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Abstract
The aim of the current work is to explore how heat transfer can be enhanced by
variations in the basic properties of ﬂuids in the presence of free convection with
the aid of suspended hybrid nanoﬂuids. Also, the inﬂuence of the Laurentz force
on the ﬂow is considered. The mathematical equations are converted into a pair
of self-similarity equations by applying appropriate transformations. The reduced
similarity equivalences are then solved numerically by Runge-Kutta-Fehlberg
45th-order method. To gain better perception of the problem, the ﬂow and energy
transfer characteristics are explored for distinct values of signiﬁcant factors such
as variable viscosity, convection, magnetic ﬁeld, and volume fraction. The results
acquired are in good agreement with previously published results. The
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noteworthy ﬁnding is that the thermal conductivity is greater in hybrid nanoﬂuid
than that of a regular nanoﬂuid in the presence of speciﬁed factors. The
boundary layer thickness of both hybrid nanoﬂuid and normal nanoﬂuid
diminishes due to decrease in variable viscosity. The ﬂuid ﬂow and temperature
of the hybrid nanoﬂuid and normal nanoﬂuid increases as there is a rise in
volume fraction.
Keywords: Applied mathematics, Computational mathematics, Mechanics

1. Introduction
Since its advent, nano technology has attracted many researchers who recently began
using nanoﬂuids in both experimental and theoretical works. Because of the heat
transfer enhancement properties of nanoparticles, industries such as solar synthesis,
gas sensing, biological sensing, chemical, nuclear reactors, the chemical industry
etc. have adopted the concept of including nanoparticles in their relevant ﬁelds to
improve the heat-transfer performance of normal ﬂuids. The thermal conductivity
gets doubled by adding nanoparticles as theoretically proved by Choi et al. [1]. Masuda et al. [2] and Minsta et al. [3] proved that adding a small amount of nano particles ð < 5%Þ yielded a signiﬁcant improvement (10e50 %) in the thermal
conductivity of basic ﬂuids. Kim et al. [4, 5] analyzed the crucial signiﬁcance of
nanoﬂuids in the ﬁeld of the nuclear science. They conﬁrmed nanoﬂuids can
improve the performance of any water-cooled nuclear system applications. Pressurized water reactor, primary coolant, standby safety systems, accelerator targets,
plasma divertors, and so forth, are such possible applications [6]. The use of nanoﬂuids as a coolant could also be employed in emergency cooling systems where they
could cool down overheat surfaces more quickly leading to an improvement in power plant safety. From Jackson0 s [7] view, the critical heat ﬂux could be improved by
generating a structured surface from the accumulation of nanoﬂuids, The use of
nanoﬂuid can increase the in-vessel retention capabilities of nuclear reactors by as
much as 40% [8].
The fundamental physical properties of a ﬂuid (viscosity) vary with temperature and
play a vital role in nanoﬂuids. The heat generated by internal friction increases the
temperature which in turn has an eﬀect on the stickiness of the ﬂuid. Hence, ﬂuid
viscidness cannot be considered as constant. Thus, it is essential to assume that
the viscosity will be temperature-dependent. Ammani Kuttan et al [9], Sedeek
[10], Ali [11] and Manjunatha [12] supported this theory by carrying out research
on variable ﬂuid properties over a ﬂat surface.
The two-dimensional ﬂow of ﬂuid in the immediate neighborhood of a surface under
the eﬀect of gravity is very important as it ﬁnds applications in diﬀerent engineering
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ﬁelds such as drawing, continuous stretching, glass blowing, paper production
etc. Sakiadis [13] pioneered research on ﬂow over a moving sheet in the immediate
vicinity of a solid surface which led to the formulation of 2-D mathematical model.
The theory proposed by him [13] was validated experimentally by Tsou et al. [14].
Mustafa et al. [15] estimated the impact of ﬂuid ﬂow of a nanoﬂuid near the ﬂow
surface where the velocity of the ﬂuid becomes zero. Since then, many researchers
[16, 17, 18, 19] have focused on ﬂow on a stretching sheet with diﬀerent properties
in the presence of additional eﬀects.
New experimental work has been conducted recently by Suresh et al. [20] and Momin [21] on enhancing the thermal conductivity of a base ﬂuid. It found that the
mixture of two diﬀerent types of nanoparticles (hybrid nanoﬂuid) disseminated in
a base ﬂuid, improves the heat capacity of the principle ﬂuid. For instance, Al2 O3
exhibits more stability and chemical inertness, but shows lower thermal conductivity
with respect to metallic nanoparticles. Furthermore, metallic nanoparticles like
aluminum, zinc and copper possess high thermal conductivities. This hybrid nanoﬂuid ﬁnds more applications in various engineering ﬁelds such as nuclear safety, micro ﬂuidics, manufacturing, transportation, military, pharmaceutical, naval
structures, acoustics, buildings or cooling of ﬂush-mounted electronic heaters in
modern electronic devices and supercomputers. Many researchers have shown interest due to the above mentioned beneﬁts of hybrid nanoﬂuids for developing nanotechnology. Mechanical and thermal properties can be signiﬁcantly improved by
adding nano composites to materials as demonstrated by Niihara [22]. The twophase mixture model with forced convective heat transfer of nanoﬂuid to enhance
heat transfer was numerically analyzed by Nuim Labib et al. [23]. Mehdi Bahiraei
et al. [24] explored that the merit of using the nanoﬂuid in the liquid blocks is greater
than pure water. Further, Mehdi Bahiraei et al. [25] found that employing nanoﬂuid
enhanced heat sink performance, and the ﬂow experienced higher pumping power at
higher Reynolds numbers and concentrations. The numerical investigation is conducted on hydrothermal attributes and energy eﬃciency of a new
grapheneeplatinum nanoﬂuid in tubes ﬁtted with diﬀerent twisted tapes by Mehidi
et al. [26]. Also, many researchers have shown that the heat capacity of a ﬂuid has
been enhanced by considering a single and hybrid nano-additives in their work [27,
28, 29, 30].
The above literature survey demonstrates that researchers are interested in improving
the thermal conductivity of a base ﬂuid with the new technique of hybrid nanoﬂuid
without considering variable viscosity. Hence, we decided to analyze the eﬀect of
temperature dependent viscosity along with free convection and magnetic parameters on heat transfer enhancement in a boundary layer region with the aid of a hybrid
nanoﬂuid.
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2. Model
We considered a steady two-dimensional MHD boundary layer ﬂow of hybrid nanoﬂuid past a stretching sheet. The x-axis is chosen in the direction of the sheet motion,
and the yaxis is normal to it. The wall is impermeable, as portrayed in Fig. 1. The
impact of temperature edependent viscosity along with natural convection has been
integrated in the momentum equation. Using the foregoing assumptions, the prevailing equations of the current problem take the following form.
va1 vb1
þ
¼0
vx1 vx2

