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Abstract: In the present study, the main concern is to investigate the magnetohydrodynamic nanofluid flow subject to
porous matrix and convective heating past a permeable linear stretching sheet. In addition, the influence of velocity slip,
viscous dissipation, Joule heating and non-linear thermal radiation are considered. A new micro-convection model known
as the Patel model is implemented for considerable enhancement of the thermal conductivity and hence, the heat transfer
capability of nanofluids. Moreover, a convective heat transfer model is introduced where the bottom surface of the sheet
gets heated due to a convection mechanism from a hot fluid of particular temperature. The numerical results of the
transformed governing differential equations have been obtained by using fourth-order Runge–Kutta method along with
shooting approach and secant method is used for better approximation. In the present analysis, base fluids such as water and
Ethylene glycol and Copper, Silver and Aluminum oxide nanoparticles are considered. Results of the present investigation
show that inclusion of porous matrix contributes to slow down the fluid velocity and diminution of wall shear stress (axial
as well as transverse). Drag force due to magnetic field strength, velocity slip and imposed fluid suction impede the fluid
motion and upsurge the heat transfer rate from the surface. In addition, rise in viscous dissipation widens the thermal
boundary layer.
Keywords: MHD 3D flow; Velocity slip; Non-linear thermal radiation; Convective boundary condition; Porous matrix
PACS No.: 81.16.Ta; 47.56.?r; 44.30.?v

