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A B S T R A C T

Transient natural convection of an alumina-water nanofluid saturated in non-Darcy porous media is investigated
in this paper. The domain of the nanofluid is an annulus composed from a square cavity confining a solid
conductive body. The nanoparticles are assumed to be slipping in the base fluid according to Buongiorno model.
The Brinkman-Forchheimer-extended Darcy formulation has been adopted for the porous medium. The di-
mensionless governing equations are solved by implementing the finite difference method. In this study, a
special focus is given on the following model parameters; porosity of the porous medium, Darcy number and the
nanoparticles average volume fraction. The results show that the nanoparticles possess high uniformity in the
base fluid and the Nusselt number augments with increasing values of the Darcy number. The porosity increases
the average Nusselt number at a higher Darcy number while its influence remains negligible at a low Darcy
number. For the given porosity, there is a critical value of the nanoparticles volume fraction when the average
Nusselt number is maximal.

1. Introduction

Porous media are encountered naturally as in limestone, sandstone,
human lung, etc. [1], or as synthetic like thermal insulating and geo-
thermal systems, filtration of pollutants, petroleum reservoirs, solar
collectors etc. [2]. Porous media are even adopted recently in simu-
lating some engineering processes such as air distribution inside occu-
pied space, heat exchangers, solidification of liquid metal through
dendritic structures, and even simulating flow through turbomachinery
[3]. Natural convection is inevitable in most of these applications;
therefore, plentiful papers have been publishing in convective fluid
flow and heat transfer within porous media. A comprehensive review of
such important works can be found in [1–8]. Nield and Bejan [1] have
summarized the history of developing the governing equations of con-
vective flow in porous media. They showed the chronological estab-
lishment of the space-averaging macroscopic governing equations and
their analog with Navier-stokes equations. Based on the extension of the
involvement of the inertial and drag terms, the Darcian model is ex-
tended to Brinkman, and Forchheimer-Brinkman. To identify the non-

Darcian flow, two criteria are exist, defined by Reynolds and For-
chheimer numbers. Zeng and Grigg [9] conducted experiments on In-
diana limestone and Berea sandstone and proposed a modified For-
chheimer number with clearer meaning and wider application and
hence enabling the researcher to define the critical Forchheimer
number based on the problem characteristics. Nithiarasu et al. [10]
reported the effect of porosity on the natural convection inside a cavity
saturated with porous medium based on the Forchheimer-Brinkman
model. They reported a significant role of the porosity at high Darcy
number while its effect is marginal in low Darcy number. The near-wall
channeling effect by imposing an exponentially variation of the porosity
is also studied by Vafai [11], Amiri and Vafai [12] and Nithiarasu et al.
[3]. Two-dimensional variable porosity has been studied by Pakdee and
Rattanadecho [13] in simulating the microwave heating of porous
media. They found that the near-wall variable porosity has a con-
siderable effect on the heating process because it influences the di-
electric properties of the porous packed bed. Sivaraj and Sheremet [14]
reported the problem of natural convection flow and heat transfer in a
porous square cavity with the impact of the magnetic field and
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conducting solid body. Lately, a study of entropy analysis and mixed
convection in a porous cavity filled by nanofluid and holding an applied
magnetic field were performed by employing the finite element method
[15].

A fluid made from two components, liquid and nanoparticles, which
give a range of properties not found in the individual components is
known as “nanofluid”. This term has been arisen since 1995 [16] and
then the technology of manufacturing the nanoparticles and preparing
nanofluids are increasingly widen. However, the convective fluid flow
and heat transfer can be promoted when the connected pores of the
porous media are filled with nanofluids. Several studies have proven
this issue where their analysis were based on Tiwari and Das model
[17] which consider the nanofluid as single-phase fluid. The augmen-
tation of heat transfer in most of these studies were attributed to the
virtue of the abnormal enhancement of the nanofluid thermal con-
ductivity [18–23]. The markedly increase of heat transfer in nanofluid
due to the abnormal increase of thermal conductivity was not convin-
cing reason for some researchers. Wen and Ding [24] discussed their
experimental results in different manner; they suggested that a slip or
migration of nanoparticles in different regimes within the entrance
region might be due to the Brownian motion, shear action and due to
the gradient in the viscosity. Therefore, Buongiorno [25] performed a
valuable investigation by considering a relative velocity between the
nanoparticles and the base fluid. He introduced seven mechanisms for
this slip velocity. However, he concluded that only two important
mechanisms that can be responsible of the enhancement in heat
transfer, these are Brownian diffusion and the thermophoresis diffusion.
As a result, he casted these two mechanisms in governing equations
known as two-component four-equation system. With the aid of the
Buongiorno's system of equation, investigators have found reasonable
explanations for the enhancement of the heat transfer with the rising of
the volume fraction of nanoparticles [26–34]. On the other hand, some
studies have revealed, by comparison, that the outcomes of the two-
phase Buongiorno model imply to the virtue of the Brownian motion
and the thermophoresis diffusion in the giving rise the heat transfer
rates over that obtained from the homogenous single-phase model
[35,36]. The steady natural convection heat transfer in a nanofluid

