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Magnetohydrodynamic Natural
Convection Heat Transfer of
Hybrid Nanofluid in a Square
Enclosure in the Presence of a
Wavy Circular Conductive
Cylinder
In this paper, steady natural convective heat transfer and flow characteristics of Al2O3-Cu/
water hybrid nanofluid filled square enclosure in the presence of magnetic field has been
investigated numerically. The enclosure is equipped with a wavy circular conductive cylin-
der. The natural convection in the cavity is induced by a temperature difference between the
vertical left hot wall and the other right cold wall. The steady 2-D equations of laminar
natural convection problem for Newtonian and incompressible mixture are discretized
using the finite volume method. The effective thermal conductivity and viscosity of the
hybrid nanofluid are calculated using Corcione correlations taking into consideration
the Brownian motion of the nanoparticles. A numerical parametric investigation is
carried out for different values of the nanoparticles volumic concentration, Hartmann
number, Rayleigh number, and the ratio of fluid to solid thermal conductivities. According
to the results, the corrugated conductive block plays an important role in controlling the
convective flow characteristic and the heat transfer rate within the system.
[DOI: 10.1115/1.4044857]
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1 Introduction
In recent years, nanofluids occupy a very important position in

many areas of technology such as solar energy applications [1–3],
biomedical applications [4,5], heat exchangers [6], cooling of elec-
tronics elements, engines systems and nuclear reactors [7,8].
Combined or hybrid nanofluid is a modern class of liquids

formed by a combination of two types of nanoparticles suspended
in ordinary liquids. The choice of these nanoparticle materials is
fairly essential. Metallic-type nanoparticles (e.g., Cu, Al, Ag, and
Au) have the advantage of large thermal conductivity but are insuf-
ficient due to their low stability and high reactivity with the base
fluids. The combination of metallic-type nanoparticles and metallic
oxide-type nanoparticles (e.g., TiO2, CuO, and Al2O3) can provide
profitable properties in terms of stability and chemical reactivity
[9–11]. Some numerical research studies have been carried out to
examine the heat transfer enhancement in different physical
systems with various geometries and boundary conditions utilizing
hybrid nanofluids. Balla et al. [12] studied the flow of CuO-Cu
based hybrid nanofluid in a circular conduct and they noticed that
the rate of heat transfer is improved around 30–35% in comparison
with that of the regular water. Labib et al. [13] investigated forced
convection heat transfer of CNT-Al2O3 combined nanoparticles dis-
persed in water and ethylene glycol using the multiphase approach.
It was observed an important improvement in the coefficient of heat
transfer using the combined nanoparticles in the base liquid. Takabi
et al. [14] studied forced convection in the laminar regime of differ-
ent operating fluids for different volume concentrations of

conventional nanofluid and hybrid alumina and copper water-
based nanofluids in an isothermally heated tube. They observed
that the coefficient of heat transfer increases with the nanoparticles
volumic concentration and Reynolds number. Rahman et al. [15]
investigated numerically forced heat transfer by convection of Al2-
O3-Cu/water hybrid nanofluid. They have noticed that the choice of
solid particles that are forming the hybrid nanofluid highly affects
the thermal performance of the mixture. Tayebi and Chamkha [9]
numerically studied free convection improvement in a square
cavity filled with hybrid nanofluid. In other studies, Tayebi and
Chamkha [10,11] examined numerically free convection enhance-
ment of a hybrid nanofluid in a cylindrical annulus [10] and in ellip-
tical annulus [11]. In their studies, they found that employing a
hybrid mixture instead of a traditional nanofluid with same
volumic concentrations delivers an excellent thermohydrodynamic
efficiency. Benkhedda et al. [16] investigated the three-dimensional
laminar heat transfer induced by mixed convection of hybrid nano-
fluid flow Ag-TiO2/water through an annular space with the heat
flux imposed on the outer cylinder they found that increasing the
number of Grashof increases the effect of the buoyancy force
which increases the heat transfer rate.
The presence of conducting objects within cavities may influence

