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� FEM used to solve dimensionless governing equations subject to boundary conditions.
� Forchheimer-Brinkman-extended Darcy model and Boussinesq approximation are applied.
� Comparisons with previously experimental/numerical published results are examined.
� Effects of rising undulations, modified conductivity ratio and porosity are described.
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a b s t r a c t

In the current work, the impacts of local thermal non-equilibrium model and Al2O3-water nanofluid on
natural convection heat transfer in a porous cavity consisting of a bottom heated wavy wall and an inner
solid cylinder are investigated. The Galerkin weighted residual finite element method is utilized to sim-
ulate the dimensionless governing equations of the fluid flow and heat transfer. The effects of different
parameters including Darcy number (10�6 6 Da 6 10�2), nanoparticle volume fraction (0 6 / � 0:04),
modified conductivity ratio (0:01 6 c � 1000), number of undulations (1 6 N 6 4) and the porosity of
the medium (0:2 6 e 6 0:8) on the field of the flow and the heat transfer mechanisms are described.
The Forchheimer-Brinkman-extended Darcy model along with the Boussinesq approximation are
assumed to hold. A comprehensive validation of the present code is obtained by comparing the results
with those of previous studies. The results show that all the mentioned parameters have significant
impacts on the fluid flow and the temperature distributions. In addition, increasing the thermal conduc-
tivity of the nanoparticles leads to an increase in the rate of heat transfer for the nanofluid condition and
reaches its maximum value at / ¼ 0:04. Considering high values of e, the average Nusselt number
increases by the augmentation of /, while at low values of the porosity, the average Nusselt number
decreases after reaching a peak. The results of this study are very useful for designing a porous heat
exchanger.

� 2019 Elsevier Ltd. All rights reserved.
1. Introduction

In recent years, systems of natural convection inside porous
closed cavities with various geometries and different configura-
tions of walls have been a subject of great interest by the scientific
community due to their widespread applications in nature and
engineering devices such as the underground extension of pollu-
tants, geothermal repository, cooling of electronic system, heat
exchangers, microwave heating, nuclear and packed bed reactors
(Alsabery et al., 2017a; Javaheri et al., 2010; Nazridoust and
Ahmadi, 2007; Oztop et al., 2011; Saguy et al., 2005; Zhao et al.,
2009). Different working fluid can be used inside these enclosures
but using the nanoscale solid particles dispersed in working fluids
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Nomenclature

A amplitude
Da Darcy number
Cp specific heat capacity
F Forchheimer coefficient
g acceleration of the gravity
H inter-phase heat transfer coefficient
k thermal conductivity
K permeability of the porous medium
L width and height of the square cavity
N number of undulations
Nu average Nusselt number
Pr Prandtl number
R dimensionless radius of the inner solid cylinder, R ¼ r=L
Ra Rayleigh number
ReB Brownian motion Reynolds number
T temperature
Tfr freezing point of the base fluid (273.15 K)
u; v velocity components in the x-direction and y-direction
U;V dimensionless velocity components in the X-direction

and Y-direction
uB Brownian velocity of the nanoparticle
x; y & X;Y space coordinates & dimensionless space coordinates

Greek symbols
a thermal diffusivity
b thermal expansion coefficient
c modified conductivity ratio
e porosity of the medium
h dimensionless temperature
l dynamic viscosity
m kinematic viscosity
q density
/ solid volume fraction

subscript
b bottom
c cold
f base fluid
h hot
m porous media
nf nanofluid phase
p solid nanoparticles
s solid phase
i inner solid cylinder
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introduced by Chol and Estman (1995); which are called nanoflu-
ids; is the practical method for reducing size of heat transfer
devices and improve their rate of thermal characteristics
(Alsabery et al., 2019; Alsabery et al., 2017b; Izadi et al., 2018b;
Ma et al., 2019; Mohebbi et al., 2017; Mohebbi et al., 2018a;
Mohebbi and Rashidi, 2017; Mohebbi et al., 2018b;
Selimefendigil et al., 2016). A numerical investigation of natural
convection heat transfer in a partially heated and nanofluid-filled
rectangular cavity was reported by Oztop and Abu-Nada (2008).
Excellent recent reviews were conducted by Mahian et al.
(2018b,a) for the fundamental theory and applications in the mod-
eling and simulation of nanofluid flows and heat transfer. Rahimi
et al. (2018) examined the lattice Boltzmann method for studying
the 3D entropy generation and natural convection in nanofluid
filled cuboid cavity having discrete active walls. They concluded
that an addition of CuO nanoparticles to the essential fluid tended
to enhance the heat transfer performance. Recently, the problem of
mixed convective heat transfer and entropy generation in a cubical
open cavity filled with Al2O3-water nanofluid including an inner
isothermal block was described by Al-Rashed et al. (2018), while
a similar problem was investigated by Kolsi et al. (2016) for an adi-
abatic inner diamond obstacle.

