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Abstract
In the present study, natural convection heat transfer of Al2 O3 -water nanofluid inside a square cavity with a solid circular
cylinder is investigated numerically. For numerical computations, the finite element method is used by taking into consideration
Buongiorno’s two-phase model. Parts of the vertical surfaces of cavity are kept at constant temperature (left wall Th and right
wall Tc ) while the other walls (horizontal walls and the remaining of the vertical walls) are taken as adiabatic. The effects of some
pertinent parameters such as the Rayleigh number (103 ≤ Ra ≤ 106 ), nanoparticle volume fraction (0 ≤ φ ≤ 0.04), thermal
conductivity of the solid cylinder (kw = 0.28, 0.76, 1.95, 7 and 16), radius of solid cylinder (0.1 ≤ R ≤ 0.4), heat source/sink
length (0.2 ≤ D ≤ 0.8), and the heat source/sink position (0.2 ≤ B ≤ 0.8) on the fluid flow and heat transfer characteristics
are investigated. The obtained numerical results are depicted graphically and discussed in detail from the point of view of the
streamlines, isotherms, nanoparticle volume fractions and the local and average Nusselt number N u. It is indicated that the heat
transfer is enhanced with an increase in the nanoparticle volume fraction for all studied Rayleigh numbers. Furthermore, the thermal
conductivity, solid circular cylinder size, D and B parameters are the key factors to control and optimize the heat transfer inside
the cavity that is partially heated and cooled. The proposed method is found to be in good agreement between previously published
experimental and numerical results.
c 2018 Elsevier B.V. All rights reserved.
⃝

Keywords: Natural convection; Thermophoresis; Brownian; Solid cylinder; Heat source/sink; Buongiorno model

∗ Corresponding author at: School of Mathematical Sciences, Faculty of Science & Technology, Universiti Kebangsaan Malaysia, 43600 Bangi

Selangor, Malaysia.
E-mail address: ammar e 2011@yahoo.com (A.I. Alsabery).
https://doi.org/10.1016/j.cma.2018.09.041
c 2018 Elsevier B.V. All rights reserved.
0045-7825/⃝

A.I. Alsabery, E. Gedik, A.J. Chamkha et al. / Computer Methods in Applied Mechanics and Engineering 346 (2019) 952–981

Nomenclature
B
Dimensionless heat source/sink position, B = b/L
D
Dimensionless length of the heat source, D = d/L
Cp
Specific heat capacity
DB
Brownian diffusion coefficient
D B0
Reference Brownian diffusion coefficient
df
Diameter of the base fluid molecule
dp
Diameter of the nanoparticle
DT
Thermophoretic diffusivity coefficient
DT 0
Reference thermophoretic diffusion coefficient
g⃗
Gravitational acceleration
k
Thermal conductivity
Kr
Square wall to base fluid thermal conductivity ratio, K r = kw /kn f
L
Width and height of enclosure
Le
Lewis number
R
Dimensionless radius of the solid cylinder, R = r/L
N BT
Ratio of Brownian to thermophoretic diffusivity
Nu
Average Nusselt number
Pr
Prandtl number
Ra
Rayleigh number
Re B
Brownian motion Reynolds number
T
Temperature
T0
Reference temperature (310 K)
Tfr
Freezing point of the base fluid (273.15 K)
v, V
Velocity and dimensionless velocity vector
uB
Brownian velocity of the nanoparticle
x, y & X , Y Space coordinates & dimensionless space coordinates
Greek symbols
α
β
δ
θ
µ
ν
ρ
ϕ
ϕ∗
φ

Thermal diffusivity
Thermal expansion coefficient
Normalized temperature parameter
Dimensionless temperature
Dynamic viscosity
Kinematic viscosity
Density
Solid volume fraction
Normalized solid volume fraction
Average solid volume fraction