the fluid flow and heat transfer. This configuration can be encounter
in various applications, such as solar thermal applications, manufac-
turing of thermal devices, heat exchangers, thermal building design,
and in cooling of electronic elements. Alsabery et al. [17] have
numerically investigated mixed convection flow of alumina–water
nanofluid filled square cavity utilizing the Buongiorno’s two-phase
model. The cavity is equipped with a solid inner body. They found
that the maximum rate of heat transfer is obtained at large body size
and high Richardson. Zhao et al. [18] examine the influence of
introducing a conductive body in a square enclosure on the free
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convection heat transfer. They observed that thermal conductivity
has a large impact on the flow. Mahapatra et al. [19] conducted a
numerical study to examine inserting isothermal and adiabatic
bodies on the natural convection heat transfer in a square enclosure.
They indicated that body size affects the rate of heat transfer. Sivaraj
and Sheremet [20] considered magnetic field effects on the free con-
vective flow and heat transfer in a porous rectangular enclosure with
an aspect ratio 1 with different inclination. In this study, a solid con-
ductive body is inserted. Alsabery et al. [21] have examined the
entropy generation during convective heat transfer in a porous
cavity having wavy vertical walls on the presence of a rotating con-
ductive cylinder. Oztop et al. [22] have numerically evaluated heat
transfer induced by mixed convection in a lid-driven square enclo-
sure containing a circular block. They showed that the inserted
block can be an important factor in controlling heat and fluid flow
within the cavity. Alsabery et al. [23] have examined the impact
of a conductive solid block on the convective nanofluid flow
inside a square cavity heated from the corner using the two-phase
nanofluid approach. They reported that a rise in the thermal conduc-
tivity of the body at a fixed size improves the heat transfer rate
during convection is weak. Alsabery et al. [24] studied the
problem of free convection of water-based alumina nanofluid in
an enclosure containing a conducting body applying a magnetic
field and the two-phase nanofluid approach. As a result, they
showed that the influence of the volumic concentration on the
rate of heat transfer is considerable at a low number of Rayleigh,
and large values of the Hartmann number and block size during
the conduction mechanism are dominated. Garoosi and Rashidi
[25] studied free convection in a heat exchanger containing
various conductive elements utilizing the two-phase nanofluid
approach. They reported that the convective flow was considerably
affected by changing the conductive partitions vertically and hori-
zontally. Recently, Tayebi and Chamkha [26] analyzed the
entropy generation during magnetohydrodynamic (MHD) natural
convection flow of hybrid nanofluid in a square cavity equipped
with a conducting hollow cylinder.
The present study is the first attempt to use Al2O3 and Cu water-

based hybrid nanofluid for laminar convective flow in a square
enclosure considering a wavy conductive body and magnetic
field. The influence of the Brownian motion of nanoparticles is
taken into consideration. Heat transfer and hydrodynamic character-
istics are analyzed for various volumic concentrations, Rayleigh
and Hartmann numbers, and the fluid–solid thermal conductivity
ratio. The values of size, waves number, and waves amplitude of
the corrugated inner conductive cylinder are kept unchanged.

2 Mathematical Modeling
The geometry and boundary conditions of steady laminar two-

dimensional MHD natural convection flow of Copper-Alumina/
water combined nanofluid in a square enclosure considering a
wavy circular conductive cylinder problem is depicted in Fig. 1.
Natural convective flow is generated by a horizontal temperature
gradient between a hot left wall and a cold right wall. We admit
that the nanofluid flow is laminar and incompressible at this range
of the Rayleigh number. The hybrid nanofluid is formed using a
mixture of both Cu and Al2O3 nanoparticles with same concentra-
tion dispersed in a regular water-based fluid. The hybrid nanoparti-
cles volume fractions ϕ are equal to 0%, 2%, 4%, and 6%. The
Prandtl number for water base fluid is 6.2.
The wavy wall profile of the inner cylinder depends on the fol-

lowing equation:

r (γ) = r + (A cos (n γ)) (1)

In this problem, the block size is kept unchanged corresponding
to H/L= 2. Also, for the undulation number, N and its amplitude, A,
which are equal to 8 and 0.02, respectively.

