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Abstract. The effect of a wedge angle on the MHD laminar momentum and thermal boundary layer
decelerating forced flow of a water-Cu nanofluid flow over a constant temperature wedge is investigated
numerically for different nanoparticle volume fractions. The thermal conductivity and viscosity of the
nanofluid are computed by considering the Brownian motion of the particles. The momentum and energy
equations are solved by the Keller-Box method. The averaged friction coefficient and the Nusselt number
are analyzed to explore boundary layer and heat transfer behaviours. Two regression models are obtained
by using the response surface methodology for various magnetic parameters (0.5 ≤ M ≤ 2.5), wedge angles
(90◦ ≤ β ≤ 180◦) and nanoparticle volume fractions (0.01 ≤ ϕ ≤ 0.07). Then, a sensitivity analysis is
carried out to gain further insight into the impact of the factors on the problem. Finally, an optimization
process is conducted in order to determine the maximum heat transfer rate and the minimum surface
friction. The obtained results show that both the magnetic parameter and the wedge angle decrease the
thicknesses of the hydrodynamic and thermal boundary layers, so that the averaged surface friction and
the Nusselt number reduce. Surprisingly, adding nanoparticles is found to have a decreasing impact on the
averaged Nusselt number by enlarging the thermal boundary layer thickness at high magnetic strength.
The sensitivity analysis outcomes reveal that M , β, and ϕ have increasing effects on the surface friction.
Also, the sensitivity of Nu to the wedge angle is found to be independent of the magnetic parameter.
The optimum condition occurs when M = 0.62, β = 166.71◦, and ϕ = 0.052, wherein Nu = 1.176 and
Cf = 3.2601, with a maximum error of 0.33%.

1 Introduction

A boundary layer is a thin layer of a viscous fluid close to the surface or wall, wherein the velocity gradient is important.
It was first defined by Ludwig Prandtl [1]. This theory quickly showed its effectiveness in the various branches of science,
particularly in fluid mechanics and aviation. In fact, it can be said that the most significant successes in aeronautics
in the early twentieth century and before the invention of computers would never have been possible without the use
of this theory. Prandtl divided the flow field into two regions: a thin layer near the wall called the boundary layer,
wherein the viscosity is dominated and the heat transfer occurs, and the area outside the boundary layer, wherein the
velocity and temperature gradients are negligible [1–5].

There are several passive approaches to enhance the heat transfer from thermal devices, e.g. adding nanoparticles to
a base fluid, making surfaces flexible, imposing magnetic field, adding artificial surface roughness, corrugating surfaces,
attaching fin(s), and inserting obstacle(s) [6–11]. The study of heat transfer in nanofluids was started by Choi [12]. The
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dispersion of a small amount of solid nanoparticles in a pure fluid appreciably increases its thermal conductivity results
in enhancing the heat transfer rate [11]. This has gained a great deal of attention and attracted many researchers. There
are many studies in the literature addressing the mechanism behind the enhanced heat transfer characteristics [13–19].
An excellent collection of papers on this topic can be found in the review papers of Das et al. [20], Buongiorno [21],
Daungthongsuk and Wongwises [22], Wang and Mujumdar [23], Kakaç and Pramuanjaroenkij [24], Dalkilic et al. [25]
and Saidur [26]. Further, the effect of magnetic fields on nanofluid flows has received the attention of many researchers.
This is due to its wide application in many engineering problems, such as magneto-hydrodynamic (MHD) generators,
plasma studies, the polymer industry, the stretching of plastic sheets, metallurgy, nuclear reactors, and problems dealing
with liquid metals [7–9,27–30]. There are applications wherein the magnetic field effects are inevitable, e.g. electronic
hardwares. In these situations, the electrically conducting fluids are decelerated by the Lorentz force and, thus, the
rates of heat and mass transfer are affected [9]. Numerical simulations are effective platforms to properly characterize
the transport and their effects on the heat transfer performance in general. Material manufacturing processes, crystal
growth using the horizontal Bridgman technique for instance, are other types of relevant problems to this topic where
defects formation (e.g., dopant segregation and striation) can be profoundly studied using convection heat transfer
setups. Opposing magnetic forces in this application may also control the melt flow by magnetic damping [9]. The
effect of such magnetic forces, however, should be studied on heat transfer physics as well. For the crystal growth
application, damping the flow by applying a magnetic field is favoured. However, this approach reduces the heat
transfer from the enclosure, which in some cases is not appreciated. Thus, researchers suggest approaches to thermal
device designers to boost the heat transfer rate to its previous values, or even try to tune it. On the other hand, in
many applications, e.g. pipe flow and wedge flow, a controllable magnetic field could enhance the heat transfer rate
easily [7].

Boundary layer flow over a wedge is a problem of fundamental importance since such a flow constitutes a wide class
of flows in which there is a proportionality between the free stream velocity and the power of the length coordinate
measured from the stagnation point [31]. Besides, due to the practical applications of heat transfer flow past wedge-
shaped bodies including heat exchangers, geothermal energy recovery, crude oil extraction, insulating aircrafts, packed-
bed reactor, geothermal industries, nuclear waste storage and cooling electronic devices, to name some examples, it
has gained a great deal of attention. For instance, the flow over a wedge is solved in the presence of a chemical reaction
term, as a coupled heat and mass transfer problem to answer questions of drying processes, surface evaporation,
etc. [31–33]. Aerosol deposition is another application of the study of MHD flow over a porous wedge in the presence
of many contributing factors such as Brownian motion, sedimentation, thermodiffusion, and surface geometry [34]. A
wedge embedded in a porous media could be considered as a benchmark problem for examining the efficiency of solar
thermal power systems attempting to increase the temperature of working fluid [35]. A two-dimensional incompressible
flow over a wedge was first studied by Falkner and Skan [36]. They employed a similarity transformation that reduces
the partial differential boundary layer equations to a set of nonlinear third-order ordinary differential equations before
solving it numerically. A large number of research studies on this problem has been cited in a book by Schlichting
et al. [37], as well as in papers written by Kameswaran et al. [27] and Ishak et al. [38]. Rossow [39] was the first to
study the hydrodynamic behaviour of the boundary layer on a flat plate in the presence of a uniform magnetic field.
The effects of the magnetic field on the natural convection flow of nanofluid past a vertical flat plate was theoretically
studied by Hamad et al. [29]. Their results showed that Ag and Cu nanoparticles proved to have the highest cooling
performance compared to Al2O3 and TiO2 nanoparticles. The MHD boundary layer flow of a Casson nanofluid over
an exponentially permeable shrinking sheet with a convective boundary condition was numerically studied by Haq et
al. [40]. They reported that Newtonian fluids have a lower friction factor in comparison to non-Newtonian fluids. The
increasing trend of the Nusselt number in their study is inverted for higher values of the Brownian motion parameter.
Makinde and Aziz [41] studied nanofluid boundary layer flow over a stretching sheet with a convective boundary
condition. In the past few years, there have been several papers on nanofluid flow past a wedge [42–52]. Yacob et
al. [42] investigated the effect of heat flux on a Falkner-Skan flow of nanofluid. Their results show that the wall shear
stress and wall temperature gradient are maximum for water-Cu nanofluid, compared to water-TiO2 and water-Al2O3

