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Abstract
Purpose – The purpose of this paper is to investigate the coupled effect of magnetic field and radiation on
convective heat transfer of low electrically conductive dielectric oxide melt.
Design/methodology/approach – The 3D Navier–Stokes equations are formulated using the vector
potential-vorticity formulation and solved using the finite volume method (FVM). The radiative heat transfer
equation is discretized using the FTnFVMmethod. A code was written using FORTRAN language.
Findings – The obtained numerical results are focused on the effect of the different parameters on the heat
transfer and the flow structure with a special interest on the 3D transvers flow. It is found that the flow is
developing in inner spirals and the magnetic field intensifies this 3D character. The radiation acts mainly at
the core of the enclosure and causes the apparition of the merging phenomenon near the front and back walls.
Originality/value – The effect of magnetic field on convective heat transfer of highly electrically
conductive fluids has been intensively studied. Reciprocally, the case of a fluid with low electrical
conductivity is not so much investigated, especially when it is coupled with the effect of radiation. These two
effects are studied in this paper for the case of a low-conductive LiNbO3 oxide melt.

Keywords Magnetic field, Natural convection, Radiation, Dielectric fluid, LiNbO3 oxide melt,
Low electrical conductivity

Paper type Research paper

Nomenclature
B
!

= magnetic field;
B0 = characteristic magnetic field intensity;
c = molar concentration charge;
ce = charge density;
c0e = characteristic charge density;

E
!

= dimensionless electric field;
e!B = direction of magnetic field;

F
!0

= Lorentz force;
g = acceleration of gravity (m/s2);
I = dimensionless radiant intensity;
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I0 = dimensionless black body intensity;
J
!

= dimensionless density of electrical current;
L = total number of discrete solid angles;
Lþ = total number of discrete solid angles oriented to a given boundary;
Md = magnetic Reynolds number;
n = refractive index;
N = avogadro number;
Pr = Prandtl number;
q = electrons charge;
qc = dimensionless local conductive heat flux on isothermal walls;
qr = dimensionless local radiative heat flux on isothermal walls;
Ra = Rayleigh number;
Rc = radiation conduction parameter;
s = distance in the direction X of the intensity;
T = dimensionless temperature;
t = dimensionless time;
T 0

c = cold temperature;
T 0

h = hot temperature;
l = enclosure width;
V
!

= dimensionless velocity vector;
z = charge number; and
x, y, z = dimensionless Cartesian coordinates.

Greek symbols
a = thermal diffusivity (m2/s);
b = thermal expansion coefficient (1/K);
b r = extinction coefficient;
r = density (kg/m3);
m = dynamic viscosity (kg./m.s);
v = kinematic viscosity (m2/s);
f = electric potential;
c
!

= dimensionless vector potential;
v! = dimensionless vorticity;
DA = area of a control volume face;
DT = dimensionless temperature difference;
Dv = control volume;
DXl = control solid angle;
« = emissivity;
U = temperature ratio;
k = absorption coefficient;
v = kinematic viscosity;
l = thermal conductivity (W/m.K);
s = Stefan–Boltzmann constant;
s e = electrical conductivity;
s r = scattering coefficient; and
t = optical thickness.

Subscripts
e, w, n, s, t, b = faces of control volume centered in P;
E, W, N, S, T, B = nodes around the nodal point P;
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P = nodal points; and
x, y, z = Cartesian coordinates.

Superscripts
þ = cations;
� = anions;
0 = dimensional variable; and
l, l 0 = discrete angular directions.

1. Introduction
The effect of magnetic field on heat transfer and fluid flow in 2D configurations has
been the subject of several studies (Noghrehabadadi et al., 2012; Mansour et al., 2016;
Rashad et al., 2016; Rashad et al., 2017a, 2017b, 2018; Rashad, 2017; Hossain and Alim,
2014; Koopaee and Jelodari, 2014; Hussein et al., 2016; Jalil et al., 2013; Hussein et al.,
2012; Mahfooz et al., 2012). The works considering magnetohydrodynamic (MHD)
convective heat transfer in 3D configurations are not abundant. Kolsi et al. (2017)
studied the control of natural convection via a magnetic field and inclined plate in a
cubical open sided cavity filled with a CNT-nanofluid. Kolsi et al. (2007) investigated
the effect of an external magnetic field on the 3D unsteady natural convection of liquid
metals. The same configuration was studied by Kolsi et al. (2010) with a focus on the
entropy generation. Kolsi (2016) studied the MHD mixed convection and entropy
generation in a 3D lid-driven cavity. The case 3D MHD double diffusive natural
convection has been studied by Maatki et al. (2013a, 2013b, 2016a, 2016b). In all the
above-cited studies, the fluid was considered as a highly electrically conductive fluid
and the magnetic field was found to produce a Lorentz force that opposes convection
and reduces both the heat transfer and the flow intensity.

