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a b s t r a c t
Heat transfer enhancement in engineering systems can be reached using nanoﬂuids. Very often, technical devices
are chambers with moving borders of a ﬂat or a wavy shape having internal heat-conducting blocks. Therefore,
the present study is devoted to study computationally the problem of time-dependent heat transfer of aluminawater nanoliquid within a diﬀerentially heated chamber with isothermal moving vertical walls and adiabatic
horizontal ones under the impact of an inner solid cylinder. The upper wall of the chamber is assumed to have a
wavy shape. Basic equations written in non-dimensional primitive variables using the two-component nonhomogeneous equilibrium model for transport phenomena in nanoﬂuids incorporating the eﬀects of Brownian diﬀusion
and thermophoresis with Corcione empirical correlations for the viscosity and thermal conductivity combined
with heat conduction equation for the centered solid cylinder has been resolved by the Galerkin ﬁnite-element
method. The inﬂuences of the dimensionless time (0 ≤ 𝜏 ≤ 120), Reynolds number (𝑅𝑒 = 10 and 100), Richardson number (0.01 ≤ Ri ≤ 100), constant moving parameter [(𝜆𝑙 = 1, 𝜆𝑟 = −1), (𝜆𝑙 = 1, 𝜆𝑟 = 1), (𝜆𝑙 = −1, 𝜆𝑟 = 1),
(𝜆𝑙 = −1, 𝜆𝑟 = −1)], nanoparticle volume fraction (0 ≤ 𝜙 ≤ 0.04), number of undulations (0 ≤ N ≤ 4) and the dimensionless radius of solid cylinder (0.05 ≤ S ≤ 0.25) on the isolines of stream function, temperature and nanoparticles
concentrations, as well as the local and average Nusselt numbers have been investigated. It has been found that a
rise of the average Nusselt number at the hot wall depends on the moving parameter and the thermal transmission
intensity diminishes with the undulations number and the inner solid cylinder diameter. At the same time, the
wavy shape of the border, the characteristics of internal cylinder and the properties of nanoﬂuid are very good
control parameters for the heat transfer rate and the ﬂuid ﬂow rate.

1. Introduction
Mixed convective heat transfer in chambers with moving walls can
be seen in many natural and technical systems including ﬂowing water reservoir, polymer processing, cyclone evaporation, solar collectors,
electronic devices. Such systems can be upgraded using the smart ﬂuids
known as nanoﬂuids [1–3]. Thus, Sheremet and Pop [4] have studied
numerically heat transfer of water-based nanoliquid in a chamber with
isothermal and moving horizontal walls in the presence of Brownian
diﬀusion and thermophoresis. They have revealed that thermal transmission inside the cavity depends on the Richardson number and moving factor illustrating the motion direction of the border. Rashad et al.
[5] have investigated computationally mixed convection in a square
domain having partially active vertical borders under the inﬂuence of

moving adiabatic horizontal borders. Maxwell and Brinkman correlations have been employed in the numerical analysis with a single-phase
nanoﬂuids model. They have found the optimal position and size of heat
source/sink for the thermal transmission enhancement. Thermal transmission within a cubical nanoliquid chamber under the impacts of two
opposite moving isothermal surfaces has been calculated by Zhou et al.
[6] on the basis of the lattice Boltzmann method. They have discovered the optimal heat transfer performance on dependence on the surface moving parameters and nature of the heat sources (uniform, linear
and sinusoidal heat sources). Selimefendigil and Öztop [7] have investigated convective thermal transmission of alumina-water nanoliquid
in a trapezoidal domain with moving upper horizontal border in conditions of heated bottom and cold upper borders and magnetic ﬁeld
inﬂuence. Single-phase nanoliquid approach with Brownian diﬀusion
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In the case of two porous layers within the chamber with upper moving
border [10], authors have found that the porous layers thickness has a
non-linear eﬀect on the heat transfer performance, while heat transfer
augmentation can be reached with alumina nanoparticles concentration
only for thick porous layers.
Very often lid-driven nanoﬂuid cavities include internal solid heatconducting or isothermal blocks that can essentially modify the ﬂow
structures and thermal transmission patterns. Such inner obstacles can
be used for controlling the heat transfer performance in diﬀerent technical systems. Numerical analysis of heat and mass transport in such
complex regions has been carried out in [11–18]. Thus, impacts of
location and sizes of inner isothermal solid triangular block on ﬂow
structures and temperature patterns within the square cavity having
cooled vertical walls have been studied numerically by Gangawane et al.
[11,12]. They have detected that heat transport in the considered chambers with internal triangular bodies can be augmented employing high
Prandtl number liquids with large centered solid block. Gibanov et al.
[13,14] have analyzed numerically thermal transmission of water-based
nanoliquid in a chamber with upper moving border having solid substrate. Authors have revealed the complex hydrodynamic structures and
temperature patterns under the eﬀect of solid substrate thermal conductivity. Mixed convective thermal transmission of alumina-water nanoliquid in a tilted cubical chamber with upper moving surface and cold
vertical opposite surfaces in the presence of isothermally heated centered elliptical cylinder has been studied computationally by Karbasifar et al. [16]. It has been ascertained that a raise of the nanoparticles
concentration at ﬁxed Richardson number and chamber tilted angle enhances Nu and thermal transmission owing to augmented Brownian diffusion and clustering eﬀect, which raise the heat transport coeﬃcients
in the nanoliquid. Khanafer and Aithal [17] have performed the calculations for thermal transmission within a square domain having upper moving border with isothermal rotating internal cylinder. Authors
have explained that the average Nusselt number rises essentially with
a growth of the angular speed when direction of cylinder rotation coincides with upper wall motion direction. Alsabery et al. [18] have investigated thermal transmission of alumina-water nanoliquid in an enclosure having centered solid square block under the impacts of moving
walls and the Brownian motion and thermophoresis for nanoparticles.
Obtained results have shown that nanoparticles distribution is signiﬁcantly impacted by Re and the inner solid block length.
It is well-known that it is possible to improve the thermal transmission using not only the nanoliquids but also using the corrugated borders
of the cavity [19]. Thus, Abu-Nada and Chamkha [20] have examined
CuO/water nanoliquid nanoliquid in a square chamber with moving
upper border and wavy bottom one. Authors have revealed the thermal transmission intensity augmentation or reduction in dependence
on the Richardson number and wavy wall amplitude. Convective thermal transmission combined with entropy production in a porous wavy
domain having heat-conducting solid rotating cylinder has been investigated by Alsabery et al. [21]. It has been found that maximum average Nu at the hot border occurs for high Da and small rotating rate.
Cho [22] has conducted a computational work on convective thermal
transmission and entropy production within a copper-water nanoliquid
diﬀerentially heated wavy cavity. He has revealed the thermal transmission intensiﬁcation with the amplitude of the wavy surface. Mixed
convective thermal transmission and entropy generation in a chamber
with upper moving border and bottom wavy solid wall of ﬁnite thickness under the eﬀect of copper nanoparticles have been considered by
Pal et al. [23]. They have shown that the thermal transmission intensity
augments with a raise of the thermal conductivity, amplitude or wavy
wall length. Mamourian et al. [24] have calculated using the Taguchi
method the optimum parameters for the convective thermal transmission in a corrugated lid-driven copper-water nanoliquid chamber. They
have ascertained that a growth of the border wavelength decreases the
average Nu at ﬁxed Richardson number.