nanofluids. Also, they showed that the wall temperature gradient enhances by increasing the values of the Falkner-Skan
power-law parameter m. Chamkha et al. [43] explored the effect of thermal radiation on convection flow over a wedge
embedded in a saturated porous media. They converted the governing partial differential equations to ordinary partial
differential equations using non-similar transformations and solved them numerically through the use of the Keller-
Box method. A similar study was conducted by Gorla et al. [44]. They considered both free and forced convection
regimes. Numerical investigations of mixed convection flow of viscous fluid over and through a porous non-isothermal
wedge in the presence of viscous dissipation and heat generation or absorption were carried out by Prasad et al. [45].
They concluded that the Eckert number and the heat source/sink parameter enhance the temperature significantly.
The steady state, two-dimensional boundary layer flow adjacent to a wedge in the presence of viscous dissipation and
heat generation or absorption was discussed by Pal and Mondal [46]. They obtained the non-similarity solution by
using the Runge-Kutta-Fehlberg scheme. They noticed that fluid temperature falls as the Eckert number increases.
Ahmad and Khan [47] examined the influence of viscous dissipation and heat generation or absorption on the forced
convection flow of viscous fluid over a moving wedge subjected to suction/injection. They showed that the magnetic
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Fig. 1. A schematic representation of the physical model.

and pressure gradient parameters have an increasing effect on velocity, temperature, shear stress, and heat transfer
at the surface in both the hydrodynamic and thermal boundary layers. The effects of heat generation or absorption
and chemical reaction on mixed convection flow along a vertical wedge subjected to suction or injection are discussed
by Ganapathirao et al. [48]. Khan et al. [49] numerically studied a flow over a moving wedge in a nanofluid under
the influence of a magnetic field. They solved the governing equations with the help of the shooting method together
with the Runge-Kutta sixth-order scheme. Kasmani et al. [50,51] numerically explored the effects of heat generation
on force convection flow over a stationary wedge in a nanofluid. They concluded that increasing the heat generation
or absorption leads to a higher temperature.

To the best of our knowledge, a comprehensive analysis on the cross-linking effects of magnetic field, wedge angle,
and nanoparticle volume fraction on velocity profile and temperature distribution has not been provided, up to now.
In this paper, forced convection heat transfer of water-Cu nanofluid flow over a stationary wedge was simulated by
using the Keller-Box method. A new thermal conductivity model proposed by Hassani et al. [52] was utilized. Taking
Brownian motion into account, the effective thermal conductivity and viscosity of the nanofluids were calculated.
The averaged Nusselt number and surface friction coefficient were selected as the two characteristics describing the
hydrodynamic and thermal performance. Two correlations in polynomial form were obtained as the functions of the
three aforementioned factors to better understand how much they contribute to the boundary layer characteristics and
to derive sensitivity functions. Then, an optimization was carried out to minimize and maximize the averaged surface
friction and Nusselt number, respectively.

2 Mathematical modeling

2.1 Conceptual model

A steady two-dimensional boundary layer flow over a wedge in a water-based nanofluid containing Cu nanoparticles
has been studied. As is shown in fig. 1, the x-axis is measured along the wedge surface from its leading edge, and the
y-axis is normal to the wedge surface. The problem assumptions are as follows:

– Laminar, Newtonian, and incompressible nanofluid flow.
– The Cu nanoparticles have a uniform shape and size.
– The base fluid and the nanoparticles are in thermal equilibrium and no slip occurs between them.
– The wedge surface was also maintained at the uniform temperature, TW , which is higher than the ambient fluid

temperature, T∞.
– A uniform magnetic field strength was applied in the y-direction and normal to the fluid flow.
– The fluid is electrically conducting.

2.2 Governing equations

With the above assumptions, using boundary layer approximations, the governing equations of continuity, momentum,
and energy for the nanofluid flow are as follows [38,45,47–50,53–56]:

du

dx
+

∂v

∂y
= 0, (1)
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Table 1. Thermophysical properties of water and nanoparticles [16,29,42].

ρ (kg m−3) cp (J kg−1K−1) k (W m−1K−1) μ (kg m−1s−1) d (nm) Pr σ (Ω · m)−1

Water 997.1 4179 0.613 0.00101 0.1 6.885 0.05

Cu 8933 385 401 – 40 – 5.96 × 10−7

u
∂u

∂x
+ v

∂u

∂y
=

1
ρnf

(
μnf

(
∂2u

∂y2

)
− σnfB2

0u − dP

dx

)
, (2)

(
u

∂T

∂x
+ v

∂T

∂y

)
= αnf

(
∂2T

∂y2

)
, (3)

where u and v are the velocity components along the x- and y-directions, respectively, and T is the nanofluid tem-
perature. μnf , ρnf and αnf are the dynamic viscosity, density and thermal diffusivity of the nanofluid, respectively.
Since pressure is a function of x and does not vary along the normal direction of the wedge surface, pressure gradient
inside the boundary layer is the same as the figure for the free stream flow. As a consequence, the pressure gradient
could be calculated using Bernoulli’s equation which is expressed as follows for the case of MHD flow [36,37,43–45]:

−dP

dx
= ρnfue

due

dx
+ σnfB2

0ue. (4)

Substituting eq. (4) into eq. (2) gives the following equation [45,55]:

u
∂u

∂x
+ v

∂u

∂y
=

1
ρnf

(
μnf

(
∂2u

∂y2

)
− σnfB2

0(u − ue) + ρnfue
due

dx

)
. (5)

2.2.1 Boundary conditions

According to fig. 1, the boundary conditions are expressed as follows:

u = 0, v = 0, T = TW , at y = 0, (6)
u = ue = u(x) = cxm, T = T∞, at y → ∞. (7)

The velocity variation along the x-direction up to the surface, out of the boundary layer, was defined in the form of
cxm, wherein, the exponent m is the wedge angle parameter defined as β/(360 − β) [47,50–54].

