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Abstract
This paper carries on investigation to study the effects of variable magnetic field and thermal radiation on free convective
flow of an electrically conducting incompressible nanofluid over an exponential stretching sheet. The model implemented
in the present study significantly enriches the thermal conductivity and hence more heat transfer capability of nanofluids.
The transformed governing equations have been solved numerically using fourth-order Runge–Kutta method along with
shooting technique. The influence of variable magnetic field and thermal radiation associated with thermal buoyancy on the
dimensionless velocity, temperature, skin friction and Nusselt number have been analyzed. The obtained numerical results
in the present study are validated and found to be in excellent agreement with some previous results seen in the literature.
The present study contributes to the result that augmented Hartmann number belittles the fluid flow and enhances the fluid
temperature and the related thermal boundary layer thickness.
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List of symbols
(u, v, w) Velocity components in (x, y, z)

directions (m s−1)
(knf , kf , ks) Thermal conductivities of (nanofluid,

base fluid, nanoparticle) (Wm−1

K−1)
(μnf , μf) Effective viscosity of (nanofluid,

base fluid)
(σnf , σf) Effective viscosity of (nanofluid,

base fluid)(
F ′(η),G ′(η), θ (η)

)
Dimensionless (axial velocity, trans-
verse velocity and temperature)
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(βf , βs) Thermal expansion of (base fluid and
nanoparticles)

(U0, V0,Uw, Vw, c) Constants(
ρCp

)
f Heat capacitanceof basefluid (Jm−3

K−1)
(As, Af) Heat transfer area corresponding to

(particles and fluid)
υf Dynamic viscosity (m2 s−1)
T Temperature of fluid (K)
Tw Surface temperature (K)
L Reference length (m)
B0 Uniform magnetic field strength
k∗ Mean absorption coefficient(
ρCp

)
nf Heat capacitanceof nanofluid (Jm−3

K−1)(
τwx , τwy

)
Wall shear stresses

ρs Density of nanoparticles (kgm−3)
μf Dynamic viscosity of base fluid

(NSm−2)
M Hartmann number
Pr Prandtl number
qw Wall heat flux
us Brownian motion velocity of

nanoparticles(
C f x ,C f y

)
Skin frictions
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φ Solid volume fraction(
Rex ,Rey

)
Local Reynolds number

T∞ Ambient fluid temperature (K)
αf Thermal diffusivity of the fluid
Pe Peclet number
σ ∗ Stefan–Boltzmann constant(Wm−2

K−4)
ρnf Effective density of nanofluid

(kgm−3)
ρf Density of base fluid

(kgm−3)
g Acceleration due to gravity
μnf Dynamic viscosity (N Sm−2)
η Non-dimensional vertical distance
ds Nanoparticle diameter
Rd Radiation parameter
df Molecular size of the fluid(
ρCp

)
s Heat capacitance (Jm−3K−1)

Subscripts
nf Nanofluid
f Fluid
w Quantities at wall
p Particle
s Surface
∞ Quantities at free stream

Greek symbols
φ Solid volume fraction
η Distance from the leading edge of the plate
ρ f Density of the fluid
σ Electrically conductivity

1 Introduction

Over the last few decades, there has been much demand
regarding the study of flow and heat transfer over a stretch-
ing surface because of its numerous significant engineering
applications including polymer extrusion, glass blowing,
rapid spray cooling, cooling of microelectronics, wire draw-
ing and quenching in metal foundries. The beginning of the
investigation of the boundary layer flow over stretching sur-
faces was made by Crane [1]. Since then, many researchers
[2–4] came forward and provided their research contribu-
tions in several aspects of flow and heat transfer problems
involving stretching surfaces.

Indeed, nanofluids are novel type of fluids which possess
mixture of 100nm or less size of solid nanoparticles and con-
ventional base fluids. In such fluids, nanoparticles include
metallic solids [copper (Cu), aluminum (Al), silver (Ag) and
gold (Au)], nonmetallic solids [SiO, Al2O3, carbides and

nitrides] and metallic liquid (sodium). And, conventional
base fluids include water, kerosene, engine oil, toluene, ethy-
lene glycol and tri-ethylene glycol.

Because of higher thermal conductivity of nanoparticles
compared to base fluids, nanofluids are served as better
coolants in computers and nuclear reactors, cancer therapy,
safer surgery, lubricants, heat exchangers and micro-channel
heat sinks. Such fluids are also inevitably used in several
electronic devices needed in military sectors, vehicles and
transformers and in designing the waste heat removal equip-
ment. In view of its significant heat transfer capability,
such fluids are applicable in major manufacturing industries
including materials and chemicals, oil and gas, food/food
security and drink, paper and printing and transportation.
Hamilton and Crosser [6] and Maxwell [7] theoretically
developed their models describing thermal conductivity of
nanofluids taking into account the shape of the nanoparti-
cles in the flow analysis. It was ironic that Choi [5] was the
pioneer to study experimentally and revealed to the soci-
ety about the better enhancement of thermal conductivity
of fluids with nanoparticles. Later on, Khan and Pop [8]
developed the boundary layer flow of nanofluids over stretch-
ing sheet. Mabood et al. [9] revealed from their study that
the Al2O3-water nanofluid contributes to a thicker momen-
tum boundary layer compared to Cu-water nanofluid in the
absence as well as in the presence of magnetic field. Hayat
et al. [10] investigated the nonlinear radiative heat effects
on silver and copper nanoparticles with water as base fluid
in association with mixed convection. In their study, it is
observed that introduction of radiation parameter reduces
mean absorption coefficient which enhanced heat transfer
rate indicating more cooling in both Cu-water and Ag-water
nanofluids [11]. Du and Tang [12] in their study revealed the
optical properties of plasmonic nanofluids containing gold
nanoparticles with different shapes, sizes, aspect ratios and
concentrations. Further, Du and Tang [13] discussed in their
study about the influences of particle agglomeration, parti-
cle diameter and particle volume fraction on the extinction
coefficient of nanofluids.