ð1Þ




va1
vb1
1
v2 a1 va1 v 
sB2 a1
a1
þ b1
¼
mhnf 2 þ
mhnf  0 þ gbhnf ðT2  TN Þ
vx1
vx2 rhnf
vx2
vx2 vx2
rhnf

ð2Þ

a1

vT2
vT2
Khnf
v2 T 2
þ b1
¼
vx1
vx2 ðrCpÞhnf vx22

ð3Þ

where (a1 ; b1 Þ - velocity components along ðx1 ; x2 Þ axis respectively, rhnf density of hybrid nanoﬂuid, mhnf - viscosity of hybrid nanoﬂuid, B20 -induced magnetic ﬁeld, g- acceleration due to gravity, bhnf - co-eﬃcient of thermal expansion
of hybrid nanoﬂuid, T2 - temperature of ﬂuid, TN - ambient temperature, Khnf thermal conductivity of hybrid nanoﬂuid, ðrCpÞhnf - heat capacity of hybrid
nanoﬂuid.
The viscosity of the ﬂuid is assumed to be varying with temperature and is deﬁned as
mf ¼ m0 eBqðhÞ

ð4Þ

where m0 -reference viscosity of ﬂuid, B-varible viscosity parameter. In general,
B > 0 for liquids and B < 0 for gases.

Fig. 1. Physical geometry of the problem.
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The boundary conditions for the current problem are:
a1 ¼ Uw ¼ cx1 x2 ¼ 0; T2 ¼ Tw at x2 ¼ 0
a1 ¼ 0; T2 ¼ TN as x2 /N

