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ABSTRACT

This contribution simulates the impact of partial slip on entropy generation due to magnetohydrodynamic, mixed convection of nanofluids
in a lid-driven U-shaped cavity with discrete heating. The influence of the partial slip effect is proposed along the lid-driven vertical walls.
A uniform heat flux source on the bottom wall is proposed; meanwhile, the two portions of the outer-upper horizontal walls are cooled
isothermally. The remainder cavity walls are taken adiabatic. The governing equations are solved using the finite volume approach, and the
outcomes are successfully validated against previous studies. Simulation results are presented and discussed for several cases with the impacts
of the governing parameters on the heat transfer rate. Inspection of the results in mixed convective and entropy generation environments
demonstrate that the average Nusselt number increases with the increase in the volume fraction of nanoparticles at AR = 0.1. For all values of
D (heat source location), the Nusselt number increases by crossing the heat source and reaches its maximum value at the end of the source.
Also, for all values of the aspect ratio, addition of nanoparticles into the base fluid leads to a loss in the thermal performance. Moreover, for
all states of movement, addition of nanoparticles into the base fluid leads to an increase in the entropy.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5079789

NOMENCLATURE
AR
B0
Cp
H
Ha
Gr
g
k
Nus
Num
p
P
Pr

Aspect ratio
Magnetic field strength, T
Specific heat at constant pressure, J kg K−1
Length of cavity, m
√
Hartmann number, B0 L σf /ρf νf
Grashof number, gβf H 3 ∆T/υ2 f
Acceleration due to gravity, m s−2
Thermal conductivity, Wm−1 K−1
Local Nusselt number
Average Nusselt number of the heat source
Fluid pressure, Pa
Dimensionless pressure, pH/ρnf α2f
Prandtl number, υf /αf
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Re
S
T
Tc
Th
u, v
U, V
x, y
X, Y

Reynolds number, U 0 H/υf
Entropy generation, WK−1 m−3
Temperature, K
Cold wall temperature, K
Heated wall temperature, K
Velocity components in x, y directions, ms−1
Dimensionless velocity components, u/U 0 , v/U 0
Cartesian coordinates, m
Dimensionless coordinates, x/H, y/H

Greek symbols
α
β
φ

Thermal diffusivity, m2 s−1 , k/ρ cp
Thermal expansion coefficient, K−1
Solid volume fraction
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λ
σ
θ
µ
ν
ρ

Constant moving parameter
Effective electrical conductivity, µ S/cm
Dimensionless temperature, (T − T c )/(T h − T c )
Dynamic viscosity, N s m−2
Kinematic viscosity, m2 s−1
Density, kg m−3