1. Introduction
After decades of slow momentum on the research regarding the boundary layer flow of viscous/viscoelastic fluids,
many researchers [1–5] have succeeded in establishing the
developmental needs of the 21st century. The major
advantage of magnetohydrodynamic (MHD) flow is that an
applied magnetic field controls/regulates momentum and
heat transfers in the boundary flow of viscous/viscoelastic
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fluids over a stretching surface. With the help of this
principle, a controlled cooling system is developed which
is very much essential for the qualities of final products in
manufacturing processes involved in industrial fields.
At this moment it is not clear if this is a short- term trend
or if this indicates a long-term decline of investigation
regarding the heat transfer enhancement of viscous/viscoelastic fluids. But as of now, there seems to be a clear
shift from traditional way of heat transfer enhancement to
modern mechanism of suitable dispersion and sustainable
suspension of nanoparticles of higher thermal conductivity
(viz. metals, oxides, carbides, nitrides and carbon nanotubes (particles of 100 nm or less size) in conventional
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fluids of lower thermal conductivity (such as water, kerosene, engine oil, touline, ethylene glycol and tri-ethylene
glycol) in order to give highly heat transfer capability
nanofluids. It is great that this genuine accomplishment was
attributed to the renowned scientist Choi [6] who pioneered
experimentally to impart such contribution to his credit.
With mission mode campaign authors [7–16] put their
efforts to come up with a vibrant research on boundary
layer flow of nanofluids over different kinds of surfaces
involving different configurations. The researchers have
been evincing keen interest to investigate in the related
areas in view of relevance of nanofluids to meet the modern
cooling requirements in industrial fields and manufacturing
processes. The most important factor is the higher thermal
conductivity which favors the nanofluids being served as
best suitable coolants in the numerous applications. A
number of instances have been brought before us include
next generation coolants for computers and safe coolants
for nuclear reactors. Further major applications of
nanofluids as coolants are in cancer therapy, safer surgery,
heat exchangers, micro-channel heat sinks and several
electronic devices for use in military sectors, vehicles and
transformers, in designing the waste heat removal equipment, major manufacturing industries associated with
materials and chemicals, oil and gas, food and drink, paper
and printing, polymer extrusion, glass blowing, rapid spray
cooling, cooling of microelectronics, wire drawing and
quenching in metal foundries and as refrigerant/lubricant
mixtures enabling to chill or cool buildings. Nanofluids
along with biotechnological components bring forth many
potential applications in biological sensors, pharmaceuticals and agriculture. Magneto-nanofluid flow and heat
transfer find applications include wound treatment, sterilized devices, gastric medications and great importance in
the processes such as targeted drug release, asthma treatment, synergistic effects in immunology, magnetic cell
separation, magnetic resonance imaging, elimination of
tumors with hyperthermia etc. Among many others,
Nourazar et al. [17] studied the effect of magnetic field on
nanofluid flow over a porous stretching cylinder. In fact,
they implemented the Optimal Collocation Method (OCM)
to solve the governing equations and verified the accuracy
of the results by fourth order Runge–kutta numerical
method. But at the same time, they found the relation of
Reynolds number (Re), Magnetic number (M), Squeeze
number (S), nanoparticles volume fraction (/) on the
thermal and flow boundary layers. Meanwhile, Rabhi et al.
[18] used modified axisymmetric Lattice Boltzmann
method to solve the governing equations and the thermophysical properties on MHD slip flow in a porous micro
duct. Their study acknowledges that the rate of heat
transfer can be enhanced in raising the magnitude of the
external oriented magnetic field. Moreover, Das et al. [19]
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studied the effect of magnetic field on Cu-Al2 O3 hybrid
nanofluid in a porous channel. Many others [20–26]
investigated the influence of transverse magnetic field on
different nanofluids in different situations.
Today, more and more researchers have kin interest in
investigations regarding the heat transfer advancement in
industrial systems that include the application of metalbased porous materials such as copper foams in channels
and heat exchangers. On the other hand, nanoparticles
dispersed in nanofluid enhance the effective thermal conductivity. Therefore, it is preferable for many typical
physical systems enhancing their thermal efficiencies significantly employing both porous media and nanofluid
together. Because of above advantages, porous media find
their usefulness in oil production, electronic cooling systems, heat exchangers etc. Nayak et al. [27] analysed the
flow and heat transfer analysis of a viscoelastic fluid
through a porous plate in presence of chemical reaction. In
their study, they revealed that the porosity parameter in
association with heat source contributes to enhance the
velocity throughout the flow field. Further, Quing et al. [28]
discussed the entropy generation on magnetohydrodynamic
flow of Casson fluid subjected to a porous stretching/
shrinking sheet. Furthermore, the influence of porous
matrix on various flows in the related areas was discussed
in [29–32].
Many a time researchers are very eager to know about
slip flow regime associated with the flow behavior of fluids
involved in micro-scale fluid dynamics. As it eyes, no- slip
boundary condition is not enough in the situations like
polymer solutions, suspensions, emulsions and foams
(where fluid behaves as a particulate), therefore, the most
appropriate boundary condition is the partial slip. In view
of its vital role in polymer as well as electrochemical
industry, many authors [33–35] have studied the flow
analysis in association with partial slip conditions. This
apart, there are many other like Hakeem et al. [36] investigated the effect of slip on MHD flow and heat transfer of
Newtonian/non-Newtonian fluid in presence of magnetic/
non-magnetic nanoparticles. In their investigation they
observed that slip coefficient enhances the local Nusselt
number while exhibits an opposite effect on the skin friction coefficient. Further, Mustafa and Khan [37] considered
slip effects in association with convective boundary condition in MHD flow of nanofluid in a stretched rotating disk
wherein they observed that steady state rotation of the disk
requires minimum rotation subject to Fe3 O4 nanoparticles.
Indeed, viscous dissipation appears in stronger gravitational fields, larger planets, heavier gases in space and
geological processes. It provides an additional heat in the
flow system unlike shear stress. Nayak [10] analyzed the
effect of viscous dissipation on flow of nanofluids in
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presence of transverse magnetic field in a porous medium
in association with thermal radiation.
It is another matter that convective boundary condition
contributes to the heat transfer through the surface which in
turn enhances the temperature and therefore, the thermal
conductivity of the nanofluids. Ahmad et al. [38] studied
the effects of buoyancy on the flow of nanofluid over a
vertical Riga plate subjected to convective boundary condition. In their analysis they revealed that wall heat flux
gets enhanced due to convective heating. Further, the
Navier slip and convective heating effects on MHD
transport phenomena was studied by Uddin et al. [39].
They discussed in their study that enhancement of hydrodynamic slip belittles the skin friction and upsurges the
heat transfer rate. Interestingly, Nayak et al. [40] presented
in their work that more convective heat transfer is
responsible for significant enhancement of fluid temperature in the entire flow domain.
Yet it is because of the very nature of the causes that the
large temperature difference between the continuum and
ambient fluid invites the thermal radiation effect as it alters
the structure of the thermal boundary layer and the rate of
heat transfer. Because of this fact the radiative heat transfer
finds many significant applications include nuclear power
plants for power generation, gas turbines, nuclear reactor
cooling, satellites etc. However, non-linear Rosseland
approximation provides results for both small and large
temperature differences between the surface and ambient
fluid. Nayak [41] has shown in his study that thermal
radiation should be considered minimum so as to achieve
more cooling due to MHD viscoelastic fluid flow over a
stretching sheet. Nayak et al. [42] has also shown the
influence of thermal radiation on fluid motion over plate.
Further, Bhatti et al. [43] analyzed the effects of thermal
radiation on MHD particle fluid suspension in an induced
metachronal wave.
In the capacity of the above literature survey what we
have observed that no one has explored yet the combined
effect of velocity slip and convective boundary conditions
on three-dimensional stretched flow of nanofluid past a
permeable linearly stretching sheet through a porous
medium influenced by suction, viscous dissipation, Joule
heating and non-linear thermal radiation. Hence, the novelty of our present study is to investigate the influence of
partial slip, convective boundary condition, viscous dissipation and Joule heating in 3D stretched flow of nanofluids
encountered by porous medium subjected to non-linear
thermal radiation. In the present study, the solution of
transformed governing equations is devised numerically
using the fourth-order Runge–Kutta method along with the
shooting technique and using secant method for better
approximation. The influence of various physical parameters of interest on the dimensionless velocity and
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temperature along with the skin friction and the local
Nusselt number is displayed and discussed beautifully in
the present text.

