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Abstract. A numerical investigation has been carried out for coupled
partial differential equations which describe varying fluid properties
on unsteady, free convective chemically reacting fluid flow on a mov-
ing vertical cone and flat plate. The computations for flow, heat, and
mass transport in presence of thermal radiation, viscous dissipation,
Soret and Dufour effects are carried out using Crank-Nicolson scheme.
The influence of active parameters on transport properties of the fluid
is displayed in form of graphs and tables. The results elucidate that
the consideration of variable fluid properties has a significant influence
on the flow, heat and mass transfer characteristics. Strengthening the
Casson fluid parameter tends to decelerate the fluid velocity and
escalate the local skin friction.

1 Introduction

The convective heat transfer over a cone is important for the thermal design of various
types of industrial equipments such as heat exchangers, canisters for nuclear waste
disposal, nuclear reactor cooling systems and geothermal reservoirs [1]. The theory of
laminar boundary layer flows on a moving surface occur in several engineering appli-
cations. Aerodynamic extrusion of a plastic sheet, the cooling of an infinite metallic
plate in a cooling bath and filament extruded continuously from a dye are examples of
practical applications. Continuously moving surface through an otherwise quiescent
medium has many applications in manufacturing processes. Such processes are hot
rolling, wire drawing, spinning of filaments, metal extrusion, crystal growing, contin-
uous casting, glass fiber production and paper production [2–4]. The extensive use of
non-Newtonian fluids in various industrial processes has motivated many researchers

a e-mail: sivaraj.kpm@gmail.com

https://epjst.epj.org/
https://doi.org/10.1140/epjst/e2019-800187-3
mailto:sivaraj.kpm@gmail.com


36 The European Physical Journal Special Topics

to analyse the thermophysical and transport properties of the non-Newtonian fluids
in numerous physical situations. The non-Newtonian fluids can be adopted to char-
acterize the non-linear relationship between the shear stress and shear rate which is
witnessed in various aspects of bio-engineering, pharmaceutical and cosmetic indus-
tries. Some of the non-Newtonian fluids express the nature of a rigid body when the
magnitude of shear stress surpasses the yield shear stress. Casson fluid model is one
of the non-Newtonian fluids which can exhibit the yield stress as well as high shear
viscosity. This model is developed for predicting high shear-rate viscosities when low
and transitional shear-rate data are available [5]. Casson fluid model is appropriate
to analyse the characteristics of many real fluids such as paints, synthetic lubricants,
sewage sludge, pharmaceutical products and biological fluids such as synovial fluids
and blood. Makanda et al. [6] have investigated the Casson fluid flow in a horizontal
circular cylinder with partial slip in presence of thermal radiation and viscous dis-
sipation. Mahdy [7] has numerically solved the problem of two-dimensional flow of
Casson fluid over a stretching cylinder using shooting technique. The effect of Joule
heating and viscous dissipation on unsteady Couette flow of Casson fluid bounded
by two parallel non-conducting plates is studied by Attia and Sayed-Ahmed [8].

In viscous fluid flow, the viscous dissipation effect generates thermal energy
through mechanism of viscous stresses and the magnitude of heat released ranges
from low to significantly high level [9]. The viscous dissipation effects become signif-
icant in the systems with large viscosity and large velocity gradients [10]. In 1962,
Gebhart [11] has elucidated that the effect of viscous dissipation on natural con-
vection is notable when the induced kinetic energy is higher than amount of heat
transferred. The viscosity of many industrially important fluids such as benzene,
crude oil and coal slurries strongly depends on the temperature [12]. For example,
electronics in radar equipment are cooled by means of a synthetic lubricant called
Poly-Alpha-Olefin (PAO) where the viscosity varies linearly with temperature. Many
research works [13,14] have been contributed to study the effect of viscous dissipation
in presence of variable viscosity.