2.1 Effective Thermophysical Properties. The thermophysi-
cal properties of the working nanofluid are supposed constant,
except for density, which is varied depending on the Boussinesq
model. Thermal equilibrium is assumed between the host liquid
and the nanosized particles. The thermophysical properties of the
solid nanoparticles and regular water are exhibited in Table 1.
The hybrid nanofluid effective density is

ρhnf = (1 − ϕCu − ϕAl2O3
)ρf + ρCuϕCu + ρAl2O3

ϕAl2O3
(2)

The hybrid nanofluid heat capacitance is expressed as

(ρCp)hnf = (1 − ϕCu − ϕAl2O3
)(ρCp)f + (ρCp)CuϕCu

+ (ρCp)Al2O3
ϕAl2O3

(3)

The hybrid nanofluid effective thermal expansion coefficient can
be determined by

(ρβ)hnf = (1 − ϕCu − ϕAl2O3
)(ρβ)f + (ρβ)CuϕCu + (ρβ)Al2O3

ϕAl2O3

(4)

The hybrid nanofluid effective dynamic viscosity for 30 nm
particle-size (dp= 3 × 10−8 m) can be calculated using the Corcione
correlation [27] as

μhnf = μf /(1 − 34.87(dp/df )
−0.3(ϕCu + ϕAl2O3

)1.03) (5)

where the diameter of the water molecule equal to df= 3.85 ×
10−10 m [27].
The effective thermal conductivity of the hybrid nanofluid is cal-

culated according to the Corcione correlation [27]:

khnf = kf (1 + 4.4Re0.4 Pr0.66 (T/T fr)
10(kp/kf )

0.03(ϕCu + ϕAl2O3
)0.66)

(6)

Fig. 1 Physical model and boundary conditions

Table 1 Thermophysical properties of the base fluid and the
nanosize particles [26]

Cp

(J kg1 K−1)
ρ

(kg m−3)
k

(W m−1 K−1)
σ

(S m−1)
β

(K−1)

Water 4179 997.1 0.613 0.05 21 × 10−5

Cu 385 8933 401 5.96 × 107 1.67 × 10−5

Al2O3 765 3970 40 1× 10−10 0.85 × 10−5
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where the nanoparticle Reynolds number, Re, is determined as

Re = 2kbρf T/πμ
2
f dp (7)

The electrical effective conductivity is defined by Maxwell [28]:

σhnf = σf 1 + 3
σhp
σf

− 1

( )
ϕAl2O3

+ ϕCu

( )
/

σhp
σf

+ 2

( )(

−
σhp
σf

− 1

( )
ϕAl2O3

+ ϕCu

( )) (8)

where σhp = (ϕCuσCu + ϕAl2O3
σAl2O3 )/(ϕAl2O3

+ ϕCu).

2.2 Governing Equations. Navier-Stokes and heat equations
expressed in Cartesian coordinates for the problem by considering
the above assumptions can be expressed in the dimensional
model as follows:
Continuity equation:

∂u
∂x

+
∂v
∂y

= 0 (9)

Momentum equation:

u
∂u
∂x

+ v
∂u
∂y

= −
1

ρhnf

∂p
∂x

+
μhnf
ρhnf

∂2u
∂x2

+
∂2u
∂y2

( )
(10a)

u
∂v
∂x

+ v
∂v
∂y

= −
1

ρhnf

∂p
∂y

+
μhnf
ρhnf

∂2v
∂x2

+
∂2v
∂y2

( )

+
(ρβ)hnf
ρhnf

g(T − Tc) −
σhnf
ρhnf

B2
0v (10b)

Energy equation for fluid flow:

u
∂T
∂x

+ v
∂T
∂y

= αhnf
∂2T
∂x2

+
∂2T
∂y2

( )
(11a)

