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ABSTRACT
In this paper, the researchers explore heat transfer and magneto-hydrodynamic flow of hybrid nanofluid in a rotating system
among two surfaces. The upper and lower plates of the system are assumed penetrable and stretchable, respectively. The thermal
radiation and Joule heating impacts are considered. A similarity technic is applied to alter governing energy and momentum
equations into non-linear ordinary differential ones that contain the convenient boundary conditions and used the Duan-Rach
Approach (DRA) to solve them. Influences of assorted parameters including rotation parameter, suction/blowing parameter,
radiation parameter, Reynolds number, hybrid nanofluid volume fraction, and magnetic parameter on temperature and velocity
profiles are examined. Also, a correlation for the Nusselt number has been developed in terms of the acting parameters of the
present study. The outcomes indicate that Nusselt number acts as an ascending function of injection and radiation parameters,
as well as volume fraction of nanofluid.
© 2019 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5086247

I. INTRODUCTION
The examination of heat transfer and fluid flow among
surfaces is one of the most notable topics of research in recent
years owing to the breadth of its engineering and scientific
utilizations. Hence, immense studies have been done to review
the heat and flow transfer characteristics across two plates.1–7
Mustafa et al.1 examined the heat, fluid flow, and mass transfer between two plates. Their outcomes indicate that the
augmenting values of the Schmidt number reduces the concentration profile and enhances the local Sherwood number’s magnitude of. Also, their outcomes illuminate that the
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Nusselt number rises as the Prandtl number rises. Dogonchi
et al.2 studied heat and flow transfer of magneto-hydrodynamic
Graphene oxide/water nanofluid under thermal radiation and
among two flat surfaces. They sighted that there is a direct
relationship between Nusselt number and temperature profile and solid volume fraction. In contrast, there is an inverse
relationship between the radiation parameter and the Nusselt number and temperature profile. Moreover, they reported
that skin friction coefficient rises with the rising of expansion ratio and Reynolds number. Alizadeh et al.3 have studied magneto-hydrodynamic micropolar fluid flow within a
channel filled by nanofluid subject to thermal radiation.
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Their outcomes stated that Nusselt number is an incrementing function of radiation parameter and nanofluid volume
fraction. Dib et al.4 reviewed the unsteady nanofluid heat
transfer and flow between plates. They observed that the
type of nanofluid is instrumental in heat transfer fortification.
Dogonchi et al.5 explored the heat transfer and unsteady flow
of magneto-hydrodynamic nanofluid among surfaces with
thermal radiation influence. They discovered that the rising
values of the radiation parameter cause a rise in the Nusselt number and the temperature profile. In addition, they
related that the Nusselt number and the skin friction coefficient and augment with the rise of the volume fraction of
the nanofluid and the magnetic parameter. Sheikholeslami
et al.6 studied heat transfer characteristics and low of
nanofluid among two surfaces and in a rotating system. Their
outcomes illustrate that for both injection and suction cases,
the surface heat transfer rate ascends the Reynolds number,
nanoparticle volume fraction, and injection or suction parameter are augmented and it detracts with rotation parameter
power. Furthermore, their outcomes show that the Nusselt
number is directly related to Reynolds number, nanoparticle volume fraction, and injection or suction parameter, while
it has a reverse relationship with rotation parameter power.
Mehmood and Ali7 investigated hydromagnetic flow of viscous fluid and heat transfer among parallel surfaces. They
considered the viscous dissipation effect in their study. They
concluded that injection at upper plate leads to a rise in the
temperature while the magnetic field reduces the temperature. Further, they concluded that with viscous dissipation the
Prandtl number leads to increase the temperature whereas
without viscous dissipation, as the Prandtl number rises, the
temperature diminishes.
Fluids have a significant role in the augmentation of
heat transfer rate in several engineering systems, e.g., heat
exchanger, fuel cells and so on. On the other hand, knowing that regular fluids have low thermal conductivity to fortify
heat transfer rate, we need special, high thermal conductivity
fluids to conquer this predicament. We name the special fluids
“nanofluids”. The denomination nanofluid was first suggested
by Choi.8 The main characteristic of nanofluids is that they
have higher thermal conductivity than regular fluids due to
metallic nanometer-sized particles suspended in fluid, which
appreciably contribute to the augmentation of thermal conductivity. Many researchers have centralized their studies on
fluid flow and heat transfer subjects using nanofluid or normal
fluid.9–38 Influences of changeable magnetic field on nonNewtonian Jeffrey nanofluid comprising gyrotactic microorganism was perused by Bhatti et al.9 They observed that the
fluid’s velocity is reduced near the walls owing to the increase
in clot height. The energy efficiency and hydrothermal features of Ag-water nanofluid within a circular tube enhanced
with the twisted conical strip inserts are investigated by
Khodabandeh et al.10 Impacts of different cross-sections
of tube and nanofluid concentrations on thermal performance of horizontal spiral-coil are examined by Khodabandeh
et al.11 Dogonchi and Ganji12 explored magneto-hydrodynamic
nanofluid flow, mass and heat transfer among non-parallel
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sheets. They reported that the profiles of concentration and
temperature as well as the Nusselt number ascend with a rising Schmidt number. In addition, they reported that by raising the Brownian parameter or reducing the thermophoretic
parameter, the concentration profile rises. Dogonchi and
