International Journal of Heat and Fluid Flow 20 (1999) 84±92

Hydromagnetic three-dimensional free convection on a vertical
stretching surface with heat generation or absorption
Ali J. Chamkha

1

Department of Mechanical and Industrial Engineering, College of Engineering and Petroleum, Kuwait University, P.O. Box 5969, 13060, Safat, Kuwait
Received 2 August 1997; accepted 28 April 1998

Abstract
The problem of steady, laminar, free convection ¯ow over a vertical porous surface in the presence of a magnetic ®eld and heat
generation or absorption is considered. The governing three-dimensional partial dierential equations for this investigation are
transformed into ordinary dierential equations using three-dimensional similarity variables. The resulting equations are solved
numerically by an accurate, implicit, iterative ®nite-dierence methodology and the obtained results are compared favorably with
previously published work. A parametric study is performed to illustrate the in¯uence of the Prandtl number, Hartmann number,
heat generation/absorption coecient, and the surface mass transfer coecient on the pro®les of the velocity components and
temperature. Numerical data for the skin-friction coecient and the Nusselt number functions have been tabulated for various
parametric conditions. Ó 1999 Elsevier Science Inc. All rights reserved.
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1. Introduction
Lately, there has been considerable interest in studying ¯ow
and heat transfer characteristics of electrically conducting and
heat-generating/absorbing ¯uids (see for instance, Moalem,
1976; Chakrabarti and Gupta, 1979; Vajravelu and Nayfeh,
1992; Chiam, 1995; Chamkha, 1996; Chandran et al., 1996;
Vajravelu and Hadjinicalaou, 1997). This interest stems from
the fact that hydromagnetic ¯ows and heat transfer have been
applied in many industries. For example, in many metallurgical processes such as drawing of continuous ®laments through
quiescent ¯uids, and annealing and tinning of copper wires,
the properties of the end product depend greatly on the rate
of cooling involved in these processes. As mentioned by
Vajravelu and Hadjinicalaou (1997), the rate of cooling and,
therefore, the desired properties of the end product can be
controlled by the use of electrically conducting ¯uids and the
application of magnetic ®elds. The use of magnetic ®elds has
been also used in the process of puri®cation of molten metals
from non-metallic inclusions. In addition, due to the signi®cance of the study of ¯ow and heat transfer caused by a
stretching surface in many practical manufacturing processes
such as extrusion processes, glass blowing, hot rolling, manufacturing of plastic and rubber sheets, crystal growing, continuous coating and ®bers spinning, (see Tadmor and Klein,
1970; Fisher, 1976), various aspects of the problem have been
considered by many investigators.

1

E-mail: chamkha@kuc01.kuniv.edu.kw

Sakiadis (1961a, b) was the ®rst to study boundary-layer
¯ow over a stretched surface moving with a constant velocity.
He employed a similarity transformation and obtained a numerical solution for the problem. Later, Erickson et al. (1966)
extended the work of Sakiadis (1961a, b) to account for mass
transfer at the stretched sheet surface. The numerical results of
Sakiadis (1961a, b) were con®rmed experimentally by Tsou et
al. (1967) and Jacobi (1993) for a continuously moving surface
with a constant velocity. Chen and Strobel (1980) and Jacobi
(1993) have reported results for uniform motion of the stretched surface. Vajravelu and Hadjinicalaou (1997) have considered hydromagnetic convective heat transfer from a
stretching surface with a uniform free stream and in the
presence of internal heat generation or absorption eects.
Many investigations have concentrated on the problem of a
stretched sheet with a linear velocity and dierent thermal
boundary conditions (see for instance, Crane, 1970; Vleggaar,
1977; Soundalgekar and Ramana Murty, 1980; Gupta and
Gupta, 1977; Carragher and Crane, 1982; Grubka and Bobba,
1985; Dutta and Gupta, 1988; Chen and Char, 1988).
Very recently, many investigations studying the consequent
¯ow and heat transfer characteristics that are brought about
by the movement of a stretched permeable and an impermeable, isothermal and nonisothermal surface with a power-law
velocity variation have been reported. Examples of these works
are Banks (1983) who considered the case of an impermeable
wall, Ali (1994±1996) who presented various extensions to
Banks (1983) problem in terms of ¯ow and thermal boundary
conditions. All of the subsequent references have dealt with
two-dimensional ¯ow situations. During the last decade or so,
Wang (1984) considered steady three-dimensional ¯ow due to
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a stretching ¯at surface. Surma Devi et al. (1986) have studied
unsteady three-dimensional boundary-layer ¯ow due to a
stretching surface. Lakshmisha et al. (1988) reported numerical
solutions for three-dimensional unsteady ¯ow with heat and
mass transfer over a continuous stretching surface. Gorla and
Sidawi (1994) have reported similarity transformations and
numerical solutions for the problem of steady, three-dimensional free convection ¯ow on a stretching surface with suction
and blowing.
Motivated by the above investigations and possible applications, it is of interest in the present work to study hydromagnetic natural convection heat transfer for steady, threedimensional ¯ow over a linearly stretching sheet with surface
mass transfer and heat generation or absorption eects.