In order to improve the accuracy in characterizing transport properties of the
fluid, it is necessary to consider the variations of thermal conductivity. It is to be
noted that, the influence of temperature dependent viscosity variation is more higher
than variation of thermal conductivity for water [15]. The magnitude of heat transfer
with the consideration of constant thermal conductivity is higher than considera-
tion of variable conductivity. This phenomenon is especially preferred in machine
lubrication and vehicle launch technology where cooling techniques are required for
smooth functioning of the engines. The heat transfer analysis is carried out by Hayat
et al. [16] to investigate the effect of viscous dissipation and thermal radiation over
an inclined stretching cylinder in presence of thermal conductivity. Some interesting
contributions which is accounting the variable thermal conductivity have been found
in literature [17–20]. The knowledge of radiative heat transfer is essential to meet the
industrial demand where cooling of high temperature components occurs. In addi-
tion, The effect of radiation is important in many non-isothermal situations such as
design of gas turbines and various propulsion devices for aircraft, missiles, satellites
and space vehicles. Olajuwon and Oahimire [21] have demonstrated an analytical
model to study the effect of magnetic field, thermal radiation and chemical reaction
on micropolar fluid flow in a rotating frame of reference. The significance of thermal
radiation under various situations has been deliberated by many researchers [22–25].

The cross diffusion effects are significant in small isobaric changes when the den-
sity of the fluid mixture linearly depends on temperature and concentration [26]. In
1873, Dufour discovered that the concentration gradient is responsible for the energy
flux. Soret and Dufour effects are generally regarded as second order effects but these
effects play a significant role in the geophysical application such as groundwater
pollution migration, isotope separation, solidification of binary alloys, cooler ground
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waters. It has been reported that thirty percent error is estimated for the wall mass
flux when the Soret effect is not taken into account [27]. Sivaraj and Benazir [28]
have analytically studied the influence of Soret effect in a two-dimensional asymmet-
ric channel. Rashidi et al. [29] have discussed the simultaneous effects of partial slip
and double diffusion on MHD flow on a rotating disk. Another contribution to the
theme of Dufour and Soret effects in porous media can be found in the article by
Magyari and Postelnicu [30], where the flow is analyzed through a non-Darcy porous
medium by assuming the wall heat and mass fluxes to be dependent on the surface
coordinate. Representative studies [31,32] state that the diffusion coefficient depends
only on the species concentration and hence the diffusion coefficient is assumed to
be constant for dilute solutions. But in the case of studying polymer solutions and
proteins it becomes inevitable to consider the problem where diffusion coefficient
varies with concentration linearly or exponentially. The combined effect of variable
thermal conductivity and variable mass diffusion over stretching surface is studied by
Vajravelu et al. [33]. The existence of pure air and water in nature is impossible there-
fore it is important to consider effects of chemical reaction. The study of heat and
mass transfer with chemical reaction, accompanied by huge amount of exothermic
and endothermic reaction is of considerable importance in chemical and hydromet-
allurgical industries [34]. Free convective flow of Walters-B viscoelastic fluid with
higher order chemical reaction effects is studied by Sivaraj and Rushi Kumar [35].
Benazir et al. [36] explored uneven heat gain and loss effect in the hydromagnetic
flow of Casson fluid. Mythili and Sivaraj [37] have reported the influence of higher
order chemical reaction on Casson fluid flow in presence of uneven heat gain and loss.

This present work is motivated to scrutinize the impact of Soret and Dufour
effects subject to varying molecular diffusivity, thermal conductivity and viscosity.
This kind of studies may reveal some important results which are useful in chemi-
cal technologies where heavy polymers, dyes and macromolecules are utilized. The
governing equations are solved by employing Crank–Nicolson scheme and the key
findings are tabulated and graphically illustrated with detailed elucidations.

2 Mathematical formulation

Consider a two-dimensional (x, y) time dependent flow of Casson fluid over a vertical
cone and flat plate with half angle α. The cone and plate are set in motion and the
walls at y = 0 are kept fixed temperature Tw and fixed concentration Cw as shown
in Figure 1. The ambient temperature and ambient concentration are T∞ and C∞,
respectively. The rectangular Cartesian coordinates (x, y) in which the x axis and y
axis are taken parallel and normal to the surface of the cone and plate, respectively,
and the fluid occupies the region y > 0. The properties associated with the fluid, such
as the viscosity and thermal conductivity are considered to be temperature-dependent
whereas the molecular diffusivity is assumed to vary linearly with concentration. All
other fluid properties are assumed to be constant. The energy equation is influenced
by viscous dissipation, thermal radiation and Dufour effect. The mass transfer equa-
tion is influenced by Soret effect and higher order chemical reaction. Under the above
mentioned assumptions the flow is governed by the following equations [6,28]:
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Fig. 1. Physical configuration of the problem.
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The transport properties during t∗ ≤ 0 (initial condition) are

u = 0, v = 0, T = T∞, C = C∞ for all x, y. (5)