filled trapezoidal porous cavity using Darcy and Buongiorno models
was numerically examined by Sheremet et al. [37]. They concluded that
the average Nusselt and strength of flow were improved by Rayleigh
number and diminished among Lewis number. Physically, it was proven
that when the void of a porous media is sufficiently large, there is a
Brownian motion of particles peddling for a considerable time [38].
Recently, Zahmatkesh and Habibi [39] have implemented Buongiorno
model to study natural and mixed convection inside a square porous
cavity/vented cavity. They assumed that the convection within the
porous medium obeys Darcy model. They concluded that the thermo-
phoresis number has predominant role over the Brownian diffusion.

To the authors' best knowledge, the problem of convection heat
transfer in a non-Darcy (Forchheimer-Brinkman-extended Darcy model)
porous cavity using a two-phase nanofluid model has never been con-
sidered before. This finding motivated and highlighted the originality of
the present study. Thus, the aim of the current work is to study the
impact of a two-phase nanofluid model on transient natural convection
in a non-Darcy porous cavity containing an inner solid body which can
depress or enhance the natural convection [40–42].

2. Mathematical formulation

Fig. 1 explains the unsteady 2D natural convection heat transfer
problem within a square porous cavity with length L and solid inner
body with length d. The following assumptions are assumed: The left
surface of the media heated to a uniform temperature (Th) and the right
one is cooled to a uniform temperature (Tc). Moreover, the horizontal
top and bottom surfaces are preserved in an insulated process. All
media boundaries are impermeable and the fluid between the porous
cavity and the solid body is a nanofluid (water and Al2O3 nano-
particles). The Boussinesq approximation and Forchheimer-Brinkman-
extended Darcy model are applicable. The local thermodynamic equi-
librium condition is assumed for the convection of the nanofluid and
the solid matrix phases within the porous media. A material made of
glass balls is applied as the porous medium. By considering those as-
sumptions, the continuity, momentum and energy equations for the
laminar flow with a Newtonian fluid can be evaluated as the following:

Nomenclature

Cp specific heat capacity
d & D length & dimensionless length of inner square body
Da Darcy number
DB Brownian diffusion coefficient
DB0 reference Brownian diffusion coefficient
df diameter of the base fluid molecule
dp diameter of the nanoparticle
DT thermophoretic diffusivity coefficient
DT0 reference thermophoretic diffusion coefficient
→g gravitational acceleration
k thermal conductivity
K permeability of the porous medium
L width and height of the square cavity
Le Lewis number
NBT ratio of Brownian to thermophoretic diffusivity
Nu average Nusselt number
Pr Prandtl number
Ra Rayleigh number
ReB Brownian motion Reynolds number
T temperature
T0 reference temperature (310K)
Tfr freezing point of the base fluid (273.15 K)
v,V velocity and dimensionless velocity vector
uB Brownian velocity of the nanoparticle

x, y & X, Y space coordinates & dimensionless space coordinates

Greek symbols

α thermal diffusivity
β thermal expansion coefficient
ε porosity of the medium
δ normalized temperature parameter
θ dimensionless temperature
μ dynamic viscosity
ν kinematic viscosity
ρ density
φ solid volume fraction
φ∗ normalized solid volume fraction
ϕ average solid volume fraction