2. Problem formulation
Consider steady, laminar, free convection ¯ow of an electrically conducting and heat generating/absorbing ¯uid over a
semi-in®nite porous vertical plate stretching in the x-direction
with a velocity bx. The y-direction makes an angle a with the
horizontal line while the z-direction is normal to the plate
surface. A uniform magnetic ®eld is applied in the y-direction
which produces magnetic eects in both the x and z directions.
This is done in this way so as to allow supression of convective
¯ow in the these directions. This is important in terms of
controlling the quality of the product being stretched (see
Vajravelu and Hadjinicalaou, 1997). In addition, uniform
suction or injection is imposed at the plate surface in the zdirection. The coordinate system and ¯ow model are shown in
Fig. 1. All ¯uid properties are assumed constant except the
density in the buoyancy terms of the x- and y-momentum
equations. Assuming that the edge eects are negligible, all
dependent variables will be independent of the y-direction
(Gorla and Sidawi, 1994). In addition, the magnetic Reynolds
number is assumed small so that the induced magnetic ®eld is
neglected. It is also assumed that all of the Hall eect of
magnetohydrodynamics, Joule heating, and the viscous dissipation are negligible and that there is no applied electric ®eld.
Under the usual boundary-layer and Boussinesq approximations, the governing equations for this problem can be written
as
ou ow
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where x, y, and z are the coordinate directions. u, v, w, p, and T
are the ¯uid velocity components in the x, y, and z directions,
pressure and temperature, respectively. q, m, cp , and Pr are the
¯uid density, kinematic viscosity, speci®c heat at constant
pressure, and the Prandtl number, respectively. g, b, T1 , and a
are the gravitational acceleration, coecient of thermal expansion, ambient temperature, and the inclination angle, respectively. r; B0 , and Q0 are the ¯uid electrical conductivity,
magnetic induction, and dimensional heat generation/absorption coecient, respectively. It is a known fact that in a
physical application such as crystal growing the heat generation or absorption eect in the ¯uid is greatly dependent on
temperature. Vajravelu and Nayfeh (1992) and Vajravelu and
Hadjinicalaou (1997) have represented this dependence by a
linear relationship. Following these authors, the heat generation or absorption term (last term) of Eq. (5) is assumed to
vary linearly with the dierence of the ¯uid temperature in the
boundary layer and the ambient temperature.
The boundary conditions suggested by the physics of the
problem are:
w

u x; 0  bx; v x; 0  0; w x; 0  w0 ;
T x; 0  Tw ; u x; 1  0; v x; 1  0;
ow
6
x; 1  0; T x; 1  T1
oz
where w0 and Tw are the wall suction or injection velocity and
temperature, respectively.
Following Gorla and Sidawi (1994), it is convenient to use
the following similarity transformations:
r
b
z; u  bx/0 g  C cos a M g;
g
m
p
v  C sin a N g; w  ÿ bm/; p  qbmG g;
T ÿ T1
gb Tw ÿ T1 
H g 
; C
:
7
Tw ÿ T1
b

Fig. 1. Problem schematics and coordinate system.
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Substituting Eq. (7) into Eqs. (1)±(6) reduces the number of
independent variables by one and produces the following
similarity equations and boundary conditions:
/000  //00 ÿ /02 ÿ Ha2 /0  0;