2. Formulation of the problem
Consider a steady three dimensional flow of incompressible
nanofluid over a permeable stretching sheet associated with
negligible magnetic Reynolds number, induced magnetic
field and impressed electric field as shown in Fig. 1.
Assume that a transverse magnetic field of uniform
strength B0 is applied parallel to the z-axis. Partial slip,
viscous dissipation and Joulian heating are also assumed to
be introduced.
Using the above mentioned assumptions and usual
boundary layer approximations, the equations of continuity, momentum and energy are (Das et al. [44], Makinde
and Animasaun [45], Mabood et al. [46, 47], Nayak [10]):
ou ov ow
þ þ
¼ 0,
ox oy oz

ð1Þ

u

ou
ou
ou lnf o2 u rnf B20 u lnf u
þv þw ¼
,


ox
oy
oz qnf oz2
qnf
qnf K

ð2Þ

u

ov
ov
ov lnf o2 v rnf B20 v lnf u
þv þw ¼
,


ox
oy
oz qnf oz2
qnf
qnf K

ð3Þ

u

oT
oT
oT
knf
o2 T

þv
þw
¼
ox
oy
oz
qCp nf oz2


16r
o
oT
3

T
þ 
oz
3k qCp nf oz
 2
lnf
ou
rnf B0 2

 u,
þ
þ
qCp nf oz
qCp nf
ð4Þ

subject to the boundary conditions (Krishna et al. [48], Das
et al. [49] and Hayat et al. [50]):
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Fig. 1 Flow geometry of the problem
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seland radiative heat flux [51] can be written as qr ¼
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within the flow is assumed as small and T 4 is expanded in
Taylor series about T1 and higher order terms are
neglected. In order to accomplish more meaningful results
and develop the energy Eq. (4) as non-linear, the term
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[8].
Here a [ 0 and b [ 0 for stretching sheet, u; v and w are
the fluid velocity components along x, y and z-directions, T
is the fluid temperature and T1 is the temperature of the
ambient fluid, r is the electrical conductivity, B0 is the
uniform magnetic field strength,a and b are constants, K is
the non-dimensional permeability,W is the wall mass
transfer velocity with W [ 0 represents suction and W\0
represents injection, d is the tangential momentum
accommodation coefficient, c is the molecular mean free
path, and Tw is the constant temperature on the surface of
the stretching sheet,kf is the thermal conductivity, hf is the
convective heat transfer coefficient and Tf is the temperature of the fluid heating the surface of the sheet, r is the
Stefan-Boltzmann constant, k is the mean absorption
coefficient of the nanofluid,q
nf is the effective density of


the nanofluid and qCp nf is the heat capacitance of the
nanofluids, defined in [8] as

qnf ¼ (1  /) qf þ /qs
,
ð6Þ
(qCp )nf ¼ (1  /)(qCp )f þ /(qCp )s




where qCp f and qCp s are respectively the heat
capacitances of base fluid and nanoparticles, qs and qf are
the density of pure fluid and nanoparticles respectively.
The effective dynamic viscosity of the nanofluid is
described in [8] as


lnf ¼ lf 1 þ 39:11/ þ 533:9/2
ð7Þ
where lnf and lf are the effective dynamic viscosities of
nanofluid and base fluid respectively, and / is the solid
volume fraction of nanoparticles.
Following the micro-convection model proposed by
Patel et al. [52], the effective thermal conductivity of
nanofluid can be determined as
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where knf ; kf and ks are respectively the thermal conductivities of nanofluids, base fluids and nanoparticles,As and
Af are the heat transfer area corresponding to particles and
fluid medium respectively, c is a constant,Pe is the Peclet
number, df is the molecular size of the fluid and ds is the
nanoparticle diameter, us is the Brownian motion velocity
of nanoparticles, af is the thermal diffusivity of the fluid,
and lf is the dynamic viscosity of the fluid.
The appropriate transformations used are
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is the temperature parameter.