Subscript

c cold
f base fluid
h hot
nf nanofluid
p solid nanoparticles
s porous medium
w inner solid body
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where v shows the velocity vector, = +u vv| | 2 2 presents the Darcy
velocity, g is the acceleration vector of the gravity, =F b

a ε3/2 represents
Forchheimer's coefficient, with a = 150 and b = 1.75. ε describes the
porosity of the medium while K shows the permeability of the media
when it is explained as the following [1]:
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where ds describes the average particle size of the porous bed, φ shows
the nanoparticles local volume fraction and Jp describes the nano-
particles mass flux. The nanoparticles mass flux according to Buon-
giorno's model can be explained as the following:
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In this work, the following thermo-physical properties for the con-
sidered nanofluid are used [32,43]:
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Fig. 1. Schematic description of the convection within a porous cavity, solid
inner body and the coordinate system.

i=NX+1i=NX/2+ND+1i=NX/2-ND+1

j=NY/2-ND+1

j=NY/2+ND+1

i=1
j=1

j=NY+1

Fig. 2. The distribution of the grid-points within the solid inner block (NY/
2− ND+ 1≤ j≤ NY/2 + ND+ 1, NX/2− ND+ 1≤ i≤ NX/2 + ND+ 1).

Table 1
Grid testing for Ψmin, Ψmax and Nunf at several grid sizes for Ra = 106,
Da = 10−3, ϕ = 0.02 and ε = 0.5.

Grid size Ψmin Ψmax Nunf

20 × 20 −1.6211 0.073878 5.2262
40 × 40 −1.6224 0.073352 5.2377
60 × 60 −1.6233 0.073189 5.2408
80 × 80 −1.6252 0.072987 5.2416
100 × 100 −1.6264 0.072917 5.2429
120 × 120 −1.6288 0.072809 5.2433
140 × 140 −1.6291 0.072803 5.2433
160 × 160 −1.6294 0.072801 5.2434

Fig. 3. Comparison of the average Nusselt number with Darcy-Grashof number
of the present prediction with the experimental results of Prasad et al. [44]
(Glass-water, Pr = 5; Da = 106; ε = 0.4; Ra∗ = 5.333; AR = 1) and numerical
results of Nithiarasu et al. [10].
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where df is the molecular diameter of the base fluid (water) which can
be obtained using the following relation [43]:

Fig. 4. Streamlines (a), Nithiarasu et al. [3] (left), present study (right), isotherms (b), Nithiarasu et al. [3] (left), present study (right) for Da = 10−2, Ra = 104.
ϕ = 0, ε = 0.4 and D = 0.

Fig. 5. Experimental and numerical comparisons of (a) thermal conductivity ratio with Chon et al. [47] and Corcione et al. [45] and (b) dynamic viscosity ratio with
Ho et al. [46] and Corcione et al. [45].
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where (ρCp)nf is nanofluid heat capacitance, αnf shows the thermal dif-
fusivity of the nanofluid, ρnf is nanofluid density, βnf shows the thermal
expansion coefficient of nanofluids, water-Al2O3 and water-Al2O3 ex-
plain the dynamic viscosity ratio and thermal conductivity ratio of
nanofluid, respectively. Furthermore, the effective heat capacitance and
the effective thermal conductivity of the nanofluid saturated porous
medium are given by the following relations [10]:
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Using those non-dimensional variables, Eqs. (1)–(5) and Eqs.
(7)–(18), the following dimensionless governing equations are ob-
tained:
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The dimensionless initial and boundary conditions of Eqs. (20)–(24)

are:
On the walls of the cavity:
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where Kr = kw/keff evaluates the thermal conductivity ratio.
The local Nusselt number can be defined along the left hot boundary

as the following:
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Furthermore, the average Nusselt number is evaluated at the heated
left surface as:

∫=Nu Nu Yd .nf 0
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(32)

3. Numerical method and validation

The finite difference method is implemented to numerically solve
the dimensionless governing equations Eqs. (20)–(24) object to the
chosen boundary conditions of the cavity walls Eqs. (25)–(30). We have
used the streamfunction-vorticity formulation for eliminating the
pressure gradient term in Eq. (21), where this equation becomes:
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transformed accordingly, and they not listed for brevity.
The distribution of the grid-points at the solid inner body and the

porous cavity is shown in Fig. 2, as ND shows the number of node points
in the horizontal and vertical axis of the solid inner body. Conditions of
temperature at the left and bottom interfaces are:
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Table 2
Thermo-physical properties of water with Al2O3 nanoparticles at T = 310K
([48]).