Porous cavities containing a nanofluid has gained significant
attention by different authors. Misirlioglu et al. (2006) presented
the problem of free convective heat transfer inside a wavy walled
porous cavities using the finite element method (FEM) for a various
number of parameters such as; Rayleigh number (Ra), inclination
angle, aspect ratio and surface waviness parameter related to the
cavity. They showed that surface waviness has a strongly effect
on the flow field and thermal performance of cavity for inclination
angles less than 45 degrees. Effect of discrete heat sources on free
convective heat transfer in a rectangular cavity equipped by porous
substance studied numerically by Sivasankaran et al. (2011) using
the finite difference method (FDM). The increase of the heat trans-
fer rate observed by an increment of Rayleigh number (Ra) and
Darcy number (Da) were the main finding of their study. Siavashi
et al. (2015) used the two-phase nanofluid mixture model along
with the Darcy-Brinkman-Forchheimer model for investigation
the forced convection heat transfer within a porous annular cavity.
They explained that the heat transfer performance was affected by
the configuration’s parameters, nanoparticles concentration and
the Reynolds number (Re). Bondareva et al. (2016) explained the
visualization of heatlines of MHD natural convection in an open
wavy porous cavity filled with a nanofluid with the effect of a cor-
ner heater.

Free convection inside a wavy square cavity saturated by porous
media and nanofluid presented by Sheremet et al. (2017). They
main finding was the influence of nanofluid on the field of the flow
and the performance of the heat transfer. Xu et al. (2017) described
the natural convection of porous cavity equipped by a heated cylin-
der at center of cavity by the use of the lattice Boltzmann method
(LBM). They showed that an increase in Da led to the enhancement
of the phenomena of the heat andmass transfer. The effect of exter-
nal magnetic source on the convective heat transfer of Fe3O4-water
ferrofluid at a porous cavity studied numerically by Sheikholeslami
and Ganji (2017). They observed that the nanofluid’s velocity
reduced by an augmentation of the Hartmann number (Ha), while
the thermal boundary layer thickness increased as Ha increased.
Ghasemi and Siavashi (2017) used the LBM for investigation the
Magnetohydrodynamics (MHD) and natural convection heat trans-
fer of nanofluid inside a square porous cavity over various thermal
conductivity ratios. The study of free convection heat transfer of Cu-
water nanofluid occupied a porous cavity consist of wavy walls and
equipped by cylindrical heater was numerically explained by Izadi
et al. (2018a). In their study, effects of Ra, Lewis number (Le), Brow-
nianmotion, thermophoresis parameter, buoyancy ratio, Da, poros-
ity, thermal conductivity ratio and the interface heat transfer
coefficient were examined on the field of the flow, temperature dis-
tribution and heat transfer performance.They showed that the rate
of the heat transfer of both nanofluid and porous phases enhanced
with the Brownian parameter and reduced as the thermophoresis
was increased. Alsabery et al. (2018) described the entropy genera-
tion and convective heat transfer inside porous wavy cavity having
an inner solid rotating cylinder.

Although, a huge amount of work has been published on the
problem of convective heat transfer within porous cavities,
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never-the-less, based on the mentioned literature, no attensionwas
given on studying the effect of local thermal non-equilibrium
model on convection heat transfer in a wavy-walled porous cavity
either filled with a pure fluid or a nanofluid and containing an
inner solid cylinder. So, for better understanding of the field of
the flow and the distribution of heat transfer in such problems,
which tends to be quite necessary for designing an optimum sys-
tem as well as an accurate system performance in numerous engi-
neering applications. The present work is done by using the
Galerkin weighted residual finite element method for the first
time. The main purposes of this investigation are to analyze the
effects of the solid volume fraction of nanofluid, Darcy number,
modified conductivity ratio, number of undulations and porosity
of the medium in a porous waved square cavity filled by Al2O3

nanofluid equipped by solid cylinder at centerline of cavity on
streamlines, isotherms and the averaged Nusselt number using
the Forchheimer-Brinkman-extended Darcy model. It is thought
that the findings of such a study can contribute to improving the
performance of cooling of electronic components as well as in
modelling the fluid flow and heat transfer of the solar heating sys-
tems and geothermal reservoirs.
2. Mathematical formulation