Nomenclature
A
Cp
DB
DB0
df
dp
DT
DT0
g
k
Kr

amplitude
speciﬁc heat capacity
Brownian diﬀusion coeﬃcient
reference Brownian diﬀusion coeﬃcient
diameter of the base ﬂuid molecule
diameter of the nanoparticle
thermophoretic diﬀusivity coeﬃcient
reference thermophoretic diﬀusion coeﬃcient
gravitational accleration
thermal conductivity
square wall to base ﬂuid thermal conductivity ratio,
𝐾𝑟 = 𝑘𝑤 ∕𝑘𝑛𝑓
L
width and height of enclosure
Le
Lewis number
N
number of undulations
NBT
ratio of Brownian to thermophoretic diﬀusivity
𝑁𝑢
average Nusselt number
Pr
Prandtl number
R
dimensionless solid cylinder radius, 𝑅 = 𝑟∕𝐿
Re
Reynolds number
ReB
Brownian motion Reynolds number
Ri
Richardson number, 𝑅𝑖 = 𝐺𝑟∕𝑅𝑒2
S
dimensionless radius of the solid cylinder, 𝑆 = 𝑠∕𝐿
t
dimensional time, s
T
temperature
T0
reference temperature (310 K)
Tfr
freezing point of the base ﬂuid (273.15 K)
v, V
velocity and dimensionless velocity vector
uB
Brownian velocity of the nanoparticle
x, y & X, Y space coordinates & dimensionless space coordinates
Greek symbols
𝛼
thermal diﬀusivity
𝛽
thermal expansion coeﬃcient
𝛿
normalized temperature parameter
𝜃
dimensionless temperature
𝜆
constant moving parameter (+1 or −1)
𝜇
dynamic viscosity
𝜈
kinematic viscosity
𝜏
dimensionless time
𝜌
density
𝜑
solid volume fraction
𝜑∗
normalized solid volume fraction
𝜙
average solid volume fraction
subscript
c
f
h
nf
p
s

cold
base ﬂuid
hot
nanoﬂuid
solid nanoparticles
solid cylinder

has been used for analysis with three diﬀerent models for the electrical conductivity. Obtained data have ascertained the discrepancy for
the thermal transmission intensity between diﬀerent considered models.
Gibanov et al. [8] have dealt with MHD thermal transmission in a chamber with upper moving border under the eﬀects of vertical temperature
gradient and porous layer. They have ascertained that tilted magnetic
vector and porous blocks are eﬀective factors for an intensiﬁcation of
thermal transmission and ferroﬂuid ﬂow. Using the lattice Boltzmann
method, Bhopalam et al. [9] described the problem of Computational
Fluid Dynamics (CFD) in a double sided cross-shaped lid-driven cavity.
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Fig. 1. (a) Schematic diagram of the physical model together with the inner solid cylinder and the coordinate system and (b) grid-points distribution for grid size of
9811 elements.

Using this performed brief review, it is possible to conclude that
transient convective thermal transmission of nanoliquid within a wavy
domain with moving borders and internal heat-conducting solid circular cylinder has not been investigated yet. Therefore, the present study
deals with such analysis in order to examine also the evolution of the
ﬂow structures and temperature patterns with time in the presence of
the Brownian motion and thermophoresis. It is believed that the current
work is a good contribution for many engineering applications such as
building design, thermal management of solar energy systems, electronics and heat exchanger.

Based on Buongiorno’s model, the nanoparticles mass ﬂux can be presented as follows:

2. Mathematical formulation

Now we describe the thermophysical properties of the nanoliquid as
the following:

This research considers the unsteady mixed convection in a 2D wavywalled chamber with size L and containing a centered clypeate solid
drum of radius r as described in Fig. 1a. The chosen range of Reynolds
and Richardson numbers in this investigation forced the nanoliquid motion to be incompressible and laminar. The left and right vertical moving
borders are isothermal at constant temperatures Th and Tc , respectively,
while (Th > Tc ). Upper wavy wall and the bottom horizontal wall of the
considered chamber are thermally insulated. All borders of the chamber
are impermeable, the space between the wavy domain and the inner
body is ﬁlled with water-Al2 O3 nanoliquid. The Boussinesq approximation is applicable. With the respect of the above mentioned approaches,
the basic equations for the Newtonian ﬂuid, laminar and unsteady state
ﬂow can be presented in the following form:

(𝜌𝐶𝑝 )𝑛𝑓 = (1 − 𝜑)(𝜌𝐶𝑝 )𝑓 + 𝜑(𝜌𝐶𝑝 )𝑝 ,

∇ ⋅ v = 0,

𝜌𝑛𝑓

[

]
𝜕
+ (v ⋅ ∇v) = −∇𝑝 + ∇ ⋅ (𝜇𝑛𝑓 ∇v) + (𝜌𝛽)𝑛𝑓 (𝑇 − 𝑇𝑐 )𝑔⃗,
𝜕𝑡

(𝜌𝐶𝑝 )𝑛𝑓

[

]
𝜕
+ (v ⋅ ∇𝑇 ) = ∇ ⋅ (𝑘𝑛𝑓 ∇𝑇 ) − 𝐶𝑝,𝑝 𝐽𝑝 ⋅ ∇𝑇 ,
𝜕𝑡

𝜕
1
+ (v ⋅ ∇ 𝜑 ) = − ∇ ⋅ 𝐽 𝑝 ,
𝜕𝑡
𝜌𝑝

𝐽𝑝 = 𝐽𝑝,𝐵 + 𝐽𝑝,𝑇 ,

(6)
𝑘𝑏 𝑇
,
3𝜋𝜇𝑓 𝑑𝑝

𝐽𝑝,𝐵 = −𝜌𝑝 𝐷𝐵 ∇𝜑,

𝐷𝐵 =

𝐽𝑝,𝑇 = −𝜌𝑝 𝐷𝑇 ∇𝑇 ,

𝐷𝑇 = 0.26

𝑘𝑛𝑓

𝛼𝑛𝑓 =

(𝜌𝐶𝑝 )𝑛𝑓

(7)

𝑘𝑓

𝜇𝑓

2 𝑘 𝑓 + 𝑘 𝑝 𝜌𝑓 𝑇

𝜑.