8

H 00  Pr/H 0  PrcH  0;

9

00

0

N  /N  H  0;

10

M 00  /M 0 ÿ M/0 ÿ Ha2 M  H  0;

11

G0  /00  //0 ÿ Ha2 /  0;

12

/ 0  /w ; /0 0  1;
H 0  1; H 1  0;

/0 1  0;
N 0  0; N 1  0;

M 0  0;

G 0  0;

M 1  0;

13

where a prime denotes ordinary dierentiation with respect
p to
g and Ha2  rB20 = qb; c  Q0 = qcp b and /w  ÿw0 = bm are
the square of the magnetic Hartmann number, the dimensionless heat generation/absorption coecient, and the wall
mass transfer coecient, respectively. It should be noted that
positive values of /w indicate ¯uid suction at the plate surface
while negative values of /w indicate ¯uid blowing or injection
at the wall.
Important physical parameters for this ¯ow and heat
transfer situation are the skin-friction coecients in the x and
y directions and the local Nusselt number. The shear stresses at
the stretching surface are given by
p
ou
14
x; 0  q bm bx/00 0  C cos a M 0 0;
szx  l
oz
p
ov
szy  l
15
x; 0  q bmC sin a N 0 0;
oz
where l  qm is the dynamic viscosity of the ¯uid. Upon
2
nondimensionlization of szx and szy by q bx =2, the following
respective expressions for the skin-friction coecients in the x
and y directions result:
!
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where Grx  gb Tw ÿ T1 x =m and Rex  bx =m are the local
Grashof and Reynolds numbers, respectively.
The local wall heat ¯ux is given by Fourier's law of conduction
r
oT
b
18
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oz
m
where k is the thermal conductivity of the ¯uid.
The local Nusselt number can be de®ned as
p
hL
qw L
NuL 
19
 ÿ ReL H 0 0;

k
k Tw ÿ T1 
where h is the local heat transfer coecient, L is a characteristic plate length, and ReL  bL2 =m is the Reynolds number at
x  L.

3. Numerical method
The transformation of the governing partial dierential
equations into ordinary ones using similarity variables reduced
the numerical work signi®cantly. Eqs. (8)±(12) subject to the

boundary conditions (13) are nonlinear and obviously possess
no analytical solutions. Therefore, a fully numerical solution
of the problem is needed. The implicit, iterative, tri-diagonal
®nite-dierence method discussed by Blottner (1970) and
which is similar to the Keller's box method (see Cebeci and
Bradshaw, 1977) has proven to be successful for obtaining
accurate results for this type of equations. Therefore, it is
adopted for the solution of the present problem.
A nonuniform grid distribution in the g direction with a
small initial step size was used to accommodate steep changes
in the velocity and temperature gradients in the immediate
vicinity of the wall. The initial step size employed was
Dg1  0:001 and the growth factor was K  1.03 such that
Dgi1  KDgi . The maximum number of grid points used for
the parametric study was 195 which gives g1  10. The independence of the results from the mesh density was insured and
successfully checked by various trial and error numerical experimentations.
Eq. (8) was converted into a second-order ordinary dierential equation by letting F  /0 . Then, the resulting equation
in F along with Eqs. (9)±(11) were discretized using three-point
central dierence quotients while the equation /0 ÿ F  0 and
Eq. (12) were discretized by the trapezoidal rule. Linear tridiagonal algebraic equations resulted which were solved by the
Thomas algorithm (see Blottner, 1970) with iteration being
employed to deal with the nonlinearities of the governing
equations. A convergence criterion based on the relative difference between the current and the previous iterations was
utilized. When this dierence reached 10ÿ5 , the solution was
assumed converged and the iteration procedure was terminated. A representative set of graphical results for water
(Pr  6.7) ¯ow along an impermeable surface /w  0 with
slight heat absorption eect c  ÿ0:1 and in the presence of a
magnetic ®eld (Ha  1) as a reference is presented in Figs. 2±19
to illustrate the physical in¯uence of the magnetic Hartmann
number Ha, the wall mass transfer coecient /w , the Prandtl
number Pr, and the dimensionless heat generation/absorption
coecient c on the solutions. The reference parametric values
used may or may not represent a physical situation but they
are used for the sake of carrying out the parametric study.
4. Results and discussion
Figs. 2±7 present typical pro®les for the variables of the
¯uid's x-component of velocity /0 and M, y-component of
velocity (N), z-component of velocity /, pressure (G), and
the temperature (H) for various values of the magnetic
Hartmann number Ha, respectively. Application of a magnetic
®eld in the y-direction has a tendency to produce resistive
forces in both the x and z directions and to induce higher ¯ow
rates in the y-direction. This has the eects of reducing the x
and z components of velocity and increasing the y-component
of velocity. These behaviours are evident by the decreases in
/0 , M, and / and the increases in N shown in Figs. 2±5, respectively. In addition, as is clear from Eq. (12), the ¯uid's
pressure G increases as Ha increases so as to overcome the last
term of Eq. (12) and maintain the balance of the terms appearing in the equation. Similarly, the decreases in the values
of / as Ha increases lead to increases in the ¯uid's temperature
H to overcome the decreases in the convective term of Eq. (9)
and maintain the equality of the equation. Both of these facts
are illustrated in Figs. 6 and 7, respectively.
Figs. 8±13 show the in¯uence of the mass transfer coecient /w on the ¯ow and thermal pro®les /0 , M; N ; /; G; and H,
respectively. It is a known fact that imposition of ¯uid suction
/w > 0 at a surface reduces the region of viscous domination
close to the wall. For the present problem, this has the ten-
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Fig. 2. Eects of Ha on /0 (x-component of velocity) pro®les.