Energy equation for the inner solid block:

∂ ks
∂T
∂x

( )

∂x
+
∂ ks

∂T
∂y

( )

∂y
= 0 (11b)

The following characteristic variables are introduced:

X =
x

H
, Y =

y

H
, U =

H

αf
u , V =

H

αf
v, P =

pH2

ρhnf α
2
f

,

θ =
T − Tc
Th − Tc

, k* =
kf
ks

The dimensionless governing equations are as follows:

∂U
∂X

+
∂V
∂Y

= 0 (12)

U
∂U
∂X

+ V
∂U
∂Y

= −
∂P
∂X

+
μhnf
αf αhnf

∂2U
∂X2

+
∂2U
∂Y2

( )
(13a)

U
∂V
∂X

+ V
∂V
∂Y

= −
∂P
∂Y

+
μhnf
αf αhnf

∂2V
∂X2

+
∂2V
∂Y2

( )
+
(ρβ)hnf
ρhnf βf

RaPrθ

−
ρf
ρnf

σhnf
σf

Ha2 Pr V (13b)

U
∂θ
∂X

+ V
∂θ
∂Y

=
αhnf
αf

∂2θ
∂X2

+
∂2θ
∂Y2

( )
(14)

∂ k*
∂θ
∂X

( )

∂X
+
∂ k*

∂θ
∂Y

( )

∂Y
= 0 (15)

Stream function is defined as

U =
∂ψ
∂Y

, V = −
∂ψ
∂X

(16)

The non-dimension numbers coming in the preceding equations
are determined as

Ra =
g(Th − Tc)βf H

3

υf αf
, Pr =

υf
af

, Ha = HB0

������
σf /μf

√

The dimensionless boundary conditions are written as follows:

Left wall (X=0, 0 ≤Y≤ 1):U=V=ψ = 0, θ=1

Right wall (X=1, 0 ≤Y≤ 1):U=V=ψ =0, θ=0

Adiabatic walls (Y=0, Y=1, 0≤X≤1):U=V=ψ =0,
∂θ
∂Y

=0

Solid–nanofluid interfaces of the solid block:U=V=ψ =0,

θhnf =θs, khnf
∂θ
∂n

( )
hnf

= ks
∂θ
∂n

( )
s

(17)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Fig. 2 Grid for the computational domain

Table 2 Grid independence test by the mean Nusselt numbers
for Ra=105, Ha=20, k*=1, and ϕ=0.02

Grid size 41 × 41 61 × 61 81 × 81 101× 101 121 × 121 141× 141

Nuavg 4.9801 3.8452 3.7542 3.7450 3.7448 3.7441

Table 3 Comparison of the average Nusselt numbers

Ra= 105 k*= 5 k*= 0.2

Our results Nuavg 4.592 4.289
House et al. [30] 4.624 4.324

Journal of Thermal Science and Engineering Applications JUNE 2020, Vol. 12 / 031009-3

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/therm

alscienceapplication/article-pdf/12/3/031009/6432806/tsea_12_3_031009.pdf by King M
ongkut's U

niversity of Technology Thonburi user on 19 April 2022



Fig. 3 Comparison between Isotherms and Streamlines with House et al. [30] for
k*=5 and Ra=105

Fig. 4 Comparison between Isotherms and Streamlines with House et al. [30] for k*=0.2
and Ra=105
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Calculation of the local Nusselt number on the heated wall is per-
formed as follows:

Nu= −
khnf
kf

( )
∂θ
∂X

∣∣∣∣
Y=0

(18)

The mean Nusselt number is calculated as follows:

Nuavg=
∫1
0
NudY (19)

