
up to Ri ﬃ 60.
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5. Conclusions
The current study investigates steady conjugate mixed convection inside a double lid-driven square cavity including a solid body
filled with Al2O3 nanoparticles using Buongiorno’s two-phase
model. The results have revealed that the nanofluid strategy in
such a cavity has a noticeable augmentation of heat transfer. However, at low Reynolds numbers, the addition of nanoparticles has
an adverse effect on the Nusselt number when the Richardson
number is very high. The distribution of the nanoparticles shows
high concentration in both regions; these are around the solid
due to the strong circulation and close to the vertical walls due
to the thermophoresis effect. The distribution of the nanoparticles
is greatly influenced by the Reynolds number and the size of the
solid body. The size of the solid body has an adverse effect on
the heat transfer in most cases, but at high values of both the Rey-

Conflict of interest
Authors declare that there is no conflict of interest.

References
[1] E. Papanicolaou, Y. Jaluria, Mixed convection from an isolated heat source in a
rectangular enclosure, Numer. Heat Transf. 18 (4) (1991) 427–461.
[2] C. Huang, T. Lin, Vortex flow and thermal characteristics in mixed convection
of air in a horizontal rectangular duct: effects of the Reynolds and Grashof
numbers, Int. J. Heat Mass Transf. 38 (9) (1995) 1661–1674.
[3] A.K. Prasad, J.R. Koseff, Combined forced and natural convection heat transfer
in a deep lid-driven cavity flow, Int. J. Heat Fluid Flow 17 (5) (1996) 460–467.
[4] K.M. Khanafer, A.J. Chamkha, Mixed convection flow in a lid-driven enclosure
filled with a fluid-saturated porous medium, Int. J. Heat Mass Transf. 42 (13)
(1999) 2465–2481.
[5] S.K. Das, S.U.S. Choi, W. Yu, T. Pradeep, Nanofluids: Science and Technology,
John Wiley and Son Inc, New Jersey, 2008.
[6] K. Khanafer, K. Vafai, M. Lightstone, Buoyancy-driven heat transfer
enhancement in a two-dimensional enclosure utilizing nanofluids, Int. J.
Heat Mass Transf. 46 (19) (2003) 3639–3653.
[7] R.K. Tiwari, M.K. Das, Heat transfer augmentation in a two-sided lid-driven
differentially heated square cavity utilizing nanofluids, Int. J. Heat Mass Transf.
50 (9) (2007) 2002–2018.
[8] M. Sheikholeslami, H. Ashorynejad, P. Rana, Lattice Boltzmann simulation of
nanofluid heat transfer enhancement and entropy generation, J. Mol. Liq. 214
(2016) 86–95.
[9] E. Abu-Nada, A.J. Chamkha, Mixed convection flow in a lid-driven inclined
square enclosure filled with a nanofluid, Eur. J. Mech.-B/Fluids 29 (6) (2010)
472–482.
[10] M. Salari, M.M. Tabar, A.M. Tabar, H.A. Danesh, Mixed convection of nanofluid
flows in a square lid-driven cavity heated partially from both the bottom and
side walls, Numer. Heat Transf. Part A: Appl. 62 (2) (2012) 158–177.
[11] M.A. Ismael, I. Pop, A.J. Chamkha, Mixed convection in a lid-driven square
cavity with partial slip, Int. J. Therm. Sci. 82 (2014) 47–61.
[12] M. Ghalambaz, A. Behseresht, J. Behseresht, A. Chamkha, Effects of
nanoparticles diameter and concentration on natural convection of the
Al2O3–water nanofluids considering variable thermal conductivity around a
vertical cone in porous media, Adv. Powder Technol. 26 (1) (2015) 224–235.
[13] A. Zaraki, M. Ghalambaz, A.J. Chamkha, M. Ghalambaz, D. De Rossi, Theoretical
analysis of natural convection boundary layer heat and mass transfer of
nanofluids: effects of size, shape and type of nanoparticles, type of base fluid
and working temperature, Adv. Powder Technol. 26 (3) (2015) 935–946.
[14] J. Umavathi, M.A. Sheremet, Influence of temperature dependent conductivity
of a nanofluid in a vertical rectangular duct, Int. J. Non-Linear Mech. 78 (2016)
17–28.
[15] M. Sheikholeslami, A.J. Chamkha, Flow and convective heat transfer of a ferronanofluid in a double-sided lid-driven cavity with a wavy wall in the presence
of a variable magnetic field, Numer. Heat Transf. Part A: Appl. 69 (10) (2016)
1186–1200.
[16] M. Sheikholeslami, M. Rashidi, T. Hayat, D. Ganji, Free convection of magnetic
nanofluid considering MFD viscosity effect, J. Mol. Liq. 218 (2016) 393–399.
[17] M. Corcione, Empirical correlating equations for predicting the effective
thermal conductivity and dynamic viscosity of nanofluids, Energy Convers.
Manage. 52 (1) (2011) 789–793.
[18] D. Wen, Y. Ding, Experimental investigation into convective heat transfer of
nanofluids at the entrance region under laminar flow conditions, Int. J. Heat
Mass Transf. 47 (24) (2004) 5181–5188.
[19] J. Buongiorno, Convective transport in nanofluids, J. Heat Transf. 128 (3) (2006)
240–250.
[20] M. Sheikholeslami, M. Gorji-Bandpy, D. Ganji, S. Soleimani, Thermal
management for free convection of nanofluid using two phase model, J. Mol.
Liq. 194 (2014) 179–187.
[21] M.A. Sheremet, I. Pop, Mixed convection in a lid-driven square cavity filled by a
nanofluid: Buongiorno’s mathematical model, Appl. Math. Comput. 266 (2015)
792–808.