Subscript
c
f
h
nf
p
w

Cold
Base fluid
Hot
Nanofluid
Solid nanoparticles
Solid cylinder
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1. Introduction
Energy is a very important issue in today’s societies. The main topic of this issue is to improve energy efficiency
and decrease the energy consumption in all engineering systems and equipment. There are several ways to save energy.
Improving the heat transfer rate is one way for reducing energy consumption. In many engineering systems, natural
convection heat transfer in enclosures is a significant process due to its widespread applications such as heating and
cooling nuclear systems of reactors, thermal design of buildings and heat exchangers, lubrication technologies, storage
tanks, ventilation of rooms with radiators, double pane windows, etc. [1–5].
In these systems, heat transfer fluids are very important. The traditional heat transfer fluids (water, ethylene
glycol, engine oil etc.) have been used for many years. In addition, heat transfer enhancement efforts via traditional
technologies like fins and microchannels have reached its limits and these fluids have low thermal conductivity.
Because of this, new materials have been sought and the suspensions were started to be studied. Firstly, metallic
solids were used in base fluids because they have higher thermal conductivity values. Thus, solid metallic particles
and metal oxides have been used in conventional heat transfer fluids. With the development of engineering equipment,
smaller particles have been used in heat transfer applications. Millimeter and then micrometer sized particles have
been used in suspensions for heat transfer studies. Some disadvantages raised in time such as erosion and clogging in
the channels, high pressure drop, rapid settling of particles. Due to newly developed technology, nano-sized particles
can be available and so nanofluids are suitable for industrial operations since they were firstly introduced by Choi and
Eastman [6]. Nanofluids, which are suspended particles (< 100 nm) in a base fluid represent an innovative way for
heat transfer enhancement due to their higher thermal conductivity than conventional heat transfer fluids. Excellent
books were made on the fundamental topics of convective flow and heat transfer in cavities filled with nanofluids
by [7–9].
Based on this fact, nanofluids are used in many sectors such as transportation, electronic components, medical
applications, energy storage etc. (see details in [10–13]). Generally, metal or metal oxide solid particles (Cu, Ag,
CuO, Al2 O3 , TiO2 , SiO2, ZnO) are used in nanofluids. There are several studies [14–19] done experimentally or
theoretically to investigate the nanofluid flow and its heat transfer characteristics. Natural convection in a square
enclosure that is partially heated from one side and cooled from the other side is a significant phenomenon in several
engineering applications. Many research papers [20–25] related to the natural convection of nanofluids in cavities have
been published up to now. Öğüt [26] studied the natural convection problem in inclined square cavity. She reported
that heat transfer increases with the increase in the nanoparticle concentration and the Rayleigh number. Natural
convection problems of some water-based nanofluids flow in a partially heated and cooled cavity shaped as different
geometries were studied by Guestal et al. [27] and Garoosi et al. [28].
In order to analyze the fluid flow, the temperature distribution and heat transfer characteristics of the considered
nanofluid, two methods have been employed, namely (i) single-phase, and (ii) two phase model. When employing
the single-phase model, the main presumption is that there is thermal equilibrium between the solid particles and
the base fluid [4]. Some studies using the single-phase method are given here. Natural convection in a square cavity
filled with a Cu–water nanofluid has been considered numerically by Boualit et al. [29] to determine the improvement
of the coolant performance of fuel cell stacks. The results of the study indicated that the increase in nanoparticle
volume fractions has led to a heat transfer enhancement for all Ra numbers. Ismael et al. [30] investigated fluid flow
and heat transfer in a lid-driven square cavity filled with a CuO–water nanofluid and heated by a corner heater. The
authors’ results indicated that the impact of nanoparticles on heat transfer improvement is not meaningful for low and
intermediate values of the Richardson number whereas it is meaningful for high Richardson numbers. Solomon et al.
[31] experimentally investigated the aspect ratio (A R) effect of a rectangular cavity filled with nanofluids on natural
convection characteristics. Three different cavities, having different A Rs were manufactured and tested to find the heat
transfer performance. They reported that the A R is a very important parameter on the heat transfer coefficient and the
N u number as well as the Ra number. Bhuiyana et al. [32] used the Galerkin method to study the natural convection
of water-based nanofluids in a square cavity. In their study, the Ra number and the nanoparticle concentrations were
varied between 103 and 106 , 0 and 0.2, respectively. From the study, it was concluded that the rate of heat transfer
was enhanced by the increase in the nanoparticle concentration for the whole range of Ra numbers. Garbadeen et al.
[33] experimentally investigated natural convection of MWCNT-water nanofluids in a square cavity. The nanoparticle
volume fraction was changed from 0 to 1% for a constant Ra number (Ra = 108 ). The maximum enhancement in
the thermal conductivity was found as 6% for a particle volume fraction of 1.0%. It was also concluded from the
study that the enhancement in heat transfer was found as 45% at the particle volume fraction of 1.0%. The mixed
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convection problem of a Cu–water nanofluid was studied numerically by Rajarathinam et al. [34] through an inclined
porous cavity using three different directions of the moving wall. The impacts of some non-dimensional parameters
such as the Richardson number, Darcy number, inclination angle, and the solid volume fraction on the fluid flow
and heat transfer were studied. They concluded that the direction of moving walls played an important role. Natural
convection problem in a square cavity filled with a Al2 O3 nanofluid was also investigated by Cho [35] taking the
entropy generation into consideration. It considered the effects of parameters such as the wavy-surface geometry,
Rayleigh number and the nanoparticle concentration on the Bejan number, total entropy generation and mean Nusselt
number. The results indicated that the mean N u number was an increasing function of the nanoparticle volume
concentration; whereas the total entropy generation was a decreasing function. The phenomenon on how the natural
convection of Al2 O3 -water nanofluid in a square cavity is affected by a heterogeneous heating was studied by Rashidi
et al. [36]. Several different situations were evaluated in their study to determine the heat transfer characteristics.
In the above mentioned studies, a homogeneous model was used; but recently, researchers turned to study nanofluid
problems using a two-phase model. For this reason; two-phase models are better and more accurate compared
to the homogeneous (single phase) model to evaluate the heat transfer and nanofluid flow since it takes friction,
Brownian effect and slip velocity between the base fluid and the particles into consideration [15,37]. Apart from
the studies, there are some numerical studies using the single-phase model [38–42] and others using different
two-phase models (Eulerian–Eulerian, Eulerian–Lagrangian, two-phase mixture and VOF). For example, Emami
et al. [43] used a mixture model to study the effect of the Rayleigh number, Darcy friction factor, and the
volume fraction of nanoparticles on the natural convection heat transfer characteristics of a Cu–water nanofluid.
It was concluded that the selection of a heater configuration and the inclination angle affected the heat transfer
enhancement. Buongiorno [44] suggested a non-homogeneous equilibrium model taking into account the impact
of the Brownian motion and thermophoresis as two prominent slip mechanisms in a nanofluid. In his study, seven
slip mechanisms were offered between the base fluid and the nanoparticles. In that study, he also improved a twocomponent non-homogeneous equation in nanofluids stressing the superiority of these two effects with respect to
the remaining transport mechanisms. Sheremet and Pop [45] reported the effect of a two-phase nanofluid model
on natural convection heat transfer in a square porous cavity with non-uniform temperature distributions on the
vertical walls. Sheremet et al. [46] used a two-phase Buongiorno’s model to solve the natural convection heat
transfer problem inside two triangular cavities filled with a nanofluid. Motlagh and Soltanipour [47] considered
Buongiorno’s two-phase model employing the Finite Volume Method (FVM) and the SIMPLE algorithm for natural
convection of Al2 O3 -water nanofluid in an inclined cavity. In their research study, the right and left vertical walls
of the cavity were kept at a constant temperature; whereas the other walls were thermally isolated. The Rayleigh
number varied between 102 and 106 and the particle volume fractions ranged from 0.01 to 0.04. Their results
showed that the enhancement percentages of heat transfer and N u number are almost constant for low Rayleigh
numbers with increasing inclination angles whereas they increased with high Ra numbers. Sheremet and Pop [48]
studied the natural convection problem in a square porous cavity filled with a nanofluid by using Buongiorno’s
two phase model. The fluid flow and heat transfer characteristics were examined in terms of the Brownian motion,
thermophoresis effect and some dimensionless parameters such as the Rayleigh and Lewis numbers. Another study
using the Buongiorno’s model was performed by Kefayati [49]. In his study; in a porous cavity, natural convection of a
non-Newtonian nanofluid problem with entropy generation was solved by using the finite difference lattice Boltzmann
method.
Placement of a solid block inside the cavities with various shapes filled with nanofluids or pure fluids is an
important application due to its ability of heat transfer control as a passive element. This application can be seen
in many applications such as building design, thermal management of solar energy systems, electronics and heat
exchanger [50]. Mahmoodi and Sebdani [51] considered the natural convection problem inside a square cavity filled
with a Cu–water nanofluid and adiabatic square block placed inside the cavity. The developed code depending on
FVM was used in their numerical study. The impacts of some parameters such as the size of the adiabatic square
block, Rayleigh number and the volume fraction of nanoparticles on the fluid flow and heat transfer characteristics
were examined. They determined that the average N u number increased with the boosting of the nanoparticle volume
fraction for all Ra numbers, except Ra = 104 . At the same time it was found that the square body size significantly
affected the heat transfer rate. Garoosi et al. [52,53] studied numerically the natural and mixed convection problems
for different nanofluids by considering Buongiorno’s two-phase model. They reported that thermophoretic effects
could be negligible for nanoparticles which have high thermal conductivities and their studies concluded that the
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Fig. 1. (a) Physical model of convection in a square cavity together with the coordinate system and (b) 3-D schematic diagram.