Ganji13 investigated the heat transfer of MHD nanofluid and
buoyancy flow over an expanding sheet accompanied by thermal radiation and in light of Brownian motion. The researchers
illustrated that the temperature distribution and fluid velocity
are reduced when the radiation parameter is raised. Moreover, they illustrated that the skin friction coefficient augments with a rise of the magnetic parameter and diminishes
with a surge of the nanofluid’s volume fraction. The impact of
and internal heat generation and a magnetic field on the free
convection flow of nanofluid in a rectangular-shaped cavity
was reviewed by Rashad et al.14 They observed that diminishing of the average Nusselt number with the augmentation
of the solid volume fraction or the Hartmann number, while
the reverse occurs as inclination angle of the magnetic field
augments. Moreover, they observed that an augmentation in
the Hartmann number causes the maximum value of stream
function to diminish while it increases the maximum temperature. Rashidi et al.15 studied the impacts of a magnetic field
on a Burgers’ nanofluid flow over a sloped wall. They stated
that concentration profile is going up functions of the thermophoretic parameter. Bhatti et al.16 explored entropy generation on non-Newtonian Eyring-Powell nanofluid through a
permeable expanding wall. Their outcomes indicate that the
velocity profile augments as a result of the greater impact of
the suction parameter. Furthermore, their outcomes indicate
that the thermophoresis parameter and Brownian motion significantly enhance the profile of the temperature. Bondareva
et al.17 analysed laminar natural convection undergoing
entropy generation in an open, partially heated triangular
cavity containing a Cu-water nanofluid. The study illustrated
that the enhancement of heat transfer and fluid flow attenuation with the nonoparticle volume fraction resulted from
a great increase in the Rayleigh number. Natural convective
heat transfer and fluid flow within a nanofluid-filled porous
wavy cavity was examined by Sheremet et al.18 They demonstrated the efficient influence that the local heat source has on
the heat transfer and nanofluid flow rate. Bondareva et al.19
investigated free convection of an alumina-water nanofluid
in a partially open enclosure with a left heat-conducting
solid wall of confined thickness and conductivity. This shows
that raising the nanoparticles’ volume fraction results in a
heat transfer reduction and a diminishment of the fluid
flow rate. Marangoni boundary layer flow and heat transfer of Cu-water nanofluid over a porous medium disk has
been explored by Lin and Zheng.20 In another work, they21
have explored impacts of thermophoresis and Brownian
motion on nanofluids in a rotating circular groove. Magnetohydrodynamic nanofluid natural convection within an enclosure subject to thermal radiation has been investigated by
Chamkha et al.22 They have stated that by the rising Rayleigh
number, the stream function’s maximum absolute value
ascends.
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Recently, researchers apply a new kind of nanofluids
called hybrid nanofluid in their studies. A hybrid nanofluid
is made by dispersing in a base fluid two diverse kinds of
nanoparticles. Hybrid nanofluids lead to further development in the heat transfer and pressure drop attributes via
exchange between pluses and minuses of singular suspension. Therefore, immense studies have been accomplished in
hybrid nanofluid flow and heat transfer matters.39–43 Chamkha
et al.39 studied unstable conjugate natural convection applied
to a semicircular container with solid walls of confined
thickness holding an Al2 O3 -Cu-water hybrid nanofluid. They
reported that an enhancement of only 5% of Al2 O3 -Cu
nanoparticles shows a rise of average Nusselt number from
4.9 to 5.4 while an addition of 5% of Al2 O3 nanoparticles
causes the augmentation of average Nusselt number from
4.9 to 5.36. Magneto-hydrodynamic heat transfer and natural
convection flow in a square porous enclosure differentially
cooled and heated by a sink or heat source, respectively, and
filled with a Cu-Al2 O3 -water hybrid nanofluid was explored by
Gorla et al.40 The outcomes of this study demonstrated that
the mean Nusselt number diminishes appreciably for hybrid
suspension when the position of the heat source changes.
In addition, their results demonstrated that as compared to
Cu and Al2 O3 , the hybrid suspension has a lower magnitude of the average Nusselt number. Tayebi and Chamkha
examined41 natural convection in an annulus among two
confocal elliptic cylinders full of a Cu-Al2 O3 /water hybrid
nanofluid. It was proved that the heat transfer rate is more
efficient if one employs a Cu-Al2 O3 /water hybrid as compared to the similar Al2 O3 /water nanofluid. Natural convection of hybrid nanofluid within an eccentric horizontal cylindrical annulus has been investigated by Tayebi and
Chamkha.42
The primary focus of this work is to peruse the magnetohydrodynamic heat transfer and hybrid nanofluid flow in
a rotating system between two parallel plates taking into
consideration thermal radiation and Joule heating impacts
and to obtain a correlation for the Nusselt number with
regards to active parameters of the system. The energy
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equations, governing momentum and boundary conditions are
initially commuted into a form that is non-dimensional, then a
new amendment of Adomian Decomposition Method (ADM)44
named Duan-Rach Approach (DRA)45 is used to solve them.
Unlike other modified approaches of Adomian Decomposition
Method,46,47 this approach makes it possible to detect a solution in the absence of the need for numerical methods48–52 to
analyse indeterminate coefficients. The ultimate solution does
not contain indeterminate coefficients. This mode has been
efficaciously utilized in a variety of engineering problems.53–56
In addition, we have examined active parameters impacts,
including the radiation parameter, the rotation parameter,
the suction/blowing parameter, the volume fraction of hybrid
nanofluid, the Reynolds number, and the magnetic parameter
on the flow and heat transfer attributes. It should be imparted
that to the best of the author’s knowledge, this work didn’t
study before.