3 Numerical Procedures
The continuity, momentum, and energy equations with associated

boundary conditions were numerically discretized utilizing the finite
volume method [29]. The second-order scheme was applied for
the discretization of both diffusive and convective terms.
SIMPLER algorithm has been applied for the velocity–pressure

coupling. The discretized algebraic equations are solved iteratively
using the Gauss–Seidel method and accelerated by an algebraic
multigrid method. The convergence criteria for all dependent vari-
ables are set to 10−5. Other test was carried out by controlling the
energy balance in the system. In fact, as the horizontal walls are adi-
abatic, all the energy that is generated in the cavity through the hot
left wall must come out through the cold right wall. This energy
balance has been verified at 1%.
The grid for the computational domain is generated using

GAMBIT code, as shown in Fig. 2. Several grids are applied in
order to obtain a proper mesh to ensure a numerical solution inde-
pendent of the grid. As shown in Table 2, the variation in Nusselt
numbers according to the number of nodes for each grid allows
us to select (121 × 121) mesh as the best one for the rest of calcula-
tions which ensures a mesh-independent solution.
In the first step, we applied our calculation code to the configura-

tion presented by House et al. [30] and compared the results of
our calculations with theirs. The quantitative (Table 3) and the

Fig. 5 Streamlines for different values of Ra and Ha at ϕ=0.02 and k*=1
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qualitative comparison of isotherms and streamlines (Figs. 3 and
Fig. 4) show an excellent agreement. This allows us to validate
our numerical simulation procedure.

4 Results and Discussion
In this part of the paper, we exhibit the results of our numerical

investigation for laminar convective heat transfer in a square enclo-
sure in the presence of a wavy circular conductive cylinder and
magnetic field. The enclosure is filled with a hybrid nanofluid.
Results are presented for a volumetric fraction of nanoparticles
ranging between (0≤ϕ≤ 0.06), Rayleigh number (103≤Ra≤ 106),
the ratio of fluid to solid thermal conductivities (k*= 0.1, 0.5, 1,
5, and 10), and Hartmann number (0≤Ha≤ 50) at a fixed size
and undulations number of the wavy conductive block. The influ-
ence of Brownian motion is taken into account.

4.1 Thermohydrodynamic Characteristic. Figures 5 and 6
represent isotherms and streamlines for different values of Rayleigh

and Hartmann at ϕ= 0.02 and k*= 1. First of all, for all cases, the
stream function contours represent a large single cell that rotates in
the clockwise direction around the conducting wavy block. Because
the increase in the value of the Rayleigh number increases the buoy-
ancy forces that are in direct relation to the |ψmax|, the rise in the
Rayleigh number increases the maximum absolute values of the
stream function and therefore increases the intensity of the flow cir-
culation within the enclosure. On the contrary, figures show also
that as the Hartmann number increases, the intensity of the convec-
tive flow circulation decreases as shown by the maximum absolute
value of the stream function |ψmax|. It is concluded that at larger
Hartmann and smaller Rayleigh, the conduction is the principal
mechanism of heat transfer since the isotherms are parallel and
the flow intensity is weak. In addition, it can be seen that the
fluid velocity is higher near the summit of the waves and the
active walls where the isolines of the stream function are close to
each other in these regions. It should also be noted that by increas-
ing Ra and decreasing Ha, the inner central cell extends diagonally
due to buoyant forces until it breaks into two core vertices due to the
fact that in this situation the convection is the dominant mechanism

Fig. 6 Isotherms for different values of Ra and at ϕ=0.02 and k*=1
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of heat transmission. On the other hand, as the Hartmann decreases
and the Rayleigh number increases, the flow circulation increases
causing deformation of the isotherms according to the flow direc-
tion. This act leads to form a high-temperature gradient on the ver-
tical walls especially at the base of the left hot wall and the top of the
right cold wall, which leads to an augmentation in the local values
of the Nusselt number at these regions. It is evident that the isotherm
lines inside this conductive solid block are parallel which means
that the heat is carried purely by conduction. Accordingly, this
transmission of heat inside the conductive body is almost horizontal
at lower Ra and higher Ha, where the conduction is the principal
mechanism of heat transmission since the isotherms inside the
block are almost vertical, while, at high Rayleigh and low Hartmann
when the convection is strong, the isotherms inside the block

