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By employing the finite element method, thermophoresis and Brownian diffusion are studied numeri-
cally relating to the natural convection in a wavy cavity that is filled with an Al2O3-water nanofluid pos-
sessing a central heat-conducting solid block that is influenced by the local heater located on the bottom
wall. An isothermal condition is established in the two wavy vertical walls, while adiabatic condition is
for the top horizontal wall. Partial heating is applied to the bottom of the horizontal wall, while the
remaining part remains in the adiabatic condition. Empirical correlations are employed for the thermal
conductivity and dynamic viscosity of the nanofluid. The number of oscillations (1 6 N � 4), Rayleigh
number (103 6 Ra � 106), nanoparticles volume fraction (0 6 / � 0:04) and dimensionless length of
the bottom heater (0:2 6 H 6 0:8) govern the parameters in this study. The grid independency test, as
well as experimental and numerical data from other published works, was employed to validate the
developed computational code comprehensively. Based on the obtained results, it was found that the
heat transfer inside the cavity is enhanced by introducing nanoparticles as well as a selection of optimal
number of oscillations.
� 2018 The Society of Powder Technology Japan. Published by Elsevier B.V. and The Society of Powder

Technology Japan. All rights reserved.
1. Introduction

In various engineering applications, including heat transfer
improvement in heat exchangers and solar collectors, cooling of
electronic devices, mass and heat transfers occurring in chemical
reactors, heat sink, and many others, convective heat transfer is
considered a key phenomenon in wavy channels and enclosures
[1–4]. While an effective approach to enhance heat transfer would
be to alter the cavity walls to grow the heat transfer surface, these
days, for the same purpose, the heat transfer medium can be chan-
ged by employing nanoparticles of metal oxides or metals. It has
been shown that the thermal conductivity could be increased
and also improves heat transfer by introducing low concentrations
of metal nanoparticles [5–9]. There have been numerous experi-
mental and theoretical studies focusing on the considered topic
[10–25]. The problem of natural convection in a cavity filled with
nanofluid and having double wavy walls with different phase devi-
ations was numerically evaluated by Tang et al. [10]. They explored
that the increasing of the nanofluid volume fraction led to a signif-
icant enhancement on the surface heat transfer coefficient and the
temperature distribution inside the considered cavity trued to be
more homogenous with the large volume fraction. By employing
the single-phase nanofluid model with Maxwell and Brinkman cor-
relations, Mustafa et al. [11] investigated how nanoparticles (silver
and alumina) interacted with an external applied magnetic field
with the presence of internal heat generation along the vertical
rough surface. They described that the local Nusselt number and
the local skin friction coefficient have been shown to be a decreas-
ing function for the wavy surface’s amplitude. The improvement of
laminar forced convection cooling was experimentally evaluated
by Khoshvaght-Aliabadi et al. [12] in a wavy heat sink by employ-
ing two passive techniques, which involved Al2O3-water nanofluid
and rectangular ribs. Using ribs in the wavy heat sinks was found
to be significantly helpful to improve the heat transfer because of
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Nomenclature

A amplitude
Cp specific heat capacity
d width and height of the conductive inner block
df diameter of the base fluid molecule
dp diameter of the nanoparticle
D dimensionless length of the conductive inner block,

D ¼ d=L
DB Brownian diffusion coefficient
DB0 reference Brownian diffusion coefficient
DT thermophoretic diffusivity coefficient
DT0 reference thermophoretic diffusion coefficient
H dimensionless length of the heat source, H ¼ h=L
k thermal conductivity
Kr inner block to nanofluid thermal conductivity ratio,

Kr ¼ kw=knf
L width and height of the square cavity
Le Lewis number
N number of oscillations
NBT ratio of Brownian to thermophoretic diffusivity
Nu average Nusselt number
Pr Prandtl number
Ra Rayleigh number
ReB Brownian motion Reynolds number
Sc Schmidt number
T temperature
T0 reference temperature (310 K)
Tfr freezing point of the base fluid (273.15 K)

v velocity vector
V normalized velocity vector
uB Brownian velocity of the nanoparticle
x; y & X; Y space coordinates & dimensionless space coordinates

Greek symbols
a thermal diffusivity
c inclination angle of magnetic field
b thermal expansion coefficient
d normalized temperature parameter
h dimensionless temperature
l dynamic viscosity
m kinematic viscosity
q density
u solid volume fraction
u� normalized solid volume fraction
/ average solid volume fraction

Subscript
b bottom
c cold
f base fluid
h hot
i interface
nf nanofluid
p solid nanoparticles
w solid wall
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chaotic advection and drastic mixing of the coolant. The ribbed
wavy heat sinks showed pressure drop as well as heat transfer
coefficient with higher values. With an increase in the waviness
aspect ratio and rib width, these parameters intensify. In a lid-
driven cavity with a wavy wall that was filled with a CuO-water
nanofluid, the steady laminar mixed convection flow and heat
transfer was numerically evaluated by Abu-Nada and Chamkha
[13]. They found that the heat transfer rate for all the considered
values associated with the Richardson number as well as the bot-
tom wavy wall geometry ratios were enhanced with the addition
of nanoparticles.