increasing thermal conductivity ratio and the Rayleigh number improved the value of heat transfer significantly.
Furthermore, recently the conjugate natural and mixed convection heat transfer problem were studied numerically
by Garoosi and Talebi [4]. They used many pairs of cylinders having cold and hot surfaces. For different nanofluids,
Buongiorono’s two phase model was also achieved in their study successfully. Alsabery et al. [54] considered the
conjugate mixed convection in a cavity including a solid inner body filled with Al2 O3 -water nanofluid, using the
Buongiorno’s two phase model. They found that the nanoparticles addition into water caused the N u number to
increase at low Reynolds numbers and high Richardson numbers. In addition, it was found from their study that the
solid body size is a key parameter to increase heat transfer. According to the study of Alsabery et al. [5], it was
concluded that the thermal conductivity and size of the solid block were ideal parameters to optimize heat transfer
inside the cavity. Very recently, Selimefendigil and Öztop [55] studied the mixed convection of various water-based
nanofluids in three-dimensional cavity with two adiabatic inner rotating cylinders. They concluded that the highest
heat transfer rate at the highest value of Ra number occurs in the situation of Cu–water nanofluid with the 4%
nanoparticle volume fraction. An enhancement in the average heat transfer was found as 38.1% for a Cu–water
nanofluid when compared to the base fluid. Alsabery et al. [56] performed a numerical investigation on the MHD
natural convection and heat transfer in a discretely-heated square cavity in the presence of a conductive inner block
using the two-phase nanofluid model.
Depending on the above research literature, and according to the best of the authors’ knowledge, although there are
many papers on natural convection in a square cavity filled with nanofluids, there have been no studies considering the
natural convection on different types of solid circular cylinder placed inside a square cavity filled with Al2 O3 -water
nanofluid using the two-phase Buongiorno’s model, despite its importance in many engineering systems. Therefore,
according to the authors, the study is considerable and has novelty. For this reason; the main purpose of this study
is to numerically investigate the impacts of some parameters such as the Rayleigh number (103 ≤ Ra ≤ 106 ),
volume fraction of nanoparticles (0 ≤ φ ≤ 0.04), thermal conductivity of solid cylinder (kw = 0.28, 0.76, 1.95,
7 and 16), radius of solid cylinder (0.1 ≤ S ≤ 0.4), heat source/sink length (0.2 ≤ D ≤ 0.8), and the heat
source/sink position (0.2 ≤ B ≤ 0.8) on the fluid flow and heat transfer characteristics using Buongiorno’s two-phase
model.
2. Mathematical formulation
This work considers steady two-dimensional natural convection problem in a square cavity with length L and
having a solid circular cylinder placed at the center of the cavity with radius r , as illustrated in Fig. 1. The Rayleigh
number range chosen in the study keeps the nanofluid flow incompressible and laminar. The left vertical wall is heated