Fig. 7 Streamlines and isotherms for different values of k* at
Ra =105, Ha=20, and ϕ=0.02

Fig. 8 Streamlines and isotherms for different values of ϕ at
Ra =105, Ha=20, and k*=1

Fig. 9 Nuavg versus Ra for different values of k* when Ha=20
and ϕ=0.02
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become almost horizontal indicating that the heat is conducted ver-
tically through the conductive body. Furthermore, as the thermal
conductivity of the fluid and that of solid are equal, it is seen that
the thermal isolines of the fluid attach well with those of the solid.
In Fig. 7, the streamlines and the isotherms at fixed values of

Ha = 20, Ra= 105, and ϕ= 2% are compared for different ratios
of the fluid to solid block thermal conductivities. At this stage,
during the convection is the main mechanism of heat transmission,
the flow circulation intensity gradually and slowly decreases with
the increase in the ratio thermal conductivities (reducing the
thermal conductivity of the corrugated conductive body) and the
isotherms in the conductive block become thinner. This is
because the rise in the conductivity of the conductive wavy body
leads a significant heat portion to pass within the block to the
cold wall and consequently increases the natural convection circu-
lation inside the cavity. It should be noted that by increasing of k*
the isotherms concentrate near the active walls, resulting in an
increase in the heat transfer rate.
The impact of the addition of alumina and copper nanoparticles

to the water on the isotherms and the streamlines at Ra= 105,
Ha = 20, and k*= 1 has been displayed in Fig. 8. It is indicated
that by elevating ϕ, the general structure of the streamlines and
the isotherms is not much affected, but the strength of the convec-
tive flow is improved.

4.2 Heat Transfer. Figure 9 displays the distribution of the
average Nusselt number with the Rayleigh number for various
values of the ratio of fluid to solid conductivities. As expected,
for a given value of k*, an increase in the Rayleigh number leads
the Nusselt number to increase because increasing Rayleigh
number intensifies the buoyancy forces and hence the flow circula-
tion and the heat transfer rate increase. For a fixed value of Ra, it is
to note that at a small value of Ra when the conduction is the mech-
anism of heat transmission, the mean Nusselt number rises with the
increased thermal conductivity of the inner wavy block ks (with the
decreasing thermal conductivity ratio k*). Whereas, for higher Ra
when the convection is strong, the mean Nusselt number reduces
with the rise in thermal conductivity of the inserted body ks. This
is because for lower Rayleigh number, as the thermal conductivity
of the conductive wavy body raises a large heat part is passed hor-
izontally within the solid body to the cold wall, while for higher
Rayleigh number the fluid loses this portion of heat vertically
through the block toward the bottom of the cavity instead of reach-
ing the cold wall.
Figure 10 shows the evolution of the mean Nusselt number

according to the Rayleigh for various values of the volumetric

concentration of the combined nanoparticles at Ha= 20 and k*=
1. It is noticed that the average Nusselt number ascends with the
ascent of Ra and its variation becomes more progressive for
higher values. The figure indicates also that the influence of the
volume concentration of nanoparticles is more significant at a
higher value of the Rayleigh number.
To estimate the impact of the addition of the hybrid nanoparticles

in the water on the heat transfer rate, Fig. 11 shows the evolution of
the mean Nusselt number as a function of the volume fractions of
nanoparticles for various values of k* at two Rayleigh number sepa-
rately when Ha= 20. As discussed early, at a fixed value of ϕ, any
rise in k* (decrease in ks) makes the average Nusselt decrease at a
lower Rayleigh number (Fig. 11(a)) and increase at a higher Ray-
leigh number (Fig. 11(b)). Moreover, it is observed from these
figures that as the quantity of hybrid nanoparticles increases in
the base liquid, the average Nusselt number increases and its
impact is very significant for higher Rayleigh number since convec-
tion dominant inside the cavity.
To see the impact of the Hartmann number on the heat transfer

rate within the system, we have displayed the variation in the
average Nusselt number with the Hartmann number for different
values of the conductivity ratio in Fig. 12. Regardless of the
value of k*, it can be observed that the rise in the Hartmann
number values makes the mean Nusselt number decrease. This
means that the presence of the magnetic field makes the convective
flow diminishing in the enclosure. Therefore, to cool this system, an
application of a magnetic field is preferred. Figure 12 also indicates
that the impact of the Hartmann number on the mean Nusselt is