The unique paper considering the 3D MHD flow of low-conductive oxide melt was that
published by Jing et al. (2000). In this work, the authors studied numerically the 3D flow of a
LiNbO3 melt in a crucible. The melt has been assumed to be a dielectric fluid with an
isotropic electric charge density and a vertical magnetic field was applied. The interaction
between the magnetic field and the motion of the charged melt produces a Lorentz force that
enhances the motion (contrary to the case of highly conductive fluids).

In the same way, the coupled 3D radiation-convection with and without the presence of a
magnetic field, has not been intensively studied. Borjini et al. (2008) and Kolsi et al. (2011)
studied the effect of radiation on natural convection of a LiNbO3 oxide melt in cubic and 3D
vertical cavities, respectively. The radiative heat transfer parameter was found to affect the
flow structure especially at the core of the cavity. In these works, the authors used the finite
volume method (FVM) and FTnFVM methods to numerically solve the Navier Stokes and
radiative heat transfer equations, respectively. The same methods were used by Abidi et al.
(2011) to investigate the coupled radiation-double diffusive natural convection with a focus
on the effect of the buoyancy ratio. Zhang et al. (2017) performed a comparison between the
2D and 3D cases of the MHD natural convection with thermal radiation. The governing
equations were solved using the spectral collocation method-artificial compressibility
method. The results show that the differences in the flow structures and the temperature
fields for the 2D and 3D cases are more pronounced for high level of thermal radiation and
weak magnetic field. Li et al. (2017) established a new numerical code solving the radiation
hydrodynamics and radiation MHDs in cylindrical 3D configurations using the collocation
spectral method. The work was essentially based on the description of the used
mathematical formulation and numerical methods and the physical phenomena were not
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described. Other results related to the subject can be found in Zargartalebi et al. (2017a,
2017b) and Tahmasebi et al. (2018).

Based on the above literature survey and the authors’ knowledge, the 3D combined
radiation-natural convection of low electrically conductive oxide melts in the presence of an
external magnetic field has not been studied previously.

In this paper, the effects of radiation and magnetic field oriented in the z-direction

(B
!¼ B0: e

!
z) on the characteristics of the principal, peripheral and transverse flows in a

cubic cavity for Ra = 105, Pr = 13.6 and Ut = 0.1 are investigated. The isothermal vertical
walls are considered black and the adiabatic walls are considered perfectly reflective.
Prandtl number is fixed at 13.6 corresponding to the LiNbO3 oxide melt which is a radiative-
participant medium (Kobayachi et al., 2000). The effect of the conduction-radiation
parameter and the Reynolds magnetic number are discussed.

2. Mathematical formulation and numerical method
The studied geometry with boundary conditions is presented in Figure 1. The cubic cavity is
filled by LiNbO3 oxide melt and a uniform external magnetic field is imposed in the z-
direction. Oxide melts are radiative-participant medium with a low electrical conductivity.
The presence of an external magnetic field induces a Lorentz force expressed as:

F
!0 ¼ c0e:E

!0 þ J 0
!� B0! (1)

with E0�! ¼ �r!f 0

For a fluid in motion, the electric current density is governed by Ohm’s law which is
written as:

J 0
! ¼ c0e: V

0�!þ s e �r!f 0 þ V 0�!� B0!
� �

(2)

The LiNbO3 oxide melt is assumed to be a dielectric fluid with a uniform electric charge
density and contrary to the case of high electrical conductivity fluids (such as liquid metals),

the second term s e �r!f 0 þ V 0�!� B0!
� �� �

can be neglected and the Ohm’s law can be
simplified to Jing et al. (2000):

Figure 1.
Geometry with
boundary conditions
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J 0
! ¼ c0e: V

0�!� �
(3)

with c0e ¼
X
i

zi:N :q: cþi � c�i
� �

; cations are indicated by (þ) and anions by (�)

The equations describing the problem of MHD natural convection are the equations of
continuity, momentum, energy, Ohms law and the conservation of electric charge which can
be written as follows:

r: V 0�! ¼ 0 (4)

@ V 0�!
@t0

þ V 0�!
:r!