(8)

(9)

,

(10)

𝜌𝑛𝑓 = (1 − 𝜑)𝜌𝑓 + 𝜑𝜌𝑝 ,

(11)

(𝜌𝛽)𝑛𝑓 = (1 − 𝜑)(𝜌𝛽)𝑓 + 𝜑(𝜌𝛽)𝑝 .

(12)

The dynamic viscosity and thermal conductivity ratios of nanoliquid
(water-Al2 O3 ) with 33nm particle-size have been adapted according to
[25]:
(
𝜇𝑛𝑓
(
)−0.3 1.03 )
= 1∕ 1 − 34.87 𝑑𝑝 ∕𝑑𝑓
𝜑
(13)
,
𝜇𝑓

(1)

(2)

𝑘𝑛𝑓

(3)

𝑘𝑓

= 1 + 4.4Re0𝐵.4 Pr0.66

(

𝑇
𝑇𝑓 𝑟

)10 (

𝑘𝑝
𝑘𝑓

)0.03

𝜑0.66 ,

(14)

where ReB is deﬁned as
(4)

Re𝐵 =

𝜌𝑓 𝑢 𝐵 𝑑 𝑝
𝜇𝑓

,

𝑢𝐵 =

2𝑘𝑏 𝑇
𝜋𝜇𝑓 𝑑𝑝2

.

(15)

here v presents the velocity vector, 𝑔⃗ shows the acceleration vector of
gravity, 𝜑 presents the local volume fraction of nanoparticles and Jp is
described the nanoparticles mass ﬂux.
The heat conduction equation for the inner solid cylinder is:

Here 𝑘𝑏 = 1.380648 × 10−23 (𝐽 ∕𝐾) is the Boltzmann constant, 𝑙𝑓 =
0.17 nm is the mean path of base liquid particle and df is the molecular diameter of the base liquid which is given as [25]:

𝜕
+ ∇2 𝑇𝑠 = 0.
𝜕𝑡

𝑑𝑓 =

(5)
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where M and N represent the molecular weight and Avogadro number
of the base liquid at temperature of (310K). Based on that the value of
df can be evaluated as:
(
)1∕3
6 × 0.01801528
𝑑𝑓 =
= 3.85 × 10−10 m.
(17)
23
6.022 × 10 × 𝜋 × 998.26

𝑈 = 𝑉 = 0,

Pr =

𝑥
,
𝐿
𝜈𝑓
𝛼𝑓

𝑌 =
,

𝑦
,
𝐿

𝑅𝑎 =

V=

v
,
𝑈0

𝜃=

(
)
𝑔𝛽𝑓 𝑇ℎ − 𝑇𝑐 𝐿3
𝜈𝑓 𝛼𝑓

,

𝑇 − 𝑇𝑐
,
𝑇ℎ − 𝑇𝑐
𝑃 =

𝑝𝐿2
𝜌𝑓 𝛼𝑓2

𝜃𝑠 =
,

𝑇𝑠 − 𝑇𝑐
,
𝑇ℎ − 𝑇𝑐

𝜏=

𝑡𝛼
.
𝐿2

𝑅=

𝑟
,
𝐿

Lastly, the average Nusselt number is calculated at the left hot boundary
as:
𝑁𝑢 =

(18)

Eqs. (1)–(8), on using Eq. (18), now become:
(19)

𝜌𝑓 𝜇𝑛𝑓 1 2
(𝜌𝛽)𝑛𝑓
𝜕
∇ V+
𝑅𝑖 ⋅ 𝜃,
+ (V ⋅ ∇V) = −∇𝑃 +
𝜕𝜏
𝜌𝑛𝑓 𝜇𝑓 𝑅𝑒
𝜌𝑛𝑓 𝛽𝑓

(20)

𝐷𝑇∗

∇𝜃 ⋅ ∇𝜃
,
(𝜌𝐶𝑝 )𝑛𝑓 𝑅𝑒 ⋅ Pr ⋅𝐿𝑒 ⋅ 𝑁𝐵𝑇 1 + 𝛿𝜃

∗
𝐷𝐵
𝐷𝑇∗
(
)
𝜕
∇2 𝜃
∇2 𝜑∗ +
⋅
+ V ⋅ ∇𝜑∗ =
,
𝜕𝜏
𝑅𝑒 ⋅ 𝑆𝑐
𝑅𝑒 ⋅ 𝑆𝑐 ⋅ 𝑁𝐵𝑇 1 + 𝛿𝜃

𝜕
+ ∇ 2 𝜃𝑠 = 0 ,
𝜕𝜏

(21)

(22)

𝑘𝑓

(23)

𝜇𝑓

𝜙 is the reference thermophoretic diﬀusion coef-

ﬁcient, 𝑅𝑒 = 𝑈0 𝐿∕𝜈𝑓 is Reynolds number, 𝑅𝑖 = 𝐺𝑟∕𝑅𝑒2 is Richardson
number, 𝑆𝑐 = 𝜈𝑓 ∕𝐷𝐵0 is Schmidt number, 𝑁𝐵𝑇 = 𝜙𝐷𝐵0 𝑇𝑐 ∕𝐷𝑇 0 (𝑇ℎ − 𝑇𝑐 )
is the diﬀusivity ratio parameter, 𝐿𝑒 = 𝑘𝑓 ∕(𝜌𝐶𝑝 )𝑓 𝜙𝐷𝐵0 is Lewis number, 𝐺𝑟 = 𝑔𝛽𝑓 (𝑇ℎ − 𝑇𝑐 )𝐿3 ∕𝜈𝑓2 is the Grashof number, and Pr = 𝜈𝑓 ∕𝛼𝑓 is
the Prandtl number of the base liquid. The non-dimensional boundary
conditions corresponding to Eqs. (19)–(23) are given by:
On the moving left vertical wall:
𝐷∗
𝜕𝜑∗
1
1 𝜕𝜃
𝑈 = 0 , 𝑉 = 𝜆𝑙 ,
= − 𝑇∗ ⋅
⋅
, 𝜃 = 1,
𝜕𝑛
𝐷𝐵 𝑁𝐵𝑇 1 + 𝛿𝜃 𝜕𝑛
On the moving right vertical wall:
𝐷∗
𝜕𝜑∗
1
1 𝜕𝜃
𝑈 = 0 , 𝑉 = 𝜆𝑟 ,
= − 𝑇∗ ⋅
⋅
, 𝜃 = 0,
𝜕𝑛
𝐷𝐵 𝑁𝐵𝑇 1 + 𝛿𝜃 𝜕𝑛