A.I. Alsabery et al. / International Journal of Heat and Mass Transfer 119 (2018) 939–961
[22] F. Garoosi, B. Rohani, M.M. Rashidi, Two-phase mixture modeling of mixed
convection of nanofluids in a square cavity with internal and external heating,
Powder Technol. 275 (2015) 304–321.
[23] M. Esfandiary, B. Mehmandoust, A. Karimipour, H.A. Pakravan, Natural
convection of Al2 O3 –water nanofluid in an inclined enclosure with the
effects of slip velocity mechanisms: Brownian motion and Thermophoresis
phenomenon, Int. J. Therm. Sci. 105 (2016) 137–158.
[24] S.Y. Motlagh, H. Soltanipour, Natural convection of Al2 O3 -water nanofluid in
an inclined cavity using Buongiorno’s two-phase model, Int. J. Therm. Sci. 111
(2017) 310–320.
[25] M.A. Ismael, Numerical solution of mixed convection in a lid-driven cavity
with arc-shaped moving wall, Eng. Comput. 34 (3) (2017) 869–891.
[26] D.M. Kim, R. Viskanta, Study of the effects of wall conductance on natural
convection in differently oriented square cavities, J. Fluid Mech. 144 (1984)
153–176.
[27] R. Viskanta, D. Kim, Effect of wall heat conduction on natural convection heat
transfer in a square enclosure, J. Heat Transf. 107 (1985) 139.
[28] J.M. House, C. Beckermann, T.F. Smith, Effect of a centered conducting body on
natural convection heat transfer in an enclosure, Numer. Heat Transf. 18 (2)
(1990) 213–225.
[29] M.Y. Ha, M.J. Jung, Y.S. Kim, Numerical study on transient heat transfer and
fluid flow of natural convection in an enclosure with a heat-generating
conducting body, Numer. Heat Transf.: Part A: Appl. 35 (4) (1999) 415–433.
[30] F.Y. Zhao, D. Liu, G.F. Tang, Conjugate heat transfer in square enclosures, Heat
Mass Transf. 43 (9) (2007) 907–922.
[31] H.F. Oztop, C. Sun, B. Yu, Conjugate-mixed convection heat transfer in a liddriven enclosure with thick bottom wall, Int. Commun. Heat Mass Transf. 35
(6) (2008) 779–785.
[32] M. Mahmoodi, S.M. Sebdani, Natural convection in a square cavity containing a
nanofluid and an adiabatic square block at the center, Superlattices
Microstruct. 52 (2) (2012) 261–275.
[33] P.S. Mahapatra, S. De, K. Ghosh, N.K. Manna, A. Mukhopadhyay, Heat transfer
enhancement and entropy generation in a square enclosure in the presence of

[34]

[35]

[36]

[37]

[38]

[39]
[40]
[41]
[42]

[43]
[44]

961

adiabatic and isothermal blocks, Numer. Heat Transf. Part A: Appl. 64 (7)
(2013) 577–596.
A.I. Alsabery, P.G. Siddheshwar, H. Saleh, I. Hashim, Transient free convective
heat transfer in nanoliquid-saturated porous square cavity with a concentric
solid insert and sinusoidal boundary condition, Superlattices Microstruct. 100
(2016) 1006–1028.
F. Garoosi, M.M. Rashidi, Two phase flow simulation of conjugate natural
convection of the nanofluid in a partitioned heat exchanger containing several
conducting obstacles, Int. J. Mech. Sci. 130 (2017) 282–306.
M.A. Sheremet, H.F. Oztop, I. Pop, N. Abu-Hamdeh, Analysis of entropy
generation in natural convection of nanofluid inside a square cavity having hot
solid block: Tiwari and Das’ model, Entropy 18 (1) (2015) 9.
M. Corcione, M. Cianfrini, A. Quintino, Two-phase mixture modeling of natural
convection of nanofluids with temperature-dependent properties, Int. J.
Therm. Sci. 71 (2013) 182–195.
G.A. Sheikhzadeh, M. Dastmalchi, H. Khorasanizadeh, Effects of nanoparticles
transport mechanisms on Al2 O3 -water nanofluid natural convection in a
square enclosure, Int. J. Therm. Sci. 66 (2013) 51–62.
D.L. Logan, A First Course in the Finite Element Method, fifth ed., Cengage
Learning, 2011.
J.N. Reddy, An Introduction to the Finite Element Method, third ed., McGrawHill, New York, 2006.
J. Donea, A. Huerta, Finite Element Methods for Flow Problems, John Wiley
Sons, Chichester, 2003.
C. Ho, W. Liu, Y. Chang, C. Lin, Natural convection heat transfer of aluminawater nanofluid in vertical square enclosures: an experimental study, Int. J.
Therm. Sci. 49 (8) (2010) 1345–1353.
T.L. Bergman, F.P. Incropera, Introduction to Heat Transfer, sixth ed., Wiley,
New York, 2011.
C.H. Chon, K.D. Kihm, S.P. Lee, S.U. Choi, Empirical correlation finding the role
of temperature and particle size for nanofluid (Al2O3) thermal conductivity
enhancement, Appl. Phys. Lett. 87 (15) (2005) 3107.

