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A B S T R A C T

In this work, magnetic nanofluid natural convection in the porous enclosure considering
Brownian motion is studied numerically using Control Volume Finite Element Method (CVFEM).
The effective viscosity and thermal conductivity of nanofluid are specified by Corcione corre-
lation in which the impact of Brownian motion on the thermal conductivity is considered. The
considered porous enclosure is heated from the inner circular side and it cooled from the outer
circular side while two other walls are insulated. The impacts of various controlling parameters
such as the Rayleigh number, Hartmann number, Darcy number and angle of magnetic field
parameter are examined on the streamlines and isotherms. In addition, the average and local
Nusselt numbers are obtained and presented via figures. The results state that the intensity of the
convective flow has a direct relationship with the Rayleigh number and Darcy number while it
has a reverse relationship with the Hartmann number and inclination angle of the magnetic field.

1. Introduction

In recent years, low heat transfer coefficient in engineering and industrial systems has become one of the major dilemmas. In fact,
one of these dilemmas is fluids with low thermal conductivity which are used in these systems. So, it is needful to apply new methods
to overcome this predicament. One of the popular methods is adding metallic nano-scale particles to the base fluid. This combination
is named “Nanofluid”. Since metals usually have a higher thermal conductivity than liquids, therefore nanofluids have thermal
conductivity higher than the pure fluids. The unsteady squeezing magnetic flow and heat transfer of nanofluid among two plates
subject to thermal radiation were studied by Dogonchi and Ganji [1]. They stated that the Nusselt number is a raising function of heat
source parameter, while it is an abating function of the thermal relaxation parameter. Nanofluid flow and heat transfer between non-
parallel plates in the presence of magnetic field were analyzed by Dogonchi and Ganji [2]. Their outcomes indicate that a rise in
Schmidt number leads to a rise in the temperature profile and Nusselt number. Entropy generation on magnetic nanofluid towards a
stagnation point flow over a permeable stretching surface was investigated by Bhatti and Rashidi [3]. They stated that the velocity of
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the fluid grows due to greater impact of magnetic field and porosity parameter. Further, they illustrated that the entropy generation
number rise is due to the raise in Brinkman number and Reynolds number. Ellahi et al. [4] studied the nanofluid flow and heat
transfer in the vicinity of a stagnation point flow in the presence of mixed convection. Their results show that the temperature of
nanofluid rises by rising the chemical dimensions, the volume friction and the radius of gyration. Study of unsteady ferroliquid flow
revolving a stretchable rotating disk on a boundary layer was done by Ellahi et al. [5]. They proved that the velocity components are
not highly affected by magnetization. Flow and heat transfer of magnetic Go-water nanofluid among two flat plates in the presence of
thermal radiation was studied by Dogonchi et al. [6]. They concluded that the temperature profile and the Nusselt number have a
direct relationship with the solid volume fraction and have a reverse relationship with the radiation parameter. The squeezing
unsteady nanofluid between two plates was studied by Dib et al. [7]. Their results show that the type of nanofluid plays an important
role for heat transfer enhancement. The unsteady squeezing flow and heat transfer of magnetic nanofluid among parallel plates with
thermal radiation effect was investigated by Dogonchi et al. [8]. They demonstrated that the temperature profile and Nusselt number
increases with the increasing of radiation parameter. The magnetic nanofluid flow and heat transfer past a stretching sheet were
examined by Rashidi et al. [9]. They deduced that the temperature profile increases with raising the magnetic parameter. The
influence of spatial side-wall temperature alteration on transient natural convection of a nanofluid within a trapezoidal enclosure has
been examined by Alsabery et al. [10]. The influence of nonhomogeneous nanofluid model on mixed convection within a wavy
enclosure has been explored by Alsabery et al. [11]. Abolbashari et al. [12] investigated the entropy generation for the nanofluid flow
past a stretching penetrable surface considering magnetic field. They found that by raising the unsteadiness parameter, Reynolds
number and magnetic parameter the entropy generation number increases. Convective Poiseuille boundary layer flow of ethylene
glycol (C2H6O2)-based nanofluid with suspended aluminum oxide (Al2O3) nanoparticles through a porous wavy channel was in-
vestigated by Zeeshan et al. [13]. Recently, many substantial studies are done in the field of flow and heat transfer of nanofluid
[14–23].