Furthermore, Hatami [14] numerically evaluated the free con-
vection phenomena in a wavy-wall cavity that included a heated
inner cylinder by employing a two-phase Buongiorno nanofluid
model. It was shown through the obtained results that the Nusselt
number rose with an increase in the internal cylinder diameter up
to 1.0 because of the growth in the heated surface. However, for
more values, the natural convection heat transfer tended to
decrease with this increase in diameter as the flow gets blocked
due to the small space between the cylinder walls and the wavy
cavity. In a porous wavy cavity, the impact of external magnetic
source on heat transfer and magnetic nanofluid flow was numeri-
cally examined by Sheikholeslami and Shehzad [15]. They showed
that the greatest Nusselt number was achieved due to nanoparti-
cles platelet shape, while the augmentation of the Lorentz force
magnitude led to reduction of the heat transfer rate. For a wavy-
walled cavity, the impact of volumetric heat sources on flow struc-
tures as well as on the natural convection of heat transfer was
described by Oztop et al. [16]. Based on the obtained results, both
the heat transfer and flow field characteristics were shown to get
affected when there were changes in the amplitude of the wavy
wall and the values of the external and internal Rayleigh number
ratio. With a high value of the wavy-wall amplitude, prediction
of higher heat transfer rates was possible. The effect of Buongiorno
nanofluid model on the MHD mixed convection heat transfer over
an inclined cylinder was described by Dhanai et al. [26]. The ther-
mophoresis and Brownian motion effects on natural convection
heat transfer of nanofluid L-shaped cavity was studied by Sheik-
holeslami et al. [27]. They found that the convection heat transfer
is enhanced with an increment of the thermal Rayleigh number
and the Lewis number. Rana et al. [28] explained the effects of
nanolayer and nanoparticle diameter on the MHD slip flow and
heat transfer of Al2O3-water nanofluid over a horizontal shrinking
cylinder using the Buongiorno nanofluid model.

The ANSYS Fluent software was employed by Harikrishnan and
Tiwari [17] to examine numerically the impact of skewness in
wavy channels on the heat transfer and flow characteristics. They
showed that the flow in an unskewed wavy channel is two-
dimensional, which would become three-dimensional when skew-
ness was introduced to the flow, caused by the resulting spanwise
pressure gradient as well as velocity. Also, in a skewed wavy
channel, a stronger secondary flow changed the flow separation
characteristics, which altered the existing synergy between the
temperature gradient and velocity. In a vertical triangular wavy
enclosure that was filled with CuO-water nanofluid, Nasrin et al.
[18] made use of steady laminar combined convection flow. They
found that reducing the Richardson number and raising the Rey-
nolds number as well as the solid volume fraction led to moderate
accentuation of the heat transfer rate. Sheikholeslami et al. [29]
considered the effects of Brownian motion and thermophoresis
parameters on the MHD natural convection and heat transfer in a
2D cavity filled with nanofluid using the control volume based
finite element method. The mixture model of Al2O3-water nano-
fluid with mixed convection mechanism in a vertical channel that
has sinusoidal walls exposed to the magnetic field effect was
employed numerically by Rashidi et al. [19]. They showed that
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when nanoparticles were added to the base fluid, there was a
decrease in the average Poiseuille number and an increase in the
average Nusselt number. Also, at the same time, there was a rise
in the Poiseuille number and Nusselt number with increase in
the Hartman number applicable for constant Reynolds number,
wave amplitude, Grashof number and volume fraction of nanopar-
ticles. The entropy generation of CuO-water nanofluid flow was
investigated numerically by Nouri et al. [20] by taking a spherical
heat source in a cylindrical channel that allowed sudden contrac-
tion and expansion. Fluent software as employed by Masoumi
et al. [21] was used to determine nanofluids’ effective viscosity,
while that of Koo and Kleinstreuer [22] was employed for the
effective thermal conductivity. They saw increase in entropy
generation with rise in nanoparticles concentration, while the
entropy generation decreased with reduction in the diameter of
the nanoparticles. The influences of perforations, winglets, and
nanofluids on the heat transfer enhancement in a plate-fin heat
exchangers was investigated experimentally by Khoshvaght-
Aliabadi et al. [30].