Magnetohydrodynamic nanofluids find a large number
of significant biomedical applications including wound
treatment, sterilized devices, gastric medications, asthma
treatment, targeted drug release and elimination of tumors
with hyperthermia. On account of such tremendous appli-
cations, magnetohydrodynamic nanofluid flow and heat
transfer properties in various physical problems have been
investigated by many researchers [14–19]. The effect of
magnetic field in the flow and heat transfer of nanofluid
in a rotating system was investigated by Sheikholeslami et
al. [20]. Reddy and Chamkha [21] investigated the Soret
and Dufour effects in the presence of magnetic field of a
convective flow of Al2O3-water and TiO2-water nanofluids
past a stretching sheet in porous media with heat genera-
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tion/absorption. Furthermore, thermo-physical properties of
water-based nanofluids past an exponential stretching sheet
were explored by Nadeem et al. [22]. Moreover, Hayat et
al. [23] noticed in their study that larger values of Hart-
man number enhance the temperature in response to Joule
heating effect. We prefer to highlight here that Makinde
and Animasaun [24] carried on a wonderful job regarding
MHD nanofluid flow with bio-convection and autocatalysis
chemical reaction. They found that at any value of magnetic
parameter, the local skin friction becomes larger for enhanced
thickness parameter while its higher values disparage heat
transfer rate from the upper surface of paraboloid of revolu-
tion.

Thermal radiation inflowandheat transfer processes plays
an important role in the design ofmany advanced energy con-
version systems operating at high temperature. For instance,
many engineering processes such as fossil fuel combus-
tion energy processes, solar power technology, astrophysical
flows and space vehicle reentry occur at high tempera-
ture undergoing radiative heat transfer. Khan et al. [25] in
their study noticed that an increase in radiation parameter
enhances the rate of heat transfer from the surface in response
to non-aligned magnetic field in the stagnation point flow of
nanofluid affiliated with variable viscosity. In addition, the
effects of thermal radiation on various types of nanofluid flow
in a tapered asymmetric channel and on an upper surface of a
paraboloid of revolution have been analyzed by Nayak [26]
and Hayat et al. [27]. Nayak et al. [28–34] analyzed in the
related areas in theMHD flow of various fluids over different
surfaces.

The above literature survey ensures us that no one has
discussed so far the effect of variable transverse magnetic
field as well as thermal radiation on free convection flow
of nanofluid past an exponential stretching sheet employ-
ing Patel’s micro-convection model [35]. Hence, we are
motivated to investigate the influence of variable transverse
magnetic field and thermal radiation in a free convective
nanofluid flows over an exponential stretching sheet with
variable thermo-physical properties. The impact of the gov-
erning pertinent parameters on the dimensionless velocity
and temperature profiles along with the skin friction and the
local Nusselt number is well discussed and presented in the
form of appropriate graphs and tables.

2 Formulation of the Problem

We consider a steady three-dimensional boundary layer flow
of electrically conducting MHD nanofluid over an exponen-
tial stretching sheet as shown in Fig. 1. The present analysis
is carried out by taking the assumptions as: (a) steady, lami-
nar and incompressible flow, (b) the thermal conductivity and
specific heat are temperature independent, (c) gravitational

Fig. 1 Schematic diagram of the problem

effect is negligible, (d) a variablemagnetic field B = B0e
x+y
2L

is introduced in the flow, (e) the induced magnetic field and
so electric field are neglected and (f) the base fluid and the
suspended nanoparticles maintain thermal equilibrium, and
no slip takes place between them.

Invoking the above assumptions, the steady governing
equations indicating conservation of mass, momentum and
energy are written as

∂u

∂x
+ ∂v

∂ y
+ ∂w

∂z
= 0 (1)

u
∂u

∂x
+ v

∂u

∂ y
+ w

∂u

∂z
= μnf

ρnf

∂2u

∂z2

+ gβT (T − T∞) − σnf B2u

ρnf
(2)

u
∂v

∂x
+ v

∂v

∂ y
+ w

∂v

∂z
= μnf

ρnf

∂2v

∂z2

+ gβT (T − T∞) − σnf B2v

ρnf
(3)

u
∂T

∂x
+ v

∂T

∂ y
+ w

∂T

∂z
= knf(

ρcp
)
nf

∂2T

∂z2

+ 16σ ∗T 3∞
3k∗ (

ρcp
)
nf

∂2T

∂z2

σnf = σf

⎡

⎣1 +
3
(

σp
σf

− 1
)