Newly, the natural convection flow of normal fluid ad nanofluid in the enclosures has become one of the favorite topics of
researchers owing to its vast range of scientific and engineering applications. Natural convection heat transfer within an annulus
enclosure filled with nanofluid was investigated by Seyyedi et al. [24]. The impact of two-phase nanofluid model on convective heat
transfer in a discretely heated cavity subject to magnetic field has been conducted by Alsabery et al. [25]. Nanofluid natural con-
vection inside a porous wavy cavity considering the effect of thermal dispersion was analyzed by Sheremet et al. [26]. Their results
represent that the heat transfer raises with Rayleigh number, dispersion parameter and undulation number while convective flow is
abated with a raise of undulation number, flow inertia parameter and dispersion parameter. Natural convection heat transfer of
nanofluids in a circular-wavy cavity was examined by Hatami et al. [27]. Their results indicate that the impact of Lewis number on
the Nusselt number can be considered as significant only in the higher buoyancy ratio numbers, while in lower buoyancy ratio
numbers, its effect is approximately negligible. Natural convection study within a wavy enclosure filled with nanofluid and con-
sidering Buongiorno's model has been done by Hashim et al. [28]. Moreover, many significant investigations [29–39] have been
carried out on the natural convection subjects.

The main purpose of this paper is to peruse magnetic nanofluid natural convection in the porous enclosure considering Brownian
motion using the Control Volume Finite Element Method (CVFEM). The impacts of various controlling parameters such as Rayleigh
number, Hartmann number, Darcy number and angle of magnetic field parameter on flow and heat transfer features are studied.

2. Problem description and basic equations

Magnetic nanofluid natural convection in the porous enclosure considering Brownian motion is studied. Sample grid distribution
and physical model of this work are illustrated in Fig. 1. The inner and outer circular walls are maintained at constant temperatures
Th and Tc, respectively (Tc < Th) while two other walls are insulated. Plus, we assume the impact of a constant magnetic field of
strength B0. Under the Boussinesq approximation and above-mentioned suppositions, the continuity, momentum, and energy

Fig. 1. (a) Physical model and coordinate system (b) grid distribution.
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equations for the current work can be defined as [40,41]:
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Here u, T, B0, K, σf, γ and v depict the velocity in the x direction, temperature, magnetic field, permeability of the porous medium,
fluid's electric conductivity, angle of magnetic field parameter and velocity in the y direction, respectively.

Further, ρnf and (ρCp)nf depict the effective density and heat capacitance of nanofluid which are defined as follow [42,43]:

= − +ρ ϕ ρ ϕρ(1 )nf f s (5)

= − +ρC ϕ ρC ϕ ρC( ) (1 )( ) ( )p nf p f p s (6)

The thermal conductivity and viscosity of nanofluid are expressed by Corcione model [44] in which the impacts of particle size,
particle volume fraction, and temperature dependence on the thermal conductivity are considered.
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Table 1
Thermo-physical properties of water and nanoparticle at T=310°K [45,46].

ρ kg m( / )3 C J kg K( / )p k W m K( / ) × −β K10 ( )5 1 × − −μ kg m s10 ( )6 1 1 d nm( )s

Copper (Cu) 8933 385 401 1.67 – 25
Pure water 993 4178 0.628 36.2 695 (Pr= 4.62) 0.385

Table 2
Impact of grid size on the average Nusselt number (Nuavg) when Ra=105, Ha= 50,
ϕ=0.04, Da=10−3 and γ= π/3.

Grid dimension (radial direction× angular direction) Nuavg

91×131 2.049029
101×141 2.050515
111×151 2.051487
121×161 2.052133
131×171 2.052568
141×181 2.052862

Table 3
Comparison between present results and other works for the average Nusselt number (Nuavg).