Subscripts
c
0
f
h
l
m
nf
p
r

Cold
Reference
Pure fluid
Hot
Left
Average
Nanofluid
Nanoparticle
Right

I. INTRODUCTION
Enhancing heat transfer is one of the very important challenges in some engineering devices and problems such as electronic cooling, HVAC (Heating, Ventilation, Air Conditioning),
heat exchanger, and food drying. Dispersing solid nanoparticles with
high thermal conductivity into a pure fluid for enhancing the rate
of heat transfer is recently used in some industrials. Nanofluid,
nanoparticles suspended in pure fluid, is one of the fluid-based
coolant candidates for cooling the electronic chips and processors
which need high heat transfer. Therefore, analyzing the mixed convection heat transfer of nanofluids in lid-driven cavities has started
during the last decades. Mixed convective flow and heat transfer in
cavities are accomplished in a number of industrial applications such
as solidification of ingots, float glass processing, coating or continuous reheating ovens, and any application possessing a solid material
movement into a chamber. The mixed convection flow in a liddriven cavity or enclosure is elevated from two mechanisms. The
first is due to shear flow caused by the motion of one (or two) of the
cavity wall(s), whilst the second is due to the buoyancy flow induced
by the nonhomogeneous thermal boundaries. The contribution of
the shear force is caused by motion of the wall, and the buoyancy force by the temperature variation produces the heat transfer
mechanism.
A nanofluid-combined convection in a lid-driven cavity with
a heat source at the bottom has been investigated by Mansour and
Ahmed.1 Boutra et al.2 studied nanofluid mixed convection in a
square enclosure. They investigated the effects of different nanoparticles on heat transfer. Nanofluid mixed convection in a lid-driven
cavity with an inside hot obstacle has been studied by Esfe et al.3
A Cu-water nanofluid-combined convection inside a sinusoidal
heated lid-driven square cavity is studied by Abbasian Arani et al.4
They communicated that the heat transfer increases via increasing
the nanofluid volume fraction. Abu-Nada and Chamkha5 scrutinized the nanofluid mixed convective of nanofluids in a lid-driven
cavity with a wavy wall. Their data demonstrated that adding
nanoparticles to a pure fluid leads to heat transfer growing for all
values of Richardson number. Sheremet and Pop6 used the Buongiorno’s model, based on adding the sway of thermophoresis and
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Brownian motion on the conservation equation,7 for investigating
the heat transfer of nanofluids in a lid-driven cavity. Combined convective of nanofluids in a heated partially lid-driven cavity has been
studied by Salari et al.8 Raizah9 investigated the combined convection in a lid-driven cavity filled by nanofluid with an inside circular
cylinder. Recently, Triveni and Panua10 studied the nanofluid mixed
convection in a caterpillar wavy lid-driven triangular cavity. Analysis
of the effects of two porous layers on mixed convection of aluminawater nanofluid in a lid-driven cavity has been done by Astanina
et al.11 Recently, studying the entropy generation minimization
introduced by Bejan12–14 as well as the heat transfers in a lid-driven
cavity for reaching the best performance has become very important
for researchers. Magnetohydrodynamic (MHD) mixed convection
and entropy generation of a nanofluid-filled lid-driven cavity has
been studied by Selimefendigil et al.15 They reported that the averaged Nusselt number decreased with increasing the Richardson and
Hartmann numbers. Chamkha et al.16 explored the MHD mixed
convection of a Cu-water nanofluid due to entropy generation in a
lid-driven cavity. The thermal performance criteria were introduced
by Ismael et al.17 for reaching the best engineering performance.
A reliable investigation to this fascinating topic along with the
theoretical models is well authenticated in the literature.18–23
Upon analyzing the abovementioned literature research survey on mixed convection, the need to boost numerical investigations draws attention. For some practical implementations, electronic contrivances are packaged within closed cavities to heat transfer, at least one of the walls needs to be cooled. The main source of
heat generation within the cavities is electronic components and/or
boards situated in several configurations. Also, the investigation of
MHD procedures and their establishment for knowledge on fluid
with nanoparticles have now been proven to be very operational
and applicable in various zones of sciences, engineering, and technology. Some of the applications are such as treatments of wounds,
optical modulators, and MHD power-based generators. However,
as far as we know, there are very few investigations on heat transfer of nanofluids in U-shaped cavities especially concerning mixed
convection. Thus, the purpose of this contribution is to numerically
analyze the MHD combined convection heat transfer performance
of nanofluids with entropy generation in a two-sided lid-driven
U-shaped cavity filled with nanofluid in the presence of an inclined
magnetic field and heat generation.
II. MATHEMATICAL FORMULATION
The problem of entropy generation due to mixed convection of
nanofluids inside a U-shaped square cavity with length H is investigated. The considered two-dimensional model is represented in
Fig. 1(a). As seen from the graphical view, the left and right walls
of cavity have been kept to be adiabatic and move with constant
velocity V0 . The two portions of the outer-upper horizontal walls
are maintained at a low temperature T c , while the notched portion
of the right side along with remaining walls is also adiabatic. The
heat source with a constant volumetric rate (q″ ) is situated on a segment of the undermost wall with the longitude b, while the other
residual segments of this wall are thermally insulated. The direction
of the gravity force is downward, and a magnetic field with intensity
⃗ 0 is utilized on the left side of the cavity with angle Φ along the plus
B
⃗ 0 = (B0 cos Φ, B0 sin Φ). The cavity is filled
horizontal trend, where B
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FIG. 1. (a) Scheme of the problem under the consideration. (b) Control volume for the current investigation. (c) Comparison of the present study with Re = 1000, Pr = 0.71,
Gr = 102 , and φ = 0.

with copper-water nanofluid that is kept to be steady Newtonian,
laminar, incompressible and exposed to internal heat generation at a
uniform rate Q0 . In addition, the nanofluid is simulated as a singlephase homogeneous fluid. The density variation in the nanofluid is
approximated by the regular Boussinesq approximation.
Also the magnetic Reynolds number is assumed to be small
so that the induced magnetic field can be neglected in favor of the
applied magnetic field, then the induction equation is uncoupled and
the only remaining term related to magnetic field are those appearing in the momentum. Some researchers used this assumption for
modeling the MHD nanofluid heat transfer.15,20,22 Therefore, governing equations can be given in the dimensional mode as follows:
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∂u ∂v
+
= 0,
∂x ∂y
u

(1)

∂u
∂u
1 ∂p
∂2u ∂2u
σn B20
+v
=−
+ νnf ( 2 + 2 ) +
∂x
∂y
ρnf ∂x
∂x
∂y
ρnf
× (v sin Φ cos Φ − u sin2 Φ),

(2)

σnf B20
∂v
∂v
1 ∂p
∂ v ∂ v
u
+v
=−
+ νnf ( 2 + 2 ) +
∂x
∂y
ρnf ∂y
∂x
∂y
ρnf
2

2

× (u sin Φ cos Φ − v cos2 Φ) +

(ρβ)nf
ρnf

g(T − Tc ), (3)
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∂T
∂T
∂2T ∂2T
Q0
+v
= αnf ( 2 + 2 ) +
(T − Tc ),
∂x
∂y
∂x
∂y
(ρcp )nf