Fig. 1 describes the problem of a steady 2D natural convection
heat transfer in a wavy-walled porous cavity having a length L
and with a centered inner solid cylinder with radius r. The wavy
bottom wall of the container has a uniform hot temperature
whereas the vertical left and right surfaces are having uniform cold
temperatures. Furthermore, the horizontal top surface is preserved
in an adiabatic process. The boundaries of the container are
assumed to be impermeable and the fluid between the wavy-
walled container and the inner solid body is a nanofluid consisting
of water and Al2O3 nanoparticles. The Forchheimer-Brinkman-
extended Darcy model along with the Boussinesq approximation
are applicable. The convection of the nanofluid phase and the solid
matrix are not in local thermodynamic equilibrium condition. The
type of the porous media is assumed to be glass balls
(km ¼ 1:05 W/m �C). Considering the above mentioned assump-
Fig. 1. Physical model of convection in a wavy-walled porous cavity together with
the coordinate system.
tions, the continuity, momentum and energy equations for a New-
tonian fluid and laminar flow are written as follows:
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The equation of temperature distribution for the solid inner cir-
cular cylinder is:
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where x and y are the fluid velocity components, uj j ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ v2

p
is

the Darcy velocity, g is the acceleration vector of the gravity,
F ¼ bffiffi

a
p

e3=2 represents Forchheimer’s coefficient, with a ¼ 150 and

b ¼ 1:75 showing the presence of Ergun’s constants (Ergun, 1952;
Nguyen et al., 2015). e is the porosity of the medium and K presents
the permeability of the porous medium which is define as follows:

K ¼ e2d2
m

150 1� eð Þ2
: ð7Þ

Here dm represents the average particle size of the porous bed.
The used thermo-physical properties of the nanofluid in the

current study can be determined as follows (Alsabery et al.,
2019; Corcione, 2011):

qCp
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nf ¼ 1� /ð Þ qCp
� �

f þ / qCp
� �

p; ð8Þ

anf ¼ knf
qCp
� �

nf

; ð9Þ

qnf ¼ 1� /ð Þqf þ /qp; ð10Þ
Fig. 2. FEM grid-points distribution for the grid size of 9831 elements.
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where ReB is defined as

ReB ¼ qf uBdp

lf
; uB ¼ 2kbT

plf d
2
p

; ð14Þ

and df is the molecular diameter of water which is given as Corcione
(2011):

df ¼ 6M
Npqf

; ð15Þ

by using water as the base fluid, the value of df can be obtained as
the following:

df ¼ 6� 0:01801528

6:022� 1023 � p� 998:26

� �1=3

¼ 3:85� 10�10 m; ð16Þ

where qCp
� �

nf shows the nanofluid heat capacitance, anf presents

the effective thermal diffusivity of the nanofluid, qnf is the effective
density of nanofluid, bnf explains the thermal expansion coefficient
of nanofluids, water-Al2O3 and water-Al2O3 describe the dynamic
viscosity ratio and thermal conductivity ratio of nanofluid,
respectively.

Next, we are going to introduce the non-dimensional variables
that are used in the current work as follows:
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keff ¼ eknf þ 1� eð Þkm; CF ¼ 1:75ffiffiffiffiffiffiffiffiffi
150

p ; R ¼ r
L
:

Using those variables and the previous equations, we can obtain
the following dimensionless governing equations:
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Table 1
Grid testing for Wmin;Nunf and Nus at different grid sizes for
Ra ¼ 106;Da ¼ 10�3 ;/ ¼ 0:02;N ¼ 3; c ¼ 10;H ¼ 10 and e ¼ 0:5.

Grid size Number of elements Wmin Nunf Nus

G1 1507 �7.8113 14.808 9.4621
G2 1854 �7.8137 14.818 9.4649
G3 2419 �7.8169 14.825 9.4685
G4 2919 �7.8193 14.832 9.4732
G5 3776 �7.8209 14.843 9.4774
G6 9831 �7.8211 14.844 9.4843
G7 24346 �7.8212 14.844 9.4843
1
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Fig. 3. (left) Calcagni et al. (2005) and (right) present study for (a) streamlines at
Ra ¼ 106 and H ¼ 0:4, (b) isotherms at Ra ¼ 105 and H ¼ 0:8, (c) isotherms at
Ra ¼ 1:836� 105 and H ¼ 0:8 and (d) isotherms at Ra ¼ 106 and H ¼ 0:8 for the
case of numerical and experimental results of Calcagni et al. (2005) at N ¼ 0;/ ¼ 0
and D ¼ 0.



Fig. 4. Streamlines of (left) Khanafer et al. (2009) and (right) present study; (b) isotherms of (left) Khanafer et al. (2009) and (right) present study for
Ra ¼ 105;Da ¼ 10�2; e ¼ 0:9;N ¼ 3;D ¼ 0 and Pr ¼ 1.