� �
V 0�! ¼ � 1

r
r!P0 þ 1

r
c0e: E

0�!þ J 0
!� B0!

� �
þ �D V 0�!þ b T0 � T0ð Þ g!

(5)

@T0

@t0
þ V 0�!

:rT0 ¼ ar2T 0 � 1
rcp

r!q0r (6)

J 0
! ¼ c0e: V

0�!
(7)

The 3D vector potential-vorticity formalism allowing the elimination of the pressure terms is

used to simplify the governing equation. In the resulting equations, the time t0, velocity V 0�!
,

vector potential c 0�!
, vorticity v 0�!

, electric current density J 0
!
, magnetic field B0!, electric

potential w 0 and electric charge density c0e, are put in their dimensionless form using: l2/a,
a/l, a, l2/a, s .�0.B0, B0, l.�0.B0 and c0e , respectively.

Thus, the governing equations become:

�v!¼ r2c
!

(8)

@v!
@t

þ V
!
:r

� �
v!� v!:rð ÞV!¼ Pr:r2v!þ Ra:Pr:

@T
@z

; 0;� @T
@x

� �

þPr:Md: r� J
!� e!B

� �� �
(9)

@T
@t

þ V
!
:rT ¼ r2T þ Rc:t

Ut:p
:

ð
4p
I :dX� 4:p : 1þ UtTð Þ4

� �
(10)

J
!¼ ce:V

!
(11)

where Pr = �
a is the Prandtl number, Ra =

g:b :l3: T
0
h�T

0
cð Þ

a:� is the Rayleigh number,Md ¼ c0e :B0:l2

r :�

is the magnetic Reynolds number, Rc = n2.l.T'c
3.s /l is the radiation conduction

parameter, t = k .l is the optical thickness andUt = T
0
h/T

0
c�1 is the temperatures ratio.

Dielectric
oxide melt

3615



The initial condition is:

At t= 0:T=Vx=Vy=Vz= 0

The boundary conditions are given by:

� Temperature

T= 1 at x= 1 andT= 0 at x= 0
@T
@n ¼ 0 on all other walls (adiabatic).

� Radiative flux

� @T
@y þ qrRc=U ¼ 0 at y= 0 and y= 1

� @T
@z þ qrRc=U ¼ 0 at z= 0 and z= 1

� Vorticity

v x= 0,v y ¼ � @Vz
@x ,v z ¼ @Vy

@x at x= 0 and 1

v x ¼ @Vz
@y ,v y= 0,v z ¼ � @Vx

@y at y= 0 and 1

v x ¼ � @Vy

@z ,v y ¼ @Vx
@z ,v z= 0 at z= 0 and 1

� Potential vector

@c x
@x ¼ c y ¼ c z ¼ 0 at x= 0 and 1

c x ¼ @c y

@y ¼ c z ¼ 0 at y= 0 and 1

c x ¼ c y ¼ @c z
@z ¼ 0 at z= 0 and 1

� Velocity

Vx=Vy =Vz= 0 on all walls

Equations (8-11) are written is the scalar form as:

@v x

@t
þ @

@x
Vx:v x � Pr:

@v x

@x

� �
þ @

@y
Vy:v x � Pr:

@v x

@y

� �
þ @

@z
Vz:v x � Pr:

@v x

@z

� �

¼ v x:
@Vx

@x
þ v y:

@Vx

@y
þ v z:

@Vx

@z
þ Ra:Pr:

@T
@z

þMd:Pr:
@Vx

@z
(13)

@v y

@t
þ @

@x
Vx:v y � Pr:

@v y

@x

� �
þ @

@y
Vy:v y � Pr:

@v y

@y

� �
þ @

@z
Vz:v y � Pr:

@v y

@z

� �

¼ v x:
@Vy

@x
þ v y:

@Vy

@y
þ v z:

@Vy

@z
þMd:Pr:

@Vy

@z
(14)
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@v z

@t
þ @

@x
Vx:v z � Pr:

@v z

@x

� �
þ @

@y
Vy:v z � Pr:

@v z

@y

� �
þ @

@z
Vz:v z � Pr:

@v z

@z

� �

¼ v x:
@Vz

@x
þ v y:

@Vz

@y
þ v z:

@Vz

@z
� Ra:Pr:

@T
@x

�Md:Pr:
@Vy

@z
(15)