(4)

where u and v are the velocity components along the x- and y-axes,
respectively, T is the fluid temperature, p is the fluid pressure, g is the
gravity acceleration, ρnf is the density, µnf is the dynamic viscosity,
and νnf is the kinematic viscosity
The boundary conditions imposed on the flow field are
taken as
∂T
=0
∂x
∂T
=0
On the right wall x = H, u = 0. v = λr V0 ,
∂x
q′′
∂T
On the bottom wall y = 0, u = v = 0,
=− ,
∂y
knf
On the left wall

x = 0, u = 0, v = λl V0 ,

On the top wall

∂T
= 0,
∂y

In Eq. (9), knf is the nanofluid thermal conductivity for spherical
nanoparticles, according to the Maxwell-Garnetts model,27
knf
(kp + 2kf ) − 2φ(kf − kp )
=
.
kf
(kp + 2kf ) + φ(kf − kp )

The nanofluid effective dynamic viscosity based on the Brinkman
model28 is given by
µf
µnf =
,
(11)
(1 − φ)2.5

σnf
3(γ − 1)φ
=1+
,
σf
(γ + 2) − (γ − 1)φ

y = H, u = v = 0, T = Tc , 0 ≤ x ≤ 0.5(1 − AR)H
T = Tc , 0.5(1 + AR)H ≤ x ≤ H.

where γ = σpf .
Thermophysical properties of water and nanoparticle materials
can be seen in Ref. 24.
Defining the following parameters to make the above equations
in a dimensionless form:
X=

y
p
(T − Tc )
u
v
x
,Y = ,U =
,V =
,P =
,
,θ =
H
H
V0
V0
∆T
ρnf V02

Ri =

kf
Gr
, ∆T =
, B = b/H, D = d/H.
Re2
Hq′′

(5a)
The hydraulic boundary conditions on the interior walls are
(5b)

The resulting dimensionless equations are

and the thermal boundaries are
= 0, and for horizontal interior
For vertical interior walls, ∂T
∂x
wall, ∂T
=
0.
∂y
In Eq. (5), the left and right walls move with V0 and the direction of that applied by λ. Various modes for the thermophysical
properties of constituents are adopted in the literature. In the current work, we are nominating the relations which consist of the
nanoparticles’ volume fraction only and which were certain and
applied in several former investigations (for example Aminossadati
and Ghasemi24 and Khanafer et al.25 ) as follows:
The effective density of the nanofluid is given as

∂U ∂V
+
= 0,
∂X ∂Y

ρnf = (1 − φ)ρf + φρp ,

(7)

The nanofluid coefficient of thermal expansion can be determined
by
(ρβ)nf = (1 − φ)(ρβ)f + φ(ρβ)p ,

(8)

where βf and βp are the coefficients of thermal expansion of the fluid
and of the solid fractions, respectively.
Thermal diffusivity, αnf , of the nanofluid is defined by
Abu-Nada and Chamkha26 as
αnf =

knf
.
(ρcp )nf

Phys. Fluids 31, 042006 (2019); doi: 10.1063/1.5079789
Published under license by AIP Publishing

U

(9)

(13)

(14)

∂U
∂U
∂P
1 νnf
∂2U ∂2U
+V
=−
+
(
)⋅( 2 +
)
∂X
∂Y
∂X Re νf
∂X
∂Y 2
+(

σnf Ha2
ρf
)(
).
(V sin Φ cos Φ − U sin2 Φ),
ρnf
σf
Re
(15)

U

(ρβ)nf
νnf
∂V
∂V
∂P
1
∂2V ∂2V
+V
=−
+
⋅(
)( 2 +
) + Ri ⋅
.θ
2
∂X
∂Y
∂Y Re
νf
∂X
∂Y
ρnf .βf

(6)

where φ is the solid volume fraction of the nanofluid and ρf and ρp
are the densities of the fluid and of the solid fractions, respectively,
and the nanofluid heat capacitance is given by Khanafer et al.25 as
(ρcp )nf = (1 − φ)(ρcp )f + φ(ρcp )p .

(12)

σ

otherwise

u = v = 0,

(10)

where µf is the fluid fraction viscosity, and the nanofluid effective
electrical conductivity was proposed by Maxwell27 as

(d − 0.5b) ≤ x ≤ (d + 0.5b)
and
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+(

ρf
σnf Ha2
)(
)
(U sin Φ cos Φ − Vcos2 Φ),
ρnf
σf Re
(16)

(ρcp )f
αnf ∂ θ ∂ θ
∂θ
1
1
∂θ
+V
=(
)
(
+
)+
⋅ Q ⋅ θ,
∂X
∂Y
Pr ⋅ Re αf ∂X 2 ∂Y 2
Re ⋅ Pr (ρcp )nf
2

U

2

(17)
where
Pr =

√
νf
gβf H 3 ∆T
V0 H
, Re =
, Gr =
,
Ha
=
B
H
σf /µf
0
αf
νf
ν2 f

(18)

are, respectively, the Prandtl number, Reynolds number, Grashof
number, and magnetic number.
The associated boundary conditions in the problem are
X = 0, U = 0, V = λl ,

∂θ
=0
∂X
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X = 1, U = 0, V = λr ,

∂θ
=0
∂X

and

∂θ
= 0, otherwise
∂Y

Y = 1, U = V = 0, θ = 0, 0 ≤ X ≤ 0.5(1 − AR),
θ = 0, 0.5(1 + AR) ≤ X ≤ 1.