A.I. Alsabery, E. Gedik, A.J. Chamkha et al. / Computer Methods in Applied Mechanics and Engineering 346 (2019) 952–981

957

Fig. 2. Streamlines (top) and isotherms (bottom); Costa and Raimundo [57] (left) and present study (right) for (a) R = 0.2 and (b) R = 0.4 at
Ra = 105 , K r = 1 and Pr = 0.7.
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Fig. 3. Comparison of the mean Nusselt number obtained from present numerical simulation with the experimental results of Ho et al. [59],
numerical results of Sheikhzadeh et al. [58] and numerical results of Motlagh and Soltanipour [47] for different values of Rayleigh numbers.

partially while the right wall is cooled partially, which are shown by thick red and blue lines, respectively. While the
remainders of the vertical walls together with the horizontal walls are kept adiabatic. The boundaries of the annulus
are assumed to be impermeable, the fluid within the cavity is a water-based nanofluid having Al2 O3 nanoparticles.
The Boussinesq approximation is applicable, and the nanofluid physical properties are assumed constant except for
the density. By considering these assumptions, the continuity, momentum and energy equations for the laminar and
steady state natural convection can be written as follows:
∇ · v = 0,

(1)

)
ρn f v · ∇v = −∇ p + ∇ · µn f ∇v + (ρβ)n f (T − Tc )⃗
g,
(
)
(ρC p )n f v · ∇Tn f = ∇ · kn f ∇Tn f − C p, p J p · ∇Tn f ,
1
v · ∇ϕ = − ∇ · J p ,
ρp
(

(2)
(3)
(4)

The energy equation of the inner solid cylinder is
∇ 2 Tw = 0,

(5)

where v is the velocity vector, g⃗ is the gravitational acceleration vector, ϕ is the local volume fraction of nanoparticles
and J p is the nanoparticles mass flux. Based on Buongiorno’s model nanoparticles mass flux can be written as:
J p = J p,B + J p,T ,

(6)
kb T
,
3π µ f d p

J p,B = −ρ p D B ∇ϕ,

DB =

J p,T = −ρ p DT ∇T,

DT = 0.26

kf
µf
ϕ
2k f + k p ρ f T

(7)
(8)

The thermo-physical properties of the nanofluid can be determined as follows:
The heat capacitance of the nanofluids (ρC p )n f given is
(ρC p )n f = (1 − ϕ)(ρC p ) f + ϕ(ρC p ) p .

(9)
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Fig. 4. Streamlines (a), Corcione et al. [60] (left), present study (right), isotherms (b), Corcione et al. [60] (left), present study (right) for Ra = 102
(top) and Ra = 106 (bottom) at φ = 0.02, R = 0 and D = 1.

The effective thermal diffusivity of the nanofluids αn f is given as
kn f
αn f =
.
(ρC p )n f

(10)

The effective density of the nanofluids ρn f is given as
ρn f = (1 − ϕ)ρ f + ϕρ p .

(11)
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Fig. 5. Comparison of (a) thermal conductivity ratio with Chon et al. [61] and Corcione et al. [60] and (b) dynamic viscosity ratio with Ho et al.
[59] and Corcione et al. [60].

The thermal expansion coefficient of the nanofluids βn f can be determined by:
(ρβ)n f = (1 − ϕ)(ρβ) f + ϕ(ρβ) p .

(12)

The dynamic viscosity ratio of water–Al2 O3 nanofluids for 33 nm particle-size in the ambient condition was derived
in reference [22] as follows.
(
(
)−0.3 1.03 )
µn f
= 1/ 1 − 34.87 d p /d f
ϕ
.
(13)
µf
The thermal conductivity ratio of water–Al2 O3 nanofluids is calculated by the Corcione model [22] is:
(
) ( )
kn f
T 10 k p 0.03 0.66
0.4 0.66
= 1 + 4.4Re B Pr
ϕ
kf
Tfr
kf
where Re B is defined as
ρ f u Bdp
.
Re B =
µf
uB =

2kb T
π µ f d 2p

(14)

(15)

(16)

where kb = 1.380648 × 10−23 (J/K) is the Boltzmann constant. l f = 0.17 nm is the mean path of fluid particles. d f
is the molecular diameter of water given as Corcione [22]
df =

6M
N πρ f

(17)

where M is the molecular weight of the base fluid, N is the Avogadro number and ρ f is the density of the base fluid
at standard temperature (310 K). Accordingly, and basing on water as a base fluid, the value of d f is obtained:
)1/3
(
6 × 0.01801528
df =
= 3.85 × 10−10 m.
(18)
6.022 × 1023 × π × 998.26
Now we introduce the following non-dimensional variables:
x
y
vL
pL 2
ϕ
DB
DT
, Y = , V=
, P=
, ϕ ∗ = , D ∗B =
, DT∗ =
,
L
L
νf
φ
D B0
DT 0
ρn f ν 2f
Tn f − Tc
Tc
Tw − Tc
d
b
r
δ=
, θn f =
, θw =
, D= , B= , R= .
Th − Tc
Th − Tc
Th − Tc
L
L
L

X=

(19)
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Fig. 6. Variation of the streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by Rayleigh number (Ra) for φ = 0.02,
kw = 0.76, R = 0.2, D = 0.5 and B = 0.5.
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Fig. 7. Variation of local Nusselt number interfaces with (a) left wall and (b) interface wall for different Ra at φ = 0.02, kw = 0.76, R = 0.2,
D = 0.5 and B = 0.5.