@T
@t

þ @

@x
Vx:T � @T

@x

� �
þ @

@y
Vy:T � @T

@y

� �
þ @

@z
Vz:v z � @T

@z

� �

¼ Rc:t
Ut:p

:

ð
4p
I :dX� 4:p : 1þ UtTð Þ4

� �
(16)

Jx ¼ ce:Vx (17)

Jy ¼ ce:Vy (18)

Jz ¼ ce:Vz (19)

All the above equations can be written according to a general form as follows:

@U
@t

þ @

@x
Vx:U� CU

@U
@x

	 

þ @

@y
Vy:U� CU

@U
@y

	 

þ @

@z
Vz:U� CU

@U
@z

	 

¼ SU (20)

with:
� U: T, v x, v y or v z

� CU: dimensionless coefficient
� SU: source term

Thus, the general equation can be written as:

@U
@t

þ @Lx

@x
þ @Ly

@y
þ @Lz

@z
¼ SU (21)

with Lx ¼ Vx:U� CU
@U
@x , Ly ¼ Vy:U� CU

@U
@y and Lz ¼ Vz:U� CU

@U
@z

The LiNbO3 melting temperature is around 1275°C, thus it is considered as, absorbing–
emitting and isotropically scattering medium, The radiative transfer equation is written as
follows (Siegel and Howell, 1992):

@Iðs; X!Þ
@s

þ b Iðs; X!Þ5bR

with: R5 1� v 0ð ÞI0 sð Þ þ v 0

4p

ð
4p

Iðs; X0�!ÞdX0 (22)
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Equation (22) is discretized using the FTnFVM method (Kim and Huh, 2000), based on the
division of the domain into finite volumes and the intensity direction into finite number of
solid angles. For 3D configuration, this method gives more accuracy results because it
allows the reduction of ray effect and the error because of non-symmetric angular
discretization (Guedri et al., 2006).

Using a pure implicit scheme (Chai et al., 1994), the system of algebraic coupled equations
can be written in three-dimensional formulation as:

alPI
l
P ¼ alWI lW þ alEI

l
E þ alSI

l
S þ alN I

l
N þ alBI

l
B þ alFI

l
F þ bP

with alW ¼ DAwk � Nl
w; 0k ; alE5DAek � Nl

e; 0k ; alS5DAsk � Nl
s; 0k; alN

¼ DAnk � Nl
n; 0k; alB5DAbk � Nl

b; 0k; alF5DAfk � Nl
f ; 0k; bP

¼ bRPDvPa
l
P5DAwkNl

w; 0k þ DAekNl
e; 0k þ DAskNl

s; 0k

þDAnkNl
n; 0k þ DAbkNl

b; 0k þ DAfkNl
f ; 0k þ bDvP (23)

e, w, n, s, b and t, denote the faces of control volume centered in P

E,W, N, S, B and T, denote the nodes around the nodal point P

kA;Bk gives themaximum between A and B.

For diffuse surfaces, the dimensionless radiative boundary condition is:

I lW ¼ «n2sT4
W

p
þ 1� «ð Þ

p

X
Lþ

����Nl0
w

����I l0WDXl0 (24)

The local conductive flux (qc) and the Local radiative flux (qr) are expressed by:

qc5� @T
@x

and qr5
XL
l51

NlI lDXl (25)

The averaged values of these flux are qc and qr .

The governing equations are developed as follows:
Energy equation (U =T):

apTp ¼ aETE þ aWTW þ aNTN þ aSTS þ aHTH þ aBTB þ bp

with : bp ¼ T
�
p
Dx:Dy:Dz

Dt
þ Rct
Utp

ð
4p IdX� 4p 1þ UtTð Þ4

� �
:Dx:Dy:Dz

(26)

Vorticity equation; x-component (U =v x)
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apv xp ¼ aEv xE þ aWv xW þ aNv xN þ aSv xS þ aHv xH þ aBv xB þ bp

with : bp ¼ v
�
xp
Dx:Dy:Dz

Dt
þ v xp:

VxE � Vxw

2

	 

:Dy:Dzþ v yp:

VxS � VxN

2

	 

:Dx:Dz

þv zp:
VxH � VxB

2

	 

:Dx:Dyþ Ra:Pr:

TH � TB

2

	 

:Dx:DyþMd:Pr:

VxH � VxB

2

	 

:Dx:Dy

(27)

� Vorticity equation; x-component (U = v y):

apv xp ¼ aEv yE þ aWv yW þ aNv yN þ aSv yS þ aHv yH þ aBv yB þ bp

with : bp ¼ v
�
yp
Dx:Dy:Dz

Dt
þ v yp:

VyE � Vyw

2

	 

:Dy:Dzþ v yp:

VyS � VyN

2

	 

:Dx:Dz

þv zp:
VyH � VyB

2

	 

:Dx:DyþMd:Pr:

VyH � VyB

2

	 

:Dx:Dy

(28)

� Vorticity equation; x-component (U = v z):

apv zp ¼ aEv zE þ aWv zW þ aNv zN þ aSv zS þ aHv zH þ aBv zB þ bp

with : bp ¼ v
�
zp
Dx:Dy:Dz

Dt
þ v zp:

VzE � Vzw

2

	 

:Dy:Dzþ v zp:

VzS � VzN

2

	 

:Dx:Dz

þv zp:
VzH � VzB

2

	 

:Dx:Dyþ Ra:Pr:

TE � TW

2

	 

:Dy:Dz�Md:Pr:

VyS � VyN

2

	 

:Dx:Dz

(29)

� Vector potential equations

c xp ¼
1

2: 1
Dx2 þ 1

Dy2 þ 1
Dz2

� � c xE þ c xW

Dx2
þ c xN þ c xS

Dy2
þ c xH þ c xB

Dz2
þ v xp

	 

(30)

c yp ¼
1

2: 1
Dx2 þ 1

Dy2 þ 1
Dz2

� � c yE þ c yW

Dx2
þ c yN þ c yS

Dy2
þ c yH þ c yB

Dz2
þ v yp

	 

(31)

c zp ¼
1

2: 1
Dx2 þ 1

Dy2 þ 1
Dz2

� � c zE þ c zW

Dx2
þ c zN þ c zS

Dy2
þ c zH þ c zB

Dz2
þ v zp

	 

(32)

Equations (1)-(3) are discretized using the control volume finite difference method
(Patankar, 1980). The central-difference scheme for treating convective terms and the
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fully implicit procedure to discretize the temporal derivatives are retained. The grid
is uniform in all directions with additional nodes on boundaries. The resulting non-
linear algebraic equations are solved using the successive relaxation-iterating
scheme(Bejan, 1984). The equation of radiative transfer is solved by repeatedly
sweeping across grid until convergence. The time step 10�4, spatial mesh 513 and the
angular mesh of the FT6FVM are retained for all simulations. The solution is
considered acceptable when the following convergence criterion is satisfied for each
step of time:

X
i

maxjDn
i � Dn�1

i j
maxjDn

i j
# 10�5 (33)

whereD represents each dependent variable and n is the iteration number.

3. Code verification and grid dependency test
In the absence of radiation, the code verification is done by comparing with results of
Wakashima and Saitoh (2004) and Fusegi and Farouk (1989) for the case of air (Pr = 0.7) as
presented in Table I. The present results are in good agreement with the earlier published
results. For the combined radiation natural convection, the results were compared with
those of Colomer et al. (2004) (Table II), for different optical thicknesses. Colomer et al. (2004)
used the 3D idealized classical furnace the P3 method which explains the differences in
results.

Table I.
Comparison of present
results with the three-
dimensional numerical
results ofWakashima
and Saitoh (2004) and
Fusegi and Farouk
(1989) for differentially
heated cubic cavity
with air as a fluid

Ra Authors c z (center) v z (center) Vx max (y) Vy max (x) Nuav

104 Present work 0.05528 1.1063 0.199 (0.826) 0.221 (0.112) 2.062
Wakashima and Saitoh (2004) 0.05492 1.1018 0.198 (0.825) 0.222 (0.117) 2.062
Fusegi and Farouk (1989) — — 0.201 (0.817) 0.225 (0.117) 2.1

105 Present work 0.034 0.262 0.143 (0.847) 0.245 (0.064) 4.378
Wakashima and Saitoh (2004) 0.03403 0.2573 0.147 (0.85) 0.246 (0.068) 4.366
Fusegi and Farouk (1989) — — 0.147 (0.855) 0.247 (0.065) 4.361

106 Present work 0.01972 0.1284 0.0832 (0.847) 0.254 (0.032) 8.618
Wakashima and Saitoh (2004) 0.01976 0.1366 0.0811 (0,86) 0.2583 (0.032) 8.6097
Fusegi and Farouk (1989) — — 0.0841 (0.856) 0.259 (0.033) 8.77

Table II.
Comparison of heat
transfer on the hot
wall with Colomer
et al. [40] results
(quantities in the
parentheses) for Pr =
0.71, Rc = 1/(0,016�
17) and Ut = 1/17