Fig. 5. Comparisons of (a) thermal conductivity ratio with Chon et al. (2005) and Corcione et al. (2013) and (b) dynamic viscosity ratio with Ho et al. (2010) and Corcione et al.
(2013) at Ra ¼ 3:37� 105;N ¼ 0;H ¼ 1 and D ¼ 0.

Table 2
Thermo-physical properties of water with Al2O3 nanoparticles at T ¼ 310 K (Bergman
and Incropera, 2011).

Physical properties Fluid phase (water) Al2O3

Cp J=kg Kð Þ 4178 765

q kg=m3
� �

993 3970

k Wm�1 K�1
� �

0.628 40

b� 105 1=Kð Þ 36.2 0.85

l� 106 kg=msð Þ 695 –

dp nmð Þ 0.385 33
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@2hi
@X2 þ @2hi

@Y2 ¼ 0; ð23Þ

where H ¼ hL2

ekf
is the inter-phase heat transfer coefficient and

c ¼ ekf
1�eð Þks is the modified conductivity ratio. The dimensionless

boundary conditions of Eqs. (18)–(23) are:

On the heated bottom wavy wall :
U ¼ V ¼ 0; hnf ¼ hs ¼ 1; 0 6 X � 1; A 1� cos 2NpYð Þð Þ; ð24Þ



Fig. 6. Variations of (left) streamlines, (middle) isotherms of the nanofluid phase, and (right) isotherms of the solid phase with Darcy number (Da) for
c ¼ 10;N ¼ 3; e ¼ 0:5;/ ¼ 0 (solid lines) and / ¼ 0:02 (dashed lines).
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Fig. 7. Variations of the average Nusselt number for (a) nanofluid phase and (b) solid phase with / for different Da at c ¼ 10;N ¼ 3 and e ¼ 0:5.
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On the cold left vertical wall :
U ¼ V ¼ 0; hnf ¼ hs ¼ 0; X ¼ 0; 0 6 Y � 1; ð25Þ
On the cold right vertical wall :
U ¼ V ¼ 0; hnf ¼ hs ¼ 0; X ¼ 1; 0 6 Y � 1; ð26Þ
On the adiabatic top wall :

U ¼ V ¼ 0;
@hnf
@Y

¼ @hs
@Y

¼ 0; 0 6 X 6 1; Y ¼ 1; ð27Þ
On the inner solid cylinder :
hnf ¼ hs ¼ hi; ð28Þ
U ¼ V ¼ 0;

@hnf
@n

¼ Kr
@hi
@n

� c�1 @hs
@n

; ð29Þ

where Kr ¼ ki=knf evaluates the thermal conductivity ratio.
The local Nusselt numbers of the nanofluid and solid phases are

evaluated at the heated bottom wavy wall, respectively, as the
following:

Nunf ¼ keff
kf

@hnf
@n

� �
n
; ð30Þ

Nus ¼ ks
kf

@hs
@n

� �
n

: ð31Þ

Finally, average Nusselt numbers of the nanofluid and solid
phases are evaluated at the heated bottom wavy wall of the square
cavity, respectively, as the following:

Nunf ¼
Z n

0
Nunf dX; ð32Þ

Nus ¼
Z n

0
Nus dX: ð33Þ
3. Numerical method and validation

The Galerkin weighted residual finite element method was
applied to solve the dimensionless governing equations, Eqs.
(18)–(23) subject to the selected boundary conditions of the cavity
walls, Eqs. (24)–(29). The computational domain of the current
study is discretized into small triangular elements as described
in Fig. 2. For every variables of the flow and temperature field, var-
ious orders of Triangular Lagrange finite elements within the used
computational domain are analysed. And for each conservation
equation in the current work, acquiring of residuals is employed
by substituting the new approximations into the governing equa-
tions. Next, for simplifying the nonlinear terms of the momentum
equations, the algorithm of the Newton–Raphson iteration was
Fig. 8. Variations of the average Nusselt number for (a) nanofluid phase an
applied. The convergence of the solution can be estimated once
the relative error for the selected variables fulfills the following
convergence criteria:

Ciþ1 � Ci

Ciþ1

					
					 6 g;

where i describes the number of iteration and g explains the con-
vergence criterion. In the current numerical work, the setting of
the convergence criterion was achieved at g ¼ 10�6.