Heat transfer features and laminar flow were numerically and
experimentally studied by Khoshvaght-Aliabadi et al. [23] in zig-
zag channels related to nanofluid-cooled microelectronic heat
sink. They found that the heat transfer can be improved by
non-flat nooks, but this also results in increase in the pressure
drop for the microelectronic heat sink (MHS) that have zigzag
channels. Different nanofluids were employed as working fluids
by Pavlovic et al. [24] for theoretical examination in a solar dish
collector that has a smooth and corrugated absorber tube. It was
found that a higher exergetic performance was achieved by the
use of oil-based nanofluids versus the water-based nanofluids.
Moreover, it seems that the corrugated tube is the best case, both
exergetically and thermally. Khoshvaght-Aliabadi et al. [31] pre-
sented an experimental study of solar heating heat exchangers
in a channel with Al2O3/water nanofluid in the presence of
corrugated/perforated fins. They found that the heat transfer
coefficient was clearly enhanced with Al2O3/water in comparison
with the fluid. The natural convection of water-based nanofluid
was numerically examined by Rahman et al. [32] in a corrugated
bottom triangular solar collector. Based on the results, it was
seen that an increase up to 24.28% can be achieved via heat
transfer through the heated surface with rise in volume fraction
from 0% to 10%. Ahmed et al. [33] numerically analysed the pres-
sure drop and heat transfer characteristics for copper-water
nanofluid flow via a corrugated channel that was isothermally
heated. A slight increase in pressure drop was seen for the
considered Reynolds numbers that included the nanoparticles
volume fraction, while the Reynolds number values would deter-
mine the heat transfer enhancement. Heat transfer and natural
convection nanofluid flow in wavy cavities were studied numer-
ically by Sheremet et al. [34–36] by employing the single-phase
nanofluid model [34] and the two-phase model [35,36]. A signif-
icant impact due to nanoparticles volume fraction and undulation
number on the heat transfer intensity and nanofluid flow rate
was seen. The numerical investigation of Chamkha et al. [37]
described the heat sink and source as well as entropy generation
on the MHD mixed convection associated with a lid-driven
square porous cavity that was filled with Cu-water nanofluid
exposed to a partial slip condition. Sheikholeslami et al. [38]
made a numerical investigation on nanofluid flow and heat trans-
fer in a square cavity in the presence of a rectangular heated
body using the lattice Boltzmann method. Recently, the impact
of Brownian motion was studied on convective heat transfer
associated with a square porous cavity that was filled with
nanofluid, along with exposure to isothermal inner block and
magnetic field [39].
Taking into account the presented brief review on papers con-
cerning nanofluid heat transfer in wavy cavities and channels, we
believe that simultaneous analysis of natural convection in a wavy
cavity containing a heat-conducting solid block under the effects of
the Brownian diffusion and thermophoresis has not been consid-
ered previously. Therefore, the objective of the present study is a
numerical simulation of natural convection heat transfer and fluid
flow of an Al2O3-water nanofluid in a wavy-walled cavity having a
centered heat-conducting solid block and a local heater on the bot-
tom wall. It should be noted that there are many different indus-
trial applications for the considered problem such as cooling of
electronic devices or a rise of efficiency for the heat exchanger.
In the case of electronic devices, nowadays many various shapes
of electronic cabinets can be used in various devices. A wavy shape
is very interesting and useful solution, because it is possible to
intensify heat transfer by choosing the optimal waviness of the
vertical walls.

2. Mathematical formulation

Fig. 1 explains the steady two-dimensional natural convection
problem for a wavy cavity that has a length L and insertion of the
cavity centre with a solid square for side d. On the bottom hori-
zontal wall of the cavity an isothermal heater with length h is
placed, while at a constant cold temperature Tc , maintaining of
the wavy vertical walls is done. Adiabatic condition is maintained
for the remaining top wall and bottom wall. By considering the
domain’s boundaries to be impermeable, as well as the fluid
within the cavity to be a water-based nanofluid that contains
Al2O3 nanoparticles. Thus, the Boussinesq approximation can be
applied, i.e. the nanofluid’s physical properties remain constant,
with the exception of density. If these assumptions are to be
considered, applicable to the laminar and steady state natural
convection, the continuity, energy and momentum equations
can be written as:

r � v ¼ 0; ð1Þ
qnfv � rv ¼ �rpþr � lnfrv þ qbð Þnf T � Tcð Þ~g; ð2Þ
qCp
� �

nfv � rTnf ¼ �r � knfrTnf � Cp;pJp � rTnf ; ð3Þ

v � ru ¼ � 1
qp

r � Jp; ð4Þ

where ~g signifies the gravitational acceleration vector, v describes
the velocity vector, Jp indicates the nanoparticles mass flux and u
denotes the nanoparticles’ local volume fraction.

Thus, the inner solid wall’s energy equation can be represented
as:

rTw ¼ 0: ð5Þ

Based on Buongiorno’s model, the nanoparticles mass flux is written
as given below:

Jp ¼ Jp;B þ Jp;T ; ð6Þ

Jp;B ¼ �qpDBru; DB ¼ kbT
3plf dp

; ð7Þ

Jp;T ¼ �qpDTrT; DT ¼ 0:26
kf

2kf þ kp

lf

qf T
u: ð8Þ

Now we describe the thermophysical properties of the nanofluid as
the following:

qCp
� �

nf ¼ 1�uð Þ qCp
� �

f þu qCp
� �

p; ð9Þ



Fig. 1. Schematic diagram of the physical model together with the conductive inner block (brickwork) and the coordinate system.
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anf ¼ knf
qCp
� �

nf

; ð10Þ

qnf ¼ 1�uð Þqf þuqp; ð11Þ

qbð Þnf ¼ 1�uð Þ qbð Þf þu qbð Þp: ð12Þ
The dynamic viscosity and thermal conductivity ratios of nanofluids
(water-Al2O3) with 33 nm particle-size have been adapted accord-
ing to Corcione [40]:

lnf

lf
¼ 1= 1� 34:87 dp=df

� ��0:3u1:03
� �

: ð13Þ

knf
kf

¼ 1þ 4:4Re0:4B Pr0:66
T
Tfr

� �10 kp
kf

� �0:03

u0:66; ð14Þ

where ReB is explained as

ReB ¼ qf uBdp

lf
; uB ¼ 2kbT

plf d
2
p

; ð15Þ

where kb ¼ 1:380648� 10�23 J=Kð Þ refers to Boltzmann constant.
lf ¼ 0:17 nm reflects fluid particles mean path. df denotes water
molecular diameter, as given by Corcione [40]

df ¼ 6M
Npqf

; ð16Þ

where M stands for base fluid molecular weight, N is Avogadro
number, and qf denotes base fluid density at standard temperature
(310 K). With water as the based fluid, the value of df is obtained as
follows:

df ¼ 6� 0:01801528

6:022� 1023 � p� 998:26

� �1=3

¼ 3:85� 10�10m: ð17Þ

The following presents non-dimensional variables applied in
this study:

X ¼ x
L
; Y ¼ y

L
; V ¼ vL

mf
; P ¼ pL2

qnfm2f
; u� ¼ u

/
; D�

B ¼ DB

DB0
;

D�
T ¼ DT

DT0
; d ¼ Tc

Th � Tc
; hnf ¼ Tnf � Tc

Th � Tc
; hw ¼ Tw � Tc

Th � Tc
; H ¼ h

L
:

ð18Þ
This generates the dimensionless governing equations, as
follows:

r � V ¼ 0; ð19Þ

V � rV ¼ �rP þ qf

qnf

lnf

lf
r2V þ qbð Þnf

qnfbf

1
Pr

Ra � hnf ; ð20Þ

V � rhnf ¼
qCp
� �

f

qCp
� �

nf

knf
kf

1
Pr

r2hnf þ
qCp
� �

f

qCp
� �

nf

D�
B

Pr � Leru� � rhnf

þ
qCp
� �

f

qCp
� �

nf

D�
T

Pr � Le � NBT

rhnf � rhnf
1þ dhnf

; ð21Þ

V � ru� ¼ D�
B

Sc
r2u� þ D�

T

Sc � NBT
� r2hnf
1þ dhnf

; ð22Þ

rhw ¼ 0; ð23Þ
where V shows the dimensionless velocity vector (U;V), DB0 ¼ kbTc

3plf dp

defines the reference Brownian diffusion coefficient,

DT0 ¼ 0:26 kf
2kfþkp

lf

qf h
/ identifies the reference thermophoretic

diffusion coefficient, Sc ¼ mf =DB0 is Schmidt number,
NBT ¼ /DB0Tc=DT0 Th � Tcð Þ represents the diffusivity ratio
parameter (Brownian diffusivity/thermophoretic diffusivity),
Le ¼ kf = qCp

� �
f/DB0 describes the Lewis number, Ra ¼ gqfbf Th � Tcð Þ

L3=ðlfaf ) shows the Rayleigh number of the base fluid and
Pr ¼ mf =af is the Prandtl number for the base fluid. The selected
dimensionless boundary conditions of Eqs. (19)–(23) are:

U ¼ V ¼ 0;
@u�

@n
¼ �D�

T

D�
B
� 1
NBT

� 1
1þ dhnf

@hnf
@n

;

hnf ¼ 1 on 1� Hð Þ=2 6 X 6 1þ Hð Þ=2; Y ¼ 0; ð24Þ

U ¼ V ¼ 0;
@u�

@n
¼ 0;

@hnf
@n

¼ 0 on 0 6 X

6 1� Hð Þ=2 and 1þ Hð Þ=2 6 X 6 1; Y ¼ 0; ð25Þ

U ¼ V ¼ 0;
@u�

@n
¼ �D�

T

D�
B
� 1
NBT

� 1
1þ dhnf

@hnf
@n

;

hnf ¼ 0 on A 1� cos 2Np� range 0;0:01;1ð Þ½ �ð Þð Þ; 0 6 Y 6 1; ð26Þ



Fig. 2. Grid-points distribution for grid size of G6.
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U ¼ V ¼ 0;
@u�

@n
¼ �D�

T

D�
B
� 1
NBT

� 1
1þ dhnf

@hnf
@n

;

hnf ¼ 0 on 1� A 1� cos 2Np� range 0;0:01;1ð Þ½ �ð Þð Þ;0 6 Y 6 1:
ð27Þ

U ¼ V ¼ 0;
@u�

@n
¼ 0;

@hnf
@n

¼ 0on 0 6 X 6 1; Y ¼ 1; ð28Þ

hnf ¼ hw; at the inner solid square surfaces; ð29Þ

U ¼ V ¼ 0;
@u�

@n
¼ �D�

T

D�
B
� 1
NBT

� 1
1þ dhnf

@hnf
@n

;

@hnf
@n

¼ Kr
@hw
@n

; X;Y in
1� Dð Þ
2

;
1þ Dð Þ
2

� 	
: ð30Þ

Here Kr ¼ kw=knf refers to ratio of thermal conductivity, and D ¼ d=L
stands for the dimensionless length of the conductive inner block.

The local Nusselt number examined for heated part of the bot-
tom horizontal wall is identified as:

Nub ¼ � knf
kf

@hnf
@Y

� �
Y¼0

: ð31Þ

Likewise, at the interface wall, the local Nusselt number is defined
by

Nui ¼ � knf
kf

@hi
@Y

� �
bottom

þ @hi
@X

� �
right

þ @hi
@Y

� �
top

þ @hi
@X

� �
left

" #
:

ð32Þ
Lastly, the average Nusselt number evaluates at the heated part of
the bottom horizontal wall as the following:

Nunf ¼ 1
H

Z H

0
NubdY; ð33Þ
3. Numerical method and validation

The Galerkin weighted residual finite element method was
employed to solve the governing dimensionless Eqs. (19)–(23),
which are subject to the selected boundary conditions
Eqs. (24)–(30). Segmentation of the computational domain into
sub-domains (finite elements) was done, in which approximation
of each of the velocity distribution, temperature, pressure and
the nanoparticle distribution was done by employing basis set

Uj

 �N

j¼1 as:

V �
XN
j¼1

VjUj X;Yð Þ; P �
XN
j¼1

PjUj X; Yð Þ;

h �
XN
j¼1

hjUj X;Yð Þ; / �
XN
j¼1

/jUj X;Yð Þ;
ð34Þ

where U and j signify the basis functions as well as the internal
nodes. The following basic steps have to be included in the finite
element analysis of a boundary-value problem:

1. Domain subdivision or discretisation into various small ele-
ments, which remain connected to nodes.

2. The governing dimensionless equations’ weak (or weighted-
integral) formulation.

3. Choosing interpolation functions to give an approximation for
the unknown solution within an element.

4. Use the weak form to develop the finite element model.
5. Gathering finite elements to get the global system of algebraic
equations, in which Galerkin methods can be employed.