This then yields the following dimensionless governing equations:
∇ · V = 0,

ρ f µn f 2
(ρβ)n f 1
V · ∇V = −∇ P +
Ra · θn f ,
∇ V+
ρn f µ f
ρn f β f Pr
(ρC p ) f kn f 1 2
(ρC p ) f D ∗B
V · ∇θn f =
∇ θn f +
∇ϕ ∗ · ∇θn f
(ρC p )n f k f Pr
(ρC p )n f Pr ·Le
(ρC p ) f
∇θn f · ∇θn f
DT∗
+
,
(ρC p )n f Pr ·Le · N BT 1 + δθn f
∇ 2 θn f
DT∗
D∗
V · ∇ϕ ∗ = B ∇ 2 ϕ ∗ +
·
,
Sc
Sc · N BT 1 + δθn f
∇ 2 θw = 0,
DT 0 =

(21)

(22)
(23)
(24)

where V is the dimensionless velocity vector (U, V ), D B0 =
kf
µf
0.26 2k f +k
φ
p ρf θ

(20)

kb Tc
3π µ f d p

is the reference Brownian diffusion coefficient,

is the reference thermophoretic diffusion coefficient, Sc = ν f /D B0 is Schmidt number,

N BT = φ D B0 Tc /DT 0 (Th − Tc ) is the diffusivity ratio parameter (Brownian diffusivity/thermophoretic diffusivity),
Le = k f /(ρC p ) f φ D B0 is Lewis number, Ra = gρ f β f (Th − Tc )L 3 /(µ f α f ) is the Rayleigh number for the base fluid
and Pr = ν f /α f is the Prandtl number for the base fluid. The dimensionless boundary conditions of Eqs. (20) and
(24) are:
On the adiabatic horizontal walls
∂θn f
∂ϕ ∗
U = V = 0,
= 0,
= 0,
∂n
∂n

(25)

On the heated part of the left vertical wall
∂θn f
∂ϕ ∗
D∗
1
1
U = V = 0,
= − T∗ ·
·
, θn f = 1,
∂n
D B N BT 1 + δθn f ∂n

(26)

On the adiabatic parts of the remainder left wall
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Fig. 8. Variation of (a) average Nusselt number and (b) interface average Nusselt number with φ for different Ra at kw = 0.76, R = 0.2, D = 0.5
and B = 0.5.
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Fig. 9. Variation of the streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by solid volume fraction (φ) for
Ra = 105 , kw = 0.76, R = 0.2, D = 0.5 and B = 0.5.
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Fig. 10. Variation of local Nusselt number interfaces with (a) left wall and (b) interface wall for different φ at Ra = 105 , kw = 0.76, R = 0.2,
D = 0.5 and B = 0.5.

Fig. 11. Variation of (a) average Nusselt number and (b) interface average Nusselt number with Ra for different φ at kw = 0.76, R = 0.2, D = 0.5
and B = 0.5.

U = V = 0,

∂θn f
∂ϕ ∗
= 0,
= 0,
∂n
∂n

On the heated part of the right vertical wall
∂θn f
∂ϕ ∗
D∗
1
1
= − T∗ ·
·
, θn f = 0,
U = V = 0,
∂n
D B N BT 1 + δθn f ∂n
On the adiabatic parts of the remainder right wall
∂θn f
∂ϕ ∗
U = V = 0,
= 0,
= 0,
∂n
∂n

(27)

(28)

(29)

On the walls of the solid inner square surface
θn f = θw ,

(30)
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Fig. 12. Variation of (a) average Nusselt number and (b) interface average Nusselt number with R for different φ at Ra = 105 , kw = 0.76, D = 0.5
and B = 0.5.

U = V = 0,

∂θn f ∂θn f
∂ϕ ∗
D∗
1
∂θw
1
= − T∗ ·
,
= Kr
,
·
∂n
D B N BT 1 + δθn f ∂n
∂n
∂n

where K r = kw /kn f is the thermal conductivity ratio.
The local Nusselt number evaluated at the heated part of the left wall is defined by
(
)
kn f ∂θn f
N un f = −
,
kf
∂ X X =0

(31)

(32)

also, the interface local Nusselt number (N u i ) evaluated at the interface between the square cavity and the solid
cylinder, is defined by
(
)
∂θw
N ui = −
.
(33)
∂n Θ
Finally, the average Nusselt number evaluated at the heated part of the left wall is given by:
∫ B+(0.5D)
N un f =
N u n f dY,

(34)

B−(0.5D)

also, the interface average Nusselt number (N u i ) evaluated at the upper interface between the square cavity and the
solid cylinder is defined by
∫ 180
N ui =
N u i dn,
(35)
0