Num ∗ =

The boundary conditions on the interior U walls are
U = V = 0,

∂θ
= 0.
∂X

(19)

The local Nusselt number is defined as
Nus =

1
,
θs (X)

Nus dX.

(21)

D−0.5B

● Entropy generation analysis
The entropy generation in the flow field is caused by the
nonequilibrium flow imposed by boundary conditions. Following
Bejan,12–14 the dimensional local entropy generation can be defined
as
⎡
⎧
2⎤
2⎤
⎪ ⎡
⎢ ∂u 2
µnf ⎪
knf ⎢ ∂T 2
∂T ⎥
∂v ⎥
(
+(
) +(
)⎥
)⎨2⎢
( ) +( ) ⎥
s = ( 2 )⎢
⎢
⎥
⎢
T ⎢ ∂x
∂y ⎥
T ⎪
∂x
∂y ⎥
⎥
⎪
⎩ ⎢
⎣
⎦
⎦
⎣
2⎫
2
∂u ∂v ⎪
⎪ σnf B0
+(
+
) ⎬+
⋅ (u sin Φ − v cos Φ)2 .
(22)
∂y ∂x ⎪
T
⎪
⎭
Using dimensionless parameters presented in Eq. (13), the expression of the nondimensional entropy generation (S) can be written
as
S=s⋅

knf
H2
1
∂θ 2
∂θ 2
=
⋅ ( )[(
) +(
) ] + Re2 ⋅ Pr2 ⋅ Θ
2
kf
kf
∂X
∂Y
(θ + CT )

×(

µ

S∗
Num ∗

S∗∗ =

and

e∗∗ =

Num
,
(Num )Ha=0

S
,
(S)Ha=0

Be∗∗ =

and
and

Num ∗∗ =

(25)
(26)

Be
,
(Be)Ha=0

(27)

S∗∗
.
Num ∗∗

(28)

Num ∗ shows the relation between the nanofluid Nu number and the
pure fluid Nu number. Increment of Num ∗ indicates that adding
nanoparticles can enhance the heat transfer. The entropy ratio and
Bejan number ratio also appear in Eqs. (26) and (27). e∗ shows the
thermal performance criteria ratio, and the high value in e∗ , more
than unity, illustrates that adding nanoparticles is not suitable for
the system. This scenario can be used for the discussion about the
effects of magnetic field on Nu∗∗ , S∗∗ , Be∗∗ , and e∗∗ .
III. NUMERICAL SOLUTION AND VALIDATION
The conservation equations (14)–(17) in conjunction with the
associated boundary condition (19) indicate a system of nonlinear
partial differential equations that are strongly coupled. These equations are transformed into algebraic equations through the finite
volume approach. However, Eq. (15) can be written as
∂U 2 ∂UV
∂P
1 υnf
∂ ∂U
∂ ∂U
+
=−
+
( )(
(
)+
(
))
∂X
∂Y
∂X Re υf
∂X ∂X
∂Y ∂Y
ρf
σnf Ha2
)(
)
(V sin Φ cos Φ − U sin2 Φ). (29)
ρnf
σf
Re

+(

Integrating this equation over the control volume presented in
Fig. 1(b) gives

Ω

(23)
α

Be
(Be)φ=0

= −∬

σnf
) ⋅ Ha2 ⋅ (U sin Φ − V cos Φ)2
σf

= Sh + Sv + Sj,

Be∗ =

and

∂U 2 ∂UV
∬ [ ∂X + ∂Y ]dXdY
Ω

µnf
∂U 2
∂V 2
∂V ∂U 2
) ⋅ {2[(
) +(
) ]+(
+
)}
µf
∂X
∂Y
∂X ∂Y

+ Re2 ⋅ Pr2 ⋅ Θ ⋅ (

S
(S)φ=0

(20)

D+0.5B

1
B ∫

Num
(Num )φ=0

S∗ =

e∗ =

and the average Nusselt number is defined as
Num =

Sh
.
(24)
S
In order to exhibit the impacts of nanoparticles, temperature difference, and magnetic field on the average Nusselt number, total
entropy generation, and Bejan number, the Nusselt ration, total
entropy generation ratio, Bejan number ratio, and the ratio of
thermal performance criteria are given by
Be =

kf
∂θ
= − , (D − 0.5B) ≤ X ≤ (D + 0.5B)
∂Y
knf

Y = 0, U = V = 0,
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where Θ = ( ∆T f⋅ kf )( Hf )2 .
Here Sh, Sv, and Sj are, respectively, the dimensionless local
entropy generation rate due to heat transfer, fluid fraction, and Joule
heating.
The Bejan number, Be, defined as the ratio between the entropy
generation due to heat transfer and the total entropy generation, is
expressed as

+

∂ ∂U
∂P
1 υnf
[(
dXdY +
( )
(
)
∂X
Re υf ∬Ω ∂X ∂X

ρf
σnf Ha2
∂ ∂U
)
(
))]dXdY + ( )(
∂Y ∂Y
ρnf
σf
Re

× ∬ [V sin Φ cos Φ − U sin2 Φ]dXdY.
Ω

(30)

The upwind differencing scheme and the central difference scheme
are chosen for the convective terms. Calculating these integrals and
reconfiguration, the following algebraic equation is obtained:
aUP UP = ∑ aUi Ui + SU ,

(31)

i
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TABLE I. Comparisons of the mean Nusselt number at the top wall, for different values
of Re at Pr = 0.71, Gr = 102 .