2.2.2 Transformed equations and boundary conditions

The mathematical analysis of the problem is simplified by introducing the following variables [27,37,57,58]:

η = y

√
u(x)
ϑbfx

, ψ =
√

ϑbfxu(x)f(η), θ =
T − TW

T∞ − TW
, (8)

where η is the similarity variable and the stream function, ψ(x, y), is defined as u = ∂ψ/∂y and v = −∂ψ/∂x. Each
parameter used into the similarity parameter must be identified, be constant or expressed as an explicit function,
thus, the properties of base fluid must be used for the dynamic viscosity instead of nanofluid. ϑbf (= μbf/ρbf ) refers
to the constant values of viscosity and density of the base fluid listed in table 1, so that ϑbf gives a constant value
throughout the solution domain and was used to introduce the similarity variable. Using the above variables, eq. (1)
will be automatically satisfied and the governing eqs. (3), (5) can be rewritten as follows [54]:

ϑnf

ϑbf
f ′′′ +

1 + m

2
ff ′′ + m(1 − f ′2) + M(1 − f ′) = 0, (9)

αnf

αbf
θ′′ +

1 + m

2
fθ′ − 2mf ′θ = 0, (10)

where ϑ and α are kinematic viscosity and thermal diffusivity, respectively. Subscribes bf and nf refer to base fluid
and nanofluid, respectively. M is the magnetic parameter defined as σB2

0x/ρue. It is worth noting that using ϑbf for
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the introduction of an appropriate and applicable similarity variable leads to the appearance of dynamic viscosity
ratio in the first term of eq. (9) [56].

The boundary conditions are as follows:

f ′ = 0, f = 0, θ = 0, at η = 0 (11)

f ′ = 1, θ = 1, at η → ∞ (12)

The prime, ′, denotes ordinary differentiation with respect to η.

2.2.3 Auxiliary equations

After solving the equations of momentum and energy, which have been stated by eqs. (9) and (10), the local surface
friction coefficient and the Nusselt number are calculated by the following equations [56–58]:

Cf =
τw

1
2ρbfu2

e

, (13)

Nu =
hx

kbf
. (14)

The wall shear stress and heat transfer coefficient are obtained from the following equations:

τw = μbff ′′(0), (15)

h =
−knfθ′(0)
TW − T∞

. (16)

Substituting eqs. (15) and (16) into eqs. (13) and (14), the following equations for the local surface friction coefficient
and local Nusselt number are obtained based on the dimensionless parameters:

Cf

2

√
Rex =

μnf

μbf
f ′′(0), (17)

Nu√
Rex

= −knf

kbf
θ′(0), (18)

where the Reynolds number is defined as xu(x)/ϑnf and the average friction coefficient and the average Nusselt number
are given by

Cf =
μnf

μbf
f ′′(0), (19)

Nu = −knf

kbf
θ′(0). (20)

2.2.4 Nanofluid properties

In the present work, a homogeneous suspension of water, as the base fluid, and Cu, as solid nanoparticles, was
considered with the properties listed in table 1. The properties of the nanofluid are given by

ρnf = (1 − ϕ)ρbf + ϕρs, (21)
(ρcp)nf = (1 − ϕ)(ρcp)bf + ϕ(ρcp)s, (22)

σnf = (1 − ϕ)σbf + ϕσs, (23)

αnf =
keff

(ρcp)nf
, (24)

where subscripts bf , s, nf and eff refer to the base fluid, solid nanoparticles, nanofluid and effective properties,
respectively. The thermal conductivity, knf , and viscosity, μnf , of the nanofluids were calculated by taking Brownian
motion into account. Using the model proposed by Hassani et al. [52], keff was calculated by

π1 = 1.04 + π1.11
2 π0.33

3 π−1.7
4

[
1

π−1.7
4

− 262
π0.33

3

+
(
135π0.23

5 π0.82
6 π−0.1

7 π−7
8

)]
. (25)
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Table 2. Dimensionless π groups of the effective thermal conductivity correlation [52].

π-group π1 π2 π3 π4 π5 π6 π7 π8

Parameter
knf

kbf
ϕ ks

kbf
Pr dref

ds

ϑbf

dsvBr

cp,bf

T−1v2
Br

Tb
T

The coefficients and exponents of the above correlation were obtained by applying a non-linear regression analysis
to the experimental data [52]. All of the eight π groups were tabulated in table 2.

The Brownian velocity is given by the equation below:

vBr =

√
18kbT

πρsd3
s

, (26)

where kb is the Boltzmann constant equal to 1.3807 × 10−23 J K−1 [52]. The effective viscosity is as follows:

μnf =
ks + 2kbf − 2(kbf − ks)ϕ
ks + 2kbf + (kbf − ks)ϕ

kbf + 5 × 104ξϕρbfcp,bf
μbf

kbfPr

√
kbT

ρsds
γ(T, ϕ). (27)

The first term expresses the static viscosity of the nanofluid, μStatic, which is proposed by Brinkman [59]. The
second term is the modification proposed by Vajjha and Das [60] in order to take micromixing in suspensions into
account. Two empirical correlations for γ(T, ϕ) and ξ are given as follows:

γ(T, ϕ) = (2.8217 × 10−2ϕ + 3.917 × 10−3)
(

T

Tref

)
+ (−3.0669 × 10−2ϕ − 3.91123 × 10−3), (28)

ξ = 9.881(100ϕ)−0.9446, (29)

where Tref is the reference temperature equal to 273K [52].