φ
(

σp
σf

+ 2
)

−
(

σp
σf

− 1
)

φ

⎤

⎦ (4)

In energyEq. (4), the term 16σ ∗T 3∞
3k∗(ρcp)f

∂2T
∂z2

is obtained by assum-

ing the temperature variation within the flow as small and
expanding T 4 in a Taylor series about T∞ and neglecting
higher-order terms and using the resulting expression in the

Roseland radiative heat flux [36] qr = − 4σ ∗
3k∗ ∂T 4

∂z .
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The associated boundary conditions [37] are:

u = Uw = U0 exp
[ x+y

L

]
, v = Vw = V0 exp

[ x+y
L

]
,

w = 0, T = Tw = T∞ + T0 exp
[
A(x+y)
2L

]
, at z = 0,

u → 0, v → 0, T → T∞, as z → ∞,

⎫
⎪⎪⎬

⎪⎪⎭

(5)

where u, v and w are velocity components along x, y and z-
directions, respectively, υf is the kinematic viscosity, g is the
acceleration due to gravity, βT is the volumetric coefficient
of thermal expansion, T∞ is the free stream temperature, σ
is the electrical conductivity of the base fluid, B0 is the mag-
netic field strength, ρf is the fluid density,U0, V0,Uw, Vw are
constant velocities, L is the reference length, Tw is the tem-
perature on the sheet surface, σ ∗ is the Stefan–Boltzmann
constant, k∗ is the mean absorption coefficient, ρnf is the
effective density of the nanofluid, and

(
ρcp

)
nf is the heat

capacitance of the nanofluids defined [38–40] as

ρnf = (1 − φ)ρf + φρs,

(ρcp)nf = (1 − φ)(ρcp)f + φ(ρcp)s,

}
(6)

where
(
ρcp

)
f ,

(
ρcp

)
s,ρf ,ρs, are, respectively, the heat capac-

itance and density of base fluid and nanoparticles.
The effective dynamic viscosity is described [38–40] as

μnf = μf

(
1 + 39.11φ + 533.9φ2

)
(7)

where μnf and μf are the effective dynamic viscosities of
nanofluid and base fluid, respectively, and φ is the solid vol-
ume fraction of nanoparticles.

The thermal expansion coefficient of the nanofluids, βnf ,
can be obtained [38–40] as

(ρβ)nf = (1 − φ) (ρβ)f + φ (ρβ)s (8)

where βf and βs are, respectively, the thermal expansion of
base fluid and nanoparticles.

Following the micro-convection model proposed by Patel
et al. [35], the effective thermal conductivity of nanofluid can
be determined as

knf
kf

= 1 + ksAs
kf Af

+ cksPe
As

kf Af
,

As
Af

= df
ds

φ
1−φ

,

Pe = usds
αf

, us = 2kBT
πμfd2s

, c = 25, 000,

⎫
⎪⎬

⎪⎭
(9)

where knf , kf and ks are, respectively, the thermal conductiv-
ities of nanofluids, base fluids and nanoparticles, As and Af

are the heat transfer area corresponding to particles and fluid
medium, respectively, c (> 0) is a constant, Pe is the Peclet
number, df is the molecular size of the fluid and ds is the

nanoparticle diameter, us is the Brownian motion velocity of
nanoparticles, αf is the thermal diffusivity of the fluid, and
μf is the dynamic viscosity of the fluid.

In order to facilitate the analysis, the boundary layer equa-
tions are to bemade dimensionless with the help of following
transformations:

u = U0 exp
[ x+y

L

]
F ′ (η) , v = U0 exp

[ x+y
L

]
G ′ (η) ,

w = −
√

υfU0
2L exp

[ x+y
2L

] [
F (η) + ηF ′ (η) + G (η) + ηG ′ (η)

]
,

T = T∞ + T0 exp
[
A(x+y)
2L

]
θ (η) ,

η =
√

U0
2υf L

exp
[ x+y

2L

]
z,

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

(10)

where A is the temperature exponent, F ′, G ′ and θ are the
dimensionless axial velocity, transverse velocity and temper-
ature, respectively. η is the similarity variable. Equation (1)
is satisfied by the velocity components (u, v, w), indicating
that the fluid flow is feasible.

Using Eqs. (10), (2–5) take the form

φ1F
′′′ + (F + G) F ′′ − 2

(
F ′ + G ′) F ′

+ 2λT θ −
(

σnf

σf

)
φ2MF ′ = 0 (11)

φ1G
′′′ + (F + G)G ′′ − 2

(
F ′ + G ′)G ′

+ 2λT θ −
(

σnf

σf

)
φ2MG ′ = 0 (12)

1

Pr

(
φ3 + 4

3
φ4Rd

)
θ ′′ + (F + G) θ ′

− A
(
F ′ + G ′) θ = 0 (13)

With reduced boundary conditions

F = 0,G = 0, F ′ = 1,G ′ = β, θ = 1 at η = 0
F ′ → 0,G ′ → 0, θ → 0 as η → ∞

}
(14)

where the governing parameters are:

M = 2σ B2
0 L

ρfU0
, β = V0

U0
, Pr = υf

αf
, λT = Gr

R2
e
,

Re = UwL
υf

, Rd = 4σ ∗T 3∞
3kfk∗ ,Gr = gβT (Tw−T∞)L3

υ2
f

.