Re
100
400
1000

Iwatsu et al.31

Khanafer and Chamkha30

Present study

1.94
3.84
6.33

2.01
3.91
6.33

1.93
3.91
6.31

scitation.org/journal/phf

The nonuniform grid involves 101 × 101 grid nodes in the X- and
Y-directions, respectively. Figure 1(c) shows the comparison
between the results of this contribution with those of Khanafer and
Chamkha30 and Iwatsu et al.31 As we can see from Table I, the
results are found in a good agreement with these results. The outputs
demonstrate an agreement between this study and the previously
published studies.
IV. RESULTS AND DISCUSSION

where i = E, W, N, S. Comparable treatments are applied for Eqs. (16)
and (17). The outputting algebraic equations have been solved iteratively, through the Alternate Direction Implicit (ADI) procedure,
by utilizing the SIMPLE algorithm.29 The iteration is employed
until the normalized residuals of the mass, momentum, temperature, and entropy generation equations become less than 10−6 .

The results are obtained at the fixed parameters (appeared in
some published studies such as Refs. 16 and 18) Gr = 104 , Φ = π/4,
Θ = 10−2 , CT = 0.1 while varying the others in order to study their
effects.
Figure 2 presents the effects of the aspect ratio AR variations on the streamlines, isotherms and the local Bejan number. As
observed in Fig. 2(a), an upward movement of the left wall and a

FIG. 2. Streamlines (a), isothermal (b), and local Bejan number (c) for Cu-water at φ = 0.05, Ha = 10, B = 0.5, D = 0.5, Q = 1, λl = 1, λr = −1.
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downward movement of the right wall account for two clockwise
(CW) rotations at the left and right regions of the cavity. As AR
becomes larger, the cells become weaker and more oval. Considering the downward movement of the right wall, the middle cell at
the right wing moves toward the right bottom corner of the cavity. Figure 2(b) shows the isothermal lines as influenced by the
AR variations. With the increase in AR, the isothermal lines adjacent to the warm source seem to be denser. Given its definition,
the Nusselt number is supposed to reduce with the increase in AR.
This is clearly seen in Fig. 3(a). The temperature gradient becomes
maximum at the right and left upper corners of the cavity and
decreases with the rise in AR. Adjacent to the warm source is another
region where the temperature gradient is noticeable. Considering the
irreversibility caused by heat transfer, the Began number has significant value in this region. Like the streamlines discussed earlier,

ARTICLE

Fig. 3(a) shows an increase in the local Nusselt number with the
decrease in AR. As evident by the isothermal lines close to the warm
source, the lines diminish as they traverse the wall, resulting in the
maximum value of the Nusselt number at the end of the warm
source.
The average Nusselt number and the rate of such variations,
owing to different amounts of AR and ϕ, are indicated in Figs. 3(b)
and 3(c). As seen in Fig. 3(b), at AR = 0.1, the average Nusselt number increases with the increase in the volume fraction of nanoparticles. Adding nanoparticles to pure fluids leads to heat transfer increment, so at AR = 0.1, the rate of increase in Num ∗ is significant, as
observed in Fig. 3(c). At AR = 0.2, the variation of ϕ does not make
a noticeable change in the amount of the Nusselt number, while for
values of ϕ above 0.2, the average Nusselt number decreases with
the increase in ϕ. As observed in Fig. 3(c), with the increase in the

FIG. 3. Profiles of the (a) local Nusselt number, (b) average Nusselt, (c) variation of average Nusselt Num ∗ =
(e =
∗

∗

S
Num ∗

scitation.org/journal/phf

Num
(Num )φ=0

, and (d) variation of thermal performance criteria

).
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volume fraction, the largest rate of decrease in the average Nusselt
occurs at AR = 0.5.
It is clear that the increase in the dynamic viscosity due to the
presence of the nanoparticles tends to induce more resistance due to
shear forces against the fluid motion and decrease the fluid velocities. In fact, any reduction in the fluid velocities would directly
reduce the heat transfer by the reduction in the advection mechanism. The reduction in the advective heat transfer mechanism finally
results in the decrease in the overall heat transfer in the cavity.
The analysis of viscosity models in some studies such as Refs. 26,
32, and 33 indicates that the Brinkman model28 almost predicts
the lowest increase in the viscosity for nanofluids. Therefore, using
the Brinkman model shifts the reduction in heat transfer toward
the high values of the Rayleigh number or the flows beyond the
laminar convection regime The results of the very recent studies
regarding the analysis of mixed and free convection of nanofluids
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also confirm the reduction in heat transfer in natural and mixed
convection.16,18,34,35
Figure 3(d) shows the variation of the thermal performance criteria with the increase in the volume fraction and based on different
values of AR. As obvious in the figure, the rate of entropy variation
as well as its increase due to changes in ϕ is more than the Nusselt
number variations. As a result, for the mentioned Nusselt numbers
in Fig. 3(d), and for all values of AR, addition of nanoparticles into
the base fluid leads to the loss of thermal performance. Addition of
nanoparticles to a pure fluid leads to enhancement in the entropy
generation defined in Eq. (23), but in some cases of this work, the Nu
number decreases via increasing the volume fraction of nanofluids
so the thermal performance criteria decrease via adding nanoparticles. At AR = 0.1, the increase in entropy generation due to the
addition of nanoparticles is more than that in the Nu number so the
thermal performance criteria decrease as well.