2.3 Numerical approach

The Keller-Box method was developed to solve differential eqs. (9) and (10) subject to boundary conditions expressed
by eqs. (11) and (12). To this end, the governing equations were reduced to the following algebraic equations by using
the finite difference method:

δfj − δfj−1 −
hj

2
(δuj + δuj−1) = rj ,

δuj+1 − δuj −
hj+1

2
(δvj+1 + δvj) = tj+1

hj

2
(m + 1)

2
ϑf

ϑnf
[vjδfj + vj−1δfj−1] − hjm

ϑf

ϑnf
(ujδuj + uj−1δuj−1) +

hj

2
(m + 1)

2
ϑf

ϑnf
[fjδvj + fj−1δvj−1]

− M(δuj + δuj−1) + (δvj − δvj−1) = sj ,

δθj+1 − δθj −
hj+1

2
(δgj+1 + δgj) = qj+1,[

Pr
αf

αnf

hj

2
(m + 1)

2

]
[δfjgj + δfj−1gj−1] + [δgj − δgj−1] +

[
Pr

αf

αnf

hj

2
(m + 1)

2

]
[fjδgj + fj−1δgj−1] = kj . (30)

Then the algebraic equations were turned into a linear form and were written in the following matrix-vector format:

Ajδj−1 + Bjδj + Cjδj+1 = Rj , (31)

where A, B, and C are 5× 5 matrixes containing known coefficients for a node and the four adjacent nodes. The two
5 × 1 matrices of the unknown were given as follows:

Rj = [rj sj tj+1 kj qj+1]T , (32)

δj = [δfj δuj δvj δθj δgj ]T . (33)

The system of equations was solved in the three diagonal matrix algorithm (TDMA) [61].
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Fig. 2. A schematic representation of non-uniform grid structure.

Table 3. A comparison of θ′(0) between the current study and the results of pure fluids reported by Kays and Crawford [62]
in different values of m and Pr.

Work Pr m = 0 m = 0.333 m = 4

Present work
0.7

0.292 0.384 0.813

Kays and Crawford [62] 0.292 0.384 0.813

Present work
5

0.585 0.792 1.736

Kays and Crawford [62] 0.580 0.792 1.737

Table 4. A comparison of ((m + 1)Rex/2)−1/2Nu between the current study and the results of water-Cu nanofluid reported
by Yacob et al. [63] in different values of ϕ and m.

Work ϕ m = 0 m = 1

Present work
0.01

1.1105 1.4103

Yacob et al. [63] 1.1100 1.4043

Present work
0.02

1.3340 1.6683

Yacob et al. [63] 1.3342 1.6692

2.4 Grid resolution and validation

As shown in fig. 2, a one-dimensional non-uniform grid perpendicular to the flow was generated. The distance between
the node j and its upper node was obtained as follows:

ηj = h1
kj − 1
k − 1

, (34)

where h1, the length of the first step, and k, the protraction ratio between any two adjacent nodes, are set to
0.0001 and 1.01, respectively. Repeating the calculations with finer grids reveals the mesh independence of the results
for 1800 nodes with the maximum error of 0.1%. In order to solve the equations, a program was written in the
FORTRAN language and 10−7 was considered as a convergence criterion. The accuracy of the performance of the
code was evaluated by comparing the results against the works done by Kays and Crawford [62] and Yacob et al. [63],
respectively, for a pure fluid and a nanofluid flow passing over a wedge maintained at a constant temperature. The
results of validation for θ′(0) and ((m + 1)Rex/2)−1/2Nu have been tabulated in tables 3 and 4, respectively. The
numerical results were found to be in excellent agreement with those reported in [62,63].

3 Numerical results

The effects of the magnetic parameter, wedge angle, and nanoparticle volume fraction on the velocity and temperature
profiles are examined separately in the following three subsections.
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Fig. 3. (a) Velocity profile, f ′(η), and (b) temperature distribution, θ(η), for different magnetic strengths in the case of β = 90
and ϕ = 0.05.

Fig. 4. (a) Local surface friction, Cf , and (b) local Nusselt number, Nu, for different magnetic strengths in the case of β = 90
and ϕ = 0.05.

3.1 Impact of magnetic field

Figure 3 shows the effect of magnetic field on the velocity, f ′(η), and the temperature, θ(η), profiles. It is obvious
that these profiles satisfy the far field boundary conditions, asymptotically. Applying the transverse magnetic field to
the fluid flow creates a drag force that is called Lorentz. It can be seen from fig. 3(a) that the velocity profile tends
toward the wall as the magnetic strength increases and the laminar momentum boundary layer becomes thinner.
Consequently, as shown in fig. 4(a), the local surface friction increases along the wedge surface, especially in the region
close to the leading edge.

The temperature distribution, which is directly affected by the flow field, tends toward the surface by the intro-
duction of the Lorentz force to the flow. The Nusselt number along the surface was plotted in fig. 4(b) for different
values of the magnetic parameter. Figure 4(b) shows that the temperature gradient at the wall increases by increasing
the magnetic strength. This is because of imposing a constant temperature on the wall. An increase in the magnetic
parameter leads to a decrease in the thermal boundary layer thickness, which results in increasing the Nusselt number.

3.2 Impact of the wedge angle

The velocity and temperature profiles for ϕ = 0.05, M = 1 and different values of β have been shown in fig. 5. The
results show that increasing the wedge angle leads to a rise of f ′ (fluid velocity) due to creating a favourable pressure
gradient; hence, the hydrodynamic boundary layer thickness decreases. As a matter of fact, the flow over a horizontal
plate (β = 0) is much slower compared to the flow over a wedge (0 < β < 180) and over a vertical plate (β = 180). So,
increasing the wedge angle delays the boundary layer separation by stabilizing the boundary layer flow. This results in
a higher local friction coefficient, as shown in fig. 6(a). It is worth noting that, for a flow with specified thermophysical
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Fig. 5. (a) Velocity profile, f ′(η), and (b) temperature distribution, θ(η), for different wedge angles in the case of M = 1 and
ϕ = 0.05.