II. PROBLEM DESCRIPTION
Contemplate an incompressible viscous hybrid nanofluid’s
steady laminar radiative flow among parallel surfaces in which
one plate is stretchable and the other penetrable (Fig. 1). In this
system, the plates and fluid rotate simultaneously around the
y-axis which is normal to the walls and possesses an angular velocity Ω. The x-axis is parallel to the plate’s surface,
the y-axis is normal to it, and the z-axis is normal to x y
plane. The plates are set at y = 0 and y = h. The penetrable
surface of the channel is at y = h and it is exposed to uniform suction/injection while the stretchable surface of the
channel is at y = 0 so that it matches with the x-axis. The
nanofluid is interpreted as incompressible and Newtonian.
One can assume the fluid phase and nanoparticles are both in a
state of thermal equilibrium. Further, they are signally small in
size making it possible to ignore the slip velocity between the
phases. Additionally, we have considered the impact of a constant magnetic field strength B0 that is normal to the plates
along the y-axis. The thermophysical attributes of the hybrid
nanofluid are reported in Table I. Following the previous

FIG. 1. Geometry of present work.
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TABLE I. Thermo-physical properties of water and nanoparticles.

Graphene Oxide (Go)
Copper (Cu)
Pure water

ρ(kg/m3 )

Cp (J/kg K)

k(W/m K)

1800
8933
997.1

717
385
4179

5000
401
0.613

inferences, the governing equations for energy and momentum in steady flow of a hybrid nanofluid fluid are:
∂v ∂u
+
=0
∂y ∂x
v

!
σf B20
∂u
∂u
1 ∂p µhnf ∂2 u ∂2 u
+
+u
+ 2Ωw = −
+
−
u
2
2
∂y
∂x
ρhnf ∂x ρhnf ∂x
ρhnf
∂y
v

v

v

(1)

∂v
1 ∂p µhnf ∂2 v ∂2 v
∂v
+u
=−
+
+
∂y
∂x
ρhnf ∂y ρhnf ∂x2 ∂y2

µhnf
∂w
∂w
+u
− 2Ωu =
+
∂y
∂x
ρhnf ∂x2
∂y2
∂2 w

khnf
∂T
∂T
∂T

+u
+w
= 
∂y
∂x
∂z
ρCp

hnf

−

1
ρCp


hnf

∂2 w

−

∂2 T ∂2 T ∂2 T
+
+
∂x2 ∂y2 ∂z2


 ∂T4
qrad. = − 4σ ∗ /3k∗hnf
∂y

ρhnf

In this equation σ ∗ and k∗hnf portend Stefan–Boltzmann constant and hybrid nanofluid’s mean absorption coefficient,
respectively. In addition, we consider that, within the flow,
the temperature difference is such that it becomes possible
to expand T4 in a Taylor series. Therefore, with the expansion
of T4 about T∞ and the disregard for higher order terms, we
arrive at

u

w

(4)

khnf
∂T
∂T
∂T

+v
+w
= 
∂x
∂y
∂z
ρCp

∂2 T ∂2 T ∂2 T
+
+
∂x2 ∂y2 ∂z2

hnf

+

16σ ∗ T3∞


3k∗nf ρCp

nf

u2 + w 2



(5)

hnf

f

Cu

kf

kCu φCu + kGo φGo
+ 2kf + 2(kCu φCu + kGo φGo ) − 2(φCu + φGo )kf
φCu + φGo
(

×

u2 + w 2



hnf

Go

µnf = µf (1 − φCu − φGo )−2.5
(



where ρhnf is the hybrid nanofluid’s effective density, µhnf
is the hybrid nanofluid’s effective dynamic viscosity, (ρCp)hnf
is the hybrid nanofluid’s heat capacitance, and khnf is
the hybrid nanofluid’s thermal conductivity are defined
as39