Using (6)–(10), Eqs. (2)–(4) take the form
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3. Numerical technique
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where M is the Hartman number,k is the stretching ratio
parameter, Pr is the Prandtl number, R is the radiation
parameter, S is the wall mass transfer parameter with S [ 0
represent suction, P is the non-dimensional permeability
parameter, X is the slip parameter, Ec is the Eckert number
and Bi is the Biot number.
The local skin friction coefficients Cfx ,Cfy and local
Nusselt number Nux are determined respectively as
swy
Cfx ¼ qswx
2 , Cfy ¼ q V 2 and
f Uw
f w
x qw
ð17Þ
Nux ¼
kf ðTw  T1 Þ
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3
a
tf 1 þ Rhw h ð0Þ denotes the wall heat flux from the
stretching surface.
The skin-friction coefficients and local Nusselt number
in terms of non-dimensional variables can be obtained
respectively as
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Here Rex ¼ Utwf x and Rey ¼ Vtwf y are local Reynolds
number along x- and y-directions respectively.

The governing ordinary differential Eqs. (11)–(13) in
association with the boundary condition (14) are solved
numerically by employing a shooting method. In the
beginning, the boundary value problem (BVP) has been
converted into initial value problem (IVP) and assigned a
suitable finite value for the far field boundary condition,
i.e.g ! 1, say g1 . In order to solve the IVP, the values for
F 00 ð0Þ,G00 ð0Þ and h0 ð0Þ are needed but no such values are
given prior to the computation. The initial guess values of
F 00 ð0Þ,G00 ð0Þ and h0 ð0Þ are considered and fourth order
Runge–Kutta (R–K) method is applied to accomplish the
numerical solution. The values of F 0 ðgÞ, G0 ðgÞ and hðgÞ so
obtained at the far field boundary condition g1 ð¼ 20Þ have
been compared with the given boundary conditions (14)
and the values of F 00 ð0Þ, G00 ð0Þ and h0 ð0Þ are adjusted using
Secant method for better approximation. The step-size is
taken as Dg ¼ 0:01 and accuracy to the fifth decimal place
as the criterion of convergence.

4. Results and discussion
The present study analyzes some interesting and important
characteristic properties of slip flow, viscous dissipation,
Joule heating and convective boundary conditions on threedimensional stretched flow of nanofluid in presence of
uniform magnetic field subject to non-linear thermal radiation and suction embedded in a porous medium. A
numerical solution has been constructed using MATLAB
to explore the numerical results of fluid velocity and temperature distributions which are computed with the help of
shooting algorithm. The average CPU time required for
computing the results is 1.4 s. The behavior of emerging
pertinent parameters associated with the problem are displayed and discussed tremendously through graphs and
literature. The general and thermal properties of both the
base fluids (pure water, ethylene glycol) and the nanoparticles (Cu; Ag and Al2 O3 ) are incorporated in Table 1.
Figures 2, 3, 4, 5, 6 and 7 provide the manifestation of
axial and transverse velocities under the influence of
magnetic parameter M, slip parameter X, nanoparticle
volume fraction /, suction parameter S, ratio parameter k,
permeability parameter P respectively. Now, we look for
velocity profiles due to the influence of transverse magnetic
field. Figure 2 portrays the graphical exploration of
velocity profiles in which it is clear that the enhancement
of fluid motion cannot be accomplished anyway. On its
face, armed with magnetic field strength, fluid motion
(axial as well as transverse) slows down. This behavior can
be understood by the fact that the generation of Lorentz
force due to magnetic interaction is quite general. This drag
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Table 1 Thermo-physical properties of the base fluid and nanoparticles at T = 300 K
q (kg/m3)

Cp (J/Kg K)

k (W/mK)

lf (Ns/m2)

df or ds (nm)