(24)

(25)

4. Results and discussion

On the adiabatic wavy top wall:
𝜕𝜑∗
𝜕𝜃
𝑈 = 𝑉 = 0,
= 0,
= 0, 1 − 𝐴(1 − cos (2𝑁𝜋𝑌 )), 0 ≤ 𝑋 ≤ 1, (26)
𝜕𝑛
𝜕𝑛

On the adiabatic horizontal bottom wall:
𝜕𝜑∗
𝜕𝜃
𝑈 = 𝑉 = 0,
= 0,
= 0,
𝜕𝑛
𝜕𝑛

𝜃 = 𝜃𝑠 , at the outer solid cylinder surface,

(31)

in which i denotes the iteration number and 𝜂 represents the convergence criterion. In the current work, the setting of convergence criterion
was done at 𝜂 = 10−6 .
For validating the developed computational code, the present results
were compared with the ones presented by Costa and Raimundo [26] for
the problem of mixed convection in a square cavity heated from sides
and with a solid circular cylinder, as described in Fig. 2. Furthermore,
a comparison was made with data of Corcione et al. [27] for the case
of natural convection in a square cavity heated from sides, as explained
in Fig. 3. These comparisons illustrate a very good agreement with numerical and experimental data of other authors.
Additionally, to assure the validity of the used nanoliquid models
of the most two eﬀected properties namely, the thermal conductivity
and the dynamic viscosity, we have conducted a comparison with other
experimental data and proved models as shown in Fig. 4. The results
showed very low discrepancies within the studied range of the volume
fraction. It is convenient to show that the nanoparticles at 0.035 concentration enhance the thermal conductivity by 10% and raise the dynamic
viscosity by about 40%. As a strategy of clarifying the eﬀects of the studied characteristics, the numerical data are presented in next paragraphs.

𝑓 𝑝

𝑓 +𝑘𝑝 𝜌𝑓 𝜃

𝑁𝑢 d𝑌 .

| Γ𝑖+1 − Γ𝑖 |
|
|
| Γ𝑖+1 | ≤ 𝜂,
|
|

where V explains the non-dimensional velocity vector (U0 , V0 ). Param𝑘 𝑇
eters 𝐷𝐵0 = 3𝜋𝜇𝑏 𝑐𝑑 shows the reference Brownian diﬀusion coeﬃcient,
𝐷𝑇 0 = 0.26 2𝑘

∫0

The Galerkin weighted residual ﬁnite-element method is utilized to
solve the dimensionless basic Eqs. (19)–(23) subjected to the selected
boundary conditions (24)–(29). Segmentation of the computational domain into sub-domains (ﬁnite elements) was done, in which approximation of each of the velocity distribution, temperature, pressure and the
nanoparticle distribution was done. Discretisation of the computational
domain into triangular elements is done, as presented in Fig. 1b. For
each of the ﬂow variables falling under the computational domain, different orders of Triangular Lagrange ﬁnite elements are employed. For
every conservation equation, obtaining of residuals is done by replacing
the approximations into the governing equations. A Newton–Raphson
iteration algorithm is employed to simplify the nonlinear terms for the
momentum equations. It is assumed that the convergence of the solution exists when the following convergence criteria are fulﬁlled by the
relative error associated with each of the variables:

∗
𝐷𝐵
(𝜌𝐶𝑝 )𝑓 𝑘𝑛𝑓
(𝜌𝐶𝑝 )𝑓
𝜕
1
∇2 𝜃 +
∇𝜑∗ ⋅ ∇𝜃
+ (V ⋅ ∇𝜃) =
𝜕𝜏
(𝜌𝐶𝑝 )𝑛𝑓 𝑘𝑓 𝑅𝑒 ⋅ Pr
(𝜌𝐶𝑝 )𝑛𝑓 𝑅𝑒 ⋅ Pr ⋅𝐿𝑒

(𝜌𝐶𝑝 )𝑓

1

3. Numerical method and validation

∇ ⋅ V = 0,

+

(29)

where 𝐾𝑟 = 𝑘𝑠 ∕𝑘𝑛𝑓 describes the thermal conductivity ratio. The local
Nusselt number is deﬁned at the left hot boundary as:
𝑘𝑛𝑓 ( 𝜕𝜃 )
𝑁𝑢 = −
.
(30)
𝑘𝑓 𝜕𝑋 𝑋=0

Next the following dimensionless variables are utilized:
𝑋=

𝐷∗
𝜕𝜃
𝜕𝜑∗
1
1 𝜕𝜃 𝜕𝜃
= − 𝑇∗ ⋅
⋅
,
= 𝐾𝑟 𝑠 ,
𝜕𝑛
𝐷𝐵 𝑁𝐵𝑇 1 + 𝛿𝜃 𝜕𝑛 𝜕𝑛
𝜕𝑛

This part of the paper presents computational data for isolines of stream function, temperature and nanoparticles concentration for seven parameters. These parameters are dimensionless time
(0 ≤ 𝜏 ≤ 120(s)), Reynolds number (𝑅𝑒 = 10 and 100), Richardson number (0.01 ≤ Ri ≤ 100), constant moving parameter [(𝜆𝑙 = 1, 𝜆𝑟 = −1),
(𝜆𝑙 = 1, 𝜆𝑟 = 1), (𝜆𝑙 = −1, 𝜆𝑟 = 1), (𝜆𝑙 = −1, 𝜆𝑟 = −1)], nanoparticle volume fraction (0 ≤ 𝜙 ≤ 0.04), number of undulations (0 ≤ N ≤ 4) and dimensionless radius of solid cylinder (0.05 ≤ S ≤ 0.25). The values of
Prandtl number, amplitude, thermal conductivity of the solid cylinder
(brickwork), dimensionless length of the surface of the cylinder, Lewis

(27)

(28)
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Fig. 2. streamlines (top) and isotherms (bottom); Costa and Raimundo [26] (left) and present study (right) for (a) 𝑅 = 0.2 and (b) 𝑅 = 0.4 at 𝑅𝑎 = 105 , 𝜙 = 0, 𝑁 = 0,
𝐾𝑟 = 1 and Pr = 0.7.
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Fig. 3. Corcione et al. [27] (left), present study (right) for streamlines (a), isotherms (b) and nanoparticle distribution (c) at 𝑅𝑎 = 3.37 × 105 , 𝜙 = 0.04, 𝑁 = 0 and
𝑅 = 0.
Table 1
Thermo-physical properties of water with Al2 O3
nanoparticles at 𝑇 = 310 K [28].