Fig. 6. (a) Local surface friction, Cf , and (b) local Nusselt number, Nu, for different wedge angles in the case of M = 1 and
ϕ = 0.05.

properties, the thinner the hydrodynamic boundary layer is, the thinner the thermal boundary layer is. These results
are supported by the profiles depicted in fig. 5(b). As a matter of fact, the increase of velocity due to the favourable
pressure gradient in the hydrodynamic boundary layer results in increasing the slope of θ(η) at η = 0 and consequently,
increasing the heat transfer rate originated from a decline in the thermal boundary layer thickness. Overall, the surface
temperature is higher at any point inside the boundary layer for the flow over a horizontal plate compared to that
over a vertical plate.

3.3 Impact of nanoparticle volume fraction

The velocity and temperature profiles for different nanoparticle volume fractions in the wedge angle of 90 degrees are
plotted in fig. 7. It is observed that adding nanoparticles increases the velocity within the boundary layer slightly
and reduces the thickness of the hydrodynamic boundary layer. In fact, the presence of Cu nanoparticles in the flow
causes a favourable pressure gradient within the boundary layer and hampers the growth of the boundary layer. As
expected, and as depicted in fig. 8(a), the friction coefficient decreases along the x-direction because the hydrodynamic
boundary layer thickness becomes greater. Moreover, the results demonstrate that the local friction coefficient at any
point on the surface is increased as the volume fraction of nanoparticles increases, due to an increase in viscosity of
the nanofluid.

According to fig. 7, it is revealed that thermal boundary layer thickness increases slightly with the volume fraction
of the nanofluid. As a result, θ′(η) at η = 0 increases as well. This is a surprising result, which is stated in contrast to the
elementary thoughts regarding the ever-increasing trend of nanoparticle volume fractions in heat transfer enhancement.
This behaviour is due to high velocity at high values of magnetic strength, which increases Brownian motion.
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Fig. 7. (a) Velocity profile, f ′(η), and (b) temperature distribution, θ(η), for different nanoparticle volume fractions in the case
of M = 1 and β = 90.

Fig. 8. (a) Local surface friction, Cf , and (b) local Nusselt number, Nu, for different nanoparticles volume fractions in the case
of M = 1 and β = 90.

4 Response surface methodology (RSM)

RSM is a statistical-mathematical approach which can provide the relation(s) between several explanatory variables
and one or more response variables [64,65]. In the current study, M , β, and ϕ are input parameters and Cf and Nu
are the two non-dimensional responses. Using least squares error fitting, RSM finds the best correlations [66]. The
general form of the correlations of Cf and Nu in terms of input parameters can be written as follows:

Cf = α0 + α1A + α2B + α3C + α12AB + α13AC + α23BC + α11A2 + α22B2 + α33C2, (35)

Nu = γ0 + γ1A + γ2B + γ3C + γ12AB + γ13AC + γ23BC + γ11A2 + γ22B2 + γ33C2, (36)

where αi, αij , γi, γij are unknown coefficients must be identified by means of RSM. The key feature of RSM is estab-
lishing the two approximate functions by using a Taylor series expansion. In the current study, a Central Composite
Design (CCD) method is used as a second-order model, as introduced by Box and Wilson [67]. A three-level three-
factor face-centred CCD-RSM is considered. In the statistical part, in order to have regression models with a higher
accuracy, the wedge angle is narrowed to the range of 90◦ to 180◦. The range of Stuart number, M , and solid volume
fraction, ϕ, are catched up from the literature data for a Cu-water nanofluid [33–35,55,56,68,69]. A magnetic param-
eter with a value up to 5 is considered by [55,69], also the maximum values of 2.5 and 2 for the magnetic parameter
was used by [33] and [34], respectively. Besides, the maximum feasible and efficient values of the solid volume fraction
was assumed 20%, 15%, and 9% by Afify and Bazid [55], Kandasamy et al. [35], and Afify and Abd El-Aziz [68]. All
of the non-dimensional factors in the three levels are tabulated in table 5.
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Table 5. All the three levels of the effective factors base on central composite design.

Factors Dimension Symbol
Levels

Low (−1) Mid (0) High (+1)

M – A 0.5 1.5 2.5

β – B 90 135 180

ϕ – C 0.01 0.04 0.07

Table 6. Experimental design matrix.

Experiment
Point type

Coded values Real values Responses

number A B C M β ϕ Cf Nu

1 Factorial −1 −1 −1 0.5 90 0.01 2.117 0.923

2 −1 −1 +1 0.5 90 0.07 2.451 0.927

3 −1 +1 −1 0.5 180 0.01 2.931 1.169

4 −1 +1 +1 0.5 180 0.07 3.509 1.184

5 +1 −1 −1 2.5 90 0.01 3.546 1.042

6 +1 −1 +1 2.5 90 0.07 3.857 1.031

7 +1 +1 −1 2.5 180 0.01 4.084 1.262

8 +1 +1 +1 2.5 180 0.07 4.603 1.259

9 Axial −1 0 0 0.5 135 0.04 2.692 1.035

10 0 −1 0 1.5 90 0.04 3.815 1.225

11 0 0 −1 1.5 135 0.01 3.189 1.092

12 0 0 +1 1.5 135 0.07 3.6 1.091

13 0 +1 0 1.5 180 0.04 3.815 1.225

14 +1 0 0 2.5 135 0.04 3.964 1.132

15 Center 0 0 0 1.5 135 0.04 3.388 1.092

16 0 0 0 1.5 135 0.04 3.388 1.092

17 0 0 0 1.5 135 0.04 3.388 1.092

18 0 0 0 1.5 135 0.04 3.388 1.092

19 0 0 0 1.5 135 0.04 3.388 1.092

20 0 0 0 1.5 135 0.04 3.388 1.092

4.1 Analysis of variance (ANOVA)

Multiple regression was used to fit the best polynomial correlations to the responses (Cf and Nu). The sequential f -
test and analysis of variance (ANOVA) were used to check the accuracy and adequacy of the fitted regression models
to the twenty runs tabulated in table 6. ANOVA is applicable to specify which terms of the equations have to be
maintained into the correlations [70]. All of the statistical estimators which were computed in ANOVA procedure are
tabulated in tables 7, 8.