6. Imposing the chosen boundary conditions.
7. Addressing the system of equations.

Details regarding such a procedure are clearly mentioned in
Reddy [41]. Based on the steps mentioned above, discretisation
of the computational domain into triangular elements is done as
presented in Fig. 2. For each of the flow variables falling under
the computational domain, different orders of Triangular Lagrange
finite elements are employed. For every conservation equation,
obtaining of residuals is done by replacing the approximations into
the governing equations. A Newton-Raphson iteration algorithm is
employed to simplify the nonlinear terms for the momentum
equations. It is assumed that the convergence of the solution exists
when the following convergence criteria are fulfilled by the rela-
tive error associated with each of the variables:

Ciþ1 � Ci

Ciþ1

�����
����� 6 g;

in which i denotes the iteration number and g represents the con-
vergence criterion. In the current work, the setting of convergence
criterion was done at g ¼ 10�6.

We have employed grids with various sizes to ensure that the
present numerical solution is independent on the grid size for
the numerical domain, as well as to determine the flow circula-
tion’s minimum strength (Wmin), its maximum strength (Wmax) as
well as the average Nusselt number relating to the case of
N ¼ 3; Ra ¼ 105; / ¼ 0:02; H ¼ 0:5 and D ¼ 0:3. Based on the
results presented in Table 1, insignificant differences surrounding
the G6 grids and above were observed. Therefore, the G6 uniform
grid is used to perform all the computations in this paper to solve
similar problems as in this subsection.

For data validation, a comparison of the results with the previ-
ously published experimental and numerical results as provided by
Calcagni et al. [42] is done to study the case of natural convection
heat transfer for a square cavity that is heated from below, as pre-
sented in Fig. 3. Also, the average Nusselt number of the resulting
figure is compared with the experimental results obtained by Ho
et al. [43] as well as the numerical results obtained by Sheikhzadeh
et al. [44] and by Motlagh and Soltanipour [45] for natural convec-
tion of Al2O3-water nanofluid present in a square cavity, by
employing Buongiorno’s two-phase model as given in Fig. 4.
Furthermore, a series of comparison is done amongst the present



Table 1
Grid testing for Wmin; Wmax and Nunf at different grid sizes for N ¼ 3; Ra ¼ 105 ; / ¼ 0:02; H ¼ 0:5 and D ¼ 0:3.

Grid size Number of elements Wmin Wmax Nunf

G1 2775 �0.068969 0.0051001 9.3102
G2 3419 �0.069163 0.0052753 9.502
G3 4237 �0.069963 0.0054968 9.7742
G4 5157 �0.071399 0.0058769 9.9605
G5 6780 �0.071933 0.0059732 10.154
G6 15476 �0.072383 0.0060409 10.259
G7 34429 �0.073227 0.0062314 10.262

Fig. 3. (left) Calcagni et al. [42] and (right) present study for (a) streamlines at
Ra ¼ 106 and H ¼ 0:4, (b) isotherms at Ra ¼ 105 and H ¼ 0:8, (c) isotherms at
Ra ¼ 1:836� 105 and H ¼ 0:8 and (d) isotherms at Ra ¼ 106 and H ¼ 0:8 for the
case of numerical and experimental results of Calcagni et al. [42] at N ¼ 0;/ ¼ 0 and
D ¼ 0.

Fig. 4. Comparison of the mean Nusselt number obtained from present numerical
simulation with the experimental results of Ho et al. [43], numerical results of
Sheikhzadeh et al. [44] and numerical results of Motlagh and Soltanipour [45] for
different values of Rayleigh numbers at N ¼ 0; / ¼ 0:03; H ¼ 1 and D ¼ 0.
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isotherms, the fraction of nanoparticles present inside a free cavity,
streamlines and the numerical one obtained by Corcione et al. [46]
are shown in Fig. 5. Fig. 6 provides an alternative comparison
related to the thermal conductivitys enhancement because of the
addition of the Al2O3 nanoparticles with two separate experimen-
tal results as well as the numerical results of Corcione et al. [46].
The predictions regarding the improvement of thermal conductiv-
ity were in good agreeing manner, with the exception of some of
the nanoparticle volume fractions. These validations lead us to
infer that a high degree of reliability can be associated with the
present numerical code amounts numerical outcomes.

4. Results and discussion

This section explains the numerical outputs for streamlines, iso-
therms, and nanoparticles distribution, along with varied number

of oscillations 1 6 N � 4ð Þ, Rayleigh number 103 6 Ra � 106
� �

,

nanoparticle volume fraction (0 6 / � 0:04), dimensionless length
of the heat source 0:2 6 H � 0:8ð Þ, with fixed values of thermal
conductivity of the conductive inner block (brickwork), length of
the conductive inner block, Prandtl number, Lewis number,
Schmidt number, ratio of Brownian to thermophoretic diffusivity
and normalized temperature parameter as follows: kw ¼ 0:28;
D ¼ 0:3; Pr ¼ 4:623; Le ¼ 3:5 � 105; Sc ¼ 3:55 � 104; NBT ¼ 1:1
and d ¼ 155, respectively. The average Nusselt number was deter-
mined from varied values of N; Ra and /. Table 2 describes the
thermo-physical characteristics for both water (based fluid) and
solid Al2O3 phases.