Conductive and radiative heat fluxes t = 0 t = 1 10

Ra = 103 qc
qr Rc/Ut

1.057 (1.76)
6.487 (6.20)

1.698 (1.76)
4.612 (4.64)

1.651 (1.54)
1.2469 (1.16)

Ra = 104 qc
qr Rc/Ut

2.038 (2.26)
6.89 (6.28)

2.45 (2.25)
5.122 (4.69)

2.229 (2.11)
1.65 (1.54)

Ra = 105 qc
qr Rc/Ut

4.133 (4.37)
7.227 (6.52)

4.038 (3.92)
5.88 (5.44)

4.458 (4.21)
2.992 (2.8)
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The grid dependency test is performed for Md = 200, Pr = 13.6 and Ra = 105. Tests are
performed for grids of 313, 413, 513 and 613. Vzmax is chosen as test parameter. As
presented in Table III, the percentage of increase from 513 grids to 613 grids is only
0.07512 per cent. Thus, for time economy and accuracy, spatial mesh size of 513 is used
for all the simulations.

4. Results and discussion
In absence of any other indications, the medium is considered as semi-transparent gray and
non-diffusive with t = 1. All the results are presented for a dimensionless time t = 3, where
they become time independent. In absence of radiative heat transfer and even by applying a
magnetic field [Figure 2(a)-2(c)], a flow structure with slightly inclined « cat eyes » is
established. In absence of the magnetic field, the velocity vectors projections in the central
plan are almost closed.

By imposing the magnetic field, the paths become spiral showing the intensification of
the 3D character of the flow. For Rc = 1 [Figure 2(d)-2(f)], the two-cellular flow structure
persist with a reduction of the inter-distance. For higher values of Rc, an intensification of
the central flow occurs and only one vortex is observed [Figure 2(c) and 2(d)]. The same
coalescence phenomenon has been signaled in the 2D work of Tan and Howell (1989).
However, for a 3D configuration the velocity vector projections in the xy-plans are not
closed.

When Rc!1, a spiral convergent quasi-logarithmic motion is established at the core of
the cavity [Figure 3(a)] and a divergent spiral flow occurs near the front and back walls.

Iso-surfaces of temperature and isotherms in the xy-plan are presented in Figures 4
and 5, respectively. These figures show the important reduction of the vertical
stratification of the cavity when the medium is radiatively participant. This redress of the
iso-surfaces of temperature is because of the radiative warming up near of the top of the
hot wall and the bottom of the cold one. For Rc = 0, 1 and 10 the temperature distribution
is 3D. For Md = 0 and Rc ! 1, the temperature field becomes flow-independent and a
purely radiative profile is obtained with quasi-equidistant iso-surfaces of temperature
except near the active walls. The presence of the magnetic field opposes the reduction of
the vertical stratification.

It is clear from Figure 6 that radiation enhances the conductive heat transfer at the
top of the hot wall and decreases it at the bottom (the reverse is true for the cold wall). In
opposition with radiation effect, the magnetic field reduces the local conduction flux at
the bottom of the hot wall and increases it at the top (the reverse is true for the cold
wall). Either in the absence or in the presence of the magnetic field and because of the
difference in the levels of temperatures, the radiative flux is more important on the hot
wall (Figure 7) while the conductive flux is more important on the cold one (Figure 6).
The application of the magnetic field intensifies the conductive flux at the bottom of the
hot wall and reduces it at the top (the reverse is true for the cold wall). For Rc = 0, there

Table III.
Grid sensitivity

analysis

Grid size Vzmax % increase Incremental increase (%)

313 12.3288 – –
413 12.4822 1.2442 –
513 12.5121 1.4867 0.2395
613 12.5215 1.5630 0.07512
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are peaks of heat transfer at the top of the hot wall and the bottom of the cold wall. For
higher Rc the radiative heat transfer tends to homogenize this distribution. The above
mentioned conclusions on the effects of radiative heat transfer on natural convection
are similar to those obtained for air with the 3D and 2D modeling of Colomer et al. (2004)
and Tan and Howell (1989), respectively. Obviously when Rc ! 1, the radiative flux
distributions on the active walls are identical because of the independence from the
gravity effect. Figures 6 and 7 show also that the effect of the adiabatic vertical walls on
the conductive heat transfer is more pronounced at the top of the cold wall and the
bottom of the hot wall (the reverse is true for the radiative flux).