⎫
⎬

⎭
(15)

Here, M is the Hartman number, β is ratio parameter, Pr is
the Prandtl number, Rd is the thermal radiation parameter,Gr
is the thermal Grashof number, λT is the thermal convective
parameter which is defined in x- and y-directions as λT x =
Gr
Re2x

andλT y = Gr
Re2y

, respectively, andRe is the local Reynolds

number defined in x- and y-directions as Rex = UwL
υf

and

Rey = VwL
υf

, respectively. The prime denotes differentiation
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with respect to η. The nanoparticle volume fraction constants
φi (i = 1, 2, 3, 4) are defined as

φ1 = νnf

νf
= 1 + 39.11φ + 533.9φ2

1 − φ + φ(ρs/ρf)
,

φ2 = ρf

ρnf
= 1

1 − φ + φ(ρs/ρf)
,

φ3 =
1 + ks

kf
df
ds

(
φ

1−φ

)
+ c kskf Pe

(
φ

1−φ

)

1 − φ + φ[(ρcp)s/(ρcp)f) ,

φ4 = 1

1 − φ + φ[(ρcp)s/(ρcp)f) .

The skin friction coefficient along the x- and y-directions
can be obtained, respectively, as

C f x = τwx( 1
2

)
ρfU 2

w

=
μnf

(
∂u
∂z + ∂w

∂x

)

z=0( 1
2

)
ρfU 2

w

, (16)

C f y = τwy( 1
2

)
ρfV 2

w

=
μnf

(
∂u
∂z + ∂w

∂ y

)

z=0( 1
2

)
ρfV 2

w

, (17)

where τwx and τwy are wall shear stresses.
The dimensionless form of skin friction coefficient along

the x- and y-directions is obtained, respectively, as

(
Rex
2

) 1
2

C f x =
(
1 + 39.11φ + 533.9φ2

)
F ′′ (0) (18)

(
Rey
2

) 1
2

C f y =
(
1 + 39.11φ + 533.9φ2

)
G ′′ (0) (19)

The local Nusselt number can be expressed as

Nux = xqw
kf (Tw − T∞)

(20)

where qw = −knf
(

∂T
∂z

)

z=0
+(qr )w is the wall heat flux from

the stretching surface.
The dimensionless form of local Nusselt number is

obtained as

Nux√
Rex
2

= − x

L

(
knf
kf

+ 4

3
Rd

)
θ ′ (0) (21)

3 Numerical Analysis

The system of coupled and governing equations (11)–(13)
together with the suitable boundary conditions given in
equation (14) is solved using shooting method of the sym-
bolic computer algebra softwareMATLABby converting the

boundary value problem (BVP) into an initial value problem
(IVP) (Seddeek et al. [41], Hemalatha [42]). At the initial
stage, we have written the highest order terms of the differ-
ential equations in terms of the remaining lower order terms:

F ′′′ = 1

φ1

[
2F ′(F ′ + G ′) − (F + G)F ′′

− 2λT θ + φ2MF ′] , (22)

G ′′′ = 1

φ1

[
2G ′(F ′ + G ′) − (F + G)G ′′

− 2λT θ + φ2MG ′] , (23)

θ ′′ = 1

Pr (φ3 + (4/3)φ4Rd)

[
A(F ′ + G ′)θ

− (F + G)θ ′] . (24)

The aim of the methodology is firstly to reduce the governing
equations into a system of first-order differential equations
and for that, introducing the new variables as

f1 = F, f2 = F ′, f3 = F ′′, f4 = G,

f5 = G ′, f6 = G ′′, f7 = θ, f8 = θ ′. (25)

Letting f = [
FF ′F ′′GG ′G ′′θθ ′]T gives

d

dη

⎛

⎜
⎜
⎜
⎜⎜
⎜
⎜
⎜⎜
⎜
⎝

f1
f2
f3
f4
f5
f6
f7
f8

⎞

⎟
⎟
⎟
⎟⎟
⎟
⎟
⎟⎟
⎟
⎠

(26)

=

⎛

⎜
⎜⎜
⎜
⎜
⎜⎜
⎜
⎜
⎜⎜
⎝

f2
f3

1
φ1

[
2 f2( f2 + f5) − ( f1 + f4) f3 − 2λT f7 + φ2M f2

]

f5
f6

1
φ1

[
2 f5( f2 + f5) − ( f1 + f4) f6 − 2λT f7 + φ2M f5

]

f8
1

Pr(φ3+(4/3)φ4Rd)

[
A( f2 + f5) f7 − ( f1 + f4) f8

]

⎞

⎟
⎟⎟
⎟
⎟
⎟⎟
⎟
⎟
⎟⎟
⎠

and the corresponding boundary conditions are written as

f1(0) = 0, f2(0) = 1, f2(∞) → 0,
f4(0) = 0, f5(0) = β, f5(∞) → 0,
f7(0) = 1, f7(∞) → 0.

(27)

Secondly, we set this BVP up as an IVP and use an ODE
solver in Matlab to numerically integrate this system, with
the initial conditions given by

f = [0 1 K1 0 βK2 1 K3]
T , (28)
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where K1, K2 and K3 are the initial assumptions of unknowns
f3 (0) , f6 (0) and f8 (0). For the present problem, we have
considered f3 (0) = f6 (0) = f8 (0) = 0.5.