To ensure the independence of the present numerical solution
on the grid size of the numerical domain, we have used different
grid sizes to calculate the minimum strength of the flow circulation
(Wmin), average Nusselt number of the nanofluid phase (Nunf ) and

average Nusselt number of the solid phase (Nus) for the case of
Ra ¼ 106;Da ¼ 10�3;/ ¼ 0:02;N ¼ 3; c ¼ 10;H ¼ 10 and e ¼ 0:5.
The results are shown in Table 1 indicate insignificant differences
for the G6 grids and above. Therefore, for all computations in this
paper for similar problems to this subsection, the G6 uniform grid
is employed.

To make certain of the validity of the current numerical data,
we have compared the present results with the previous experi-
mental and numerical results that were presented by Calcagni
et al. (2005) for the problem of free convective flow and heat trans-
fer in a square cavity filled with pure fluid and heated from below,
as explained in Fig. 3. Another validation was made between the
figures of the current work and the one founded by Khanafer
et al. (2009) for natural convection flow and heat transfer in a
fluid-filled wavy porous cavity in the presence of non-Darcian
model, as demonstrated in Fig. 4. Moreover, Fig. 5 shows an alter-
nate comparisons among the present results and two various
experimental results and including numerical findings of
Corcione et al. (2013), as indicated in Fig. 5. This figure clearly
described an enhancement that happened in the thermal conduc-
tivity of the base fluid affected by the addition of Al2O3 nanoparti-
cles. Based on the presented validations, authors are quite
confident about the numerical outcomes of the current numerical
code.

4. Results and discussion

The present section describes the numerical results of the
streamlines, isotherms of the nanofluid phase, and the isotherms
of the solid phase for six physical parameters. These parameters
are the Darcy number (10�6 6 Da 6 10�2), nanoparticle volume
fraction (0 6 / � 0:04), modified conductivity ratio
(0:01 6 c � 1000), number of undulations (1 6 N 6 4) and the
d (b) solid phase with Da for different / at c ¼ 10;N ¼ 3 and e ¼ 0:5.



Fig. 9. Variations of (left) streamlines, (middle) isotherms of the nanofluid phase, and (right) isotherms of the solid phase with modified conductivity ratio (c) for
Da ¼ 10�3;N ¼ 3; e ¼ 0:5;/ ¼ 0 (solid lines) and / ¼ 0:02 (dashed lines).
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Fig. 10. Variations of the average Nusselt number for (a) nanofluid phase and (b) solid phase with Da for different c at / ¼ 0:02;N ¼ 3 and e ¼ 0:5.

Fig. 11. Variations of the average Nusselt number for (a) nanofluid phase and (b) solid phase with / for different c at Da ¼ 10�3;N ¼ 3 and e ¼ 0:5.
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porosity of the medium (0:2 6 e 6 0:8). The values of the Rayleigh
number, amplitude, inter-phase heat transfer coefficient and the
Prandtl number are fixed at Ra ¼ 106;A ¼ 0:1;H ¼ 10 and
Pr ¼ 4:623, respectively. The local and average Nusselt numbers
are enumerated with different values of Da and /. The thermo-
physical properties of the using base fluid and solid Al2O3 phases
are tabulated in Table 2.
4.1. Effects of Darcy number (Da)

The effects of the Darcy number on the flow fields, and the iso-
therms of the nanofluid phase and the solid phase for / ¼ 0 and
/ ¼ 0:02 at c ¼ 10;N ¼ 3; e ¼ 0:5, are explained in Fig. 6. As seen
in the streamlines, for all Da and both a pure fluid and a nanofluid,
the flow pattern shows that two strong vortices are formed inside
the porous cavity with the effect of a hot wavy wall and two other
cold walls. The wavy wall affects the shape of the vortices and dis-
torts them as convex and concave boundaries near this wall. The
vortex located in the left side of the cylinder is clockwise and the
other side (right side of the cylinder) is anticlockwise in which
the cores of vortices are elliptical and move from bottom of the
cavity to the sides of the cylinder by increasing the value of Da
due to the small hydrodynamic resistance from the solid matrix
of the porous medium causing a high gradient of velocity. Further-
more, the increase of Da leads to the increment of the magnitude of
the optimal stream function (Wmin), for both a base fluid and a
nanofluid which Wmin shows the minimum flow’s change. In addi-
tion, by checking the values ofWmin for a base fluid and a nanofluid,
a reduction of this value is observed for the case of a nanofluid.