3. Numerical method and validation
The dimensionless governing equations (20)–(24) subject to the selected boundary conditions (25)–(31) are solved
with the Galerkin weighted residual finite-element method. Triangular Lagrange finite elements of different orders
are used for each of the flow variables within the computational domain. Residuals for each conservation equation
are obtained by substituting the approximations into the governing equations. To simplify the nonlinear terms in the
momentum equations, a Newton–Raphson iteration algorithm was used. The convergence of the solution is assumed
when the relative error for each of the variables satisfies the following convergence criteria:
⏐ i+1
⏐
⏐Γ
− Γ i ⏐⏐
⏐
⏐ Γ i+1 ⏐ ≤ η,
where i represents the iteration number and η is the convergence criterion. In this study, the convergence criterion is
set at η = 10−5 .
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Fig. 13. Variation of the streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by thermal conductivity of the solid
cylinder (kw ) for Ra = 105 , φ = 0.02, R = 0.2, D = 0.5 and B = 0.5.
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Fig. 14. Variation of local Nusselt number interfaces with (a) left wall and (b) interface wall for different kw at Ra = 105 , φ = 0.02, R = 0.2,
D = 0.5 and B = 0.5.

Fig. 15. Variation of (a) average Nusselt number and (b) interface average Nusselt number with Ra for different kw at φ = 0.02, R = 0.2, D = 0.5
and B = 0.5.

To ensure the independence of the present numerical solution on the grid size of the numerical domain, we have
used different grid sizes to calculate the minimum strength of the flow circulation (Ψmin ), the maximum strength of
the flow circulation (Ψmax ), average Nusselt number (N u n f ) and interface average Nusselt number (N u i ) for the case
of Ra = 105 , φ = 0.02, kw = 0.76, R = 0.2, D = 0.5 and B = 0.5. The results are shown in Table 1 indicate
insignificant differences for the G6 grids and above. Therefore, for all computations in this paper for similar problems
to this subsection, the G6 uniform grid is employed.
The results of this study are compared to the results of Costa and Raimundo [57] to validate the obtained data.
Fig. 2 presents the comparison for conjugate natural convection heat transfer in a square cavity with a solid circular
cylinder. Moreover, using Buongiorno’s two-phase model, average Nusselt number is compared to the numerical
results of Sheikhzadeh et al. [58] and of Motlagh and Soltanipour [47] and also to the experimental results of Ho et al.
[59] in Fig. 3 that illustrates Al2 O3 -water nanofluid’s natural convection in a square cavity for varying values of Ra
number. Furthermore, Fig. 4 represents the comparative images of isotherms and streamlines of reference nanofluid in
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Fig. 16. Variation of (a) average Nusselt number and (b) interface average Nusselt number with R for different kw at Ra = 105 , φ = 0.02, D = 0.5
and B = 0.5.
Table 1
Grid testing for Ψmin , N u n f and Be at different grid sizes for Ra = 105 , φ = 0.02, kw = 0.76, R = 0.2, D = 0.5 and B = 0.5.
Grid size

Number of elements

Ψmin

Ψmax

N un f

N ui

G1
G2
G3
G4
G5
G6
G7

542
760
1 208
1 798
2 730
8 636
24 152

−0.74827
−0.74874
−0.74914
−0.74918
−0.74922
−0.74926
−0.74929

12.371
12.191
12.086
11.916
11.889
11.878
11.878

3.123
3.1691
3.1854
3.1952
3.2077
3.2487
3.2487

0.17745
0.17753
0.17761
0.17799
0.17871
0.17874
0.17875

the square cavity. As it is seen from Fig. 4, this study is very compatible with the study of Corcione et al. [60]. Besides,
the comparison of thermal conductivity ratio with previously published experimental results provided by Chon et al.
[61] and the numerical results provided by Corcione et al. [60] is shown in Fig. 5. In addition; dynamic viscosity
ratio comparison was made with previously published experimental results of Ho et al. [59] and the numerical results
provided by Corcione et al. [60]. The provided results support the numerical method’s convenience used in this
study.
4. Results and discussion
The natural convection heat transfer of Al2 O3 -water nanofluid filled in a square cavity with a solid circular cylinder
is numerically investigated under various parameters configuration. Numerical results of these parametric effects;
(i) Rayleigh number (103 ≤ Ra ≤ 106 ), (ii) nanoparticle volume fraction (0 ≤ φ ≤ 0.04), (iii) thermal conductivity of
the solid cylinder (kw = 0.28, 0.76, 1.95, 7 and 16) (epoxy: 0.28, brickwork: 0.76, granite: 1.95, solid rock: 7, stainless
steel: 16), (iv) radius of solid cylinder (0.1 ≤ R ≤ 0.4), (v) dimensionless length of heat source/sink (0.2 ≤ D ≤ 0.8),
(vi) dimensionless position of heat source/sink (0.2 ≤ B ≤ 0.8) are presented graphically as streamlines, isotherms,
nanoparticles volume fraction distribution, local and average Nu number in Figs. 6–28. In the computations some
parameter values are fixed as following Prandtl number (Pr = 4.623), Lewis number (Le = 3.5 × 105 ), Schmidt
number (Sc = 3.55 × 104 ), ratio of Brownian to thermophoretic diffusivity (N BT = 1.1), dimensionless length
of the surface of the cylinder (Θ = 360) and the normalized temperature parameter (δ = 155). In Table 2 the
thermo-physical properties of water and Al2 O3 nanoparticles are given.
Fig. 6 shows the effect of the Ra number on the streamlines, isotherms and the nanoparticle volume fraction
distribution inside the square cavity for φ = 0.02, kw = 0.76, R = 0.2, D = 0.5 and B = 0.5. The effect of the
Rayleigh number is important on natural convection problems for that it is an indicator of the buoyancy force. As can
be clearly seen from the figure, the isotherms are parallel to the heat source and heat sink for low values of the Ra
number due to the dominance of heat conduction.
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Fig. 17. Variation of the streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by radius of solid cylinder (R) for
Ra = 105 , φ = 0.02, kw = 0.76, D = 0.5 and B = 0.5.
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Table 2
Thermo-physical properties of water with Al2 O3 nanoparticles at T =
310 K [62,47].
Physical properties