number, Schmidt number, ratio of Brownian to thermophoretic diﬀusivity and normalized temperature parameter are ﬁxed at Pr = 4.623, 𝐴 =
0.1, 𝑘𝑠 = 0.76 W/m · K, Θ = 360, 𝐿𝑒 = 3.5 × 105 , 𝑆𝑐 = 3.55 × 104 , 𝑁𝐵𝑇 =
1.1 and 𝛿 = 155, respectively. The values of average Nusselt number are
also simulated for diﬀerent values of Ri and R. The thermo-physical
characteristics of the base liquid (water) and the solid Al2 O3 phases
are shown in Table 1.
Figs. 5–7 demonstrate the evolution of isolines of stream function,
temperature and nanoparticles volume fraction within the chamber for
𝑅𝑒 = 100, 𝑅𝑖 = 10, (𝜆𝑙 = 1, 𝜆𝑟 = −1), 𝜙 = 0.02, 𝑁 = 3 and 𝑅 = 0.15. These
considered values of the moving parameters 𝜆l and 𝜆r reﬂect the movement of the left border along the positive direction of y-coordinate, while
right vertical wall moves in opposite direction relative to y-coordinate.
The presented ﬂow structures evolution illustrates several levels for a
formation of steady state. Thus, initially at 𝜏 = 0.5 an appearance of two
global vortices near the isothermal vertical walls can be noticed. A vortex located close to the left wall circulates clockwise with ascending
ﬂows near this border due to the positive motion of this heated wall. In

Physical properties

Fluid phase (water)

Al2 O3

Cp (J/kgK)
𝜌 (kg/m3 )
𝑘 (Wm−1 K −1 )
𝛽 × 105 (1/K)
𝜇 × 106 (kg/ms)
dp (nm)

4178
993
0.628
36.2
695
0.385

765
3970
40
0.85
–
33

this case, the buoyancy force is codirectional vector to the inertia force.
A vortex near the right wall reﬂects a clockwise circulation also, because
of this cold wall moves in negative direction relative to y-coordinate and
in this case we have the same situation when the buoyancy force is codirectional vector to the inertia force. For 𝜏 = 0.5 circulations of these vortices are weak and |Ψmin | = 0.00176. Isotherms presented in Fig. 6 char642
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Fig. 4. Comparison of (a) thermal conductivity ratio with Chon et al. [29] and Corcione et al. [27] and (b) dynamic viscosity ratio with Ho et al. [30] and Corcione
et al. [27].

acterize a formation of heat conduction layers near the isothermal vertical borders. While, isoconcentrations of nanoparticles reﬂect a formation of boundary layer near the left heated border and cylinder surface.
Such nature can be explained by the thermophoresis inﬂuence owing
to the great temperature diﬀerence at the initial time between the hot
wall temperature and initial cavity temperature. For 𝜏 = 2 one can ﬁnd
the formed cores for the above mentioned convective cells and these
cores illustrate obviously the motion direction. It should be noted that
the core of the left vortex is displaced in positive direction of vertical
axis, while the right vortex core is displaced nearer to the bottom wall.
Flows near the centered cylinder reﬂect an appearance of descending
ones close to the left border of the cylinder and ascending ﬂows near
the right border of this cylinder. Isotherms presented in Fig. 6 (𝜏 = 2)
characterize a development of temperature boundary layers close to the
isothermal vertical walls. The left layer is ascending, while the right one
is descending. The thickness of these layers increases along the liquid
motion, namely, for the left wall from bottom till top, while for the right
one from top till bottom. Formation of concentration boundary layers
along the left ﬂat and upper wavy walls and cylinder surface occurs
due to the Brownian diﬀusion and thermophoresis eﬀects. At the same
time, an appearance of small isonconcetrations protuberance along the
cylinder surface characterizes the nanoliquid motion directions near this
surface.
Further growth of dimensionless time (𝜏 = 5) reﬂects more essential
appearance of convective vortices in the left and right sides from the
centered cylinder. At the same time, a recirculation ﬂow appears near
the central upper wavy crest nearer to the right wavy trough. It is worth
noting that two global convective cells cores are broadened and we have
thin velocity boundary layers near the vertical walls and cylinder surface. The nanoﬂuid ﬂow rate increases till this time moment, where
|Ψmin | = 0.0744. Temperature proﬁles for this time moment characterize
a formation of strong ascending heat ﬂux near the left and upper walls
and descending heat ﬂux near the right and bottom borders. Solid cylinder becomes heated from the hot ﬂux and cooled from the cold ﬂux.
Nanoparticles isoconcentrations illustrate a propagation of nanoparticles from hot wall along the upper wavy border to the right cold boundary and along the cylinder surface. Such propagation directions can be
explained by the nanoliquid motion directions using the Brownian diffusion and thermophoresis inﬂuences. In the case of 𝜏 = 10 streamlines
change insigniﬁcantly, one can ﬁnd only an extension of the recirculation near the upper central wavy crest, while in global the formed
circulations are not changed. It should be noted that nanoliquid circulation intensity decreases |Ψmin | = 0.059 owing to more uniform heating
and cooling of the chamber and reduction of the temperature drop. The

conﬁrmation for the latter can be found in temperature distributions,
where one can ﬁnd a heating of the cavity top zone and cooling of the
bottom zone with temperature changes inside the heat-conducting solid
cylinder. It is interesting to note that isotherms are perpendicular to
the horizontal borders that reﬂect the adiabatic nature of these walls.
Nanoparticles isoconcentrations presented in Fig. 7 for 𝜏 = 10 also reﬂect the mentioned above propagation of nanoparticles along the upper wavy wall and near the cylinder surface. Further growth of the dimensionless time unessentially change the streamlines with a formation
of steady state having |Ψmin | = 0.0547 at 𝜏 = 60. Isotherms are also unchanged with a heating from the top zone and cooling from the bottom
zone. Isoconcentrations of nanoparticles show more essentially transport of these particles inside the nanoliquid ﬂows.
Fig. 8 demonstrates the steady isolines of stream function, temperature and nanoparticles volume fraction for 𝑅𝑒 = 100, (𝜆𝑙 = 1, 𝜆𝑟 = −1),
𝜙 = 0.02, 𝑁 = 3, 𝑅 = 0.15 and various values of the Richardson number.
Regardless of the Ri, two vortices are formed near the vertical walls as it
was described earlier. Isotherms also reﬂect the formation of up-going
temperature boundary layer near the left hot border and down-going
one close to the right cold border. Nanoparticles isoconcentrations reﬂect the mentioned directions of the particles transport. Low Richardson
number (𝑅𝑖 = 0.01 in Fig. 7a) illustrates an origin of secondary circulation in the top cavity part near the middle wavy crest and inside the
wavy troughs. It should be noted that 𝑅𝑖 = 0.01 is the forced convection
regime, namely, here heat transfer and nanoﬂuid ﬂow are described by
the moving walls inertia forces. Therefore, one can ﬁnd a weak circulation near the bottom wall. Isotherms for this Ri value characterize heating from the top left corner and cooling from the bottom right corner
and such heating/cooling behavior can be found inside the solid cylinder. Isoconcentrations reﬂect the previously described nature. A rise of
Ri results in the reduction of the upper and bottom secondary recirculations and isotherms become more horizontal, while for 𝑅𝑖 = 100 (see
Fig. 8d) one can ﬁnd signiﬁcant narrowing of the global cells cores with
essential reduction of the velocity boundary layers. At the same time,
isotherms become horizontal with clear temperature stratiﬁcation core
in the central chamber zone from the left and right sides of the cylinder.
High Ri reﬂect a formation of the natural convection regime.
Fig. 9 illustrates the considered isolines for 𝑅𝑒 = 100, 𝑅𝑖 = 10, 𝜙 =
0.02, 𝑁 = 3, 𝑅 = 0.15 and various values of moving parameters, namely,
for various motion directions of vertical walls. The case with 𝜆𝑙 = 1,
𝜆𝑟 = −1 (Fig. 9a) was described earlier. When the motion direction of
the right wall is changed, namely, this wall begins to move in positive direction of vertical axis, one can ﬁnd some modiﬁcation of the
ﬂow structures near the right isothermal wall. In this case inertia force
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Fig. 5. Variation of the unsteady streamlines evolution by dimensionless time (𝜏) for 𝑅𝑒 = 100, 𝑅𝑖 = 10, (𝜆𝑙 = 1, 𝜆𝑟 = −1), 𝜙 = 0.02, 𝑁 = 3 and 𝑅 = 0.15.