Pure water

997.1

4179

0.613

0.001003

0.24

Ethylene glycol 30%

1034

3736.2

0.489

0.0017613

Ethylene glycol 50%

1052.1

3301.7

0.432

30–60

Copper (Cu)

8933

385

401

30–60

Silver (Ag)

10,500

2235

429

30–60

Alumina (Al2O3)

3970

765

40

30–60
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Fig. 2 Effect of Hartman number M on axial and transverse velocity
for P ¼ 0:2; X ¼ 1; / ¼ 0:01; S ¼ 0:3; k ¼ 0:5
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Fig. 4 Effect of nanoparticle fraction on axial and transverse velocity
for
P ¼ 0:5; M ¼ 0:2; X ¼ 1; S ¼ 0:3; k ¼ 0:3; Ec ¼ 0:5; R ¼
0:2; Pr ¼ 6:2; hw ¼ 1:1; Bi ¼ 1
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Fig. 3 Effect of slip parameter X on the axial and transverse velocity
for
P ¼ 0:5; M ¼ 0:2; X ¼ 1; S ¼ 0:3; k ¼ 0:3; / ¼ 0:03; Ec ¼
0:5; R ¼ 0:2; Pr ¼ 6:2; hw ¼ 1:1; Bi ¼ 1

force from the interaction opposes the fluid flow in both
axial as well as transverse direction. Therefore, the deceleration of velocity due to increase of M is reasonably well.

1
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4

5

Fig. 5 Effect of suction on axial and radial velocity for P ¼ 0:5; M ¼
0:2; X ¼ 1; k ¼ 0:3; / ¼ 0:03; Ec ¼ 0:5; R ¼ 0:2; Pr ¼ 6:2; hw ¼
1:1; Bi ¼ 1

Curiously, increasing values of slip parameter X bears the
consequences of bringing down the axial and transverse
fluid velocities as shown in Fig. 3. Figure 4 entails that
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Fig. 6 Effect of mixed convection parameter k on the axial and
transverse velocity for P ¼ 0:5; M ¼ 0:2; X ¼ 1; S ¼ 0:3; / ¼
0:03; Ec ¼ 0:5; R ¼ 0:2; Pr ¼ 6:2; hw ¼ 1:1; Bi ¼ 1
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Fig. 8 Effect of Hartman number M on temperature for P ¼ 0:5; X ¼
1; S ¼ 0:3; k ¼ 0:3; / ¼ 0:03; Ec ¼ 0:5; R ¼ 0:2; Pr ¼ 6:2; hw ¼
1:1; Bi ¼ 1
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Fig. 7 Effect of permeability parameter P on axial and radial
direction for M ¼ 0:2; X ¼ 1; S ¼ 0:3; k ¼ 0:3; / ¼ 0:03; Ec ¼
0:5; R ¼ 0:2; Pr ¼ 6:2; hw ¼ 1:1; Bi ¼ 1

both the velocity profiles are influenced by nanoparticle
volume fraction / in the sense that they get enhanced due
to increase in /.Increasing suction is going to cause slow
down the axial as well as transverse velocities as seen from
Fig. 5. As a consequence, imposed fluid suction at the
surface belittles the thickness of momentum boundary
layer. The reason for the deceleration of the fluid motion
due to suction is that suction takes out the distance fluid
particles into the region contiguous to the surface thereby
increasing the viscosity which in turn restrains the fluid
motion. Notice that an increase in ratio parameter k
decreases the velocities in both directions (Fig. 6). Meanwhile, Fig. 7 can only prompt us to say with irony that
increase in permeability parameter P leads to relatively low
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Fig. 9 Effect of temperature ration hw on temperature for P ¼
0:5; M ¼ 0:2; X ¼ 1; S ¼ 0:3; k ¼ 0:3; / ¼ 0:03; Ec ¼ 0:5; R ¼
0:2; Pr ¼ 6:2; Bi ¼ 1
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Fig. 10 Effect of radiation parameter R on temperature for P ¼
0:5; M ¼ 0:2; X ¼ 1; S ¼ 0:3; k ¼ 0:3; / ¼ 0:03; Ec ¼ 0:5; Pr ¼
6:2; hw ¼ 1:1; Bi ¼ 1
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Fig. 11 Effect of permeability parameter P on temperature for M ¼
0:2; X ¼ 1; S ¼ 0:3; k ¼ 0:3; / ¼ 0:03; Ec ¼ 0:5; R ¼ 0:2; Pr ¼
6:2; hw ¼ 1:1; Bi ¼ 1
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Fig. 14 Effect of suction parameter S on temperature for P ¼
0:5; M ¼ 0:2; X ¼ 1; k ¼ 0:3; / ¼ 0:03; Ec ¼ 0:5; R ¼ 0:2; Pr ¼
6:2; hw ¼ 1:1; Bi ¼ 1
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Fig. 12 Effect of Biot number Bi on temperature for P ¼ 0:5; M ¼
0:2; X ¼ 1; S ¼ 0:3; k ¼ 0:3; / ¼ 0:03; Ec ¼ 0:5; R ¼ 0:2; Pr ¼
6:2; hw ¼ 1:1
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Fig. 15 Effect of Eckret number Ec on temperature for P ¼ 0:5; M ¼
0:2; X ¼ 1; S ¼ 0:3; k ¼ 0:3; / ¼ 0:03; hw ¼ 1:1; R ¼ 0:2; Pr ¼
6:2; Bi ¼ 1
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Fig. 13 Effect of slip parameter X on temperature for P ¼ 0:5; M ¼
0:2; S ¼ 0:3; k ¼ 0:3; / ¼ 0:03; Ec ¼ 0:5; R ¼ 0:2; Pr ¼ 6:2; hw ¼
1:1; Bi ¼ 1