Fluid phase (water)

Al2 O3

C p (J/kg K)
ρ (kg/m3 )
k (W m−1 K−1 )
β × 105 (1/K)
µ × 106 (kg/ms)
d p (nm)

4178
993
0.628
36.2
695
0.385

765
3970
40
0.85
–
33

Fig. 18. Variation of local Nusselt number interfaces with (a) left wall and (b) interface wall for different kw at Ra = 105 , φ = 0.02, kw = 0.76,
R = 0.2, D = 0.5 and B = 0.5.

Fig. 19. Variation of (a) average Nusselt number and (b) interface average Nusselt number with Ra for different R at φ = 0.02, kw = 0.76,
D = 0.5 and B = 0.5.

Variations of the local N u number for varying Ra numbers are given in Fig. 7. According to the figure, a reduction
in the y-coordinate value along the heat source placed on the left wall leads to a decrease in the local N u number
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Fig. 20. Variation of (a) average Nusselt number and (b) interface average Nusselt number with φ for different R at Ra = 105 , kw = 0.76, D = 0.5
and B = 0.5.
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Fig. 21. Variation of the streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by heat source/sink length (D) for
Ra = 105 , φ = 0.02, kw = 0.76, R = 0.2 and B = 0.5.
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Fig. 22. Variation of local Nusselt number interfaces with (a) left wall and (b) interface wall for different D at Ra = 105 , φ = 0.02, kw = 0.76,
R = 0.2 and B = 0.5.

due to the reduction in the thickening of the boundary layer and the temperature gradient. Increasing the Ra number
causes an improvement in the local N u number. For a low Ra number (Ra = 103 ), the local N u number change is
almost the same along the left wall. For the interface wall, the local N u number is changing sinusoidally. One can find
that the local N u number decreases with the increasing of the Ra number for smaller values of the interface wall. On
the other side, for bigger values of the interface wall, these values change reversely. It can be said that, the interface
wall has the minimum and maximum points for all Ra numbers which cause the local N u number to change between
−0.5 and 0.5.
In Fig. 8 the average N u number variation versus the nanoparticle volume fractions is given for various values
of the Ra number. As can be clearly seen from the figure, the average N u number is a function of φ in the heat
conduction-dominant regime (Ra = 103 ). Likewise, in the case of the convection regime, the average N u number is
a nonlinear function that can optimize the heat transfer process.
In Figs. 9–12 the nanoparticle volume fractions effect is presented in the form of streamlines, isotherms as well
as the average and the local Nu number. Fig. 9 shows the streamline variations, isotherms and the nanoparticle
concentration distribution for different values of φ and at Ra = 105 , kw = 0.76, R = 0.2, D = 0.5 and B = 0.5.
Without considering the reference values of the nanoparticle volume fraction, the formation of two convective cells
near the middle portions of both the left and right sides of the inner solid cylinder block can be observed. While the
left convective cell shows the nanofluid circulation in the clockwise direction, the right cells reflect the opposite of the
clockwise nanofluid motion. The reference nanofluid circulation increases near the left wall, which has a local heater
and decreases along the right wall which has a local cooler. While the distributions of nanoparticle concentration
do not change with the volume fraction, it can be noticed that an increase in φ leads to a weak attenuation in the
convective flow.
The effect of nanoparticle volume fraction on the local and average N u numbers is shown in Figs. 10–12 for the
left and the interface wall (Fig. 10) and different values of the Ra number (Fig. 11). The local N u number decreases
throughout the left wall and it is almost the same for different values of φ (Fig. 10a). The average N u number increases
with an increase in nanoparticle volume fraction and the interface N u number is also increasing for high values of the
Ra number whereas no remarkable change is observed for low Ra numbers (Ra = 103 , Ra = 104 ).
The effect of the solid block thermal conductivity (kw ) on the heat transfer characteristics considering variable
parameters is shown Figs. 13–16. In Fig. 13, the variations of the streamlines, isotherms and the nanoparticle
concentration distribution are given. It is seen from the figure that the temperature and the nanoparticle volume
fraction distributions change due to an increase in the thermal conductivity of the circular cylinder. High kw values
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Fig. 23. Variation of (a) average Nusselt number and (b) interface average Nusselt number with Ra for different D at Ra = 105 , kw = 0.76,
R = 0.2 and B = 0.5.
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Fig. 24. Variation of (a) average Nusselt number and (b) interface average Nusselt number with R for different D at Ra = 105 , φ = 0.02,
kw = 0.76 and B = 0.5.