predominates over the buoyancy force, because of an additional counterclockwise vertex forms near this wall (Fig. 9b). It should be noted
that for the right wall, the inertia force leads to the formation of ascending ﬂows near this wall, while the buoyancy force characterizes
an appearance of descending ﬂows. In the present conditions we have
the ascending ﬂows close to this wall and, as it was mentioned, inertia

force dominates. This additional vortex deforms the clockwise circulation near the right side of the centered cylinder. Temperature ﬁeld reﬂects an appearance of interesting nature, namely, signiﬁcant cooling
occurs inside this additional circulation and whole chamber is heated
from the left vertical border. At the same time, nanoparticles isoconcentrations are changed only near this right wall, reﬂecting a formation
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Fig. 6. Variation of the unsteady isotherms evolution by dimensionless time (𝜏) for 𝑅𝑒 = 100, 𝑅𝑖 = 10, (𝜆𝑙 = 1, 𝜆𝑟 = −1), 𝜙 = 0.02, 𝑁 = 3 and 𝑅 = 0.15.

of additional nanoparticles circulation. As a result it is possible to conclude that change of the right wall motion direction leads to essential
reduction of the cooling zone sizes and the cavity average temperature
increases signiﬁcantly. When the left wall begins to move in negative
direction relative to the vertical axis, while the right wall has the positive direction we have the predominated eﬀect of the inertia forces for
both vertical walls (Fig. 9c). The latter leads to the formation of two

counterclockwise circulations near these walls. These vortices restrain
the heating and cooling of the cavity, namely, these processes occur inside these circulations like it was described for the right wall (Fig. 9b). It
is interesting to note that these two additional vortices reﬂect the counterclockwise circulations where ﬂows near these walls move like these
borders due to the friction forces. Therefore, near the left wall the ﬂows
descend and near the right wall the ﬂows ascend. Location of these con645
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Fig. 7. Variation of the unsteady nanoparticle distribution evolution by dimensionless time (𝜏) for 𝑅𝑒 = 100, 𝑅𝑖 = 10, (𝜆𝑙 = 1, 𝜆𝑟 = −1), 𝜙 = 0.02, 𝑁 = 3 and 𝑅 = 0.15.

vective cells cores is determined by the buoyancy force impact, namely,
near the left border the convective cell core locates in the top zone and
close to the right border the convective cell core locates in the bottom
zone. Such limitation of the heating and cooling zones results in weak
temperature changes in the central part of the chamber and inside the
solid cylinder. Behavior of the nanoparticles isoconcentrations near the
vertical walls repeat the modiﬁcation that was described for the right
wall in Fig. 9b. In the case of negative motion of the left and right walls

relative to the vertical axis presented in Fig. 9d, one can ﬁnd the modiﬁcation of ﬂow structures near the left wall and essential cooling of the
central zone of the enclosure due to the limitation of the heating zone
inside the formed additional recirculation near the left descended wall.
All changes in the considered isolines are similar to Fig. 9b, but for the
left wall with opposite eﬀect for the temperature ﬁeld due to limitation
of the heating zone. Intensive circulation inside the cavity occurs for
the last case where |Ψmin | = 0.0568 (see Fig. 9d), while weak circulation
646
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Fig. 8. Variation of the steady streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by Richardson number (Ri) for 𝑅𝑒 = 100,
(𝜆𝑙 = 1, 𝜆𝑟 = −1), 𝜙 = 0.02, 𝑁 = 3 and 𝑅 = 0.15.

suppression when |Ψmin | diminishes from 0.0606 at 𝑁 = 0 till 0.054 at
𝑁 = 4.
An impact of the internal cylinder diameter on streamlines,
isotherms and nanoparticles volume fraction distribution is shown in
Fig. 11. A rise of the cylinder diameter results in the deformation of the
motion region and the ﬂow structures reﬂect a narrowing of the convective cells near the isothermal walls. A raise of R reﬂects a development
of the recirculations near the upper and bottom borders and for high
values of cylinder diameter the temperature stratiﬁcation core vanishes
in the central part and isotherms are curved near the cylinder surface,

occurs when inertia forces are opposite forces relative to the buoyancy
forces for both walls, where |Ψmin | = 0.019 (see Fig. 9c).
Fig. 10 presents streamlines, isotherms and distributions of nanoparticles volume fraction for 𝑅𝑒 = 100, 𝑅𝑖 = 10, (𝜆𝑙 = 1, 𝜆𝑟 = −1), 𝜙 = 0.02,
𝑅 = 0.15 and various undulation numbers (N). The undulation number
characterizes a number of waves on the upper corrugated wall. An inclusion of waves on the upper wall leads to the narrowing of the ﬂow
region that reﬂects the modiﬁcation of the ﬂow structures near the upper and bottom walls. Such modiﬁcation reﬂects the convective motion
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Fig. 9. Variation of the steady streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by constant moving parameter (𝜆) for 𝑅𝑒 = 100,
𝑅𝑖 = 10, 𝜙 = 0.02, 𝑁 = 3 and 𝑅 = 0.15.