Physical properties Fluid phase (water) Al2O3 Glass balls

Cp(J/kgK) 4178 765 840
ρ(kg/m3) 993 3970 3100
k(Wm−1K−1) 0.628 40 1.05
β × 105(1/K) 36.2 0.85 –
μ × 106(kg/ms) 695 – –
dp(nm) 0.385 33 –
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Fig. 6. Variations of the unsteady (left) streamlines, (middle) isotherms, and (right) nanoparticle distribution evolution by dimensionless time (τ) with the absent of
the inner square body for Da = 10−3, ϕ = 0.02 and ε = 0.5.
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Fig. 7. Variations of the steady (left) streamlines, (middle) isotherms, and (right) nanoparticle distribution evolution by Darcy number (Da) for ϕ=0.02 and ε=0.5.
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Fig. 8. Variations of the steady (left) streamlines, (middle) isotherms, and (right) nanoparticle distribution evolution by porosity of the medium (ε) for Da = 10−3

and ϕ = 0.02.
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The relative error is assumed for the convergence of solution when
it is satisfies the following criteria:

− ≤
+

+ ηΓ Γ
Γ

,
ι ι

ι

1

1

here ι shows the iteration number and η presents the convergence cri-
terion. In the current study, the convergence criterion was set at
η = 10−5 and for the time step τ/100 or Δt = 0.001.

In the current work, various grid testings are conducted: 10 × 10,
20 × 20, 40 × 40, 60 × 60, 80 × 80, 100 × 100, 120 × 120,
140 × 140 and 160 × 160. Table 1 reports the minimum strength of
the flow circulation (Ψmin), maximum strength of the flow circulation
(Ψmax) and average Nusselt number (Nunf ) at several grid sizes for
Ra = 106, Da = 10−3, ϕ = 0.02 and ε = 0.5. The results reveal in-
significant differences for the 140 × 140 grids and above. Hence,
concerning all computations in this work and toward similar problems
to this subsection, the 140 × 140 uniform grid is applied.

For validating the existing numerical data, the current results are
compared with the experimental results of Prasad et al. [44] (Glass-
water, Pr = 5; Da = 106; ε = 0.4; Ra∗ = 5.333 (Darcy-modified
Rayleigh number); AR = 1) and numerical results of Nithiarasu et al.
[10], as shown in Fig. 3. Another validation is accomplished by com-
paring the current figures and the one achieved by Nithiarasu et al. [3]
for the problem of convection heat transfer in a porous square cavity in
the presence of Forchheimer-Brinkman-extended Darcy model, as ex-
plained in Fig. 4. In addition, Fig. 5 shows an excellent agreement for
the used thermal conductivity and dynamic viscosity models with the
numerical findings of Corcione et al. [45] and the experimental results
of Ho et al. [46] and Chon et al. [47]. Based on the above accomplished
validations, authors of this work are totally convinced about the nu-
merical outcomes of the present numerical code.

4. Results and discussion

The obtained numerical results represented by typical streamlines,
isotherms, and nanoparticle distributions are discussed in this section.
We varied the following parameters; dimensionless time
(0.01 ≤ τ ≤ 2), Darcy number (10−6 ≤ Da ≤ 10−2), porosity of the

medium (0.2 ≤ ε ≤ 0.8) and average nanoparticle volume fraction
(0 ≤ ϕ ≤ 0.04) (for brevity, “average” will be dropped hereafter). The
values of the remaining parameters are fixed as follows: Rayleigh
number (Ra = 106), Prandtl number (Pr = 4.623), Lewis number
(Le = 3.5 × 105), Schmidt number (Sc = 3.55 × 104), length of inner
square body (D = 0 and 0.3), ratio of Brownian to thermophoretic
diffusivity (NBT = 1.1) and normalized temperature parameter
(δ= 155). The thermophysical properties of water, Al2O3 nanoparticles
and glass balls are given in Table 2.