The transport properties at t∗ > 0 (the limits of the geometry) at any time

u = up, v = 0, T = Tw, C = Cw at y = 0

u = 0, T = T∞, C = C∞ at x = 0 (6)

u→ 0, T → T∞, C → C∞ as y →∞,

where u and v are the velocity components along the x and y direction, ρ0 is the fluid
density, µ is the dynamic viscosity of the fluid, βT is the thermal volume expansion,
βC is the concentration volume expansion, µ0 is the constant dynamic viscosity, g is
the acceleration due to gravity, T is the temperature of the fluid, C is the species
concentration of the fluid, qr is the radiative heat flux, k is the thermal conductivity of
the fluid, D is the molecular diffusivity, KT is the thermal diffusion, CP is the specific
heat, Cs is the concentration susceptibility, Tm is the mean fluid temperature, KR is
the dimensional chemical reaction parameter, k0 is the constant thermal conductivity
and D0 is the constant diffusion coefficient.

With h = 0 and α = 0 the governing equations represent the convective transport
from the vertical flat plate; h = 1 represents the convective transport from the vertical
cone.

The temperature dependent variation in fluid viscosity is given as (Makinde and
Ogulu [12])

µ = µ0 [1− γ∗(T − T∞)] . (7)
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The thermal conductivity is assumed to be a linear function of temperature
according to Khan et al. [18]

k = k0 [1 + δ∗(T − T∞)] . (8)

The dependence of mass diffusivity is expressed as (Vajravelu et al. [33])

D = D0 [1 + ξ∗ (C − C∞)] . (9)

The radiative heat flux can be written as (Makinde and Animasaun [25])

qr = −4

3

σB
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∂T 4
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= −16σBT

3
1

3ka

∂T

∂y
, (10)

where σB is the Stefan–Boltzmann constant and ka is the mean absorption
coefficient.

Introducing the following dimensionless quantities
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Substituting equation (11) into equations (1)–(4), the following non-dimensional
equations are obtained
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The initial and boundary conditions become

t ≤ 0 : U = 0, V = 0, θ = 0, φ = 0 for all X,Y
t > 0 : U = UP , V = 0, θ = 1, φ = 1 at Y = 0

U = 0, θ = 0, φ = 0 at X = 0
U → 0, θ → 0, φ→ 0 as Y →∞,

(16)

where GrT = gβT (Tw−T∞)L3

ν2
0

is the Grashof number, N = βC(Cw−C∞)
βT (Tw−T∞) is the buoyancy

ratio parameter, γ= γ∗(Tw − T∞) is the variable viscosity parameter, Sc = ν0
D0

is



40 The European Physical Journal Special Topics

the Schmidt number, δ= δ∗(Tw − T∞) is the variable thermal conductivity parame-

ter, Pr = µ0CP

k0
is the Prandtl number, Du = D0KT (Cw−C∞)

ν0CSCP (Tw−T∞) is the Dufour number,

1
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3
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kek0
is the thermal radiation parameter, ξ= ξ∗(Cw −C∞) is the variable mass

diffusivity parameter, Kr = KR(Cw−C∞)l−1L2

ν0(GrT )
1
2

is the chemical reaction parameter and

Sr = D0KT (Tw−T∞)
ν0Tm(Cw−C∞) is the Soret number.

The local skin friction, local rate of heat transfer and local rate of mass transfer
at the wall are defined as follows
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The mean skin friction, mean rate of heat transfer and mean rate of mass transfer
can be written as:
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3 Numerical method

The Crank-Nicolson scheme is used to solve the set of non-linear partial differen-
tial Equations equations (12)–(15) subjected to the initial and boundary conditions
(16). The discretized form of the continuity, velocity, temperature and concentration
equations are given as follows.
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The initial and boundary conditions are

n = 0 : Uni,j = 0, V ni,j = 0, θni,j = 0, φni,j = 0 for all i, j

n > 0 : Uni,0 = UP , V ni,0 = 0, θni,0 = 1, φni,0 = 1

Un0,j = 0, θn0,j = 0, φn0,j = 0 (23)

Uni,j = 0, V ni,j = 0, θni,j = 0, φni,j = 0 as j →∞.