Each term of eqs. (35) and (36) has a distinct F -value and P -value. The data variance can be estimated by
calculating the F -value. The terms with F -value greater than unity are significant in engineering applications [70].
The validity of the regression models can be assessed by the P -value. Each term with P -value less than 0.05 remains
in the regression model with 95% confidence [70]. Accordingly, the interaction of A (M) with B (β), and quadratic
term of C (ϕ) have been removed from the model of Nu. The statistical estimators for the reduced models of Cf and
Nu are listed in table 9. It is evident that both the reduced models are still significant.
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Table 7. ANOVA for C
1.82
f .

Regression terms Sum of squares Degree of freedom Mean square F -value P -value

Model 145.65 9 16.18 14494.27 < 0.0001 Significant

A-M 96.06 1 96.06 86030.67 < 0.0001 Significant

B-β 36.02 1 36.02 32257.25 < 0.0001 Significant

C-ϕ 11.63 1 11.63 10412.69 < 0.0001 Significant

AB 0.032 1 0.032 29.06 0.0003 Significant

AC 0.093 1 0.093 83.66 < 0.0001 Significant

BC 1.16 1 1.16 1035.61 < 0.0001 Significant

A2 6.471E-003 1 6.471E-003 5.80 0.0368 Significant

B2 0.35 1 0.35 310.87 < 0.0001 Significant

C2 0.010 1 0.010 9.04 0.0132 Significant

Residual 0.011 10 1.117E-003

Lack of fit 0.011 5 2.233E-003

Pure error 0.000 5 0.000

Cor total 145.66 19

R2 = 0.9999 Std. Dev. = 0.033

Adjusted R2 = 0.9999 Mean = 9.40

Predicted R2 = 0.9994 C.V.% = 0.36

Adequate precision = 514.256 PRESS = 0.092

Table 8. ANOVA for Nu
2.31

.

Regression terms Sum of squares Degree of freedom Mean square F -value P -value

Model 1.13 9 0.13 14373.46 < 0.0001 Significant

A-M 0.16 1 0.16 17971.51 < 0.0001 Significant

B-β 0.96 1 0.96 1.094E+005 < 0.0001 Significant

C-ϕ 1.590E-005 1 1.590E-005 1.82 0.2074 Significant

AB 7.827E-009 1 7.827E-009 8.946E-004 0.9767 –

AC 9.512E-004 1 9.512E-004 108.72 < 0.0001 Significant

BC 3.351E-004 1 3.351E-004 38.30 0.0001 Significant

A2 9.721E-004 1 9.721E-004 111.11 < 0.0001 Significant

B2 0.012 1 0.012 1375.69 < 0.0001 Significant

C2 9.135E-006 1 9.135E-006 1.04 0.3310 –

Residual 8.749E-005 10 8.749E-006

Lack of fit 8.749E-005 5 1.750E-005

Pure error 0.000 5 0.000

Cor total 1.13 19 8.749E-006

R2 = 0.9999 Std. Dev. = 2.958E-003

Adjusted R2 = 0.9999 Mean = 1.25

Predicted R2 = 0.9989 C.V.% = 0.24

Adequate precision = 420.046 PRESS = 1.259E-003
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Table 9. Regression coefficients for C
1.82
f and Nu

2.31
.

C
1.82
f Nu

2.31

Regression terms Coefficients Coefficients

of regression model P -value of regression model P -value

(coded form) (coded form)

intercept +9.21 < 0.00001 +1.23 < 0.00001

A +3.10 < 0.00001 0.13 < 0.00001

B +1.90 < 0.00001 +0.31 < 0.00001

C +1.08 < 0.00001 +1.261E-003 0.0185

AB −0.064 0.0003 – –

AC +0.11 < 0.0001 −0.011 < 0.0001

BC +0.38 < 0.0001 +6.472E-003 < 0.0001

A2 −0.049 0.0368 −0.019 < 0.0001

B2 +0.36 < 0.0001 +0.065 < 0.0001

C2 +0.061 0.0132 – –

R2 = 99.99% R2 = 99.99%

Adjusted R2 = 99.99% Adjusted R2 = 99.99%

4.2 Regression models of responses

The regression models in a coded form valid in the range of 0.5 < M < 2.5, 90 < β < 180, 0.01 < ϕ < 0.07 are given
as follows:

– Statistical models:

Cf = (9.21 + 3.1A + 1.9B + 1.08C − 0.064AB + 0.11AC + 0.38BC

− 0.049A2 + 0.36B2 + 0.061C2)
1

1.82 , (37a)

Nu = (1.23 + 0.13A + 0.31B + 1.261 × 10−3C − 0.011AC

+ 6.472 × 10−3BC − 0.019A2 + 0.065B2)
1

2.31 . (38a)

– Technological models:

Cf = (2.08 + 3.291M − 0.0143β − 12.864ϕ − 1.4152 × 10−3Mβ + 3.6Mϕ + 0.28βϕ − 0.048M2

− 1.754 × 10−4β2 + 67.31ϕ2)
1

1.82 , (37b)

Nu = (0.65 + 0.198M − 2.045 × 10−3β − 0.06ϕ − 0.363Mϕ + 4.79

× 10−3βϕ − 0.0194M2 + 3.23 × 10−5β2)
1

2.31 . (38b)

Figures 9 and 10 show the residual plots for C
1.82

f and Nu
2.31

, which provide a visual assessment of the accuracy

level of the RSM model. The normal probability of C
1.82

f and Nu
2.31

is plotted in figs. 9(a) and 10(a), respectively.
The residuals are nearly a straight line, so it can be concluded that the errors are normally distributed. The predicted
values versus the actual ones for C

1.82

f and Nu
2.31

are plotted in figs. 9(b) and 10(b), respectively. As is shown in
these figures, the residuals fall on or near a straight line, which indicates that the regression models are well fitted
with the actual values.

Approaching R2 and adjusted-R2 to unity leads to a better regression model that is able to predict the values with
high accuracy. These values are 99.99% for both C

1.82

f and Nu
2.31

, as depicted in table 9. It is noteworthy that 99.99%
indicates that the quadratic model cannot reflect only 0.01% of total variation. Therefore, excellent relationships
between the independent variables and the responses are provided.
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Fig. 9. Residual plots for C
1.82
f number: (a) normal probability; (b) goodness of fit.

Fig. 10. Residual plots for Nu
2.31

number: (a) normal probability; (b) goodness of fit.