ρhnf = (1 − φCu − φGo )ρf + φCu ρCu + φGo ρGo







ρCp
= (1 − φCu − φGo ) ρCp + φCu ρCp
+ φGo ρCp

=

σf B20
∂2 T

+ 
2
∂y
ρCp

!

(8)


hnf

khnf

(7)

accordingly, Eq. (5) is altered to

!

σf B20
∂qrad.

+ 
∂y
ρCp

(6)

T4  −3T4∞ + 4T3∞ T
(3)

In these equations Ω, 4, 3, u, B0 , P, σ f , T and qrad. portend angular velocity, velocity in z direction, velocity in



y direction, velocity in x direction, magnetic field, pressure,
electric conductivity, temperature, respectively and the latter one demonstrates heat flux for radiative. The lack of
∂p/∂z in Eq. (4) indicates that, along the z-axis, there is a net
cross-flow.
For radiation by applying Rosseland approximation:

!

σf B20

!

(2)
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(9)
)

kCu φCu + kGo φGo
+ 2kf − (kCu φCu + kGo φGo ) + (φCu + φGo )kf
φCu + φGo

) −1

The related boundary conditions are:
u = u w = ax, w = 0, v = 0, T = TH at y = 0
u = 0,

w = 0, v = v0 , T = T0 at y = h

(10)

We recommend these parameters:
η=

y
,
h

v = −ahf(η),

w = axg(η),
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u = axf 0 (η),

(11)

θ = (T − TH )/(T0 − TH )
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Replacing these parameters in governing equations, then
eradicating pressure gradient makes the following nonlinear differential equations for momentum and energy
equations:
f iv + B1 (1 − φCu − φGo )2.5 Re( ff 000 − f 0 f 00 )
(12)
g00 + B1 (1 − φCu − φGo )

Re( fg0 − f 0 g)

+ 2B1 Ro(1 − φCu − φGo )2.5 f 0 − Mn(1 − φCu − φGo )2.5 g = 0 (13)
!
kf
3
fθ 0
3 + 4N khnf
!

kf  0 2
3
f + g2 = 0
+ Mn Pr Ec
3 + 4N khnf

(14)

Here B1 and B2 are constant given by:
φCu ρCu + φGo ρGo
ρf




φCu ρCp
+ φGo ρCp
Cu
Go


B2 = (1 − φCu − φGo ) +
ρCp

g(0) = 0,

θ(0) = 1,

(15)

III. PARAMETERS OF ENGINEERING INTEREST
A. Skin friction coefficient and Nusselt number
Other important attributes of present work are skin friction coefficient and Nusselt number, which are determined
as:
µhnf ∂u
C∗f =
ρf v02 ∂y y=0
(16)


∗ 3
h
 *.khnf + 16σ T∞ +/ ∂T
Nu∗ = − 
∂y y=0
3k∗hnf
 kf (T0 − TH ) 
,
In terms of (9) and (11), we gain:
Cf = (1 − φCu − φGo )−2.5 f 00 (0)

kf

1+

!
4
N θ 0 (0)
3
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u0 (x1 ) = α1 ,

x1 , x2

(19)

d3

In Eq. (17), L = dx3 , g(x) and Nu illuminate linear operator,
system input and a nonlinear analytic operator, respectively.
We assume the converse linear operator as
 x x x
(∗)dxdxdx,
(20)
L−1 (∗) =
x1

ξ

where ξ portray a prescribed value in the determined distance. Thus we have:
1
L−1 Lu = −u0 (x1 )(x − x0 ) + u(x) − u(x0 ) − [(x − x1 )2 − (x0 − x1 )2 ]u00 (ξ)
2
(21)
By applying L−1 to both sides of Eq. (16):

(22)

ξ

(23)

Replacing Eq. (21) in Eq. (20) we acquire,

where Pr, Ro, Re, Mn, N, Ec and A portend Prandtl number,
rotation parameter, Reynolds number, magnetic parameter,
radiation parameter, Eckert number and suction or injection
parameter, respectively. There is a need to say that A > 0 represents the injection flow while A < 0 represents the suction
flow.

khnf

u0 (x2 ) = α2 ,

x1

f 0 (1) = 0,

θ(1) = 0.