FIG. 4. Streamlines (a), isothermal (b), and local Bejan number (c) for Cu-water at φ = 0.05, Ha = 10, AR = 0.3, D = 0.5, Q = 1, λl = 1, λr = −1.
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Figure 4 illustrates the streamlines, isotherms, and the local
Bejan number as affected by changes in the size of the warm source.
As evident by the streamlines, the velocity of the nanofluid goes up
as the warm source becomes larger in size, and the streamlines will
therefore be stronger; in other words, the streamlines rotate with a
high speed value.
Figure 4(b) shows the isothermal lines; therein, the point worth
attending is that the increase in the size of the warm source leads to
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an increase in the temperature of the fluid near the source, and the
isothermal lines will have higher temperatures. Taking the definition
of the local Nusselt number into consideration, it is supposed to be
lowered with the rise of B [Fig. 5(a)]. Since the temperature gradient of the nanofluid is high, the entropy caused by the irreversibility
of the heat transfer at the upper corners and near the warm source
is larger than that of the other regions. At the mentioned regions,
the Bejan number is therefore larger than that of the other regions.

FIG. 5. Profiles of the (a) local Nusselt number, (b) total
Nusselt number, (c) variation of average Nu number, (d) S∗
∗
∗∗
(S∗ = (S)S ), (e) e∗ (e∗ = NuS ∗ ), (f) Nu∗∗
m (Num
m

φ=0
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), (g)
(Num )Ha=0
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As the size of the warm source grows, the irreversibility caused by
heat transfer will take a larger area near the source; however, it
reduces in terms of quantity, owing to the reduction in heat transfer.
This is evident in Fig. 4(c).
As shown in Fig. 5(a) and as noted earlier, the local heat transfer
decreases with the increase in B. Considering Fig. 4(b), the numerical value of the isothermal lines increases with the increase in the
size of the warm source, and as this value is the denominator of
Eq. (20), Nu will decrease. In terms of quantity, the isothermal
lines have also the lowest value at the end of the warm source,
so the Nusselt number is expected to become maximum at this
point.
Figures 5(b) and 5(c) show the average Nusselt number and rate
of those variations with the volume fraction of the nanofluid. The
maximum amount of the average Nusselt number Nu is observed at
B = 0.2, where the average value of Nu increases with the rise of ϕ.
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For other amounts of B, the increase in ϕ leads to the decrease in
heat transfer.
Figure 5(d) presents the changes in the entropy rate with the
volume fraction. The entropy change is maximum at B = 0.2 because
of the irreversibility due to heat transfer and the irreversibility due
to flow which happens as a result of the increase in viscosity with
the addition of nanoparticles. For other values of B, the irreversibility caused by the flow has a larger portion in generating entropy,
and therefore, for B > 0.2, as the irreversibility of heat transfer
decreases with the increase in ϕ, while the irreversibility of fluid
friction increases and has a larger portion in generating the total
entropy, for all amounts of B, the rate of entropy increases with the
rise of ϕ.
Figure 5(e) depicts the variation of e∗ with ϕ. As shown in this
figure, adding the nanoparticles to the pure fluid leads to a decrease
in the thermal performance for all values of B.

FIG. 6. Streamlines (a), isothermal (b), and local Bejan number (c) for Cu-water at φ = 0.05, AR = 0.3, B = 0.5, D = 0.5, Q = 1, λl = 1, λr = −1.
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Figure 5(f) shows the effects of Num ∗∗ on Ha, the increase
of which leads to a decrease in heat transfer. This general trend
is observed for all amounts of B. In general, an external magnetic
field leads to the suppression of the flow field, and therefore, the
average Nusselt number is expected to decrease with the Hartmann
number.
The graph of Num ∗∗ has a minimum at the regions around
Ha = 30; for Ha values above 30, the heat transfer increases a bit
as Ha rises, while for B > 0.5, the variation of Nu is continuously
descending as Ha increases.
Figure 5(g) shows the variations of the total entropy with Ha. As
will be indicated in Fig. 6, with the increase in Ha and the Lorentz
force imposed on the cavity with the angle of 45, the flow regime
changes shapes completely for large values of Ha, and accordingly,
the shape of the isothermal lines changes totally. As represented in
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Fig. 6(b), at the cavity, the temperature gradient increases remarkably with the increase in Ha when Ha = 25 and 50, which leads
to a severe increase in irreversibility caused by heat transfer. This
increase, along with the irreversibility of the flow and also the
increase in Joule heating due to an increase in Ha, leads to an
increase in the total entropy for large amounts of Ha. In other words,
it can be stated that up to about Ha = 25, the entropy decreases with
the increase in Ha and increases vigorously for Ha > 25. It could,
therefore, be claimed that up to around Ha = 20, the increase in Ha
improves the thermal performance to some extent, while for large
Ha values, the system experiences a loss in the thermal performance
[Fig. 5(h)].
Figure 6 shows the variations of the streamlines, isothermal
lines, and the Bejan number with Ha. Figure 6(a) indicates that
as Ha increases, the streamlines having a separate CW rotation