Thirdly, guess K1, K2 and K3, and solve Eq. (26) using
Matlab’s ODE routine. The guess of unknown values based
on the linear interpolation of the boundary value specified on
an initial mesh of 10 equally spaced points is made. Continue
this process till we reach the convergence criteria, |Ei | <

tolerance = 10−10 where the errors are defined as

E1 = f2 (∞, K1) − F ′(∞),

E2 = f5 (∞, K2) − G ′(∞),

E3 = f7 (∞, K3) − θ(∞). (29)

Themaximumvalue of η∞ represents the ambient conditions
which were assumed to be 10.

4 Graphical Results and Discussion

The influence of variable transverse magnetic field and ther-
mal radiation on free convective nanofluid flow past an
exponentially stretching sheet has been investigated in the
present study. In addition, the Patel model is applied for an
appreciable enhancement of thermal conductivity of nanoflu-
ids. The fourth-order Runge–Kutta method is employed to
obtain the solutions of the transformed governing bound-
ary layer equations along with the transformed boundary
conditions. General values of the parameters concerned are:
λT , M = 2, Rd = 2, β = 0.5, A = −0.5, Pr = 7, φ = 0.1.
In the present analysis, we considered three different kinds of
base fluids such as water, 30% ethylene glycol and 50% ethy-
lene glycol and three different types of nanoparticles such as
Cu (Copper), Ag (Silver) and Al2O3 (Alumina). The general
and thermal properties of both base fluid and nanoparticles
are given in Table 1.

The influence of the flow parameters on the dimension-
less velocity, temperature, skin friction and Nusselt number
is presented through Figs. 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,
13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24 and 25 and
Table 3. Figures 2 and 3 represent the establishment of varia-
tion of fluid velocity along axial and transverse directions for
different values of Hartman number M . It is observed that
deceleration of both axial and transverse velocities is occa-
sioned by the enhancement of M leading to a deviation in
momentum boundary layer thickness. In other words, it is M
which keeps the fluid in retarding motion. This is obvious
due to the fact that the electromagnetic interaction between
the magnetic field and electrical conducting fluid develops a
retarding Lorentz force that brings down the fluid motion in
the entire boundary layer region. It is obvious that the pres-
ence of M makes a significant change in the fluid motion

and therefore structure of momentum boundary layer. This
result is in good agreement with the results reported earlier
by Akbar et al. [43].

From Fig. 4, it is quite comfortable in letting us see the
influence of Hartmann number M on non-dimensional fluid
temperature. The important outcome that has been achieved
from this figure is that the fluid temperature increases with
the increasing values of Hartmann number as observed ear-
lier by Nadeem et al. [44]. The only reason for this is that an
increase in Hartmann number causes an increase in electro-
magnetic force that restrains the fluid motion which in turn
brings about the temperature rise leading to thicker thermal
boundary layer.

In Figs. 5, 6 and 7, we discussed the behavior of the fluid
velocity (axial and transverse) as well as fluid temperature
under the influence of thermal convective parameter. Physi-
cally, thermal expansion due to density difference brings on
the rise in the fluid velocity (Fig. 5) which in turn reduces
the fluid temperature developing thinner thermal boundary
layer. As expected, axial as well as transverse velocity gets
enhanced due to an increase in thermal convection parame-
ter (Fig. 6), whereas the non-dimensional fluid temperature
exhibits the reverse trend in the flow domain (Fig. 7). This
result agreed well with the work of Imtiaz et al. [45]. Further-
more, the peak of the transverse velocity curve at η = 0.5
for thermal convective parameter λT = 8 represents an over-
shoot. It provides the maximum value of transverse velocity
under the influence of thermal convection in the flow domain.

As far as the influence of stretching ratio parameter is con-
cerned, the variations of non-dimensional velocities as well
as non-dimensional temperature of fluid in response to differ-
ent values of stretching ratio are revealed through Figs. 8, 9
and10. Stretching ratio represents the ratio between the trans-
verse and axial velocity of the stretching sheet. An increase
in stretching ratiomeans that the transverse velocity becomes
larger than the axial velocity. It is obvious that the axial veloc-
ity decreases due to an increase in stretching ratio parameter
as shown in Fig. 8. In the mean time, the transverse veloc-
ity attains a reverse trend with an increase in β leading to
thicker momentum boundary layer (Fig. 9). It is interesting
to note that the temperature of the fluid decreases due to an
increase in stretching ratio parameter (Fig. 10). In the same
way, the temperature of the fluid falls due to rise in stretching
ratio parameter and leading to diminution of thermal bound-
ary thickness. In other words, temperature gradient at the
surface increases (in absolute value) with an increase in the
stretching ratio parameter and enhances the Nusselt number
on the surface of the sheet. However, a significant tempera-
ture fall is traced for rising stretching ratio parameter.