Ra Present work Khanafer et al. [53] De Vahl Davis [54]

103 1.1307 1.118 1.118
104 2.2674 2.245 2.243
105 4.5851 4.522 4.519
106 8.8341 8.826 8.799
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Here kb, Pr and Tfr depict the Boltzmann's constant, Prandtl number of the base liquid and freezing point of the base liquid, re-
spectively. The nanofluid thermo-physical properties are demonstrated in Table 1 [45,46].

The vorticity and stream function are expressed as follows:
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Fig. 2. Streamlines contours for different values of Rayleigh and Hartmann numbers when Da=10−2, γ=30° and ϕ = 2%.
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By applying the above-mentioned variables, the governing equations reduce to non-dimensional form:
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Subject to the boundary conditions:

=θ 1 on the inner circular wall

=θ 0 on the outer circular wall

Fig. 3. Isotherms contours for different values of Rayleigh and Hartmann numbers when Da=10−2, γ=30° and ϕ = 2%.
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and Da=K/L2 is the Darcy number. It is important to mention that =γ 0 corresponds to a horizontal magnetic field and =γ π/2
corresponds to a vertical magnetic field, respectively.

The Local and average Nusselt number along the hot circular wall can be stated as:
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Fig. 4. Streamlines contours for different values of Darcy number and angle of magnetic field parameter when Ra=104, Ha= 10 and ϕ = 2%.
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where n is the direction normal to the inner circular wall.

3. Numerical solution and validation

The governing equations of this paper associated the boundary conditions were solved numerically using the Control Volume
Finite Element Method (CVFEM) [47–52]. To procure mesh independence, the average Nusselt number is calculated for different
mesh sizes. Table 2 represents that the grid of 121× 161 should be selected for the following study. Moreover, the present numerical
solution is validated by comparing our FORTRAN code outcomes with other works [53,54]. They are in a great compromise as they
have been represented in Table 3.

4. Results and discussion

In this work, numerical examination has been accomplished to study the impacts of the controlling parameters such as Rayleigh
number (Ra= 103, 104 and 105), Hartmann number (Ha=0–50), Darcy number (Da=10−1, 10−2 and 10−3) and angle of magnetic
field parameter (γ=0°-60°) on the natural convection of magnetic nanofluid in the porous enclosure. The impact of the Brownian
motion is also considered.

Fig. 5. Isotherms contours for different values of Darcy number and angle of magnetic field parameter when Ra=104, Ha= 10 and ϕ = 2%.
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The effects of the Rayleigh and Hartmann numbers on the streamlines and isotherms are demonstrated in Figs. 2 and 3, re-
spectively. Because the maximum absolute value of the stream function has a direct relationship with Rayleigh number and it has a
reverse relationship with Hartmann number, so the intensity of natural convection increases with increasing Rayleigh number and it
decreases with increasing Hartmann number. In fact, introducing magnetic field to the system causes Lorentz forces to boost which
are contrary to buoyancy forces. Thus, magnetic field can be exerted as controlling parameter in diverse heat transfer usages.
Moreover, it can be seen that by ascending Ha the central streamline stretches and also the fluid rises up along the outer circular wall.
This fact is more pronounced for Ra=105. It is necessary to mention that for low Rayleigh number the dominant mode of heat
transfer is the conduction compared to the convection. This is due to the fact that at low Ra, the vicous forces overcome the bouyancy
forces. However, at high Ra the bouyancy forces overcome the vicous forces and thus the convection will be the dominant mode of
heat transfer. So, it can be viewed that growing Rayleigh number leads to distort the isotherms and therefore leads to form the

Fig. 6. Local and average Nu numbers for different values of Rayleigh number, Hartmann number, Darcy number and angle of magnetic field
parameter when ϕ =2%.
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stratification of temperature especially at higher Ra and lower Ha. That is the thermal boundary layer is formed along the inner and
outer circular walls. On the other hand, Due to the fact that at higher Hartmann number the dominant mode of heat transfer is
conduction, hence ascending values of Ha lead to the parallelization of the isotherms. That is the thermal boundary layer will be
faded along the inner and outer circular walls.