Nu =

u(x1 ) = α0 ,

by differentiating Eq. (19), consider x = x2 , and solve for u00 (ξ):
 x2  x
[g + Nu]dxdx.
u00 (ξ) = (x2 − x1 )−1 (u0 (x2 ) − u0 (x1 ))−(x2 − x1 )−1

Subject to the boundary conditions

g(1) = 0,

(18)

1
− [−(x0 − x1 )2 + (x − x1 )2 ]u00 (ξ)
2

f

f 0 (0) = 1,

Lu = g(x) + Nu,

L−1 [g + Nu] = −u0 (x1 )(x − x0 ) + u(x) − u(x0 )

B1 = (1 − φCu − φGo ) +

f(1) = A,

Suppose a 3rd order nonlinear differential equation:

x0

θ 00 + B2 Pr Re

f(0) = 0,

IV. DUAN-RACH APPROACH

subject to the Robin boundary condition:

− 2B1 Ro(1 − φCu − φGo )2.5 g0 − Mn(1 − φCu − φGo )2.5 f 00 = 0
2.5

scitation.org/journal/adv

g u0 (x2 ) − u0 (x1 )
1f
(x − x1 )2 − (x0 − x1 )2
2
x2 − x1


1
+ L−1 g + L−1 Nu − (x2 − x1 )−1 −(x0 − x1 )2 + (x − x1 )2
2
 x2  x


1
×
gdxdx − (x2 − x1 )−1 −(x0 − x1 )2 + (x − x1 )2
2
x1
ξ
 x2  x
×
Nudxdx.
(24)

u(x) = u0 (x1 )(x − x0 ) + u(x0 ) +

x1

ξ

Then in Eq. (22) the obvious boundary values u0 (x2 ), u0 (x1 ) and
u(x0 ) are comprised and the indeterminate coefficient was
replaced. Then, the solution is decomposed and the nonlinP∞
P∞
u(x) =
earity are Nu(x) =
m=0 Am (x),
m=0 um (x) where
Am (x) = Am (um (x), ..., u1 (x), u0 (x)) are the Adomian polynomials.
By the modified recursion scheme the solution components
are determined:
g
1f
u0 = u0 (x1 )(x − x0 ) + u(x0 ) + −(x0 − x1 )2 + (x − x1 )2
2
× (u0 (x2 ) − u0 (x1 ))(x2 − x1 )−1 + L−1 g
2
2  x2  x
1 (x − x1 ) − (x0 − x1 )
−
gdxdx.
(25)
2
x2 − x1
x1
ξ

1
(x − x1 )2 − (x0 − x1 )2 (x2 − x1 )−1
2
 x2  x
×
Am dxdx + L−1 Am

um+1 = −
(17)

x1

ξ

(26)
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Putting on with L−1
on Eq. (27) at η = 1, we have:
4

V. IMPLEMENTATION OF THE METHOD

 1

In our work, since the prescribed value ξ is not used so
the DRA must be modified. Conforming to Eq. (18), Eqs. (12)–(14)
can be demonstrated as follows:

+ 2B1 Ro(1 − φCu − φGo )2.5 g0 + Mn(1 − φCu − φGo )2.5 f 00

d4

f

dη 4

L−1
2

0

η



f

dη 2

(∗)dηdη

(31)

0
θ(η) = L−1
2 (N3 u) + θ(0) + ηθ (0).

(33)

Where N1 u, N2 u and N3 u are specified as:



0

η



0

(37)

η
0

(N1 u)dηdηdηdη



η

L−1
3 N1 u

g

f
g
f iv (η)dηdηdη = L−1
3 N1 u

η=1

=

 1
0

η

0



η=1

(38)

Re( ff 000 − f 0 f 00 )
2.5 00

f

− 2B1 Ro(1 − φCu − φGo )2.5 f 0 + Mn(1 − φCu − φGo )2.5 g
!
kf
3
N3 u = −B2 Pr Re
fθ 0
3 + 4N khnf
!

kf  0 2
3
f + g2
− Mn Pr Ec
3 + 4N khnf

(39)

,

(40)

η

0

(N1 u)dηdηdη

− 1 − f 00 (0) −

(41)

f
g
1 000
f (0) = L−1
3 N1 u η=1 .
2

(42)

The subtraction of Eq. (39) from Eq. (42) offers us the relation
of f 000 (0):
f
g
f
g
f 000 (0) = −6 L−1
− 12A + 12 L−1
+6
(43)
3 N1 u
4 N1 u
η=1

η=1

f
g
f 00 (0) = +2 L−1
3 N1 u

η=1

f
g
6A − 6 L−1
4 N1 u

η=1

(34)

−4

replacing f 00 (0) and f 000 (0) into Eq. (31) yields,
f
g
2
f(η) = −(1 − 2A)η 3 + L−1
4 N1 u + η + (3A − 2)η

f
g

f
g
+ 2η 3 − 3η 2 L−1
+ η 2 − η 3 L−1
4 N1 u
3 N1 u
η=1

(44)

(45)

η=1

So, the right hand side of Eq. (45) does not comport the
00
indeterminate parameters f (0) and f 000 (0).
TABLE II. Comparison between present and Ref. 6 results for Nusselt number.