Figures 11, 12 and 13 illustrate the characteristics of the
velocity as well as temperature profiles for different nanopar-
ticle volume fraction φ. From these illustrations, it follows
that axial as well as transverse velocities get enhanced in
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Table 1 Thermo-physical properties of the base fluid and nanoparticles at T = 300K

ρ (kgm−3) Cp (Jkg−1 K−1) k (Wm−1 K−1) μf (Nsm−2) df ords (nm)

Pure water 997.1 4179 0.613 0.001003 0.24

Ethylene glycol 30% 1034 3736.2 0.489 0.0017613 0.45

Ethylene glycol 50% 1052.1 3301.7 0.432 0.003187 30–60

Copper (Cu) 8933 385 401 30–60

Silver (Ag) 10,500 2235 429 30–60

Alumina (Al2O3) 3970 765 40 30–60
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Fig. 2 Impact of Hartman number M on axial velocity (Cu nanoparti-
cle)

0 2 4 6 8 10 12
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

G
 ' 

( 
 )

M = 1, 2, 5, 8

Fig. 3 Impact of Hartman number M on transverse velocity (Cu
nanoparticle)

association with growing momentum boundary layer due to
an increase in φ (Figs. 11, 12) while the opposite trend pre-
vails for fluid temperature indicating a decrease in thermal
resistance under the influence of φ that causes narrowing
of thermal boundary layer (Fig. 13). In this case, the veloc-
ity (axial as well as transverse) variation is significant in
response to φ = 0.1.

In order to understand the effect of Prandtl number Pr on
fluid temperature, we should first know the meaning of the
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Fig. 4 Impact of Hartman number M on non-dimensional temperature
(Cu nanoparticle)
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Fig. 5 Impact of thermal convective parameter λT on axial velocity
(pure water and Cu nanoparticle)

term Prandtl number. In fact, Prandtl number is the ratio of
kinematic viscosity to thermal diffusivity. From the implica-
tions of Fig. 14, one can significantly note that higher Prandtl
fluid (ethylene glycol 30% with Pr = 13.5 and ethylene gly-
col 50% with Pr = 24.4) having lower thermal diffusivity
reduces conduction, thereby decreasing thermal resistance
(causes a reduction in fluid temperature) where in thermal
boundary layer shrinks. On the other hand, lower Prandtl
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Fig. 6 Impact of thermal convective parameter λT on transverse veloc-
ity (pure water and Cu nanoparticle)
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Fig. 7 Impact of thermal convective parameterλT on temperature (pure
water and Cu nanoparticle)

fluid (water with Pr = 7) exhibits the reverse fashion for
temperature profiles. In other words, an increase in Prandtl
number enhances the heat transfer rate at the surface as the
temperature gradient at the surface enhances [45]. More than
this, from Figs. 15 and 16, the impact of thermal radiation
on non-dimensional transverse velocity and fluid tempera-
ture is observed. As expected, the transverse velocity as well
as fluid temperature increases due to an increase in radiation
parameter and leading to growth of momentum and thermal
boundary layer thickness. Hence, it is always suggestible to
keep the thermal radiation minimum to achieve more heat
transfer rate which leads to more cooling.

Irrespective of the nature of nanoparticles Cu or Al2O3
or Ag, the thermal resistance decreases due to increase in
temperature exponent A leading to squeezing of thermal
boundary layer in the flow domain (Fig. 17). About the same
time, in keepingMfixed, fluid temperature has been trending
down for the sequence of nanoparticles Ag, Cu and Al2O3.

0 1 2 3 4 5 6 7 8 9 10 11
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

F 
' (

 
 )

 = 0, 0.25, 0.5, 0.75, 1

Fig. 8 Impact of stretching parameter βon axial velocity (Cu nanopar-
ticle)
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Fig. 9 Impact of stretching parameter β on transverse velocity (Cu
nanoparticle)
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Fig. 10 Impact of stretching parameter β on temperature (Cu nanopar-
ticle)
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Fig. 11 Impact of volume fraction φ on axial velocity (pure water and
Cu nanoparticle)
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Fig. 12 Impact of volume fraction φ on transverse velocity (pure water
and Cu nanoparticle)

0 0.5 1 1.5 2 2.5 3
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 (
 

 )

 = 0
 = 0.025
 = 0.05
 = 0.1

Fig. 13 Impact of volume fraction φ on temperature(pure water and Cu
nanoparticle)
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Fig. 14 Impact of Prandtl number Pr on temperature (Cu nanoparticle)
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Fig. 15 Impact of radiation parameter Rd on transverse velocity (Cu
nanoparticle)
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Fig. 16 Impact of radiation parameter Rd on temperature (Cu nanopar-
ticle)
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Fig. 17 Impact of temperature exponent A on temperature associated
with Cu, Al2O3 and Ag nanoparticles
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Fig. 18 Impact of Prandtl number Pr on axial skin friction with
nanoparticle volume fraction φ for different solutes (Cu nanoparticle)

0 0.02 0.04 0.06 0.08 0.1
-3

-2.5

-2

-1.5

-1

-0.5

0

(
nf

 / 
f) G

'' 
(0

)

Pure Water, Pr = 7
Ethylene Glycol 30%, Pr = 13.5
Ethylene Glycol 50%, Pr = 24.4

Fig. 19 Impact of Prandtl numberPr on axial skin frictionwith nanopar-
ticle volume fraction φ for different solutes (Cu nanoparticle)
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Fig. 20 Impact of stretching parameter β variation of axial skin friction
with volume fraction for different nanoparticles and stretching rati