Fig. 6 illustrates the evolutions of the streamlines, isotherms, and
the distribution of the nanoparticles with time. At initial time, the
double-eye weak streamlines and the vertical isotherms that congest
close to both vertical walls imply to that, the buoyancy force does not
stimulate yet. Consequently, there is no any significant mechanism to
convey the nanoparticles through the annulus, thus the distribution of
the nanoparticles is concentrated close to the left vertical wall. When
time goes on, role of the buoyancy force starts and induces the tem-
perature gradient, which in turn motivates the Brownian and the
thermophoresis diffusion. Therefore, the streamlines merges in a strong
single-eye circulation and the isotherms manifest the common con-
vective pattern, while the nanoparticles disperse within the cavity.
However, the figure shows that the nanoparticles accumulate close to
the cavity wall, away from the core. We say here that owing to the slip
between the base fluid and the nanoparticles, the central recirculation
provides a centrifugal force to the nanoparticles, this force help in split
out the nanoparticles from the vortex core and accumulate close to the
walls of the cavity. It is noticed that beyond τ = 0.1, the field variables
tend to reach the steady state, therefore, we took a farther value of the
dimensionless time τ= 0.2 as a steady state time. It is worth to mention
that in this figure, we did not include the inner square solid in order to
account its effect compared with the following cases. The forthcoming
results are drawn at steady state time.

The patterns of the streamlines with the Darcy number, which are
shown in Fig. 7, demonstrate multicellular weak circulation at lower
Darcy numbers, while at higher Darcy numbers, stronger double-eye
streamlines are observed. This is because increasing the permeability of
the medium with Da, which in turn provides larger free space for the
nanofluid recirculation resulting in a higher velocity. For example, the
maximal absolute stream function at Da = 10−4 is 0.385; this value
increases by 323% and 50% when Da increases to 10−3 and 10−2, re-
spectively. It is significant to realize that in all Da values, the square
solid is confined by a single recirculation. It is important to note here
that for Da = 10−3, the absolute maximum strength of the stream
functions are 1.63 and 2.98 with and without the solid body. This be-
cause the blockage effect of the solid body that generates the multi-
cellular circulation. Due to the restricted motion of the nanofluid with

Fig. 9. Variations of steady average Nusselt number with Da for different (a) ϕ and (b) ε.
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Da = 10−5, the convective terms in the equation of the momentum
exchange is consequently low, thus the isotherms are almost vertical
which indicate to the dominant conductive heat transfer. The con-
vective terms in the momentum equation augment with Darcy number
resulting in almost horizontal isotherms, the behavior of the dominant
convective heat transfer. Consequently, the thermal boundary layers
are enriched significantly with Da. The right column of Fig. 7 depicts
the distribution of the nanoparticles with Darcy number. This dis-
tribution can be understood from the continuity equation of the nano-
particles, which indicates to the negligible homogenous motion of na-
noparticles at very low velocity of nanofluid, the case of the lower
Darcy number (Fig. 7(a)). Hence, the nanoparticles concentrate close to
the hot left wall due to the Brownian diffusion around the square body

due to the nanofluid circulation. Increasing Darcy number, the velocity
becomes vigor, the existence of the solid body causes the multicellular
recirculation, and the temperature gradient spreads out within the an-
nulus. This leads to enhance both the homogenous motion of the na-
noparticles and the thermophoresis effect. As such, an almost uniform
distribution of nanoparticles is observed.

The effect of porosity is presented in Fig. 8 for fixed Darcy number
(Da = 10−3). The strengthening of the stream function with increasing
ε is a solely identification to the variations of streamlines. The ex-
planation of this attitude refers to the available voids gained with in-
creasing ε that minimize the drag on the nanofluid. The maximum
absolute stream function at ε = 0.2 is 1.18, and it strengthens by about
31% and 36% when it increased to 0.4 and 0.8, respectively.

Fig. 10. Variations of steady average Nusselt number with ϕ for different ε at Da = 10−3.
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Consequently, the isotherms show that the boundary layer close to the
vertical walls becomes thinner with increasing the porosity. The dis-
tribution of the nanoparticles becomes more homogenous with ε. At
first, it is thought that the reason behind this behavior is the prominent
of the homogenous motion term caused by the augmentation of the
nanofluid velocity. But making a focus look on the dimensionless con-
tinuity equation of the nanoparticles (Eq. (23)), it can be inferred that
increasing the porosity will reduce the effect of the homogenous motion
and thus, the uniformity of the nanoparticles within the annulus can be
referred to the enhanced Brownian motion and the thermophoresis
resulting from the temperature gradients.