Fig. 5. Eects of Ha on z-component of velocity pro®les.

Fig. 3. Eects of Ha on M (x-component of velocity) pro®les.

Fig. 6. Eects of Ha on pressure-pro®les.

Fig. 4. Eects of Ha on y-component of velocity pro®les.

Fig. 7. Eects of Ha on temperature pro®les.
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Fig. 8. Eects of /w on /0 (x-component of velocity) pro®les.

Fig. 11. Eects of /w on z-component of velocity pro®les.

Fig. 9. Eects of /w on M (x-component of velocity) pro®les.
Fig. 12. Eects of /w on pressure pro®les.

Fig. 10. Eects of /w on y-component of velocity pro®les.

Fig. 13. Eects of /w on temperature pro®les.
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dency to reduce the ¯uid's velocity components in the x and y
directions and increase its velocity component in the z-direction. On the other hand, blowing or injecting ¯uid /w < 0
from the porous surface into the main stream of the ¯ow
produces the opposite eect, that is, increases in the x and y
velocity components and decreases in the velocity component
in the z-direction. It should be noted that / g approaches a
constant value at g1 and the values of / 1 represent a
measure of the entrainment velocity. Thus, higher entrainment
velocities are produced with higher wall suction velocities.
These behaviours are clearly depicted in the decreases in all of
the variables /0 , M, and N, and the increases in the variable /
as the wall mass transfer coecient /w increases shown in
Figs. 8±11, respectively. In addition, increases in the values of
/w cause increases in the ¯uid's pressure distribution G and
decreases in the thermal layer close to the wall and the ¯uid's
temperature distribution H. These facts are given in Figs. 12
and 13, respectively.
The eects of the Prandtl number Pr on the ¯ow and
thermal pro®les M, N, and H are presented in Figs. 14±16,
respectively. It is obvious that Eqs. (8) and (12) are uncoupled
from the other equations. Therefore, changes in the values of
Pr will cause no changes in the pro®les of /0 ; /; and G. For this
reason, no ®gures for these variables are presented herein. As
the Prandtl number Pr increases, both the ¯uid hydrodynamic
and thermal boundary layers decrease. Thus, all the ¯uid's
velocity components (except the z-component) as well as its
temperature decrease at every point above the plate. This is
evident from the decreases in M, N and H as Pr increases as
reported in Figs. 14±16, respectively.
Figs. 17±19 depict the respective changes in the pro®les of
M, N, and H as the dimensionless heat generation/absorption
coecient c is changed. No ®gures for /0 ; /, and G are presented herein for the same reason as mentioned in the previous
paragraph. In contrast with Pr, it is clear from Figs. 17±19 that
increasing the values of c produces increases in the velocity and
temperature distributions of the ¯uid. This is expected since
heat generation c > 0 causes the thermal boundary layer to
become thicker and the ¯uid to become warmer. This enhances
the eect of the thermal buoyancy of the driving body force
due to mass density variations which are coupled to the temperature distribution and, therefore, increasing the ¯uid velocity distribution. On the contrary, heat absorption c < 0
has the opposite eect, namely cooling of the ¯uid, reducing
the thermal buoyancy eect, and reducing the ¯uid velocity
®eld.