Fig. 10 Nuavg versus Ra for different values of ϕ when Ha=20
and k*=1

Fig. 11 Nuavg versus ϕ for different values of k* at Ha=20 when
(a) Ra=103 and (b) Ra=105
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considered at larger Rayleigh numbers when convection heat trans-
fer is more pronounced.

5 Conclusion
In this paper, the problem of 2D laminar natural convective heat

transfer and fluid flow of Al2O3-Cu/water hybrid nanofluid in a
square enclosure considering a wavy circular conductive cylinder
and magnetic field is numerically analyzed. The numerical results
have been obtained for several values of the Rayleigh number,
Al2O3-Cu hybrid nanoparticles volumetric fraction, the Hartmann
number and fluid-to-solid thermal conductivities ratio. The
number of corrugations of the cylinder, its amplitude, and the
block size are kept fixed. The principal conclusions of this investi-
gation are as follows:

• The intensity of the convective flow circulation increases
mainly with the increasing Rayleigh number and decreasing
Hartmann number.

• The flow intensity also increases with the conductivity of the
wavy solid block and the volumic concentration of
nanoparticles.

• When conduction is the dominant mechanism of heat transfer,
elevating the thermal conductivity of the block enhances the
heat transfer rate, but a reversal of this behavior was observed
at a large Rayleigh number when the convection is strong.

• The heat transfer rate increases by increasing the Ray-
leigh number, the volumic fraction of nanoparticles and

fluid-to-solid conductivity ratio while it is decreasing with
the increasing Hartmann number.

• For cooling of this configuration, an application of a magnetic
field is preferred.

• The role of the magnetic field is more noticeable at larger Ray-
leigh numbers when the convection is strong.

• The enhancement of natural convection inside this system by
adding hybrid nanoparticles is more considerable when the
convection takes place.

In the next investigations, it seems interesting to study the effect
of the cylinder size, its form (undulation number and amplitude),
and the use of other working fluids on the flow and heat transfer
as well as the entropy generation within such system. This in
order to have numerical results that better reflect physical reality
especially in applications like in the cooling of electronic compo-
nents and building design.

Nomenclature
g = gravity (m s−2)
k = thermal conductivity (W m−1 K−1)
r = base circular radius of the block (m)
A = waves amplitude
H = enclosure height (m)
L = body size (m)
N = undulation number
T = dimension temperature (K)
kb = Boltzmann’s constant, 1.380648 × 10−23 (J/K)
B0 = magnetic field (N∕Am2)
Cp = heat capacitance (J kg−1 K−1)
Tfr = freezing point of the base liquid (K)
k* = fluid-to-solid block thermal conductivity ratio (k*= kf /ks)

u, v = dimensional velocity components along x and y directions
(m s−1)

x, y = Cartesian coordinates (m)
Ha = Hartmann number
Nu = Nusselt number
Pr = Prandtl number
Ra = Rayleigh number

U, V = non-dimensional velocity components along x and y
directions

X, Y = non-dimensional coordinates

Greek Symbols

α = thermal diffusivity (m2/s)
β = thermal expansion coefficient (K−1)
γ = angular position around the cylinder wall (deg)
μ = dynamic viscosity kg/m s
ρ = density (kg m−3)
σ = electrical conductivity (1/Ω m)
υ = kinematic viscosity (m2 s−1)
ϕ = volume fraction of the nanoparticles
θ = non-dimensional temperature
ψ = non-dimensional stream function

Subscripts

c = cold
f = fluid
h = hot

hnf = hybrid nanofluid
hp = hybrid solid particles
p = solid nanoparticles
s = solid block
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