4.3 Response surface analysis

The 3D surfaces of eqs. (16) and (17) are illustrated in figs. 11 and 12. Skimming through fig. 11 shows that the three
investigated factors have an increasing effect on Cf . Since the surfaces behave monotonically, the minimum value of
Cf occurs at the low levels of the three factors. The effect of the magnetic parameter and the wedge angle on the
average friction coefficient was investigated at ϕ = 0.04 and is illustrated in fig. 11(a). Since the surface almost has
a symmetrical shape along the β = M line, it can be concluded that the Cf is almost equally affected by a change
in β and M , while holding ϕ in the middle level. The same results are shown fairly weakly in figs. 11(b) and (c).
The variation of Cf versus the wedge angle for different nanoparticle volume fractions is shown in fig. 11(c). The
results demonstrate that Cf increases with the wedge angle, due to a reduction in the thickness of the hydrodynamic
boundary layer and an increase in the velocity gradient. Also, Cf increases with the nanoparticle volume fraction
due to increasing the viscosity of the nanofluid. According to the figure, it is also apparent that the effect of the
nanoparticle volume fraction on Cf is more significant in a larger wedge angle.
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Fig. 11. 3D surface and contour plots of the effect of (a) wedge angle and magnetic strength; (b) volume fraction and magnetic
strength; (c) wedge angle and volume fraction, on Cf .

Figure 12 visualizes the impact of the three investigated variables on Nu. It can be seen that the magnetic strength
has an increasing impact on Nu at each fixed value of β. The same conclusion can be drawn for the wedge angle. In
addition, the maximum value of Nu corresponds to the largest values of β and M , while ϕ is kept in the middle level.
Figure 12(b) shows the interaction of ϕ and M on Nu. Surprisingly, as is depicted in this figure, at high values of
magnetic strength, Nu decreases as the nanoparticle volume fraction is increased. So, at the wedge angle of β = 135◦,
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Fig. 12. 3D surface and contour plots of the effect of (a) wedge angle and magnetic strength; (b) volume fraction and magnetic
strength; (c) wedge angle and volume fraction, on Nu number.

adding nanoparticles has an invert effect on the heat transfer rate when the strength of the magnetic field is high, while
at low magnetic strength, Nu is in direct relation with ϕ. The interaction of ϕ and β on Nu is shown in fig. 12(c). It
can be seen that, at a low level of the wedge angle, ϕ has a decreasing impact on Nu, whereas, at high values of the
wedge angle, it has an increasing impact. However, it is revealed from figs. 12(b) and (c) that the nanoparticle volume
fraction has a negligible impact on Nu, especially at the middle levels of β and M .
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Fig. 13. Sensitivity analysis for Cf (a) at B = −1 and C = 0; (b) at B = 0 and C = 0; (c) at B = +1 and C = 0.

4.4 Sensitivity analysis

The sensitivity of the regression models to M , β, and ϕ was obtained based on CCD-RSM and is depicted in figs. 13
and 14. The increasing or decreasing trend of the responses with respect to A, B and C can be calculated from the
sensitivity functions derived as below:

∂Cf

∂A
=

1
1.82

(3.1 − 0.064B + 0.11C − 0.098A)(Cf )
−0.82
1.82 , (39)

∂Cf

∂B
=

1
1.82

(1.9 − 0.064A + 0.38C + 0.72B)(Cf )
−0.82
1.82 , (40)

∂Cf

∂C
=

1
1.82

(1.08 + 0.11A + 0.38B + 0.122C)(Cf )
−0.82
1.82 , (41)

∂Nu

∂A
=

1
2.31

(0.13 − 0.011C − 0.038A)(Nu)−
1.31
2.31 , (42)

∂Nu

∂B
=

1
2.31

(0.31 + 6.472 × 10−3C + 0.130B)(Nu)−
1.31
2.31 , (43)

∂Nu

∂C
=

1
2.31

(+1.261 × 10−3 − 0.011A + 6.472 × 10−3B)(Nu)−
1.31
2.31 . (44)

The sensitivity of Cf and Nu was performed for different values of M and β at C = 0 (ϕ = 0.04) (figs. 13 and 14).
The response increases with the factor if its bar chart is positive. When the height of the bar chart is greater, the
response is more sensitive to the variable.

The sensitivities of the average friction coefficient are illustrated in fig. 13. Since the sensitivity of Cf to magnetic
strength (A), wedge angle (B) and solid volume fraction (C) are always positive, they have an increasing impact on
Cf . Also, it can be seen that the sensitivity of the average friction coefficient (Cf ) to the magnetic parameter is the
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Fig. 14. Sensitivity analysis for Nu (a) at B = −1 and C = 0; (b) at B = 0 and C = 0; (c) at B = +1 and C = 0.

highest at low levels of M and β, and decreases monotonically with an increase in magnetic strength (A) and wedge
angle (B). Therefore, it can be inferred that the interactions of the magnetic parameter with itself and with the wedge
angle are negative. The sensitivity of Cf to the solid volume fraction (C) does not significantly change with increasing
M (A), so these two parameters have a very slight interaction with each other. The sensitivity of Cf to the wedge
angle (B) and solid volume fraction (C) become larger by passing from B = −1 to B = +1. However, Cf is more
sensitive to the magnetic parameter rather than β and ϕ, especially in the low level of itself (A = −1).

The sensitivities of Nu are depicted in fig. 14. Since the sensitivities of Nu to M and β are always positive, Nu
increases monotonically with increasing M and β. Focusing on the sensitivity of Nu to B, no change is observed in the
sensitivity of Nu to the wedge angle (B) by changing the level of magnetic strength from −1 to +1. It can be inferred
that there is no interaction between the magnetic strength (A) and the wedge angle (B). Regarding the sensitivity of
Nu to ϕ, it can be seen that Nu increases with an increase in solid volume fraction at a low level of magnetic strength,
but the trend is surprisingly inverted, namely Nu decreases with ϕ. Although, as shown in fig. 14, the sensitivity of
Nu to the solid volume fraction (C) is approximately zero, so it can be concluded that the solid volume fraction (C)
has a negligible impact on the Nusselt number. The Nusselt number is more sensitive to the wedge angle (B) rather
than the magnetic strength (A) and the solid volume fraction (C).