ð5Þ

where Uw is velocity of stretching sheet, Tw is temperature of the wall.
Also, n ¼ 3 is for spherical nanoparticles. The basic thermo physical properties of
nanoﬂuid at 25 C and particles are drawn from various standard literatures and
are given in Tables 1 and 2 [29,30].
The following similarity transformation along with Eq. (4) have been employed in
Eqs. (1), (2), and (3) to convert the non-linear partial diﬀerential equations into a
pair of highly non-linear ordinary diﬀerential equations.
a1 ¼ cx1 f 0 ðhÞ; b1 ¼ 

pﬃﬃﬃﬃﬃﬃ
cnf f ðhÞ; h ¼

qﬃﬃﬃﬃﬃﬃﬃﬃﬃ

ðT2  TN Þ
c nf x2 qðhÞ ¼
ðTw  TN Þ

ð6Þ

The converted highly coupled non-linear ordinary diﬀerential equations are of the
form:




 h
i
2:5
2:5
ð1  Ø2 Þ ð1  Ø1 Þ þ Ø1
þ Ø2
* ð1  Ø1 Þ ð1  Ø2 Þ





bs1
bs2
2
0
* f ðhÞ  f }ðhÞf ðhÞ  ð1  Ø2 Þ* ð1  Ø1 Þ þ Ø1
þ Ø2
*lqðhÞ
bf
bf
rs1
rf

rs2
rf

000

 f ðhÞ þ Bq0 ðhÞf }ðhÞ þ Mf 0 ðhÞð1  Ø1 Þ ð1  Ø2 Þ
2:5

2:5

¼ 0:
ð7Þ

"

(

ðrCpÞs1
ðrCpÞf

ð1  Ø2 Þ ð1  Ø1 Þ þ Ø1

!)
þ Ø2

ðrCpÞs2
ðrCpÞf

!#
*kf Prf ðhÞq0 ðhÞ

ð8Þ

þ Khnf q}ðhÞ ¼ 0
Also, the boundary condition takes the following form by employing (6):

Table 1. Thermo-physical properties of Al2O3, Cu (nanoparticles) and H2O (base
ﬂuid) [29, 30].
Al2O3

Property
Density (kg,m3 )

3970
1

997.1

40

400

0.6071

.000051

.000076

.000256

765

385

4179
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1

Thermal expansion coeﬃcient (K Þ

5

H2O

1

Thermal conductivity (W,K ,m Þ

Heat capacitance (JK1 Þ

Cu
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Table 2. Thermo physical model.
Properties

Nanoﬂuid Cu-H2O

Hybrid nanoﬂuid Cu-Al2O3H2O

Density ðkg m3 Þ

rnf ¼ ð1  f2 Þrf þ f2 rs

rhnf ¼ ½ð1  Ø2 Þfð1  Ø1 Þrf þ Ø1 rs1 g þ
Ø2 rs2 

Heat capacity (JK1 Þ

ðrCpÞnf ¼ ð1  f2 ÞðrCpÞf þ f2 ðrCpÞs

ðrCpÞhnf ¼ ½ð1  Ø2 Þfð1  Ø1 ÞðrCpÞf þ
Ø1 ðrCpÞs1 g þ Ø2 ðrCpÞs2 

Viscosity ðNs:m2 Þ

mnf ¼

Thermal Conductivity
(W:K1 :m1 Þ

Knf
¼
Kf
Ks þ ðn  1ÞKf  ðn  1Þf2 ðKf  Ks Þ
Ks þ ðn  1ÞKf þ f2 ðKf  Ks Þ

Khnf
¼
Kbf
Ks2 þ ðn  1ÞKbf  ðn  1Þf2 ðKbf  Ks2 Þ
Ks2 þ ðn  1ÞKbf þ f2 ðKbf  Ks2 Þ
Kbf
¼
Where
Kf
Ks1 þ ðn  1ÞKf  ðn  1Þf1 ðKf  Ks1 Þ
Ks1 þ ðn  1ÞKf þ f1 ðKf  Ks1 Þ

Thermal Expansion
Coeﬃcient (K1 Þ

bnf ¼ ð1  f2 Þbf þ f2 bs

bhnf ¼ ½ð1  Ø2 Þfð1  Ø1 Þbf þ Ø1 rbs1 g þ
Ø2 bs2 

mf

mf

mhnf ¼

2:5

ð1  f2 Þ

2:5

ð1  Ø1 Þ ð1  Ø2 Þ2:5

where rnf - density of nanoﬂuid, rf - density of ﬂuid, rs - density of solid, rs1 - density of alumina, rs2 - density of copper, Kf - thermal
conductivity of ﬂuid, Knf - thermal conductivity of nanoﬂuid, Ks1 - thermal conductivity of alumina, Ks2 - thermal conductivity of copper,
bf - thermal expansion coeﬃcient of ﬂuid, bnf - thermal expansion coeﬃcient of nanoﬂuid, bs1 - thermal expansion coeﬃcient of alumina,
bs2 - thermal expansion coeﬃcient of copper, Ø1 - volume fraction of alumina, Ø2 - volume fraction of copper.