Figs. 4 and 5 portray the impacts of Darcy number and inclination angle of the magnetic field on the streamlines and isotherms,
respectively. It is worth mentioning that according to the definition of the Darcy number, it has a direct relationship with the
permeability of a porous medium. The permeability of a porous medium defines the intensity of flow inside the enclosure. It is
observed that with increasing permeability, which leads to an increase in the Darcy number, the flow circulation in the enclosure
intensifies while lower values of permeability, which describes the lower Darcy number, leads to a weak flow circulation. For
instance, at Ra= 104 we have = > == =− −ψ ψ5.01521 0.521678Da Da

max
10

max
101 3

. It means about 89.6% reduction in ψmax is gained
by diminishing Darcy number from 10−1 to 10−3. It can be also concluded that by raising the inclination angle of the magnetic field
the maximum absolute value of the stream function increases. The effect of the inclination angle of the magnetic field on the intensity
of natural convection is not highlighted for lower values of Da. Further, for lower values of Darcy number the isotherms are parallel to
each other which indicates that at lower values of Darcy number the conduction is the dominant mode of heat transfer while by
increasing Da the convection mode of heat transfer becomes more significant and thus the isotherms will be distorted. Moreover, it
can be deduced that the treatment of the isotherms is also same for the angle of magnetic field parameter.

Fig. 6 portrays the variation of local and average Nu number (Nuloc. and Nuave.) for different values of Rayleigh number, Hartmann
number, Darcy number and inclination angle of the magnetic field. It is obvious that in all cases the maximum value of local Nusselt
number occurs near the bottom adiabatic wall. The maximum value of local Nusselt number increases with increasing Rayleigh
number, Darcy number and inclination angle of the magnetic field while it decreases with increasing Hartmann number. It can be also
inferred that by increasing the Rayleigh number the location of maximum value of Nuloc. approches bottom adiabatic wall. Average
Nusselt number has a direct relationship with Rayleigh number, Darcy number and inclination angle of the magnetic field and it has a
reverse relationship with Hartmann number. That means Nuave. increases with increasing Ra, Da and γ while it decreases with
increasing Ha. As mentioned before, this is due to the fact that by increasing Ra, Da and γ the dominant mode of heat transfer is
convection while by increasing Ha the conduction is the dominant mode of heat transfer. It is also observed that for lower values of
Rayleigh number the effect of Hartmann number on the average Nusselt number is negligible while for higher values of Rayleigh
number its impact is significant.

5. Conclusions

Magnetic nanofluid natural convection in the porous enclosure considering Brownian motion is studied numerically using
CVFEM. The comparison between CVFEM and other works indicates the validity of this method. The results demonstrate that the
intensity of the convective flow has a direct relationship with the Rayleigh number, Darcy number and inclination angle of the
magnetic field while it has a reverse relationship with the Hartmann number. Moreover, by increasing Rayleigh number the location
of maximum value of local Nusselt number approches bottom adiabatic wall. In addition, average Nusselt number increases with
increasing Rayleigh number, Darcy number and inclination angle of the magnetic field while it decreases with increasing Hartmann
number.
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Nomenclature

γ: Angle of magnetic field parameter
B0: Magnetic field
Ha: Hartmann number
Ra: Rayleigh number
T: Temperature (K)
k: Thermal conductivity (W/m K)
Pr: Prandtl number
Da: Darcy number
Tfr: Freezing point of the base liquid (K)
u, v: Velocity components in x and y directions, respectively (m/s)
Nuloc: Local Nusselt number
Nuave: Average Nusselt number
Cp: Specific heat (j/kg K)
kb: Boltzmann's constant

Greek symbols

β: Thermal expansion coefficient (1/K)
ρ: Density (kg/m)
μ: Dynamic viscosity (kg/ m s)
ν: Kinematic viscosity (m2/s)
σ: Electrical conductivity (1/Ω m)
ϕ: Nanoparticle volume fraction

Subscripts

f: Base fluid
nf: Nanofluid
s: Nano-solid-particles
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