Figures 18 and 19 disseminate the behavior of axial and
transverse skin frictions with nanoparticle volume fraction
for various Prandtl fluids. Observations show that axial and
transverse shear stresses get reduced from lower Prandtl
fluid such as water (Pr = 7) to higher Prandtl fluid such
as ethylene glycol 30 % (Pr = 13.5) and ethylene glycol
50% (Pr = 24.4). It is evident that the density of the base
fluid increases with increasing percentage of ethylene glycol
as base fluid and support to enhance the thermal buoyancy
which moderates the fluid velocity as well as wall shear
stress. Furthermore, the variation of axial and transverse
skin frictions associated with Hartmann number M and vol-
ume fraction φ in response to different β in the presence of
nanoparticles Ag, Cu and Al2O3 are envisioned in Figs. 20
and 21, respectively. These figures significantly explain that
wall (axial and transverse) shear stresses decrease with an
increase in β for the sequence of the nanoparticles Ag, Cu
and Al2O3 in the entire flow domain. Remarkable sightings
have been found from Figs. 20 and 21 that the profiles of
axial wall stress are the mirror image of that of transverse
wall stress.

Variations of local Nusselt number with volume fraction
φ and radiation parameter Rd for different Prandtl fluids are
addressed in Figs. 22 and 23, respectively. It is observed
that heat transfer get enhanced from lower Prandtl fluid
(water with Pr = 7) to higher Prandtl fluids (ethylene gly-
col 30% having Pr = 13.5 and ethylene glycol 50% having
Pr = 24.4). It is obvious from the fact that higher Prandtl
fluid corresponds to weaker thermal diffusivity which in turn
produces low temperature and hence larger heat transfer rate
from the sheet. It is also important to mention here that in
the presence of thermal radiation with increasing percent-
age of ethylene glycol as base fluid, the thermal conductivity
and hence thermal resistance gradually decreases, and leads
to more heat transfer capability of such base fluid with more
heat transfer rate indicatingmore cooling. Further, the impact
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Fig. 21 Impact of stretching parameter β on transverse skin friction
with Hartman number M for different nanoparticles
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Fig. 22 Impact of Prandtl numberPr on heat transfer rate with nanopar-
ticle volume fraction for different solutes

of stretching parameter β on local Nusselt number with
Hartman number M for different nanoparticles Ag, Cu and
Al2O3 is seen in Fig. 24. It implicates that heat transfer rate
increases with an increase in β irrespective of nanoparticles
Ag, Cu andAl2O3. In keeping βfixed, the rate of heat transfer
from the surface gets enhanced due to an increase in thermal
conductivity (indicating more cooling) for the sequence of
choice of nanoparticles Ag, Cu and Al2O3. Figure 25 shows
a graphical comparison between the present result and that
reported earlier by Liu [46]. On comparison, both results well
agreed.

Table 2 enlists the behavior of axial as well as transverse
skin friction and local Nusselt number under the influence
of nanoparticle volume fraction φ, temperature exponent
A, ratio parameter β, thermal convective parameter λT and
Hartman number M . It is seen from this table that increas-
ing φ diminishes the magnitude of local skin friction (axial
as well as transverse) irrespective of nature of nanopar-
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Fig. 23 Impact of Prandtl number Pr on heat transfer rate with thermal
radiation for different solutes
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Fig. 24 Impact of stretching parameter β on local Nusselt number with
Hartman number M for different nanoparticles
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Table 2 Skin friction and local
Nusselt number for different
φ, A, β, λT , M with Rd = 2
and Pr = 7

φ A β λT M F ′′ (0) G ′′ (0) − θ ′ (0)

0.1 − 0.5 0.5 1 5 −0.76136505 (Cu) −0.33577639 (Cu) 0.64151535 (Cu)

−0.76607726 (Al2O3) −0.33772992 (Al2O3) 0.66967492 (Al2O3)

−0.75950934 (Ag) −0.33501554(Ag) 0.63040950 (Ag)

2 −0.67893257 (Cu) −0.25098474 (Cu) 0.65417661 (Cu)

−0.68287696 (Al2O3) −0.25213204 (Al2O3) 0.68237998 (Al2O3)

−0.67739410 (Ag) −0.25055718 (Ag) 0.64305243 (Ag)

4 −0.51975327 (Cu) −0.08747003 (Cu) 0.67667871 (Cu)

−0.52210018 (Al2O3) −0.08694389 (Al2O3) 0.70503873 (Al2O3)

−0.51887279 (Ag) −0.08773201 (Ag) 0.66548984 (Ag)

1.5 1 −0.86183025 (Cu) −1.32904569 (Cu) 0.84280400 (Cu)

−0.86955037 (Al2O3) −1.34088485 (Al2O3) 0.87901521 (Al2O3)

−0.75950934 (Ag) −0.33501554 (Ag) 0.63040950 (Ag)

0.5 0.5 −0.77922881 (Cu) −0.35442080 (Cu) 1.49185377 (Cu)

−0.78423617 (Al2O3) −0.35668842 (Al2O3) 1.55448801 (Al2O3)

−0.77725136 (Ag) −0.35353036 (Ag) 1.46714265 (Ag)