Let ∆X, ∆Y and ∆t be the grid lengths in X, Y directions and t, respectively;
here integers I > 0 and J > 0; ∆X = 1/I is the increment in X, ∆Y = 1/J is the
increment in Y and ∆t > 0 is the increment in t. Let Uni,j be the approximate solution
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Fig. 2. U for diverse values of β.

of equations (12)–(15) at the grid points (Xi, Yj , tn). where,

Xi = i∆X, i = 0, . . . , I

Yj = j∆Y, j = 0, . . . , J

tn = n∆t, n = 0, . . . , N∗. (24)

We consider a rectangular region with X varying from 0 to 1 and Y varying from
0 to 22, where Ymax is regarded as Y →∞. It is ensured that Ymax lies well outside
the dynamic, thermal and mass diffusion boundary layers. The maximum of Y is esti-
mated at 22 after some preliminary investigations, so that the initial and boundary
conditions of equation (16) are satisfied. The mesh spacing in the X and Y directions
∆X = 0.05, ∆Y = 0.25 and time interval ∆t = 0.01 are selected to obtain the toler-
ance limit within 10−5. Computations are repeated until the steady state is reached.
A convergence criterion based on the relative difference between the two consecutive
iteration values is employed. When the difference reaches less than 10−5 at all grid
points, the solution is assumed to be converged and the iterative process is terminated.
The scheme is unconditionally stable. The local truncation error is O(∆t2 + ∆X2 +
∆Y 2) and it tends to zero as ∆X, ∆Y and ∆t tend to zero. It follows that the Crank–
Nicolson Method is compatible. Stability and compatibility ensure the convergence.

4 Result and discussions

Numerical solutions are obtained by employing Crank-Nicolson technique with rel-
evant boundary conditions. The analysis of flow, heat and mass transport are
facilitated with graphs and tables. The default values of parameters are taken to
be β = 0.5, γ = 0.5, UP = 0.5, N = 0.5, α = 45◦, Pr = 2.97, δ = 2, F = 1, Sc = 0.6,
Kr = 0.5, ξ = 0.5, Du = 0.03, Sr = 2 and l = 2. These values are treated as common
throughout the study except for the varied values in respective figures and tables.

Figures 2–6 depict the influence of β, γ, UP , Du and Sr and α on the velocity U .
From Figure 2, one observes that the velocity of the fluid decreases when the value of
β increases. The similar character of this phenomenon can be found in Mythili and
Sivaraj [37]. The reason is plastic dynamic viscosity of the fluid increases for higher
values of β. Consequently, non-Newtonian fluid behavior gradually vanishes and the
fluid transforms into a Newtonian fluid. Figure 3 illustrates that increasing values of
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Fig. 3. U for diverse values of γ.

Fig. 4. U for diverse values of UP .

Fig. 5. U for diverse values of Du and Sr.
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Fig. 6. U for diverse values of α.

Fig. 7. θ for diverse values of Pr.

γ have the tendency to retard the fluid flow. The parameter γ takes positive values
for fluids such as water, benzene and crude oil whereas in the case of fluids such
as air, helium and methane, it takes negative values. In Figure 4, It is found that
augmenting the velocity of moving cone and plate leads to enhance the fluid velocity.
Figure 5 describes that an increase in Du with a decrease in Sr has the tendency
to accelerate the fluid velocity. Figure 6 elucidates that fluid flow is decelerating for
increasing values of phase angle of the cone from 15◦ to 60◦.

Figures 7–11 depict the effects of Pr, δ, F , Du and Sr and α on θ, respectively. The
heat transfer is decreasing for higher values of Pr, as shown in Figure 7. The values
of Pr, are chosen as 0.71 (air), 2.97 (methyl chloride), 4.24 (sulfur dioxide) and 7.00
(water) respectively. It is evident from Figure 8 that thermal efficiency of the fluid
is enhanced by increasing the variable thermal conductivity parameter. It is worth
to mention that consideration of thermal conductivity variation parameter improves
the accuracy of physical problem to describe the heat transfer characteristics. The
parameter θ decreases for increasing F which can be seen via Figure 9. Physically,
increasing the parameter F is similar to the reduction of average absorption coeffi-
cient. Hence, an increase in radiative heat transfer decreases the fluid temperature.
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Fig. 8. θ for diverse values of δ.