fluid velocity in both the directions. As promised, porous
matrix provides a resistive force that brings about the
deceleration of the fluid motion led to thinner momentum
boundary layer.
Figures 8, 9, 10, 11, 12, 13, 14, 15 and 16 tell us about
the temperature profiles well. As far as fluid temperature is
concerned, with the magnetic field increasing, the time is
opportune for the fluid temperature to upsurge throughout
the flow domain (Fig. 8). It is ironic that the retarding
Lorentz force acts like a drag force which resists fluid flow
and thus contributes to generate the kinetic energy in the
drag process which in turn rises fluid temperature. It is
certainly the fluid temperature has been surged into
prominence due to increasing values of the temperature
parameter hw (Fig. 9).Thermal radiation parameter Rd
being the heat source factors upsurges the fluid temperature
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Fig. 16 Effect of Prandtl number Pr on temperature for P ¼ 0:5; M ¼
0:2; X ¼ 1; S ¼ 0:3; k ¼ 0:3; / ¼ 0:03; Ec ¼ 0:5; R ¼ 0:2; hw ¼
1:1; Bi ¼ 1

as displayed in Fig. 10. Porous matrix imparts a resistive
force that contributes to the deceleration of the fluid motion
and hence enhances thermal resistance (fluid temperature).
It is for this very purpose the thermal boundary layer
becomes thicker (Fig. 11). Interestingly, higher values of
Bi offers stronger convective heating at the sheet leading to
more wall temperature gradient there by enhances the fluid
temperature and thermal boundary layer thickness
(Fig. 12). It has been pointed out from Fig. 13 that the fluid
temperature has been up surged into prominence in the
environment of rising slip parameter X. This time, suction
parameter S enhances the temperature which in turn contributes to thinning of thermal boundary layer thickness
(Fig. 14). The influence of viscous dissipation on the fluid
temperature is reflected in Fig. 15. Truly, Eckert number
Ec is a measure of dissipative effects in the flow. In other
words, it measures the energy dissipation of flow configuration. As far as the temperature distribution for different
values of Eckert number Ec is concerned, temperature
gradient at the surface gets enhanced. This phenomenon
can be understood from the fact that the viscous dissipation
as a heat generation that is addition of heat due to viscous
dissipation (increment in Eckert number) within the fluid
enhances the fluid temperature. However, higher value of
Ec upsurges the fluid temperature significantly. It is very
important to mention here that Prandtl number represents
the ratio of the kinematic viscosity to the thermal diffusivity. It marks a remarkable outcome that a higher Prandtl
fluid such as ethylene glycol (30%) with Pr ¼ 13:5 and
ethylene glycol (50%) with Pr ¼ 24:4 with lower thermal
diffusivity reduces conduction and thereby enhancing
variations in thermal characteristics leading to lower the
thermal resistance (decrease in the fluid temperature) in
association with thinner thermal boundary layer whereas