0.05 − 0.5 −1.13600950 (Cu) −0.47163533 (Cu) 0.61168347 (Cu)

−1.13914167 (Al2O3) −0.47259039 (Al2O3) 0.62527264 (Al2O3)

−1.13475421 (Ag) −0.47124024 (Ag) 0.60616228 (Ag)

0.1 2 −0.45942682 (Cu) −0.11739139 (Cu) 0.14605483 (Cu)

−0.56958901 (Al2O3) −0.23729922 (Al2O3) 0.70067592 (Al2O3)

−0.56313280 (Ag) −0.23438142 (Ag) 0.67270169 (Ag)

Table 3 Comparison of the present result with Magyari and Keller [38] and Liu et al. [32] for clear fluid in the absence of magnetic field, thermal
convection and stretching ratio

Pr A θ ′(0)
Magyari and Keller [38] Liu et al. [32] Present

1 − 1.5 0.377413 0.37741256 0.3774073179

0 − 0.549643 − 0.54964375 − 0.5496446407

1 − 0.954782 − 0.95478270 − 0.9547829974

3 − 1.560294 − 1.56029540 − 1.5602954022

5 − 1.5 1.353240 1.35324050 1.3532403397

0 − 1.521243 − 1.5212390 − 1.5212389587

1 − 2.500135 − 2.50013157 − 2.5001315336

3 − 3.886555 − 3.88655510 − 3.8865550651

10 − 1.5 2.200000 2.20002816 2.2000435790

0 − 2.25742 − 2.25742372 − 2.2574236707

1 − 3.660379 − 3.66037218 − 3.6603721469

3 − 5.635369 − 5.62819631 − 5.6281950418

ticles like copper (Cu), alumina (Al2O3) and silver (Ag)
within themomentum boundary layer. It is also observed that
the increase in φ exhibits the same trend (Nusselt number
decreases) within the thermal boundary layer. An increase
in A increases axial and transverse wall shear stresses as
well as temperature gradient. An increase in β enhances
the magnitude of wall shear stresses (axial as well as trans-
verse) and heat transfer rate from the stretching surface. An

increase inλT reduces axial and transversewall shear stresses
(magnitude) while under the same influence heat transfer
enhances indicating more cooling. An increase in magnetic
field strength diminishes the axial and transverse wall shear
stresses and causes more heat transfer rate yielding better
cooling. From the data incorporated in this table, it is obvious
that an increase in ratio parameter enhances heat transfer rate
in the absence as well as in the presence of temperature expo-
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nent. Nevertheless, in the absence/presence of temperature
exponent, wall temperature gradient enhances from lower
Prandtl fluid with high thermal diffusivity to higher Prandtl
fluid with low thermal diffusivity without any ambiguity.

4.1 Validation

Table 3 represents a comparison of the present results with
Magyari and Keller [47] and Liu et al. [46] for clear fluid
in the absence of magnetic field, thermal convection and
stretching ratio. A graphical comparison is given in Fig. 25.
This comparison as well as the validation confirms us that
our numerical results are found to be in excellent agree-
ment with the results reported earlier by Liu et al. [46],
and therefore, we are confident about the accuracy of our
results.

5 Conclusion

The influence of variable magnetic field as well as ther-
mal radiation associated with pertinent governing parame-
ters on free convective flow of an electrically conducting
incompressible nanofluid over an exponentially stretching
sheet has been analyzed through graphs and tables. In the
present study, the Patel model is employed to accomplish
the heat transfer enhancement of nanofluids. Theoretical
beauty is preserved in the present study. The numerical
results accomplished are in agreement with the previous
results published by Liu et al. [46] and Magyari and Keller
[47]. The major outcomes of the present study are as fol-
lows:

1. The electromagnetic interaction between the magnetic
field and electrical conducting fluid develops a retarding
Lorentz force that impedes the fluid motion in the entire
boundary layer region. In other words, as the value of
Hartman number enhances, so does the retarding Lorentz
force and hence the velocity decelerates.

2. An increase in magnetic field strength causes an increase
in electromagnetic force that restrains the fluid motion
which in turn enhances thermal resistance leading to
thicker thermal boundary layer.

3. High Prandtl fluid having lower thermal diffusivity
(lower thermal conductivity) causes a reduction in fluid
temperature (decrease in thermal resistance) wherein
thermal boundary layer shrinks.

4. Axial as well as transverse velocity gets enhanced due to
an increase in convection parameter and nanoparticle vol-
ume fraction, while those velocities attain reverse trend
due to an increase in stretching ratio parameter.

5. Non-dimensional fluid temperature gets diminution due
to an increase in convection parameter, stretching ratio

and nanoparticle volume fraction leading to shrinking of
thermal boundary layer.

6. It is interesting to note that Al2O3-water nanofluid has
lower thermal resistance leading to more heat transfer
capability compared to Cu-water and Ag-water nanoflu-
ids in the presence of magnetic field.

7. Axial as well as transverse skin friction and hence axial
and transverse wall shear stresses get reduced for lower
Prandtl fluid such as water (Pr = 7) to higher Prandtl
fluid such as ethylene glycol (Pr = 13.5 and Pr = 24.4)
in response to volume fraction φ.
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