According to the isotherms figures, it can be found that the iso-
therms tend to be parallel to the left and right walls of the cavity
approximately and they are horizontal in the middle of the cavity
primarily at a lower value of Da. Adjacent to the wavy wall, the
isothermal lines are denser and are following the geometry profile
especially at higher Da values. For Da ¼ 10�5, the isothermal lines
are leveled and parallel to each other but by incrementing the
value of Da, they become complex and do not surround the upper
centerline of the cavity. This phenomenon is more clear for the
nanofluid phase due to the high conductivity ratio. At the bottom
left and right corners zones, the temperature gradient is maximum
due to the features of the geometry for both the nanofluid and solid
phases. Also, there isn’t any noticeable difference on the isothermal
lines between the base fluid and the nanofluid.

The average Nusselt number variations on the heated wavy wall
of the cavity for various Da and nanoparticle volume fraction at
c ¼ 10;N ¼ 3 and e ¼ 0:5 are demonstrated in Figs. 7 and 8, respec-
tively for (a) nanofluid phase and (b) solid phases. As shown in
Fig. 7(a), an increase in nanoparticles thermal conductivity leads
to the heat transfer’s enhancement for nanofluid phase and obtains
to the the maximum value of the nanoparticle volume fraction
(/ ¼ 0:04). This positive effect is more pronounced for the lower
solid volume fraction of the nanofluid. That means, the heat trans-
fer enhances by a sharper slope, when the addition of Al2O3

nanoparticles are less than 0.5%, especially at higher values of Da.
As expected (see the isotherms of the nanofluid phase in Fig. 6),



Fig. 12. Variations of (left) streamlines, (middle) isotherms of the nanofluid phase, and (right) isotherms of the solid phase with number of undulations (N) for
Da ¼ 10�3; c ¼ 10; e ¼ 0:5;/ ¼ 0 (solid lines) and / ¼ 0:02 (dashed lines).
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the average Nusselt number rises by the increment of Da due to the
increased temperature gradient on the wavy wall. Also, according
the Fig. 7(a), for Da 6 2� 10�5, the increasing the heat transfer
by increment the Da, is almost very negligible, but after this point,
it increases very precipitously. This is owing to increasing the por-
ous medium permeability and accordingly the severe fluid flow
which causes the enhancing the convective heat from the wavy
hot wall. It can be seen in Fig. 7(b) for solid phase that the average
Nusselt number increase steadily with the solid volume fraction at
Da ¼ 10�5 after a small reduction in / ¼ 0:0025. This trend is com-
pletely different for other Da, so that a continually decreasing in
heat transfer achieved by increasing the /. As seen in the solid
phase in Fig. 8(b), regardless of the solid volume fraction of nano-
fluid values, the decrement in the average Nusselt number for
Da 6 4� 10�5 being visible. The rate of heat transfer is almost
the same for all / in mentioned range of Da. Moreover, an increas-
ing tendency for Nu can be found for other values of Da at a fixed
value of solid volume fraction. It must be mentioned that low value
of / shows the higher heat transfer rate.

4.2. Effects of the modified conductivity ratio (c)

Fig. 9 shows the streamlines, isotherms of the nanofluid phase
and the solid phase inside the cavity for / ¼ 0 and / ¼ 0:02 at
Da ¼ 10�3;N ¼ 3; e ¼ 0:5 for different modified conductivity
ratios. The formation of two rotating cells in all values of c can
be observed. It seems that the increase of c shows less effects
on the shape of vortices. However, such increase tends to
decrease the value of Wmin. Besides, this unchange in the platform
of the streamlines, can be found on the outline of the isotherms
in the nanofluid phase. For the solid phase, the isotherms are
almost horizontal and stratified at c ¼ 0:01 and tangled for higher
values of c. In addition, increasing the modified conductivity ratio
decreases the thermal boundary layer thickness in the solid phase
which exacerbates the density of the isotherms near the wavy
walls and characterizes and enhances the gradient of tempera-
ture. In this stage, the increase of c causes the system to achieve
the thermal equilibrium case which results in the similarity
between the isotherms of nanofluid phase and the isotherms of
solid phase.

Fig. 10(a) and (b) demonstrates the variations of the average
Nusselt number for the nanofluid phase and the solid phase with
Da for different modified conductivity ratios at / ¼ 0:02;N ¼ 3
and e ¼ 0:5, respectively. The presented profiles of the average
Nusselt number illustrate an increase in the heat transfer rate by
an enhancement of Da for both the nanofluid phase and the solid
phase because of a stronger fluid circulation, instead of low value
Fig. 13. Variations of the average Nusselt number for (a) nanofluid phase an
of c in the solid phase for which the effect of the Darcy number
is negligible. As expected, for a fixed Da, the average Nusselt num-
ber is almost the same for all values of the modified conductivity
ratio of the nanofluid phase. While, a strong enhancement is
observed on the solid phase with the rise of c which clearly indi-
cates the increase of the thermal conductivity.