Fig. 9. θ for diverse values of F .

Fig. 10. θ for diverse values of Du and Sr.
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Fig. 11. θ for diverse values of α.

Fig. 12. φ for diverse values of Sc.

Figure 10 shows that an increase in Du with a decrease in Sr elevates the thermal
boundary layer growth. It is clear from Figure 11 that θ is increasing for increasing
values of semi vertical angle of the cone from 15◦ to 60◦.

Figures 12–16 depict the effects of Sc, ξ, Kr, Du and Sr and α on concentration
distribution. Figure 12 reveals that concentration profiles decrease as the Sc increases.
It is clear that heavier diffusing species have a greater impact on mass transfer. The
values of Sc are selected to represent the presence of 0.22 (hydrogen), 0.60 (water
vapor), 0.96 (carbon dioxide) and 2.00 (hydrocarbon derivatives). It is observed from
Figure 13 that φ is elevating with increase in the values of ξ. The parameter φ
decreases for increasing Kr which impedes the mass diffusion process, as observed in
Figure 14. It is observed from Figure 15 that a decrease in Sr with an increase in Du

has the tendency to diminish the concentration distribution. Physically, Soret effect
describes that mass flux is created when a system is under a temperature gradient.
Further, an increase in Du improves the convection velocity through combined effects
of thermal and solutal buoyancy forces which leads to rise the heat transfer but
drop the mass transfer of the fluid. It is noticed from Figure 16 that mass transfer
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Fig. 13. φ for diverse values of ξ.

Fig. 14. φ for diverse values of Kr.

Fig. 15. φ for diverse values of Du and Sr.
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Fig. 16. φ for diverse values of α.

Fig. 17. τ for diverse values of β.

Fig. 18. τ for diverse values of γ.
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Fig. 19. Nu for diverse values of Pr.

Fig. 20. Nu for diverse values of F .

is enhancing for increasing the values of semi vertical angle of the cone from 15◦

to 60◦.
Figures 17 and 18 are plotted to show the variation of β and γ on local skin

friction against the Stream wise co-ordinate (X). Figure 17 elucidates that the mag-
nitude of skin friction coefficient increases when β increases. Figure 18 displays that
an increase in γ tend to decrease the local skin friction distribution. Figures 19–21
depict the variation of Pr, F and Du and Sr on local Nusselt number profiles ver-
sus Stream wise co-ordinate (X). Figure 19 demonstrates that the magnitude of
local Nusselt number increases as Pr increases. This can be physically interpreted
as higher values of Prandtl number correspond to lower heat capacity which leads
to increase the wall temperature. The local heat transfer rate increases for increas-
ing F as illustrated in Figure 20. It is evident from Figure 21 that the magnitude
of local heat flux decreases for increasing Du and decreasing Sr. The effect of Sc
and Du and Sr on local Sherwood number profiles is showed in Figures 22 and
23. It is evident from Figure 22 that the magnitude of local surface concentration
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Fig. 21. Nu for diverse values of Du and Sr.

Fig. 22. Sh for diverse values of Sc.

Fig. 23. Sh for diverse values of Du and Sr.
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Table 1. Effect of τ , Nu and Sh for different values of β, γ, UP , Pr, δ and F .

Physical
parameters

Values Cone Plate

τ Nu Sh τ Nu Sh

β 0.5 0.05143 0.30554 0.34864 0.18376 0.32065 0.36598
1 0.10513 0.30064 0.34299 0.27784 0.31774 0.36255
1.5 0.13441 0.29869 0.34080 0.32856 0.31660 0.36127

γ 0 −0.06364 0.68984 −0.07567 −0.00499 0.70176 −0.07029
0.5 −0.07597 0.67248 −0.08672 0.02157 0.68861 −0.08091
1 0.05111 0.63131 −0.10132 0.45582 0.66217 −0.09821