Fig. 7 presents streamlines, isotherms and nanoparticles isocon-
centrations for different values of the undulation number at
Ra ¼ 105; / ¼ 0:02 and H ¼ 0:5. In the case of N ¼ 1 one can find



Table 2
Thermo-physical properties of water with Al2O3 nanoparticles at T ¼ 310 K [47,45].

Physical properties Fluid phase (water) Al2O3

Cp J=kg Kð Þ 4178 765

q kg=m3
� �

993 3970

k Wm�1 K�1
� �

0.628 40

b� 105 1=Kð Þ 36.2 0.85

l� 106 kg=msð Þ 695 –

dp nmð Þ 0.385 33

Fig. 5. (left) Corcione et al. [46] and (right) present study for (a) streamlines,
(b) isotherms and (c) nanoparticle distribution at Ra ¼ 3:37� 105; N ¼ 0;
/ ¼ 0:04; H ¼ 1 and D ¼ 0.
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a formation of four convective cells inside the cavity, namely, two
major vortices are took a place in the bottom part of the cavity and
the other two vortices are located over the centered solid block. It
should be noted that the appearance of these convective cells is
due to the effect of a local heater at the bottom wall. This heater
Fig. 6. Comparisons of (a) thermal conductivity ratio with Chon et al. [48] and Corcione e
Ra ¼ 3:37� 105; N ¼ 0; H ¼ 1 and D ¼ 0.
generates a thermal plume development that restricted by the
heat-conducting solid block. Taking into account high temperature
difference in the bottom part, one can find more intensive circula-
tion in this zone, while convective cells in the upper part are weak.
As a result, distributions of nanoparticles illustrate a formation of
high concentration in the bottom corners, where liquid velocities
are small.

At the same time, a development of thermal plume and inten-
sive bottom convective cells allow to distribute nanoparticles in
vertical direction. An addition of extra undulation on vertical walls
(Fig. 7b) leads to a formation of additional circulations in wave
troughs in front of the solid block. An intensity of these circulations
is greater than vortices located in the upper part and less than vor-
tices located in the bottom part. Taking into account a displace-
ment of the wave crest close to the bottom wall, sizes of the
bottom vortices are decreased. Sizes of thermal plume over the
heater reduce also. As a result, cooling of the cavity is more essen-
tial due to a growth of the cold wall surface. Number of zones with
high concentration of nanoparticles increases due to an additional
wave troughs and sizes of these zones in the bottom corners
increase also. It is interesting to note that near the heater nanopar-
ticles concentration is low due to the effect of thermophoresis
where nanoparticles move under the heat flux influence. Further
growth of the vertical walls undulations number results in the
modification of nanofluid flow structure inside the cavity with a
formation and unification of some eddies under an appearance of
additional wave crests and wave troughs. At the same time, cooling
of the cavity becomes stronger and the number of zones with high
nanoparticles volume fraction rises.

Fig. 8 shows profiles of local Nusselt number along the bottom
heater (Fig. 8a) and the solid block surface (Fig. 8b) for different
values of the undulations number. Behavior of the local Nusselt
number along the heater reflects an interaction between the ther-
mal plume or high temperature zone with temperature boundary
t al. [46] and (b) dynamic viscosity ratio with Ho et al. [43] and Corcione et al. [46] at



Fig. 7. Variations of the (left) streamlines, (middle) isotherms, and (right) nanoparticle distribution with number of oscillations (N) for Ra ¼ 105; / ¼ 0:02 and H ¼ 0:5.
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layers from cold vertical walls or low temperature zones. There-
fore, near the heater edges one can find high local Nusselt numbers
due to high temperature gradients and after that Nub reduces up to
the central part of the heater due to a development of thermal
plume with low temperature gradient inside the plume. Hence,
the minimum value of the local Nusselt number is at the central
point of the heater. A growth of the undulations number leads to
the heat transfer rate reduction near the heater edges due to the
significant deformation of low temperature boundary layer near
the vertical wavy walls, while in the central part of the heater
one can find a growth of Nub with N. The latter can be explained
by the impact of low temperature from the first wave crest that
approaches to the bottom wall with a rise of N. As for the solid
block, profiles of the local Nusselt number in Fig. 8b reflect the
behavior of the temperature gradient along the solid block surface
(see Eq. (32)). A growth of the undulations number characterizes
non-linear changes of the local Nusselt number profiles, namely,
for N ¼ 2 one can find an essential reduction of Nub, while further
growth of N leads to a raise of the local Nusselt number.