FIG. 7. Streamlines (a), isothermal (b), and local Bejan number (c) for Cu-water at φ = 0.05, Ha = 10, AR = 0.3, B = 0.5, D = 0.5, λl = 1, λr = −1.
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transform into parallel lines toward the positive side and close to
the right and left walls. Also, as Ha rises to 50, the flow becomes
stranger. However, from Ha = 0 to Ha = 25, the increase in Ha
causes the decrease in the strength of cells and the flow, and to
some extent, the flow regime remains uncharged. This trend is
also seen for the isothermal lines. That is, the shape of these lines
does not change noticeably up to Ha = 25, while it transforms at
Ha = 50. The Lorentz force as well as the velocity boundary leads
to a different trend of the Bejan number ratio with the Hartmann
number.
The important point here is that the amount of the isothermal
lines near the warm source increases intensively with the increase in
Ha, and as a result, the Nusselt number is reduced with the increase
in Ha.
Figure 7 shows the effects of Q on the flow and heat transfer of the U-shaped cavity. Since Q has a crucial role in the energy

equation, the variations are mostly observed in the isothermal lines
owing to the change in Q.
Generally, the negative values of Q indeed show a sink. The
increase in the values of Q shows the increase in the internal heat
generation in the cavity. The increase in the heat generation tends to
increase the overall temperature of the cavity. Hence, the areas next
to the hot elements experience a lower temperature difference due
to the fact that the temperature of the domain has increased and
gets closer the hot temperature of the wall. However, an increase
in the temperature gradient near the cold wall can be expected due
to the fact that the generated heat in this region increases the temperature of the domain. The increase in the temperature next to
the cold wall results in a higher temperature gradient at the cold
wall.
As Q increases from −2 to 2, the isothermal lines become
denser and closer to each other. Their quantity also increases, which

FIG. 8. Profiles of the (a) local Nusselt number, (b) average Nusselt number, (c) S∗ , and (d) e∗ (e∗ =
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is quite justifiable given the internal heating in the energy equation. This increase in the temperature, especially near the warm
source, leads to a decrease in the Nusselt number, as observed in
Fig. 8(a).
Figure 8(b) indicates the rate of variations of the average Nusselt with the changes in ϕ for different amounts of Q. In general, for
constant values mentioned in Fig. 8, an increase in the volume fraction accounts for a decrease in the heat transfer, and the maximum
amount of decrease happens at Q = 2.
Figure 8(c) shows the changes in the entropy with the increase
in ϕ for different values of Q. As discussed before, the increase in
viscosity caused by the increase in the volume fraction of nanofluids
leads to an increase in the irreversibility due to fluid friction. Such
an increase has a bigger portion in comparison with the decrease in
irreversibility due to heat transfer, owing to the increase in ϕ. So, the
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entropy increases with the increase in ϕ. Considering the increase
in the rate of entropy, the rate of decrease in heat transfer with the
increase in the nanofluid volume fraction endorses the loss of the
thermal performance which is represented in Fig. 8(d).
Figure 9 shows the effects of the locality of the heat source
on the lower wall on the streamlines, isothermal lines, and the
Bejan number. As the source moves from the left side of the wall
to the right, the flow becomes stronger at the region above the
source. It means that at the right side, when D = 0.7, the streamlines are stronger compared with the other amounts of D at the
same region. Adjacent to the heat source, the isothermal lines
move with the movement of the source. Like the previous cases,
the Bejan number at the upper right and left corners and above
the heat source is larger than that of the other regions of the
cavity.

FIG. 9. Streamlines (a), isothermal (b), and local Bejan number (c) for Cu-water at φ = 0.05, Ha = 10, AR = 0.3, B = 0.5, D = 0.5, λl = 1, λr = −1.
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FIG. 10. Profiles of the (a) local Nusselt number, (b) variation of the average Nusselt number, (c) S∗ , and (d) e∗ .