UP 0 0.37264 0.49386 −0.18083 0.48263 0.53801 −0.19665
0.5 −0.07597 0.67248 −0.08672 0.02157 0.68861 −0.08091
1 −0.79085 2.09339 −1.83817 −0.73703 2.09949 −1.83845

Pr 0.71 0.05143 0.30554 0.34864 0.18376 0.32065 0.36598
2.97 −0.07597 0.67248 −0.08672 0.02157 0.68861 −0.08091
7 −0.14634 1.23215 −0.87081 −0.07183 1.24607 −0.87178

δ 0 −0.11612 1.05079 −0.60049 −0.03154 1.06948 −0.60220
2 −0.07597 0.67248 −0.08672 0.02157 0.68861 −0.08091
4 −0.04832 0.52094 0.10531 0.05743 0.53594 0.11522

F 0 0.23117 0.35104 0.58237 0.41528 0.35113 0.61327
0.5 −0.04924 0.59035 0.01634 0.05592 0.60744 0.02426
1 −0.07597 0.67248 −0.08672 0.02157 0.68861 −0.08091

Table 2. Effect of τ , Nu and Sh for different values of Sc, ξ, Kr and Du andSr.

Physical
parameters

Values Cone Plate

τ Nu Sh τ Nu Sh

Sc 0.22 1.53610 0.90008 0.17283 2.14380 0.95074 0.19379
0.6 1.44199 0.88353 0.14852 2.02320 0.93236 0.17611
2 1.41711 0.88065 −0.06189 1.99186 0.92848 −0.01799

ξ 0 −0.07575 0.67037 0.00512 0.02186 0.68648 0.01535
0.5 −0.07597 0.67248 −0.08672 0.02157 0.68861 −0.08091
1 −0.07622 0.67395 −0.12741 0.02126 0.69009 −0.12373

Kr 0 −0.07597 0.67248 −0.08672 0.02157 0.68861 −0.08091
1 −0.07480 0.66528 0.28911 0.02298 0.68162 0.28744
2 −0.07419 0.66022 0.50998 0.02374 0.67664 0.50779

Du and Sr 0.03,2 −0.07597 0.67248 −0.08672 0.02157 0.68861 −0.08091
0.15,0.4 −0.06686 0.64335 0.39046 0.03332 0.65968 0.40329
0.6,0.1 −0.03512 0.52996 0.48579 0.07411 0.54642 0.50199

Table 3. Comparison table for time taken for velocity to reach steady state.

N Sc F Steady state values

Prasad et al [24] Present

1 0.6 3 8.65 8.65
0.5 0.6 3 8.48 8.48
1 2.0 3 7.58 7.58

increases for increasing Sc. Figure 23 elucidates that local Sherwood number pro-
files are enhanced for an increase Du with a decrease in the Sr. The variation of
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average skin friction, average Nusselt number and average Sherwood number are
computed in Table 1, for different values of β, γ, UP , Pr, δ and F . Table 2 illustrates
the influence of Sc, ξ, Kr and Du and Sr on average skin friction, average Nusselt
number and average Sherwood number. The results of Table 3 show an excellent
agreement between the results of present study and results reported by Prasad et al.
[24].

5 Conclusions

The current study examines the behavior of flow, energy and mass transfer on chemi-
cally reacting flow of Casson fluid on a moving vertical cone and flat plate in presence
of viscous dissipation, Soret and Dufour effects and thermal radiation. To improve
the accuracy in analyzing the transport properties of the fluid, the variations of fluid
viscosity, thermal conductivity and molecular diffusivity are taken into account. The
main observations can be pointed out as follows:

– The fluid velocity decreases for higher values of β because the plastic dynamic
viscosity of the fluid increases.

– The parameter δ has impact on enhancing the heat transfer of the fluid and
hence it can be opted for effective heating.

– It is observed that F has tendency to reduce the θ. This effect is beneficial to
clinicians for controlling the temperature of affected tissues in cancer treatments
and tumors.

– The parameter ξ has the potential to bring a significant increase in mass
transfer.

– The parameter φ decrease for increasing Sc and Kr.

– The parameters Du and Sr accelerates the fluid flow and θ whereas the reverse
trend is observed for φ.

– For all effects of this problem, the temperature and concentration profiles on
the cone are slightly higher than plate.
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