where heating and cooling of the solid cylinder are from the upper left
corner and bottom right corner respectively. Modiﬁcation of nanoparticles volume fraction isolines occurs in accordance to the ﬂow structures
change. An increment of the cylinder diameter results in a suppression
of the convective motion, e.g. |Ψmin | decreases from 0.0619 at 𝑅 = 0.05
till 0.0481 at 𝑅 = 0.25.
Figs. 12 and 13 demonstrate proﬁles of the local Nusselt number
along the left hot border for various Ri, solid cylinder diameter and
moving parameters. First of all it is possible to describe the local Nusselt number behavior with Y-coordinate for left wall positive motion
and right wall negative motion relative to the vertical axis (Fig. 12a),

where Nu decreases from the bottom border till the top border. The reason for such behavior is a reduction of temperature gradient from the
bottom part, where one can ﬁnd an interaction between the hot temperature wave from the left border and cold temperature wave from the
right border, till the upper part where we have an essential heating of
the cavity. A rise of Ri characterizes an increment of the local Nusselt
number owing to more essential circulation. In the case of left wall negative motion and right wall positive motion relative to the vertical axis
(Fig. 12b) for 0.01 ≤ Ri ≤ 10 we have a growth of Nu with Y from bottom till top owing to an appearance of counter-clockwise vortex near the
left border and a limitation of the heating zone inside this vortex (see
648

A.I. Alsabery, M.A. Sheremet and A.J. Chamkha et al.

International Journal of Mechanical Sciences 150 (2019) 637–655

Fig. 10. Variation of the steady streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by number of undulations (N) for 𝑅𝑒 = 100,
𝑅𝑖 = 10, (𝜆𝑙 = 1, 𝜆𝑟 = −1), 𝜙 = 0.02 and 𝑅 = 0.15.

Fig. 9c). In this case Nu is small for 𝑅𝑖 = 1 and 𝑅𝑖 = 10, and a raise of Y
reﬂects a weak growth of local Nusselt number. But for 𝑅𝑖 = 100 one can
ﬁnd an opposite behavior of Nu in comparison with previous cases, here
Nu decreases with Y. In the case of cylinder sizes inﬂuence (Fig. 13) a
rise of R results in the reduction of Nu along the left vertical boundary
for various moving parameters. Such nature can be explained by less
essential cooling of the left part due to the presence of heat-conducting
solid obstacle.
The average Nu dependences with time, Richardson number and
moving parameters are shown in Fig. 14. In the case of positive moving

of the left wall and negative motion of the right one relative to the vertical axis (Fig. 14a), an increment of Ri characterizes an increase in the
average Nu. 𝑁𝑢 the steady state value fast for high Ri. At the same time,
for the steady state a growth of Ri from 0.01 till 100 leads to an increase
in 𝑁𝑢 at about 50% (1.5 times). Such augmentation occurs due to an
essential contribution of the buoyancy force. In the case of negative left
wall motion and positive right wall motion relative to the vertical axis
(Fig. 14b), a rise of the Richardson number characterizes a non-linear
change of 𝑁𝑢 owing to an essential modiﬁcation of the ﬂow structures
and temperature patterns. Such behavior can be predicted using the lo-
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Fig. 11. Variation of the steady streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by radius of solid cylinder (R) for 𝑅𝑒 = 100,
𝑅𝑖 = 10, (𝜆𝑙 = 1, 𝜆𝑟 = −1), 𝜙 = 0.02 and 𝑁 = 3.

cal Nusselt number proﬁles (see Fig. 12b). More essential reduction of
𝑁𝑢 (at about 3.5 times) occurs in a range of the Richardson number
between 𝑅𝑖 = 0.01 and 𝑅𝑖 = 1.
Time dependences of 𝑁𝑢 with nanoparticles concentration and moving parameter are presented in Fig. 15. In the case of codirectional inertia and buoyancy forces (Fig. 15a) a growth of 𝜙 results in the thermal
transmission enhancement (at about 10% in a range between 𝜙 = 0.01
and 𝜙 = 0.04), while in the case of opposite forces (Fig. 15b) the thermal transmission degradation with nanoparticles owing to an essential

eﬀect of nanoliquid viscosity on this process can be found (at about 5%
in a range between 𝜙 = 0.01 and 𝜙 = 0.04).
Fig. 16 demonstrates the impact of undulations number (a) and solid
cylinder diameter (b) on 𝑁𝑢 for the case of positive moving of the left
wall and negative motion of the right one relative to the vertical axis.
As it has been mentioned above (Fig. 10), a raise of the undulations
number results in the diminution of 𝑁𝑢 due to the ﬂow suppression. This
diminution reaches 13% between values of 𝑁𝑢 for 𝑁 = 0 and 𝑁 = 4.
Moreover, a rise of the undulation number allows to increase the timedependent minimum value of the thermal transmission intensity. A raise
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Fig. 12. Variation of the steady local Nusselt number interfaces with Y for diﬀerent Ri at 𝑅𝑒 = 100, (𝜆𝑙 = 1, 𝜆𝑟 = −1), 𝜙 = 0.02, 𝑁 = 3 and 𝑅 = 0.15.

Fig. 13. Variation of the steady local Nusselt number interfaces with Y for diﬀerent R at 𝑅𝑒 = 100, 𝑅𝑖 = 10, (𝜆𝑙 = 1, 𝜆𝑟 = −1), 𝜙 = 0.02 and 𝑁 = 3.

of the solid cylinder diameter results in a diminution of 𝑁𝑢 (see Fig. 13)
and this reduction is more essential at steady state between a group
of 𝑅 = 0.05, 0.1, 0.2 and 𝑅 = 0.25 (this diminution reaches 20%). It is
interesting to note that a growth of the cylinder diameter results in a
rise of the time range of low 𝑁𝑢 values, but for 𝑅 = 0.25 such feature
disappears.
The thermal transmission intensity reduction with R for diﬀerent
moving parameters is demonstrated in Fig. 17. Here 𝑁𝑢 increases with
Ri for codirectional inertia and buoyancy forces and it has a non-linear
behavior for the case of opposite forces as it has been mentioned in
Fig. 12. It is possible to note a non-linear behavior of 𝑁𝑢 with R for
𝑅𝑖 = 10 at 𝑙 = 1, 𝑟 = 1. It should be noted that for codirectional inertia

and buoyancy forces (Fig. 17a) the heat transfer rate increases at about
2 times when Ri rises from 0.01 till 100 for 𝑅 = 0.05, while for 𝑅 = 0.25,
𝑁𝑢 increases about 67%. In the case of opposite forces (Fig. 17b) one
can ﬁnd the signiﬁcant non-linear eﬀect.
In the case of intensive walls motion (𝑅𝑒 = 100) an increment of the
nanoparticles concentration leads to the heat transfer augmentation for
each considered Richardson number value (see Fig. 18b), while in the
case of low intensive vertical walls motion (𝑅𝑒 = 10) a rise of 𝜙 leads to
non-linear behavior of 𝑁𝑢 (see Fig. 18a) for a wide range of Ri > 5. While
for Ri < 5, the thermal transmission intensiﬁcation occurs with 𝜙 also. It
should be noted that such non-linear nature of 𝑁𝑢 with 𝜙 and Ri for low
values of Re can be explained by an essential impact of nanoparticles on

651

A.I. Alsabery, M.A. Sheremet and A.J. Chamkha et al.