Figure 10(a) indicates the variations of the local Nusselt number with D. For all values of D, the Nusselt number increases by
crossing the heat source and reaches its maximum value at the end of
the source. The local Nusselt number becomes maximum at D = 0.5
and the end of the heat source. Figure 10(b) shows the changes in
the average Nusselt number with ϕ. At D = 0.7, the increase in the
volume fraction leads to an increase in the average Nusselt number,
while for other amounts of D, it leads to a decrease in the average
Nusselt number. D = 0.3 is the point where the maximum decrease
in Nu occurs.
Figure 10(c) presents the variation of the entropy rate with ϕ.
As the heat transfer increases at D = 0.7, the entropy is also expected
to be maximum. This can be observed in Fig. 10(c). It could generally be claimed that, for all values of D, the increases in ϕ and the
entropy go together. As mentioned for Figs. 10(b) and 10(c), for all
amounts of D, the thermal performance decreases with the increase
in ϕ [Fig. 10(d)].
Figure 11 shows the effects of different directions by moving
parameters λl , λr of the cavity walls on the streamlines, isothermal
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lines, and the Bejan number. Explanation of this point would be
useful for the analysis and understanding of the streamlines. Since
the heat source is located on the lower wall and the cold layers are
located on the upper layers of the left and right sides of the cavity,
the nanofluid moves upward and when it reaches the cold wall, its
density increases. It is then replaced by the warm nanofluid with
the lower density. This process accounts for a rotation around the
left and right sides of the cavity. The streamlines will have higher
velocity if the direction of the wall movement helps the rotation of
the nanofluid. However, the strength of the streamlines decreases
if the mentioned direction resists the rotation. The asymmetrical
temperature gradient is due to the motion of the lids. Thus, as a
result, no uniform temperature distribution over the elements can
be observed. The isothermal lines will have the largest density and
the temperature gradient when λl = λr = 1(the left and right walls
move to the top). The irreversibility of heat transfer will therefore increase, and the Bejan number will have a significant value.
The temperature gradient is also noticeable when λl = λr = −1 (the
left and right walls move to the bottom), and the Bejan number
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FIG. 11. Streamlines (a), isothermal (b), and local Bejan number (c) for Cu-water at φ = 0.05, Ha = 10, AR = 0.3, B = 0.5, D = 0.5, Q = 1.

is observable at the upper corners of the right and left sides. For
all conditions, the Bejan number has a large value owing to the
temperature gradient near the hot wall. In general, the minimum
amount of the irreversibility due to heat transfer is observed when
λl = λr = −1.
Figure 12(a) shows the changes in the local Nusselt number
for the four states of the wall movement. Since the fluid temperature adjacent to the hot wall for λl = λr = −1 is lower than that for
other conditions, the local Nusselt number for this state is generally
more than that for other movement states. However, the minimum
amount of the local Nusselt number is observed when λl = λr = 1.
As shown in Fig. 11 (isothermal line), the nanofluid temperature
near the hot wall at λl = λr = −1 is less than other vertical movement directions, so as a definition of the Nu number, we expect the
maximum Nu in this case. Also the opposite trend can be seen for
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Nu at λl = λr = 1. Figure 12(b) shows Num ∗ variations with the
changes in ϕ for the four states. It can generally be stated that an
increase in the nanofluid volume fraction leads to a decrease in the
heat transfer merely for λl = λr = −1. For λl = λr = 1, the maximum
amount of heat transfer with the addition of the nanofluid volume
fraction could be observed, while this increase is not tangible for
λl = λr = 1.
Figure 12(c) indicates the variation of the entropy rate for the
different states and with the increase in the nanofluid volume fraction. For all states of movement, the addition of nanoparticles into
the base fluid leads to an increase in the entropy.
Figure 12(d) presents the variations of e∗ with the increase
in ϕ. It may generally be claimed that when λl = λr = 1, adding
a small amount of nanoparticles leads to an improvement of
the thermal performance, while for the other states, addition of
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FIG. 12. Profiles of the (a) local Nusselt number, (b) Variation of the average Nusselt, (c) S∗ , and (d) e∗ .

nanoparticles into the base fluid leads to the loss of the thermal
performance.

5

V. CONCLUSION

6

The effects of partial slip, internal heat generation, inclined
magnetic field, and nanofluid volume fraction on the entropy generation and mixed convection flow and heat transfer in lid-driven
U-shaped enclosure are studied numerically. The results have led to
the following conclusions:
1
2
3
4

At AR = 0.1, the average Nusselt number increases with the
increase in the volume fraction of nanoparticles.
For all values of AR, addition of nanoparticles into the base fluid
leads to the loss of the thermal performance.
The local Nusselt becomes maximum at D = 0.5 and the end of
the heat source.
The entropy decreases with the increase in Ha and increases
vigorously for Ha > 25.
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7

An increase in the volume fraction accounts for the decrease
in heat transfer for all Q values, and the maximum amount of
decrease happens at Q = 2.
For λl = λr = −1, the local Nusselt number for this state is
generally more than that for other movement states.
For all states of movement, addition of nanoparticles into the
base fluid leads to an increase in the entropy.

The main goal of this work is introducing the best configuration
of a U-shaped cavity with partial slip using nanofluids as a working
fluid. Therefore, as a result, the best configuration for reaching the
highest nanofluid heat transfer is
AR = 0.1, B = 0.2, D = 0.7 and λ1 = λr = −1.
As the current results and critical review were done by authors34
about nanofluid mixed convection heat transfer in various shapes
of cavity, the above results can be directly used for cooling electronic
chips.
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