Fig. 17 Variation of axial skin friction with M for different S. P ¼
0:5; X ¼ 1; k ¼ 0:3; / ¼ 0:03; Ec ¼ 0:5; R ¼ 0:2; Pr ¼ 6:2; hw ¼
1:1; Bi ¼ 1
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Fig. 18 Variation of transverse skin friction with u for different P.
M ¼ 0:2; X ¼ 1; S ¼ 0:3; k ¼ 0:3; Ec ¼ 0:5; R ¼ 0:2; Pr ¼
6:2; hw ¼ 1:1; Bi ¼ 1

the reverse effect is found for a lower Prandtl fluid such as
water ðPr ¼ 7Þ as shown in Fig. 16.
Figure 17 confirmed about the behavior of axial skin
friction coefficient with Hartmann number M for different
values of suction parameter S. The nature of this behavior
is that increasing suction present at the permeable wall
lowers the axial skin friction. This is because the suction
tends to shrink the fluid velocity by receiving the ambient
fluid particles into the immediate vicinity of the wall.
Similar effect is observed for the variation of transverse
skin friction with / for different values of permeability
parameter P (Fig. 18). This is due to the resistive force
contributed from the porous matrix of the medium which
are reasonably well.
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Fig. 19 Variation of local Nusselt number with u for different P.
M ¼ 0:2; X ¼ 1; S ¼ 0:3; k ¼ 0:3; Ec ¼ 0:5; R ¼ 0:2; Pr ¼
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Fig. 20 Variation of local Nusselt number with R for different hw.
P ¼ 0:5; M ¼ 0:2; X ¼ 1; S ¼ 0:3; k ¼ 0:3; / ¼ 0:03; Ec ¼
0:5; Pr ¼ 6:2; Bi ¼ 1

Besides being equipped with porous medium, the fluid
temperature upsurges with rising suction which in turn
reduces the heat transfer rate from the surface as visualized
in Fig. 19. It is envisaged from Fig. 20 that the local
Nusselt number gets enhanced with increasing values of
temperature parameter hw at different specified values of R.

It is important that increasing values of temperature
parameter hw contributes to greater non-linearity in heat
transfer rate from the surface. Above all, the presence of
MHD influences the flow and heat transfer characteristics
in the entire flow domain in the sense that the skin friction
(and hence the wall drag coefficient at the surface) and heat
transfer rate from the surface get reduced.
According to Table 2, the increasing values of nanoparticle
volume fraction / upsurges the absolute values of axial wall
shear stress irrespective of nanoparticles Cu, Ag and Al2 O3 .
Following that Table 3 incorporates the behavior of transverse wall shear stress in the sense that it exhibits the similar
trend as like axial wall shear stress, however, at a greater rate
due to increase in /. And above all, nevertheless the directions, at a fixed value of / the wall shear stress is maximum for
Ag compared to Cu and Al2 O3 . More than that it will ensure
that Table 4 imparts clear illustrations regarding the variations of axial as well as transverse skin frictions and local
Nusselt number for nanoparticles Cu, Ag and Al2 O3 for different values of P, S, X, k and hw . It is seen from this illustration that increasing values of S and k upsurges the absolute
values of skin frictions in x- and y- directions and the heat
transfer rate from the stretching surface while enhancing X
shows the reverse effect for them irrespective of order of
nanoparticles chosen. It is also seen here that introduction of
porous matrix provides greater (absolute) values of skin frictions and enhancement of fluid temperature which, in effect,
means that heat transfer rate attains diminution. In fact there is
a remarkable sight that the increase in ratio parameter hw
shows no variations in skin frictions (axial as well as transverse), however, exhibiting a decreasing trend for heat transfer
rate from the surface.
Our results in the present study have been compared and
validated with the works of noteworthy researchers like
Hayat et al. [50] as shown in Tables 2 and 3. It is the most
perfect and logical validation indicating that our result is
well-agreed with the results reported earlier (in the absence
of porous matrix) by Hayat et al. [50].

5. Conclusion
Influence of porous matrix and convective boundary condition on three dimensional MHD slip flow of nanofluids

Table 2 Comparison of skin friction along x-axis with Hayat et al. [50] for the M = 0.1, X = 1, Pr = 6.2, S = 0.3, k = 0.5, R = 0.1, hw = 1.1
and P = 0
u

Cu nanoparticle
Hayat et al. [50]

Al2O3 nanoparticle

Ag nanoparticle
Present

Hayat et al. [50]

Present

Hayat et al. [50]