N2 u = −B1 (1 − φCu − φGo )2.5 Re( fg0 − f 0 g)
(35)

(36)

Evidently, There are no values for f 00 (0), f 000 (0), g0 (0) and θ 0 (0). In
the normal ADM, we require to consider those uncharted conditions under numerical methods. The precision of the solution pertains to the precision of the three uncharted parameters. In our work, we utilize DRA45 to detect a totally analytical
solution.
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0

η

,

and f 00 (0) is:
(32)

g + Mn(1 − φCu − φGo )

η

0

(30)

0
g(η) = L−1
2 (N2 u) + g(0) + g (0)η + .
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η=1

 1

η=1

Integrating of the left hand side of Eq. (40):

η

By applying boundary conditions and L−1
in Eqs. (28) and (29):
2

+ 2B1 Ro(1 − φCu − φGo )

=

f
g
f iv (η)dηdηdηdη = L−1
4 N1 u

where

η3
η2
+ f 0 (0)η + L−1
(N1 u) + f(0) + f 000 (0) .
4
2
6

2.5 0

0

0

0

d2

Putting on with L−1
in Eq. (27) and thereupon performing
4
boundary conditions on it:

N1 u = −B1 (1 − φCu − φGo )

η

f
g
1 00
1
f (0) + A − f 000 (0) = L−1
N1 u
.
4
η=1
2
6

−1−

(29)

0

0

2.5

g

 1

and L2 =

respectively. Suppose that
and
exist:

 η η η η
(∗)dηdηdηdη, L−1
L−1
2 (∗) =
4 (∗) =

f(η) = f 00 (0)

L−1
4 N1 u



on Eq. (27) at η = 1, we have:
Putting on with L−1
3

!
kf
3
fθ 0
3 + 4N khnf
!

kf  0 2
3
f + g2
− Mn Pr Ec
3 + 4N khnf

0

0

(28)

L2 θ(η) = −B2 Pr Re

0

η

Integrating of the left hand side of Eq. (37):

− 2B1 Ro(1 − φCu − φGo )2.5 f 0 + Mn(1 − φCu − φGo )2.5 g

0



0

0

(27)

L2 g(η) = −B1 (1 − φCu − φGo )2.5 Re( fg0 − f 0 g)

L−1
4

η

where

L4 f(η) = −B1 (1 − φCu − φGo )2.5 Re( ff 000 − f 0 f 00 )

here L4 and L2 are expressed by L4 =

scitation.org/journal/adv

Re

Present results the absence
of N and Mn = 0, Ec = 0

6 results

φ = 0%

0.1
0.5
1
1.5

1.078381555
1.403658578
1.813100376
2.201327214

1.07650
1.40437
1.81603
2.20219

φ = 5%

0.1
0.5
1
1.5

1.298621376
1.619052807
2.026519802
2.422539174

1.29872
1.61931
2.02732
2.42441

φ = 10%

0.1
0.5
1
1.5

1.573849277
1.889474207
2.292857255
2.691972738

1.57195
1.88889
2.29326
2.69399
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Ultimately, the modified recursive scheme can be written
as:
f0 (η) = −(1 − 2A)η 3 + η + (3A − 2)η 2
f
g 
f
g
3
2
fn+1 (η) = L−1
L−1
4 An (η) + 2η − 3η
4 An (η)


2

+ η −η

3

f

where An are the Adomian polynomials. Adomian polynomials
was first stated by Adomian and Rach.57
An (η) =

η=1

g

L−1
3 An (η) η=1

(46)

scitation.org/journal/adv



n
1 dn  *X
N
Fi (η)λi +

n
n! dλ  ,
- λ=0
 i=0

(47)