indicate intense heating of the solid circular cylinder block, so, there is no isotherm in the block for kw > 1.95 values
with the considered temperature scale. The variations of the temperature distribution become inside the solid circular
block as the intensity and the shape of circulations remain constant. It is remarkable that the solid block with a high
thermal conductivity leads to a reduction in the nanoparticle concentration zones. As a result, we can conclude that
the nanoparticles distribution for high values of kw is more uniform. The local N u number variations for both the left
and the interface wall are shown in Fig. 14. There is a small change in the local N u number for different thermal
conductivity values. A similar trend to that of Fig. 10 is also seen in Fig. 14 for the left and the interface wall. That
is, the N u number decreases along the left wall while it is a sinusoidal function for the interface wall. In the case of a
heat conduction dominant regime (Ra = 103 ), the average Nu number is an increasing function of kw . In the case of
a convective heat transfer regime, the average N u number is a decreasing function of kw (Fig. 15a). For all kw values,
an increment in the N u number is clearly seen by increasing the Ra number.
The effect of the radius of the solid cylinder (R) is shown in Figs. 17–20. The variations of the streamlines,
isotherms and the nanoparticle distribution evolution by the radius of solid cylinder are shown in Fig. 17. The
isotherms become parallel to the heat source and heat sink whereas it is perpendicular for the low Ra numbers. The
local Nu number decreases with increasing values of R (Fig. 18). The average N u number decreases with an increase
in the value of R for low Ra numbers which corresponds to dominant heat conduction regime. Above Ra104 , it starts
to increase and becomes a linear function form of R (Fig. 19). This kind of behavior can be used to optimize the
evaluated process using the optimal value of the solid block size. Furthermore, for high values of the Ra number
which corresponds to convection regime, the heat transfer enhances with R.
In Figs. 21–24, the effects of the heat source/heat sink length (D) are illustrated. The results are depicted in Fig. 21,
as isotherms, streamlines and nanoparticle distribution contours for Ra = 105 , φ = 0.02, kw = 0.76, R = 0.2 and
B = 0.5. The isotherms are parallel to the solid circular cylinder and they increase with the increase of D. The local
N u number reaches the peak values for all cases of D at the beginning and the end of the left wall. Increasing the
values of D causes decreases in the local N u number (Fig. 22a). These decreases are bigger for higher values of D.
This behavior is also observed for the interface wall (Fig. 22b) as a sinusoidal change.
Increasing the nanoparticle volume fraction causes the average N u number to increase for all values of D (Fig. 23).
For smaller values of D (0.2 and 0.4) the average N u number reaches its peak values after φ = 0.02, then it slightly
decreases as a polynomial function. For the interface wall, the average N u number is a linear function of φ and it
increases with the increase of D. This can also be seen in Fig. 24. In this figure, it is also seen that the average
N u number slightly decreases with the increase of R particularly for low values of D. For the higher values of D,
this decrease is higher. By increasing the value of R, the average Nusselt number increases up to R = 0.35 then it
decreases slightly for the interface wall (Fig. 24b).
The effects of the heat source/sink position (B) are shown in Figs. 25–28. The streamlines are parallel inside
the solid block size for medium values of B, while they change differently for low and high values of B. The
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Fig. 25. Variation of the streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by heat source/sink position (B) for
Ra = 105 , φ = 0.02, kw = 0.76, R = 0.2 and D = 0.5.
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Fig. 26. Variation of local Nusselt number interfaces with (a) left wall and (b) interface wall for different B at Ra = 105 , φ = 0.02, kw = 0.76,
R = 0.2 and D = 0.5.

Fig. 27. Variation of (a) average Nusselt number and (b) interface average Nusselt number with φ for different B at Ra = 105 , kw = 0.76, R = 0.2
and D = 0.5.

variations of the local N u number are smaller for B = 0.2 and they are almost the same for the remaining values of
B (Fig. 26). In addition, the average N u number variations with the nanoparticle volume fraction are given in Fig. 27.
For intermediate values of B (B = 0.4 and 0.6), the average N u number is bigger for lower and higher values of B.
Increasing of φ causes small changes in the average N u number for the left wall. The same situation is observed for
the interface wall. Increasing the solid cylinder radius (R) causes the average Nu number to decrease for all values of
B (Fig. 28a) while the interface average N u number is an increasing function of R up to R = 0.35. After this value,
it starts to decrease slightly (Fig. 28b).
5. Conclusions
In the present study, a numerical investigation of fluid flow and convective heat transfer in a square cavity filled with
a Al2 O3 -water nanofluid and with an inserted solid circular block was performed. The effects of some parameters such
as the Rayleigh number (Ra), volume fraction of nanoparticle (φ), thermal conductivity of the solid cylinder (kw ),
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Fig. 28. Variation of (a) average Nusselt number and (b) interface average Nusselt number with R for different B at Ra = 105 , φ = 0.02,
kw = 0.76 and D = 0.5.

radius of the solid cylinder (R), heat source/sink length (D) and the heat source/sink position (B) on natural convection
were reported and based on the obtained results, the following conclusions are drawn:
1. For low Rayleigh numbers where the heat conduction is dominated, the heat transfer rate increases with the
increase in the nanoparticle volume fraction.
2. High nanoparticle volume fraction areas are reduced when the solid circular cylinder has a high thermal
conductivity and they become more uniform.
3. The average Nusselt number is an increasing function of the Rayleigh number.
4. The average Nusselt number decreases along the left wall while it is a sinusoidal function for the interface wall.
For the case of heat conduction-dominant regime, the average Nu number is an increasing function of kw .
5. The effect of the radius of the solid cylinder is observed to be non-linear on the heat transfer rate.
6. The parameters kw , R, D and B are very good control parameters for the optimization of heat transfer inside a
partially heated and cooled cavity.
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