Figs. 9(a) and (b) present the increase of the average Nusselt
number with Darcy number. This behavior, which is well discussed in
the literature, is due to the high permeability of the porous medium that
augments the convective heat transfer. The values of Nusselt number at
low Da (Da ≤ 10−5) are close to unity, which accounts to the com-
parative conductive and convective heat transfer. Fig. 9(a) shows an
aiding role of the alumina nanoparticles in both low and high Darcy
numbers. In low Da, a 4% volume fraction of Al2O3 enhances the
Nusselt number by about 30%, while in high Darcy number
(Da= 10−2) the enhancement is about 12%. The motion is restricted in
low Da, thus the role of the nanoparticles can be accounted for the
enhanced thermal conductivity and the thermophoresis diffusion. At
high Da, the Brownian diffusion contributes in augmenting the Nusselt
number and since the convective movement is already active, the en-
hancement is relatively lower than that in low Darcy number. Owing to
the low permeability, the porosity manifests negligible effect on the
Nusselt number for lower Da number (Da ≤ 10−5) as shown in
Fig. 9(b). For higher permeability, the reduction of inertial and drag
forces resulting from growing the porosity of the medium serve in

augmentation of the nanofluid motion and then enhancing the Nusselt
number. For Da = 10−2, Nusselt number increases by 84% when Îμ is
increased from 0.2 to 0.8.

Fig. 10 displays the extent at which the addition of the alumina
nanoparticles is beneficial. This detailed figure reveals that, for each
porous value, there is a critical volume fraction at which the Nusselt
number is maximal. This critical volume fraction increases with in-
creasing porosity. For example, when ε = 0.2, the optimum ϕ is 0.015
while when ε = 0.8, the optimum ϕ is 0.03. The attribution of this
behavior can be drawn from the effective thermal conductivity of the
porous medium (Eq. (17)) and from the thermos-physical properties of
the nanofluid. For a given porosity, the volume fraction of the nano-
particles enhances the thermal conductivity and increases the viscosity
and the density as consequently. Hence, for low porosity, the roles of
the inertial and viscous forces overwhelm the role of thermal con-
ductivity resulting in deterioration of the Nusselt number beyond a
critical volume fraction.

Eventually, the time elapsed before reaching the average Nusselt
number to steady state is shown Fig. 11(a) to (c). Almost, the di-
mensionless time required for steady state is about τ = 0.1, however,
the figure reveals that the permeability parameter is the most sig-
nificant variable that affects the steady state (Fig. 11(a)), where the
higher the permeability medium is the faster the steady state. This is
mainly due to the strong circulation within the high permeability
medium, which expedites heat transfer.

5. Conclusions

Natural convection of a nanofluid in an annulus composed of a
square porous cavity containing a central square solid is studied. The

Fig. 11. Variations of unsteady average Nusselt number with τ for different (a) Da, (b) ϕ and (c) ε.

A.I. Alsabery, et al. International Communications in Heat and Mass Transfer 110 (2020) 104442

11



Brinkman-Forchheimer-extended Darcy formulation has been adopted
for the porous medium and the motion of the nanofluid is interpreted
based on the significant two-component four-equation Buongiorno
model. The numerical results have led to the following conclusions:

1. For higher Darcy numbers, the heat transfer is switched to con-
vective mode and the nanoparticles distribution becomes more
uniform within the annulus.

2. Increasing the porosity promotes the Brownian motion and the
thermophoresis effects and hence increases the uniformity of the
nanoparticles within the annulus.

3. The role of the alumina nanoparticles is found to be active even in
the low permeability medium; moreover, it is more significant in
low permeability media. For example, at a low Darcy number, a 4%
volume fraction of Al2O3 enhances the Nusselt number by about
30%, while at a high Darcy number (Da = 10−2) the enhancement
is about 12%.

4. The porosity of the porous medium augments the Nusselt number
for higher Darcy numbers whereas its effect is negligible at lower
Darcy numbers.

5. For a given porosity, there is a critical volume fraction for which the
Nusselt number is maximal, and this critical value is played farther
with rising values of the porosity.

6. The permeability of the porous media has a significant effect on the
solution convergence toward steady-state conditions. In fact, higher
medium permeability leads to a faster approach to steady state. On
the other hand, the porosity and the nanoparticles volume fraction
show the opposite behavior.
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