Utilizing Eq. (47), we acquire the sentences of the Adomian
polynomials and place them in Eq. (46), and we specify f n as
follows:

f0 (η) = η + (3A − 2)η 2 − (1 − 2A)η 3
p
p
11
11
2
*. 70 B1 Re Aφ 1 − φ − 140 B1 Re Aφ 1 − φ +/
//η 2
f1 (η) = ..
p
16
− B1 Re A2 φ 1 − φ + −...
, 35
p
p
11
11
2
*. − 105 B1 Re Aφ 1 − φ + 210 B1 Re Aφ 1 − φ +/
//η 3 + ...
+ ..
p
27
2
+ B1 Re A φ 1 − φ + −...
, 35
The functions f 2 (η), f 3 (η), · · · can be characterized in an analogous way from Eq. (46). Utilizing f(η) =

(48)

P∞

n=0 fn

= f0 + f1 + f2 + ..., thus:

f(η) = η + (3A − 2)η 2 − (1 − 2A)η 3
p
p
11
11
2
*. 70 B1 · Re · A · φ 1 − φ − 140 B1 · Re · A · φ 1 − φ +/
//η 2
+ ..
p
16
− B1 · Re · A2 · φ 1 − φ + − . . .
, 35
p
p
11
11
2
*. − 105 B1 · Re · A · φ 1 − φ + 210 B1 · Re · A · φ 1 − φ +/
//η 3 + . . .
+ ..
p
27
2
+ B1 · Re · A · φ 1 − φ + − . . .
, 35
-

(49)

Conforming to Eq. (49), precision ascends by ascending the number of solution sentences (n). For θ(η) and g(η), we continued in
the identical manner. We attain the following recursive scheme:
g0 (η) = 0
θ0 (η) = −η + 1
f
g
f
g
−1
gn+1 (η) = L−1
2 N2 u − η L2 N2 u η=1
f
g
f
g
−1
θn+1 (η) = L−1
2 N3 u − η L2 N3 u

(50)

η=1

where
f

L−1
2 N2 u

g
η=1

=

 1
0

η

0

f
g
(N2 u)dηdη and L−1
2 N3 u

η=1

=

 1
0

η

0

(N3 u)dηdη

Using
P

g(η) = ∞

n=0 gn (η) = g0 + g1 + g2 + ...

 θ(η) = P∞ θ (η) = θ + θ + θ + ... , thus
0
1
2
n=0 n

p
p
B1 · Ro · A · φ 2 1 − φ − 2 · B1 · Ro · A · φ 1 − φ
+/
*.
p
p
//
..
1
2
+B1
·
Ro
·
A
1
−
φ
−
·
B1
·
Ro
·
φ
1
−
φ
//η
g(η) = ..
6
..
//
p
p
1
1
− · B1 · Ro · φ 1 − φ + · B1 · Ro 1 − φ
, 3
6


p
p
p
2
+ B1 · Ro · φ 1 − φ + 2 · B1 · Roφ 1 − φ − B1 · Ro 1 − φ η 2 + . . .
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θ(η) = 1 − η −
−

scitation.org/journal/adv

kf
−12 · Ec · Mn · A2 + 3 · B2 · Re · A
1
3
+η
Pr*
20 3 + 4N khnf , +B2 · Re − 2 · Ec · Mn
-

kf
1 3
Pr · Ec · Mn · η 2 + − . . .
2 3 + 4N khnf

VI. RESULTS AND DISCUSSION
Magneto-hydrodynamic hybrid nanofluid flow and heat
transfer in a rotating system among two parallel surfaces

(52)

are studied via the Duan-Rach Approach (DRA).2 The upper
wall of the considered system is stretchable and the other
one is penetrable. Moreover, the thermal radiation and Joule

FIG. 2. Velocity profiles for different values of the suction/injection parameter and Reynolds number (A = 1).

AIP Advances 9, 025103 (2019); doi: 10.1063/1.5086247
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heating influences are taken into account. The effects of
diverse active parameters, including the rotation parameter (Ro), the radiation parameter (N), the suction/blowing
parameter (A), the Reynolds number (Re), the volume fraction of hybrid nanofluid (φ) and the magnetic parameter (Mn)
are investigated regarding the flow and heat transfer features. In Table I, we have provided a brief summary of the
thermo-physical properties of nanofluid. It is necessary to
mention that in the present work, we have utilized equal

scitation.org/journal/adv

volume fractions of copper and Graphene oxide (φ Cu = φ Go
= 0.5φ). To approve the present analytical solution, we measured our outcomes against other research in the literature.6 The outcome of this comparison is that our work is in
excellent concurrence with the field, as has been displayed
in Table II.
Figs. 2 and 3 portray the impacts of A and Re on temperature and velocity profiles and Nusselt number, respectively. As mentioned before A > 0 describes the injection flow

FIG. 3. Impacts of suction/injection parameter and Reynolds number on the temperature profile and Nusselt number.