f ð0Þ ¼ 0; f 0 ð0Þ ¼ 1; qð0Þ ¼ 1; f 0 ðNÞ ¼ 0; qðNÞ ¼ 0
ðCp Þ m

where Pr ¼ Kff f
is Prandtl number, M ¼
gbf ðTw TN Þ
l¼
e is convection parameter.
c2 x

sB20
crf

ð9Þ
is magnetic parameter,

The physical quantities of interest, local skin friction coeﬃcient Cf & local Nusselt
number Nux are given by
Cf ¼

mhnf va1
rf u2w vx2

Nux ¼

ð10Þ
x2 ¼0

x1 khnf
vT2

kf ðTw  TN Þ
vx2

ð11Þ
x2 ¼0

with the aid of similarity variables, Eqs. (10) and (11) are reduced as
1

1

Re2x Cf ¼

ð1  Ø1 Þ ð1  Ø2 Þ2:5
2:5

f }ð0Þ

khnf 0
1
2
q ð0Þ
Re
x Nux ¼ 
kf
where Rex ¼ unwfx e Reynolds number.
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3. Calculation
The Runge-Kutta-Fehlsberg 45th-order scheme is applied to solve the highly
nonlinear Eqs. (7) and (8) with the prescribed boundary condition (9). The comparison results are shown in Table 3. The obtained outcomes are in excellent agreement
with the previously published results of Khan and Pop [31], Wang [32], and Gorla
and Sidwai [33].

4. Results and discussion
The ﬂawless perception of the physical problem is discussed in this section. The
prominent characteristics of the impact of a combination of nanoﬂuids on the temperature augmentation are evaluated through graphical representation of numerical
data and tables. Figs. 2, 3, 4, 5, 6, 7, 8, and 9 represent the ﬂuid ﬂow and temperature
proﬁles of nanoﬂuids and hybrid nanoﬂuids for signiﬁcant parameters such as variable viscosity, convection, magnetic ﬁeld and solid volume fraction. Further, it is
assumed that the concentration of both nano and hybrid nano ﬂuid are same.
Fig. 2 demonstrates the inﬂuence of B on f0 ðhÞ. It shows that an increase in B decreases f0 ðhÞ, and hence, the associated thickness of the boundary layer decreases. It
infers that the temperature diﬀerence between the surface and the ambient ﬂuid is
high due to the intensiﬁcation in B. The eﬀect of B on qðhÞ is depicted in Fig. 3.
It indicates that the thickness of the thermal boundary layer is greater for greater
values of B as a result an increase in the proﬁle qðhÞ. The impact of l on f 0 ðhÞ is
portrayed in Fig. 4. It conveys that f 0 ðhÞ and the thickness of ﬂuid layer closest to
the surface of a solid past in which the ﬂuid ﬂows is increased due to the rise in
l . Physically, augmentation in l indicates the improvement of convection currents.
The eﬀect of an increase in l decreases qðhÞ is exposed in Fig. 5. Enhancement of l
assumes an improvement in the temperature of the ﬂuid or a decline in the hotness of
the surface. Physically, the free convection currents are carried away from the plate
to the free stream.
The eﬀect of M over f 0 ðhÞ is depicted through Fig. 6. The existence of a charismatic
ﬁeld produces the retarding force which is due to the presence of Lorentz force;
Table 3. Comparison result for temperature gradient q0 ð0Þ for the parameter Pr
When f1 ¼ f2 ¼ 0 ¼ B ¼ M ¼ l.
Pr

Khan and Pop [31]

Wang [32]

Gorla and Sidwai [33]

Present study

2.0

0.9113

0.9114

0.9114

0.91135

-

-

-

1.75968

7.0

1.8954

1.8954

1.8954

1.89540

20.0

1.3539

1.3539

1.3539

1.35390

6.13
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Fig. 2. The impact of B on f 0 ðhÞ.

Fig. 3. The impact of B on qðhÞ.

Fig. 4. The impact of l on f 0 ðhÞ.
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Fig. 5. The impact of l on qðhÞ.

Fig. 6. The impact of M on f 0 ðhÞ.

Fig. 7. The impact of M on qðhÞ.

9

https://doi.org/10.1016/j.heliyon.2019.e01469
2405-8440/Ó 2019 Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

Article Nowe01469

Fig. 8. The impact of Ø2 on f 0 ðhÞ.