Figure 2.
Velocity vector
projections in xy-plan
for Ra = 105, Pr =
13.6,Ut= 0.1 and
different Md

Figure 3.
Velocity vector
projections for Ra =
105, Pr = 13.6,Ut=
0.1 and Rc =1 a) z=
0.5 and b) z= 0.95
(the dashed lines
represent logarithmic
spiral function)
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The transverse flow is a direct manifestation of the 3D structure of the motion. This 3D
motion is generated by the presence of the walls adherent to the fluid that provoke a 3D
inertia effect (Mallinson and De Vahl Davis, 1977) and by the 3D temperature gradient
near the lateral walls called 3D thermal effect. Kessler (1987) mentioned that the
thermal effects are limited in some regions and the inertia effects are perceivable in the
whole cavity. In fact, particles trajectories are “helical”, not closed and move from one
constant xy-plan to another. The velocity component causing this phenomenon is the
transverse velocity Vz which is lower than the other components (Wakashima and
Saitoh, 2004; Fusegi and Farouk, 1989). In the absence of radiation for Pr = 13.6 and
Ra = 105, a complex transvers flow occurs. Two central spiral vortices converge to an
intermediate plan at z � 0.65 [Figure 8(a) and 8(b)], then the flow becomes divergent
toward the front and back walls.

Figure 4.
Iso-surfaces of

temperature for Ra =
105, Pr = 13.6,Ut=
0.1 for different Md

and Rc
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The external flow is characterized by a succession of convergent and divergent flows
between the front and back walls and the central xy-plan [Figure 8(c) and 8(d)]. By
imposing a magnetic field (Figure 9), the flow occurs directly between the central xy-
plan and the front and back walls with an external flow that converges toward the
central plan.

Figure 10(i)-10(l) present the velocity vectors projections at different xy-plans for Rc = 1
and without a magnetic field. In this case, the central flow (z = 0.5) is with two vortices.
Getting closer to the plan z = 0.8, a merging phenomenon occurs (contrary to the case
without radiation) and persists until the front wall. By imposing a magnetic field [Figure 10
(m)-10(p)] the merging phenomenon disappears.

Figure 11(a)-(c) present the projections of velocity vectors in different yz-plans. For
x = 0.9, despite the fact that the flow is globally convergent toward the xy-plan, a local
divergent flow occurs causing a “concavity” in the yz-plan. The transverse flow is
more complex for x = 0 and the 3D component of velocity (Vz) is relatively low in the

Figure 5.
Isotherms in xy-plan
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Figure 6.
Local conductive flux

distribution on
isothermal walls for
Ra = 105, Pr = 13.6,

Ut= 0.1 and different
Md and Rc

Dielectric
oxide melt

3625



Figure 7.
Local radiative flux
distribution on
isothermal walls for
Ra = 105, Pr = 13.6,
Ut= 0.1 and different
Md and Rc
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region situated between z = 0.5 and z = 0.65 which allows the apparition of a quasi-2D
zone.

The plan x = 0.68 cuts an internal vortex, thus the vertical superposition of
convergent and divergent flow is obvious. Results for the corresponding xz-plans are
presented in Figure 11(d) and 11(e). For y = 0.9, the velocity vectors projections show
the “convexity” of the peripheral spiral flow toward the xy-plan. The quasi-2D zone is
clearly distinguishable in the plan y = 0.5 and near the plan z = 0.5 (except on the x = 0.5
axe). As mentioned above, the velocity vectors projections on the xy-plans are not

Figure 9.
Some particles

trajectories for Rc =
0, Md = 400, Pr = 13.6

and Ra = 105

Figure 8.
Some particles

trajectories showing
the internal (a), (b)
and external (c), (d)
spiraling flow for

Rc = 0, Md = 0, Pr =
13.6 and Ra = 105
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closed. This finding is confirmed in Figure 16(a) showing a convergent motion toward
the two vortices localized at the xy-plan. The flow structure changes for z = 0.9 and
evolves in a spiral behavior toward the walls. This structure persists until z = 0.99
[Figure 10(c)] and consequently, two vortices coalescence are observed. At the core of
the cavity, the flow is also convergent toward the vortexes centers.

Figure 12(a)-12(c) present the velocity vectors projections at different yz-plans in
the presence of the magnetic field. Close to the periphery (x = 0.9), the flow is
identical to that in the absence of the magnetic field. For x = 0.5, the 3D component
of the velocity (Vz) is no longer low, which confirms the disappearance of the quasi-
2D zone. The two vortices that appear in this figure are responsible for this
phenomenon.