4.5 Optimization

RSM-based optimization is a multi-criteria methodology to simultaneously minimize/maximize one or more responses,
with a wide-spread application in several engineering systems [6,70]. Therefore, our goal of optimization is to simul-
taneously achieve the highest heat transfer and the lowest surface friction through maximizing and minimizing the
values of Nu and Cf , respectively. According to the previous discussions, the maximum of Nu and the minimum of
Cf are expected to occur, respectively, at the highest and the lowest levels of both the magnetic strength and wedge
angle. Further, the results of the sensitivity analysis show that the optimum condition would be somewhere between
the middle and high levels of the solid volume fraction. However, the aim of this work is exploring the conditions
under which both of the goals can be obtained, simultaneously. To this end, a hill climbing technique was used with
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a set of random points to check whether a more desirable solution exists or not [71]. It is an iterative mathematical
optimization method, which searches the best solution locally. It starts with an arbitrary solution, and then tries to
find a better solution comparing with the previous solution. A desirability value was selected as the criterion for the
present multi-objective optimization. The general desirability objective function is expressed as follows:

D =

(
n∏

i=1

dr1
i

) 1
P

ri

, (45)

where n is the number of responses and ri is the importance value. This approach is limitless for the number of
investigated responses. In fact, all goals are combined into a single desirability function in multi-objective optimization.
The importance varies from 1 (the least important) to 5 (the most important). From the above equation, di is the
desirability of i-th response, which reflects the desirable ranges for each response. Its calculation depends on the goal
of maximizing or minimizing as follows:

di =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

[
Yi − YL,i

YH,i − YL,i

]
, for maximization,

[
YH,i − Yi

YH,i − YL,i

]
, for minimization,

(46)

where Yi, YL,i, and YH,i are the predicted, the lowest, and the highest values of the i-th response, respectively. So
that, di has a value in the range of 0 to 1. As expressed previously, the lowest and the highest values of the responses
individually happen at the two marginal points. The first experiment number of table 1 is associated to the lowest
values of the responses, and the eighth experiment number is associated to the highest values. The closer the value of
di to the unity, the candidate point is closer to the goal and the optimal solution is reachable. Since each solution has
a distinct desirability, the best choice was selected as the solution with the highest value of desirability. The maximum
of Nu and the minimum of Cf were predicted as 1.1411 and 3.2327, respectively, which occurred at M = 0.62,
β = 166.71, and ϕ = 0.052 with the desirability of 59.8%. The actual values of Nu and Cf were computed as 1.1403
and 3.2434, respectively. Comparing the actual and predicted values at the optimum condition clearly approves the
accuracy of the regression models.

5 Conclusions

Nanofluid flow past a wedge is of fundamental importance, since it constitutes a wide class of flows wherein the free
stream velocity out of the boundary layer is proportional to a power of the length coordinate measured from the leading
edge. The problem becomes more interesting in the presence of an applied magnetic field. In this paper, the effects
of the magnetic field, the wedge angle, and the nanoparticle volume fraction on an incompressible flow over a wedge
have been studied numerically using the Keller-Box method. The main outcomes of this study can be summarized as
follows:

– The impact of nanoparticles on the temperature profile decreases by approaching the edge of the thermal boundary
layer.

– Surprisingly, the increasing trend of the Nusselt number with the nanoparticle volume fraction is inverted for high
values of the Brownian motion effect that correspond to the high and low values of the magnetic strength and the
wedge angle, respectively. The nanoparticles volume fraction has a negligible effect on the average Nusselt number
compared to the other factors.

– Both the hydrodynamic and thermal boundary layer thicknesses reduce with an increase in magnetic field intensity
and wedge angle. As a consequence, the average Nusselt number and friction coefficient increase. However, the
increasing impact of the magnetic strength on the average friction coefficient is more than the others. Furthermore,
the average Nusselt number is highly affected by changing the wedge angle rather than the magnetic strength and
solid volume fractions, especially for the case of a vertical plate.

– The sensitivity of the average Nusselt number to the wedge angle does not change with the magnetic parameter.
As a matter of fact, there is no cross effect between the wedge angle and the magnetic parameter.

– The optimum condition occurs at M = 0.62, β = 166.71, ϕ = 0.052.
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Nomenclature

A Coded variable of M ue Ambient fluid velocity (m s−1)
B Coded variable of β VBr Brownian motion velocity (m s−1)
B0 Magnetic field strength (dimensionless) x Distance along the surface
C Coded variable of ϕ y Distance normal to the surface
cp Specific heat (J kg−1K−1) Greek letters
Cf Local friction coefficient (dimensionless) α Thermal diffusivity (m2s−1)
Cf Average friction coefficient (dimensionless) β Wedge angle (degree)
dref Reference diameter (m) γ The empirical correlation of eq. (28)
ds Nanoparticle diameter (m) η Similarity variable (dimensionless)
f Stream function (dimensionless) θ Temperature (dimensionless)
h Convection heat transfer coefficient (Wm−2K−1) μ Dynamic viscosity (kg m−1s−1)
k Thermal conductivity (Wm−1K−1) ϑ Kinematic viscosity (m2s−1)
kb Boltzmann constant (J K−1) ξ Fraction of liquid volume travelling with
m Falkner-Skan parameter (dimensionless) a particle
M Magnetic parameter (dimensionless) ϕ Solid volume fraction (dimensionless)
Nu Local Nusselt number (dimensionless) πi Nondimensional groups of Hasani’s
Nu Average Nusselt number (dimensionless) model (eq. (25))
P Pressure (kg s−2m−1) ρ Density (kg m−3)
Pr Prandtl number (dimensionless) σ Electrical conductivity (Ω · m)
Re Reynolds number (dimensionless) τw Wall shear stress (kg s−2m−1)
T Temperature (K) ψ Stream function (m2s−1)
Tref Reference temperature (K) Subscripts
Tb Boiling point temperature of the base fluid (K) bf Base fluid
T∞ Ambient nanofluid temperature (K) eff Effective
TW Wall temperature (K) nf Nanofluid
u, v Velocity components in the x- and s Solid nanoparticle

y-directions (m s−1) w Wall
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8. F. Selimefendigil, H.F. Öztop, Int. J. Mech. Sci. 118, 113 (2016).
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