Fig. 9. The impact of Ø2 on qðhÞ.

hence, there is a decline in moment of the ﬂuid in the x1 direction along with the
momentum boundary layer thickness. Since the charismatic ﬁeld has the inclination
to subdue velocity, it is obvious that the hotness of the ﬂuid increases as does the
thermal boundary layer thickness is revealed through Fig. 7. It is observed that in
the existence of a charismatic ﬁeld, the change in the hotness of hybrid nanoﬂuid
ðCu  Al2 O3 =H2 O) is greater than that of nanoﬂuid ðCu=H2 O). Hence, we
conclude that the anticipated hotness rate can be obtained by appropriate combination of nanoparticle proportions.
The eﬀect of f2 is demonstrated through Figs. 8 and 9. Fig. 8 indicates that for
greater values of f2 , the ﬂow in x1 direction is quicker for both the nanoﬂuid and
the combination of nanoﬂuids. This eﬀect is caused by the collisions of suspended
nanoparticles. The temperature distribution for ðCu=H2 O) and ðCu  Al2 O3 =H2 O)
is shown in Fig. 9. It is very clear from the ﬁgure that hybrid nanoﬂuids has more
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thermal conductivity that that of a nanoﬂuids. Physically, this means that the nanoparticles produces warmness thus, adding more and diﬀerent nanoparticles adds energy which increases the temperature and stiﬀens the thermal boundary layer.
Numerical values of f00 ð0Þ and q0 ð0Þ for B, M, Pr , f2 , and l for a regular nanoﬂuid
and a hybrid nanoﬂuid are presented in Table 4. It is observed that f00 ð0Þ decreases for
Table 4. Numerical values of skin-friction coeﬃcient and Nusselt number for
variable viscosity and other parameters.
B

Pr

f2

l

f1

L q0 ð0Þ

f 00 ð0Þ
Cu : H2 O

Cu L Al2 O3 : H2 O

Cu : H2 O

Cu L Al2 O3 : H2 O

1.06696

0.92348

0.47687

0.38516

2

1.24485

1.05834

0.4637

0.37673

3

1.43412

1.20196

0.45142

0.3688

4

1.63225

1.35298

0.44009

0.36139

1.06696

0.92348

0.47687

0.38516

2

1.43143

1.23538

0.43392

0.35304

3

1.73265

1.49734

0.40092

0.32778

4

1.99326

1.72559

0.3747

0.30751

1.06696

0.92348

0.47687

0.38516

2

1.34491

1.15886

0.84846

0.67937

6

1.76243

1.52696

1.5865

1.26739

10

1.9842

1.72937

2.11588

1.6921

1.06696

0.92348

0.47687

0.38516

.02

1.04136

0.90559

0.46713

0.37694

.04

1.01053

0.88385

0.45423

0.3662

.06

0.983

0.86421

0.44152

0.35574

1.06696

0.92348

0.47687

0.38516

2

0.58266

0.43557

0.53243

0.43418

3

0.12865

1.89E-02

0.57217

0.46874

4

0.30387

0.45035

0.60389

0.49612

1

1

1

1

1

11

M

1

1

1

1

1

.72

.72

.72

.72

.72

0.005

0.005

0.005

0.005

0.005

1

1

1

1

1

0.1

0.1

0.1

0.1

0.1
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superior values of B and M , and the reverse eﬀect occurs for  q0 ð0Þ. This is due to the
addition of nanoparticles in the normal ﬂuid. f00 ð0Þ and q0 ð0Þ decreases in the case of
augmentation of Pr and f2 . For increasing values of l, an increasing trend is
observed for f00 ð0Þ. On the other hand, a decreasing trend is noted for  q0 ð0Þ.

5. Conclusions
The impact of temperature dependent viscosity and free convection on MHD boundary layer ﬂow over a stretching sheet is discussed through tables and graphs. Further,
we conclude that the impact of combination of diﬀerent nanoﬂuids yields more heat
capacity than normal ﬂuid. The most noteworthy ﬁndings are as follows:
1. The ﬂuid dynamic viscosity parameter B decreases the boundary layer thickness
of both regular and hybrid nanoﬂuids ﬂows.
2. An increase in variable viscosity B strikingly increases the temperature of the
hybrid nanoﬂuid Cu  Al2 O3 =H2 O.
3. The momentum boundary layer thickness is increased by a rise in convection
parameter l.
4. An increase in natural convection parameter l carries away the free convection
currents from the plate.
5. An increase in volume fraction f2 results in the rise of both velocity and temperature of ﬂuid ﬂow.
6. The temperature proﬁle qðhÞ rises with a rise in magnetic parameter M.
7. Hybrid nanoﬂuid ﬂow plays a more substantial role in the process of heat transfer than a regular nanoﬂuid ﬂow.
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