Present

0.01

- 0.519383

- 0.51739306

- 0.521081

- 0.51758817

- 0.513864

- 0.51690020

0.03

- 0.556763

- 0.55245742

- 0.561468

- 0.55308471

- 0.540779

- 0.55088198

0.05

- 0.595136

- 0.59063016

- 0.602496

- 0.59175193

- 0.570789

- 0.58782936
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Table 3 Comparison of skin friction along y-axis with Hayat et al. [50] for the M = 0.1, X = 1, Pr = 6.2, S = 0.3, k = 0.5, R = 0.1, hw = 1.1
and P = 0
u

Cu nanoparticle

Al2O3 nanoparticle

Ag nanoparticle

Hayat et al. [50]

Present

Hayat et al. [50]

Present

Hayat et al. [50]

Present

0.01

- 0.699999

- 0.68308410

- 0.702450

- 0.69335718

- 0.692049

- 0.69239434

0.03

- 0.751194

- 0.74532029

- 0.758029

- 0.74624568

- 0.729453

- 0.74299683

0.05

- 0.803691

- 0.79772404

- 0.814440

- 0.79938285

- 0.768375

- 0.79358436

Table 4 Axial and transverse skin frictions and local Nusselt number for different nanoparticles Cu (first line), Ag (second line) and Al2O3 (third
line line) with M = 0.2, R = 0.2, Bi = 1
P

hw

X

S

k

0.2

1.1

1

0.3

0.3

F00 (0)

0.5

1

0.5

0.8

1.5

0.5

1.5

G00 (0)

- h0 (0)

- 0.43395553

- 0.12617414

0.69269917

- 0.43332950

- 0.12599504

0.68945580

- 0.43552832

- 0.12662447

0.71068521

- 0.48493689

- 0.14307038

0.68408255

- 0.48451284

- 0.14295249

0.68067590

- 0.48600499

- 0.14336757

0.70287246

- 0.54091493
- 0.54064318

- 0.16093098
- 0.16085632

0.67339399
0.66978810

- 0.54160078

- 0.16111950

0.69319114

- 0.48493689

- 0.14307038

0.69146168

- 0.48451284

- 0.14295249

0.68810513

- 0.48600499

- 0.14336757

0.71046422

- 0.48493689

- 0.14307038

0.67144921

- 0.48451284

- 0.14295249

0.66793444

- 0.48600499

- 0.14336757

0.68997322

- 0.65014977

- 0.18973199

0.70092251

- 0.64935779

- 0.18951816

0.69770917

- 0.65214606

- 0.19027143

0.71861143

- 0.38796503

- 0.11508479

0.67165908

- 0.38770002

- 0.11500991

0.66810196

- 0.38863234

- 0.11527349

0.69129108

0.5

- 0.49096312
- 0.49050175

- 0.14498375
- 0.14485354

0.74384363
0.74054710

0.8

- 0.50000374

- 0.14784939

0.80334390

0.1

0.5

subject to non-linear thermal radiation, viscous dissipation
and Joule heating have been addressed numerically. The
role of porous matrix and convective boundary condition in
association with velocity slip, viscous dissipation, Joule
heating and non-linear thermal radiation in presence of

- 0.49948666

- 0.14770085

0.80040229

- 0.48376709

- 0.04731617

0.67401166

- 0.48334773

- 0.04727846

0.67047651

- 0.47989149

- 0.14142267

0.61593894

- 0.48607920

- 0.24024135

0.69284787

- 0.48565071

- 0.24003761

0.68955151

- 0.49212528

- 0.14531203

0.76184204

transverse magnetic field on solution profiles has been
presented and discussed tremendously. The study encompasses the main findings as follows:
1.

As expected, increase in permeability parameter P
leads to relatively low fluid velocity (thinner
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2.

3.

4.

5.

6.
7.

M K Nayak et al.

momentum boundary layer) and hence diminution in
wall shear stresses in both x- and y- directions.
Nanofluid flow is restrained by the Lorentz force
caused by the transverse magnetic field and due to
which velocity boundary layer shrinks.
Increasing values of slip parameter X bears the
consequences of bringing down the axial and transverse fluid velocities and up surging the non-dimensional fluid temperature.
Imposed fluid suction at the surface brings a noticeable
drop in fluid velocity and hence belittles the thickness
of momentum boundary layer whereas heat transfer
rate from the surface gets enhanced.
Wall shear stresses (axial as well as transverse) are not
influenced by temperature parameter hw while heat
transfer rate from the surface appears to reduce upon
increasing hw .
Convective heating upsurges the wall heat flux
appreciably.
Higher value of Ec upsurges the fluid temperature
significantly.
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