In the plan x = 0.68, the flow structure is similar to the case in the absence of the
magnetic field but with a more pronounced 3D character. The corresponding results
in the xz-plans are presented in Figure 12(d)-12(f). The magnetic field is also without a
remarkable effect on the flow structure for y = 0.68. While for y = 0.5, the magnetic
field causes the apparition of a two vortices structure and the disappearance of the
quasi-2D zone near the plan z = 0.5, the flow structures in the xy-plans are presented in
Figure 10(e), 10(f) and 10(h). The application of the magnetic field causes a reduction
of the size of the vortices, especially near the front and back walls. The above
described results are influenced by the internal and the surfaces to surfaces
radiations.

Figure 10.
Velocity vectors
projection in different
xy-plans for Pr = 13.6
and Ra = 105
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For Rc = 1, the internal spiral developing flow divergent occurs between the plan z = 0.6 and
the front wall [Figure 13(a) and 13(b)]. The coalescence of the two vortices occurs at z = 0.8
plan. By applying a magnetic field (Figure 14), the flow occurs directly between the xy-plan
and the front and back walls. For higher values of Rc (Figure 15), the structure becomes with
only one vortex and is characterized by a divergent internal flow and a convergent external
flow. This structure persists even by applying the magnetic field but with a more complex
flow (Figure 16).

To study the effect of the magnetic field on the components of the velocity vector, the
variations of Vxmax, Vymax and Vzmax versus Md are plotted with and without radiation
(Figures 17-19). For all the components, the effect of the magnetic field is more
pronounced in the presence of the radiative heat transfer. This is especially notable for
Vzmax. This implies that the simultaneous presence of radiation and magnetic field
fosters the 3D character of the flow. For illustration, the z-component of velocity is
presented at the plan where the maximal value (Vzmax) exists for Md = 0 (Figure 20) and
Md = 400 (Figure 21).

Figure 11.
Velocity vectors

projections for Rc = 0,
Md = 0, Pr = 13.6 and

Ra = 105
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6. Conclusion
The results presented in this work concern the study of natural convection in a cubic
cavity in the presence of radiative heat transfer and an external magnetic field. When
the radiation is neglected, the flow is quasi-dimensional in a region near of the core of
the cavity. The transverse flow developing in inner spirals begins midway between this
plan and the front and back walls. By imposing a magnetic field, this flow follows a
spiral path which shows that the presence of a magnetic field intensifies the 3D
character of the flow.

The radiative transfer acts on the flow mainly at the core of the enclosure. Indeed,
the flows developing in inner spirals are very sensitive in position and direction to the
radiation, while the movement developing in peripheral spirals is qualitatively not
sensitive to this mode of transfer. This postulates that the radiative transfer carries the
3D thermal effect in the entire cavity.

Figure 12.
Velocity vectors
projections for Rc = 0,
Md = 400, Pr = 13.6
and Ra = 105
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In the absence of radiation, no vortex combination is reported near the front and back
walls. However, for a semi-transparent medium (in the presence or absence of a
magnetic field) and approaching the front and rear faces, a combination of two vortices
is observed.

The intensity and location of the maximum transverse flow are greatly affected by
the variations in the conduction-radiation coupling parameter and the magnetic
Reynolds number. In the case where the radiative transfer is strongly preponderant,

Figure 13.
Some particles

trajectories showing
the internal (a), (b)
and external (c), (d)

spiraling flow for
Rc = 1, Md = 0, Pr =
13.6 and Ra = 105

Figure 14.
Some particles

trajectories for Rc =
1, Md = 400, Pr = 13.6

and Ra = 105
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Figure 15.
Some particles
trajectories for Rc =
10, Md = 0, Pr = 13.6
and Ra = 105

Figure 17.
Variation of Vxmax

as function of Md for
Pr = 13.6 and
Ra = 105

Figure 16.
Some particles
trajectories for Rc =
10, Md = 400, Pr =
13.6 and Ra = 105
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Figure 20.
Vz component in z=
0.21429 plan for Rc =

10 andMd = 0; the
maximum is at (x=

0.133, y= 0.133)

Figure 19.
Variation of Vzmax as

function of Md for
Pr = 13.6 and

Ra = 105

Figure 18.
Variation of Vymax as

function of Md for
Pr = 13.6 and

Ra = 105
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the maximum transverse velocity takes place exactly in the center of the median
plan.
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