The effects of the solid volume fraction on the rate of the heat
transfer are presented in Fig. 11 for different c at
Da ¼ 10�3;N ¼ 3 and e ¼ 0:5. In the nanofluid phase, the average
Nusselt number is an augmented parabolic function on the /
affected by the increase of the nanofluid thermal conductivity.
The higher value of the modified conductivity ratio shows the
worse heat transfer performance because the increase of the thick-
ness of the thermal boundary layer on the wavy wall. Also, there is
an optimum value of the solid volume fraction of the nanofluid for
increasing the heat transfer rate which is around the value
/ ¼ 0:035. For the solid phase (see Fig. 11(b)), the treatment is very
different by the nanofluid phase. A linear decreasing tendency on
the average Nusselt number by augmenting of / at high value of
c and a constant trend on the the average Nusselt number for a
low value of c are evident. It is worth noting that the higher heat
transfer enhancement is for c ¼ 1000 when the temperature gradi-
ent is high in this range (as explained in Fig. 9).
4.3. Effects of the undulations number (N)

To investigate the impact of the geometric shape of the wavy
wall on the flow field and the performance of the heat transfer
within the considered cavity, Figs. 12–14 are presented at
c ¼ 10 and e ¼ 0:5. According to Fig. 12, for any undulation num-
ber value, the formation of two convective cells inside the enclo-
sure is obvious for which the bottom appearance of each one
follows the shape of a wavy wall; and by increasing the number
of undulations, the cores of any vortex displace weakly to the
upper sides of cylinder. Another interesting finding from the
streamlines figure is reducing the optimal stream function by
an increment of N, near the wavy wall, arising from the diverge
and converge of waves which denotes increasing the acceleration
of the fluid in these areas. This leads to increasing the thermal
boundary layer thickness by looking to the isotherms of the nano-
fluid phase in Fig. 12. It is clear that for N ¼ 1, the density of the
isothermal lines in a bigger zone of the wavy wall are much more
than N ¼ 4. In addition, the temperature gradient is increased by
adding the nanoparticles to the base fluid at fixed number of
oscillations for the nanofluid phase. The oscillation in the isother-
mal lines of the solid phase by changing the value of N, near the
wavy boundary are clear in Fig. 12. Moreover, the heat flux
d (b) solid phase with Da for different N at / ¼ 0:02; c ¼ 10 and e ¼ 0:5.



Fig. 14. Variations of the average Nusselt number for (a) nanofluid phase and (b) solid phase with / for different N at Da ¼ 10�3; c ¼ 10 and e ¼ 0:5.
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appears high close to the lower edges of the horizontal wavy wall
for different N.

Fig. 13(a) illustrates the effects of Da on the average Nusselt
number of the nanofluid phase at different N for / ¼ 0:02; c ¼ 10
and e ¼ 0:5. According to this figure at fixed value of N, the average
Nusselt number rises slightly by increasing the Darcy number.
Before approaching Da ¼ 10�4, the lower value of the oscillation’s
number shows lower heat transfer rate, but after this point, it is



Fig. 15. Variations of (left) streamlines, (middle) isotherms of the nanofluid phase, and (right) isotherms of the solid phase with porosity of the medium (e) for
Da ¼ 10�3; c ¼ 10;N ¼ 3;/ ¼ 0 (solid lines) and / ¼ 0:02 (dashed lines).
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Fig. 16. Variations of the average Nusselt number for (a) nanofluid phase and (b) solid phase with D for different e at / ¼ 0:02; c ¼ 10 and N ¼ 3.
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completely reversed. Pursuant to Fig. 13(b) for solid phase, there is
a turning point at Da ¼ 4� 10�5 for which before this point the
average Nusselt number decreases by increasing the value of Da
and after this point, it shows an increasing trend. The higher value
of the average Nusselt number belongs to a higher value of N
affected by the higher convective heat transfer.

The variations of the average Nusselt number with the change
of the solid volume fraction and for different N at
Da ¼ 10�3; c ¼ 10 and e ¼ 0:5 are explained in Fig. 14 for (a) nano-
fluid phase and (b) solid phase. The results demonstrate for the
nanofluid phase and for high value of N, the average Nusselt num-
ber is a strong function of /, so that the maximum convection heat
transfer occurs at the higher value of / due to the higher thermal
conductivity of the nanofluid. For a small number of undulations
(N ¼ 1 or N ¼ 2), the addition to the nanofluid more than
/ ¼ 0:01 for N ¼ 1 and c ¼ 0:02 for N ¼ 2, decreases the heat trans-
fer rate. As a consequence, there is an optimum for using nanopar-
ticles at low value of N. But for the solid phase, in all cases the
increase of the solid volume fraction leads to a decrease in the
average Nusselt number.