Fig. 14. Eects of Pr on M (x-component of velocity) pro®les.

Fig. 15. Eects of Pr on y-component of velocity pro®les.

Fig. 16. Eects of Pr on temperature pro®les.

Fig. 17. Eects of c on M (x-component of velocity) pro®les.
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0.94332
0.42834
0.28267
0.17026
0.09268
0.59230
0.44822
0.18551
0.14254
0.81521
0.47431
0.30554
0.17964
0.09562
0.69711
0.50709
0.19490
0.03024
1.20055
0.48829
0.30906
0.17984
0.09552
0.73108
0.52034
0.19578
0.14805
)0.53488
)1.15970
)1.89046
)3.35391
)6.46221
)0.08715
)0.50012
)3.98932
)5.30002
)0.45593
)1.16669
)1.89691
)3.35574
)6.46576
)0.09320
)0.50906
)3.99445
)5.80475
)1.01435
)1.01435
)1.01435
)1.01435
)1.01435
)0.72252
)0.83420
)1.23180
)1.41884
0
0
0
0
0
)0.7
)0.4
0.4
0.7
0.7
3.0
7.0
2.0
70.0
7.0
7.0
7.0
7.0

)1.00180
)1.00180
)1.00180
)1.00180
)1.00180
)0.71130
)0.82166
)1.22141
)1.41107

M0 (0), Present work
N0 (0), Gorla and
Sidawi (1994)
N0 (0), Present work
H0 (0) Gorla and
Sidawi (1994)
H0 (0), Present work
/00 (0), Gorla and
Sidawi (1994)
/00 (0), Present work
/w

Table 1 shows a comparison of the present results for
/00 0; H 0 0; N 0 0; and M 0 0 with those reported by Gorla
and Sidawi (1994) for various Pr and /w values in the absence
of magnetic (Ha  0) and heat generation/absorption c  0
eects. It can be seen from this table that the comparison is
excellent for higher values of Pr and smaller values of /w while
it is not so for smaller values of Pr and higher values of /w .
There appear to be some errors associated with the results of
Gorla and Sidawi (1994). This is probably related to their
numerical scheme employed to solve two-point boundaryvalue problems. It is a known fact that there can be serious
diculties with this numerical scheme. Among these are instability (see Nakamura, 1991), convergence diculties from
poor starting approximations, and diculties related to in®nite
endpoints as is the case in the present problem. These diculties are also discussed by the authors (Gorla and Sidawi,
1994). Comparison of Fig. 9 in the present work and Fig. 5 in

Pr

Fig. 19. Eects of c on temperature pro®les.

Table 1
Comparison of /00 (0), H0 (0), N0 (0) and M0 (0) with those of Gorla and Sidawi (1994) for various Pr and /w values and Ha  0 and c  0

Fig. 18. Eects of c on y-component of velocity pro®les.

0.69620
0.42337
0.28197
0.17045
0.09271
0.58929
0.44702
0.18525
0.02741
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M0 (0), Gorla and
Sidawi (1994)
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Table 2
Values of /00 (0), H0 (0), N0 (0) and M0 (0) for various values of /w and Pr  6.7, Ha  1.0 and c  )0.1
/w
)0.7
)0.4
0.0
0.4
0.7

/00 (0)
)1.10843
)1.23001
)1.41602
)1.62943
)1.80872

)H0 (0)

N0 (0)

M0 (0)

0.22659
0.62473
1.93707
3.92636
5.64584

0.88223
0.58555
0.32932
0.20487
0.15430

0.49759
0.39671
0.26234
0.17816
0.13946

Table 3
Values of /00 (0), H0 (0), N0 (0) and M0 (0) for various values of Pr and Ha  1.0, c  )0.1 and /w  0
Pr