The Rayleigh number effect on streamlines, isotherms and
nanoparticles isoconcentrations is presented in Fig. 9 for
N ¼ 3; / ¼ 0:02 and H ¼ 0:5. In the case of low Rayleigh number



Fig. 8. Variations of local Nusselt number interface at (a) bottom wall and (b) interface wall for different N at Ra ¼ 105; / ¼ 0:02 and H ¼ 0:5.
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(Ra ¼ 103 in Fig. 9a) one can find a formation of four low intensive
convective cells with a heat conduction dominating heat transfer
regime. Motion of nanoparticles occurs in the central part of the
cavity around the solid block. A growth of the Rayleigh number
leads to an intensification of convective flow and heat transfer.
For Ra > 104 a thermal plume is formed over the heater and the
average temperature inside the cavity increases with the Rayleigh
number. At the same time, with high Rayleigh numbers, distribu-
tions of nanoparticles become more homogeneous. Therefore, for
low values of the Rayleigh number when heat conduction is a dom-
inating heat transfer mode, it is necessary to use the heterogeneous
nanofluid model due to significant influence of thermophoresis.
Moreover, for high values of the Rayleigh number one can find a
formation of complicated flow structure, mainly in the upper part
of the cavity where the single-core can be divided to the double-
core convective cell.

Fig. 10 demonstrates profiles of the local Nusselt number along
the heater and solid block surface for different values of the Ray-
leigh number. As it has been expected, a growth of Ra leads to an
enhancement in the Nusselt number. More essential rise occurs
near the edges of the heater, while in central part one can find a

reduction of Nub for Ra 2 103;105
� �

. Such diminution can be

explained by a reduction of the temperature gradient in the central
part of the thermal plume due to not so essential motion in this
part because the centered solid block is a hydrodynamic and ther-
mal obstacle. It is possible to explain an appearance of increasing
and decreasing parts near the heater edges by an impact of cooling
wave crest. Therefore, essential temperature gradient is formed not
at the heater edges, but near these points. Local Nusselt number
along the solid block surface illustrates also an essential increase
with the Rayleigh number. It should be noted that positive values
of Nusselt number characterize a heating of the surrounding nano-
fluid from the solid block, while the negative values correspond to
a heating of the solid block from the surrounding nanofluid.

The average Nusselt number for various values of the Rayleigh
number and nanoparticles concentration is shown in Fig. 11. For
low values of the Rayleigh number (103 and 104) a growth of the
nanoparticles concentration shows an enhancement in the heat
transfer rate. At the same time, values of Nunf for these Rayleigh

numbers differ weakly. However, for Ra ¼ 105 and Ra ¼ 106 we
have an essential growth of the average Nusselt number and the
effect of nanoparticles concentrations is non-linear. Therefore, it
is possible to find an optimal value of the nanoparticles volume
fraction with maximum heat transfer rate. Moreover, a growth of
Ra from 105 to 106 leads to a change of /-value for maximum
Nunf , namely, this /-value increases.

Fig. 12 demonstrates streamlines, isotherms and isoconcentra-
tions for various values of the nanoparticles volume fraction at
N ¼ 3; Ra ¼ 105 and H ¼ 0:5. Taking into account a growth of the
nanofluid thermal conductivity with nanoparticles volume frac-
tion, one can find in Fig. 12 additional essential heating of the solid
block and another circumstance that leads to this essential heating
is a growth of the nanofluid viscosity with nanoparticles concen-
tration. The latter leads to an attenuation of convective flow inside
the cavity with nanoparticles volume fraction.

Profiles of the local Nusselt number with / are presented in
Fig. 13. As has been mentioned above, non-essential modification
of temperature field near the heater illustrates a weak modification
of the temperature gradient at the heat source (Fig. 13a). It is pos-
sible to note a growth of Nub in the central part and near the heater
edges. Distributions of Nui reflect the same behavior.

The effects of Rayleigh number, undulation number and
nanoparticles volume fraction at H ¼ 0:5 are shown in Fig. 14. As

has been mentioned above, for Ra 2 103;2 � 104
� �

the heat transfer

rate does not change with Ra, while for Ra > 2 � 104 the average
Nusselt number increases essentially with the Rayleigh number.
For Ra < 4 � 104 a rise of the undulation number shows growing
in the heat transfer, while for Ra > 4 � 104 we have a non-linear
effect due to intensive circulation and an interaction between the
thermal plume, low temperature boundary layers and heat-
conducting solid block. Non-linear influence of the undulation
number and nanoparticles volume fraction for Ra ¼ 105 on Nunf

is presented in Fig. 14b. Here a growth of N leads to a rise of /
for maximum Nunf . It is interesting to note that a growth of undu-
lation number between N ¼ 2 and N ¼ 4 shows the heat transfer
enhancement and more essential rise of Nunf can be found for high
values of the nanoparticles volume fraction.

Fig. 15 shows an enhancement on the heat transfer with

nanoparticles volume fraction for Ra 2 103; 8 � 104
� �

at H ¼ 0:5

and N ¼ 3, while for Ra > 8 � 104 it can be observed the



Fig. 9. Variations of the (left) streamlines, (middle) isotherms, and (right) nanoparticle distribution with Rayleigh number (Ra) for N ¼ 3; / ¼ 0:02 and H ¼ 0:5.
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non-linear effect of / on Nunf . As a result, positive effect (heat
transfer enhancement) of the nanoparticles addition can be found
for low values of the Rayleigh number, when heat conduction is a
dominated heat transfer regime. Intensification of convective heat
transfer leads to a necessity to find optimal value of / for high Nunf .
More detailed influence of the undulation number and nanoparti-
cles volume fraction on the rate of the heat transfer for Ra ¼ 105

and H ¼ 0:5 is shown in Fig. 15b. A growth of N from 1 to 2 reflects
a reduction in the average Nusselt number, whilst further rise of
the undulation number leads to the heat transfer enhancement.
At the same time, a non-linear influence of / can be found for
whole considered range of N due to a development of convective
heat transfer at Ra ¼ 105.