4.4. Effect of porosity of the medium (e)

Finally, the effect of changing the porosity of the medium on the
streamlines, isotherms and the average Nusselt number are studied
at Figs. 15–17. The flow inside the porous wavy cavity establishes
two streamlines rotating cells for all values of e; one of which
rotates anticlockwise while the second streamlines cell rotates in
the clockwise (see the streamlines in Fig. 15). There isn’t any differ-
ence between the results at different value of porosity, just the
strength of the flow circulation for the base fluid and the nanofluid
increases by increasing the porosity and the minimum Wmin is
obtained for the nanofluid phase. This indicates that the porosity
leads to more effects on the Wmin compared streamlines shape. As
seen in Fig. 15, when the porosity changes from 0.2 to 0.8, the over-
all pattern of the isotherms are nearly the same for both phases and
the isothermal lines concentrate near the wavy wall.

Fig. 16 describes the average Nusselt number variations for (a)
nanofluid phase and (b) solid phase with Da for different e at
/ ¼ 0:02; c ¼ 10 and N ¼ 3. According to Fig. 16(a), the employ-
ment of higher porosity ratio results in the enhancement of the
average Nusselt number. As the porosity increases, that means
the void volume increases within the porous medium. This aug-
ments the intensity of the convection which clearly leads to an
enhancement of the heat transfer. Moreover, Nu enhances signifi-
cantly for Da > 2� 105 at a fixed value of the porosity. As shown
in Fig. 16(b) for solid phase, the value of average Nusselt number
is almost equal to 8.8 at low value of the Darcy number and it is
equal to 9.68 at the high value of Da for all values of the porosity.
In addition, as Da increases, the average Nusselt number decreases
at first and it shows a sharp increasing trend for Da > 10�4.

Lastly, the variations of the average Nusselt number for (a)
nanofluid phase and (b) solid phase with / for different at
Da ¼ 10�3; c ¼ 10 and N ¼ 3 are depicted in Fig. 17. The effect of
porosity on the average Nusselt number looks much like the effect
of the number of undulations (see Fig. 14). The rate of the average
Nusselt number increase with / depends on the porosity, for nano-
fluid phase. For high values of e, the heat transfer rate enhances by
an increment of / about 9.67% at / ¼ 0:04 with respect to / ¼ 0,
but at low value of the porosity, the average Nusselt number
decreases after it reaches a peak. It is worth noting that at the solid
phase, the heat transfer rate decreases by an increment of the solid
volume fraction for the whole range of the porosity.

5. Conclusions

The Galerkin weighted residual finite element method was used
to investigate the effects of the local thermal non-equilibrium
model on natural convection flow and heat transfer inside a porous
cavity saturated by a nanofluid and equipped by a wavy wall and
an inner solid cylinder. the results are presented in the form of
streamlines, isotherms, and local and average Nusselt numbers.
Some important conclusions are as follows:

1. The wavy wall affects the shape of the vortices and distorts
them as convex and concave boundaries near this wall.

2. The increase of the Darcy number leads to an increment in the
magnitude of the optimal stream function (Wmin) for both the
base fluid and the nanofluid.

3. Adjacent to the wavy wall, the isothermal lines are denser and
following the geometry profile especially at the higher Darcy
number value.

4. The heat transfer enhances by a sharper slope, when the addi-
tion of Al2O3 nanoparticles is less than 0.5%, especially at the
higher value of the Darcy number.

5. The higher value of the modified conductivity ratio shows the
worse heat transfer performance, affected by the increase of
the thickness of the thermal boundary layer on the wavy wall
for the nanofluid phase.

6. There is an optimum value for the solid volume fraction of the
nanofluid at Da ¼ 103;N ¼ 3 and e ¼ 0:5 for which the heat
transfer rate increases around the value / ¼ 0:035.



Fig. 17. Variations of the average Nusselt number for (a) nanofluid phase and (b) solid phase with / for different e at Da ¼ 10�3; c ¼ 10 and N ¼ 3.
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7. There is an optimum for using the nanoparticles at the low
value of undulations, but for the solid phase, in all considered
cases, the increase of the solid volume fraction leads to a
decrease in the average Nusselt number.
8. The rate of the average Nusselt number increases with the solid
volume fraction which depends on the porosity of the medium
for the nanofluid phase.
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9. At Da ¼ 103; c ¼ 10 and N ¼ 3, the heat transfer rate increases
about 9.67% at / ¼ 0:04 with respect to / ¼ 0 for a high poros-
ity (e ¼ 0:8).
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