International Journal of Mechanical Sciences 150 (2019) 637–655

Fig. 14. Variation of the unsteady average Nusselt number with 𝜏 for diﬀerent Ri when (a) (𝜆𝑙 = 1, 𝜆𝑟 = −1) and (b) (𝜆𝑙 = −1, 𝜆𝑟 = 1) at 𝑅𝑒 = 100, 𝜙 = 0.02, 𝑁 = 3
and 𝑅 = 0.15.

Fig. 15. Variation of the unsteady average Nusselt number with 𝜏 for diﬀerent 𝜙 when (a) 𝑅𝑒 = 10 and (b) 𝑅𝑒 = 100 at 𝑅𝑖 = 10, (𝜆𝑙 = 1, 𝜆𝑟 = −1), 𝑁 = 3 and 𝑅 = 0.15.

Fig. 16. Variation of the unsteady average Nusselt number with 𝜏 for diﬀerent (a) N and (b) R at 𝑅𝑒 = 100, 𝑅𝑖 = 10, (𝜆𝑙 = 1, 𝜆𝑟 = −1) and 𝜙 = 0.02.

thermal transmission rate in the case of weak forced convection regime.
At the same time, it is possible to conclude that low Reynolds number
modes are not desirable from practical point of view taking into account
such non-linear eﬀects. In the case of high Re modes (Fig. 18b) an essential raise of 𝑁𝑢 occurs for Ri < 10 and more signiﬁcant growth of the heat

transfer rate with nanoparticles concentration can be found in a range
between 𝜙 = 0 and 𝜙 = 0.01 due to the nanoﬂuid thermal conductivity
enhancement. Therefore, for engineering applications it is possible to
enhance the heat transfer for high Reynolds number (𝑅𝑒 = 100 for the
present formulation) and high Grashof number. Moreover, an essential
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Fig. 17. Variation of the steady average Nusselt number with R for diﬀerent Ri when (a) (𝜆𝑙 = 1, 𝜆𝑟 = −1) and (b) (𝜆𝑙 = −1, 𝜆𝑟 = 1) at 𝑅𝑒 = 100, 𝜙 = 0.02 and 𝑁 = 3.

Fig. 18. Variation of the steady average Nusselt number with Ri for diﬀerent 𝜙 when (a) 𝑅𝑒 = 10 and (b) 𝑅𝑒 = 100 at (𝜆𝑙 = 1, 𝜆𝑟 = −1), 𝑁 = 3 and 𝑅 = 0.15.

Fig. 19. Variation of the steady average Nusselt number with R for diﬀerent N when (a) 𝑅𝑒 = 10 and (b) 𝑅𝑒 = 100 at 𝑅𝑖 = 10, (𝜆𝑙 = 1, 𝜆𝑟 = −1) and 𝜙 = 0.02.

namely, highly decrease of the average Nusselt number for R > 0.2. As
for the inﬂuence of the undulations number, a growth of this parameter
characterizes the heat transfer rate reduction regardless of the Reynolds
number modes, e.g., for 𝑅𝑒 = 10 and 𝑅 = 0.25 a reduction of 𝑁𝑢 with N
occurs at about 62%. At the same time, it is possible to conclude that
for high Reynolds number mode (𝑅𝑒 = 100 in Fig. 19b) a dependence of

inﬂuence of nanoparticles can be found also within this regime. In the
case of 𝑅𝑒 = 𝑅𝑖 = 100 a growth of 𝜙 from 0 till 0.04 reﬂects a rise of the
average Nusselt number at about 12%.
Fig. 19 presents the heat transfer degradation with R and N for
𝑅𝑒 = 10 (Fig. 19a), while for 𝑅𝑒 = 100 (Fig. 19b) a diminution of 𝑁𝑢
occurs with R and N, but for 𝑁 = 1 we have an interesting behavior,
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Fig. 20. Variation of the steady average Nusselt number with Ri for diﬀerent R when (a) 𝑅𝑒 = 10 and (b) 𝑅𝑒 = 100 at (𝜆𝑙 = 1, 𝜆𝑟 = −1), 𝜙 = 0.02 and 𝑁 = 3.

𝑁𝑢 on cylinder diameter is weak for a wide range of R, while a growth
of N dec reases this range and more essential diminution of 𝑁𝑢 with R
occurs between 𝑅 = 0.2 and 𝑅 = 0.25.
Fig. 20 shows a growth of 𝑁𝑢 with Ri and a diminution of 𝑁𝑢 with
the cylinder diameter for various Re. It is interesting to note that in the
case of weak forced convection (𝑅𝑒 = 10 in Fig. 20a) a growth of the
cylinder diameter leads to more linear dependence of 𝑁𝑢 on Ri, while
for 𝑅𝑒 = 100 (see Fig. 20b) linear dependence for the average Nusselt
number can be found for small values of R (0.05 and 0.1) and growth of R
leads to a formation of essentially non-linear part for Ri < 30. Moreover,
in the case of 𝑅𝑒 = 10 a rise of Ri characterizes an appearance more
essential diﬀerences of 𝑁𝑢 for various values of R, whilst for 𝑅𝑒 = 100
an increase in Ri reﬂects a decrease in diﬀerences for 𝑁𝑢 at various
values of R.

3. An inclusion of waves on the upper wall leads to the narrowing of
the ﬂow region that reﬂects the modiﬁcation of the ﬂow structures
near the upper and bottom boundaries. Such modiﬁcation reﬂects
the convective ﬂow suppression and heat transfer rate degradation.
4. A raise of the cylinder diameter results in the deformation of the
ﬂow region and as a result, ﬂow structures reﬂect a narrowing of
the convective cells near the isothermal walls. A raise of R leads to
suppression of the convective ﬂow and thermal transmission.
5. From practical point of view, nanoparticles, wavy shape of the wall
and internal heat-conducting cylinder are very good control parameters for the heat transfer and ﬂuid ﬂow. It is possible to intensify the
heat transfer due to a growth of the nanoparticles volume fraction
but it depends on the considered ﬂow regime. At the same time, variation of the moving walls direction allows to increase the average
Nusselt number.

5. Conclusions
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