The impact of the heater size on streamlines, isotherms and
nanoparticles concentration for N ¼ 3; Ra ¼ 105 and / ¼ 0:02 is
shown in Fig. 16. A rise of H leads to a widening of the thermal
plume and additional significant heating of the solid block. At
the same time, intensity of the bottom convective cells increases
and sizes of zones with high concentration of nanoparticles
diminish.



Fig. 11. Variations of average Nusselt number with / for different Ra at N ¼ 3 and H ¼ 0:5.

Fig. 10. Variations of local Nusselt number interface at (a) bottom wall and (b) interface wall for different Ra at N ¼ 3; / ¼ 0:02 and H ¼ 0:5.
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Fig. 12. Variations of the (left) streamlines, (middle) isotherms, and (right) nanoparticle distribution with nanoparticles volume fraction (/) for N ¼ 3; Ra ¼ 105 and H ¼ 0:5.
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The local Nusselt number profiles along the bottomwall and the
solid block surface are shown in Fig. 17 for various values of the
heater length at N ¼ 3; Ra ¼ 105 and / ¼ 0:02. A rise of H results
in both a growth of maximum values of Nub near the heater edges
and a reduction of minimum value of Nub in central point of the
heater. Along the solid block surface the local Nusselt number rises
also with the heater length.

Fig. 18 shows the variations of the average Nusselt number with
Ra; / and H. With high Rayleigh number (Ra > 5 � 105) an increasing
in H (Fig. 18a) leads to a diminution of Nunf , while for Ra < 5 � 105

one find a non-linear influence. As for the mutual effect of the
nanoparticles volume fraction and the heater length it is possible
to note that a growth of the heat source length (H P 0:6) leads to
an enhancement in the rate of the heat transfer with the growing
of the nanoparticles volume fraction, while for (H < 0:6) one can find
an appearance of Nunf maximum with /.
5. Conclusions

The current study employs the finite element method to
investigate an Al2O3-water nanofluid’s steady laminar natural



Fig. 14. Variations of average Nusselt number with (a) Ra and (b) / for different N at H ¼ 0:5.

Fig. 15. Variations of average Nusselt number with (a) Ra and (b) N for different / at H ¼ 0:5.

Fig. 13. Variations of local Nusselt number interface at (a) bottom wall and (b) interface wall for different / at N ¼ 3; Ra ¼ 105 and H ¼ 0:5.
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Fig. 16. Variations of the (left) streamlines, (middle) isotherms, and (right) nanoparticle distribution with the length of the heat source (H) for N ¼ 3; Ra ¼ 105 and / ¼ 0:02.
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convection, which is present within a wavy-walled cavity geared
with a bottom local heater as well as a solid block that is centred
and heat-conducting, influenced by thermophoresis and the Brow-
nian diffusion. The two-phase Buongiorno nanofluid model was
employed to formulate the governing equations in dimensionless
form. Graphical representation of the average and local Nusselt
numbers is done and the detailed results regarding isotherms,
streamlines and nanoparticles isoconcentrations within the cavity
are presented. For graphical representation, a broad range of the
Rayleigh number, heater length, undulation number and nanopar-
ticles volume fraction was considered. The important conclusions
for this investigation are as follows:

1. Intensive circulation and heat transfer improvement are charac-
terised by high values of the Rayleigh number. For high Ra, a
more homogenous distribution of nanoparticles is achieved.

2. For Ra < 4 � 104 an increase in the undulation number results
in improvement in heat transfer, while for Ra > 4 � 104, a
non-linear effect is created because of intensive circulation
as well as an interaction amongst the low temperature



Fig. 18. Variations of average Nusselt number with (a) Ra and (b) / for different H at N ¼ 3.

Fig. 17. Variations of local Nusselt number interface at (a) bottom wall and (b) interface wall for different H at N ¼ 3; Ra ¼ 105 and / ¼ 0:02.
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boundary layers, thermal plume and heat-conducting solid
block. A growth in the undulation number indicates that
additional circulations have occurred inside new wave
troughs. A growth of N from 1 to 2 shows that there is a
reduction in the average Nusselt number, whilst on increas-
ing the undulation number further, an improvement in heat
transfer is achieved.

3. For Rayleigh number with low values (103 and 104), rise in the
concentration of nanoparticles results in increased heat transfer
rate, while for Ra ¼ 105 and Ra ¼ 106, there is a significant
growth in the average Nusselt number and non-linear impact
of nanoparticles concentrations. Therefore, an optimal value
can be found for the nanoparticles volume fraction that offers
the maximum heat transfer rate. Furthermore, growth in Ra

from 105 to 106 results in a change of /-value for the maximum
Nunf , i.e. there is an increase in /-value.

4. Spreading of the thermal plume as well as more significant
heating for the solid block occur with increase in the length
of heat source. For Rayleigh number with high values
(Ra > 5 � 105), there is an increase in H, which results in
diminution of Nunf , while in the case of Ra < 5 � 105 one can
see a non-linear influence. With regards to the mutual impact
cast by the heater length and the nanoparticles volume frac-
tion, it can be noted that any growth in the length of the heat
source (H P 0:6) results in improving the heat transfer along
with the nanoparticles volume fraction, while for (H < 0:6),
the average Nusselt number can be observed to be maximum
with /.
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