/00 (0)

)H0 (0)

N0 (0)

M0 (0)

0.7
3.0
6.7
10
100

)1.41602
)1.41602
)1.41602
)1.41602
)1.41602

0.48416
1.21240
1.93707
2.42590
8.25092

1.36112
0.52705
0.32932
0.26363
0.07885

0.61911
0.36982
0.26234
0.21948
0.07453

Table 4
Values of /00 (0), H0 (0), N0 (0) and M0 (0) for various values of Ha and Pr  6.7, c  )0.1 and /w  0
Ha

/00 (0)

)H0 (0)

N0 (0)

M0 (0)

0
1
2
3
5

)1.00180
)1.41602
)2.23731
)3.16351
)5.10068

2.01520
1.93707
1.79053
1.64569
1.42032

0.30358
0.32932
0.38625
0.45423
0.58323

0.27781
0.26234
0.23241
0.20175
0.15257

Table 5
Values of /00 (0), H0 (0), N0 (0) and M0 (0) for various values of c and Pr  6.7, Ha  1.0 and /w  0
c

/00 (0)

)H0 (0)

N0 (0)

M0 (0)

)1.0
)0.5
0
0.5

)1.41602
)1.41602
)1.41602
)1.41602

3.12466
2.53280
1.76056
0.40872

0.24481
0.28152
0.34627
0.53057

0.20418
0.22996
0.27355
0.38888

the paper by Gorla and Sidawi (1994) shows clearly that at
g  3, the value of M g is far from zero even in the presence of
magnetic and heat absorption eects. This con®rms that the
in®nite end point is not approximated adequately by the previous authors. It should be mentioned here that, in the present
work, separate runs were also made by the Runge±Kutta
Method which proved the correctness of the numerical results
presented in this paper.
Table 2 displays the eects of /w on the wall values of
/00 ; H 0 ; N 0 ; and M 0 for ®nite values of Ha and c. It is seen that
imposition of suction increases the wall heat transfer rate
ÿH 0 0 and decreases the skin-friction coecients in the x
and y directions.
Table 3 presents values for /00 ; H 0 ; N 0 , and M 0 at the wall for
various values of Pr for an impermeable wall. It is clearly seen
from this table that similar to /w , increases in the values of Pr
increase the wall heat transfer and decrease the wall shear
stresses in both the x and y directions while it has no in¯uence
on /00 0.
Table 4 illustrates the eects of increasing the strength of
the magnetic ®eld (Ha) on the parameters presented in the
previous tables. It can be observed that as Ha increases, both

the local Nusselt number ÿH 0 0 and the skin-friction coef®cient in the x-direction M 0 0 decrease while the skin-friction coecient in the y-direction N 0 0 increases.
Finally, the eects of the heat generation/absorption coef®cient c on the values of /00 0; H 0 0; N 0 0; and M 0 0 are
reported in Table 5. As expected and discussed before, c has
no eect on / and, therefore, it has no eect on /0 0. However, as c increases the wall heat transfer decreases while the
skin-friction coecients increase.
5. Conclusion
The problem of steady, laminar free convection from a
vertical stretching surface in the presence of magnetic, heat
generation/absorption, and wall suction/injection eects is investigated numerically by an accurate implicit ®nite-dierence
method. Numerical results for the velocity and temperature
pro®les are presented graphically for various parametric conditions. In addition, the slopes for the velocity and thermal
functions are tabulated for dierent values of the wall mass
transfer coecient, Prandtl number, Hartmann number, and
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the dimensionless heat generation/absorption coecient. It
was found that imposition of ¯uid wall suction increased the
wall heat transfer and decreased the skin-friction coecients in
both the x and y directions. The same was observed as the ¯uid
Prandtl number was increased. The opposite result was obtained as the dimensionless heat generation coecient was
increased. However, the eects of the magnetic Hartmann
number were found to be decreasing the wall heat transfer and
the skin-friction coecients in the x direction while increasing
the skin-friction coecient in the y direction. It is hoped that
the similarity results presented in the present work will serve as
a benchmark for other related studies and be useful for design
and analysis of systems involving similar ¯ow and heat transfer
situations.
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