AIP Advances 9, 025103 (2019); doi: 10.1063/1.5086247
© Author(s) 2019
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while A < 0 narrates the suction of fluid from the upper
wall. One can observe that ascending values of the injection parameter cause to an ascendance in the magnitude
of the fluid velocity and a detraction from the magnitude
of the temperature profile, but these manners of the temperature and velocity profiles are entirely contrariwise for
the suction parameter. On the other hand, for the injection
process the ascending values of Re lead to raise the f and
diminish the g and θ. Furthermore, it can be deduced that

scitation.org/journal/adv

at low Re, the g displays centerline symmetry and at higher
Re, peak velocity point position moves to the upper wall,
where, with the increasing Reynolds number, shear stress
increases. Also, the Nusselt number clearly goes up with an
ascent in the Reynolds number. However, this is true for any
value of the injection parameter and for the lower values of
suction parameter. For higher values of the suction parameter, the Nusselt number proves to be a decreasing function
of Re.

FIG. 4. Velocity profiles for different values of the magnetic and rotation parameters (A = 1).

AIP Advances 9, 025103 (2019); doi: 10.1063/1.5086247
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Figs. 4 and 5 portray Mn and Ro impacts on velocity profiles, temperature profiles and Nusselt number, respectively.
Knowing that, by ascending Mn, the Lorentz force associated
with it ascends and gives more resistance to the flow. Therefore, one can imagine that velocity profile will be detracted by
the ascendency of Mn. This is presented in Fig. 4. It can be
also deduced that the ascending values of rotation parameter cause to diminishing of f and the ascendance of g. However, this is true for the variation of f with the rotation

scitation.org/journal/adv

parameter for η > 0.3. For η < 0.3 the treatment of f is completely contrariwise. On the other hand, the ascending values of magnetic and rotation parameters cause the thermal
boundary-layer to thicken, resulting in the temperature profile’s ascendance with an increasing in the magnetic and rotation parameters. Moreover, because the Nusselt number and
the thermal boundary layer thickness have an inverted relationship, the Nusselt number abates with ascending of Mn
and Ro.

FIG. 5. Impacts of magnetic and rotation parameters on the temperature profile and Nusselt number (A = 1).

AIP Advances 9, 025103 (2019); doi: 10.1063/1.5086247
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Fig. 6 portrays N and φ impacts on Nusselt number and
temperature profile. The ascending values of N and φ of hybrid
nanofluid caused an ascendance in the hybrid nanofluid’s temperature. Pursuant to Eq. (17), the Nusselt number is declared
as an amplification of (knf /kf ), ((4/3)N+1) and θ 0 (0). Since
the ascent in (knf /kf ) brought about by raising the hybrid
nanofluid’s volume fraction is more than the diminish in θ 0 (0)

scitation.org/journal/adv

in a certain N, and also because the diminish in θ 0 (0) brought
on by ascending N is less than the ascent in ((4/3)N+1) in
a certain φ, we can safely assume that the Nusselt number rises with the ascendance of the hybrid nanofluid’s φ
and N.
Finally, we obtain a correlation for the Nusselt number in
terms of the active parameters of the present study which is
defined as follows:

FIG. 6. Impacts of radiation parameter and solid volume fraction on the temperature profile and Nusselt number (A = 1).

AIP Advances 9, 025103 (2019); doi: 10.1063/1.5086247
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Nu = 1.12617 + 0.26068 × Re + 5.59707 × 10−3 × A + 1.29797 × N
− 0.011947 × Mn − 0.019046 × Ro + 3.48299 × φ + 0.86936
× Re × A + 0.017547 × Re × N + 0.030788 × A × N + 4.29066
× N × φ + 0.059848 × A2

(53)

The R-Squared for this correlation is equal 0.9993. The above
correlation is valid for Re = 2-4, Ro = 2-4, Mn = 5-15, A = -1-1,
φ = 0.02-0.06, N = 2-4 and Ec = 0.001.

VII. CONCLUSIONS
In this work, magneto-hydrodynamic hybrid nanofluid
flow and heat transfer in a rotating system among parallel
surfaces in consideration of Joule heating and thermal radiation influences was analysed via the Duan-Rach Approach
(DRA). The upper wall of the considered system was assumed
penetrable and the other wall was stretchable. The DuanRach Approach permitted us to discover a systematic solution without employing a numerical approach to compute
any unclear parameters. The comparison between research in
the literature and DRA proved that this method is valid. We
examined active parameters’ impacts on the flow and heat
transfer features. The results demonstrated that for injection flow case, the Nusselt number and the Reynolds number shared a direct relationship, while for higher values of
the suction parameter, the Nusselt number had an inverse
relation with the Re. The outcomes also revealed that the
Nusselt number ascended with an ascent in the volume fraction of a hybrid nanofluid and the radiation parameter while
it diminished as the magnetic and rotation parameters were
increased.
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