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a b s t r a c t

This article addresses the Cattaneo–Christov heat flux, radiation and joule heating
model as applied to a Blasius–Rayleigh–Stokes flow through a transitive magnetic
field. The mathematical models are converted into a pair of self-similarity equations
by applying appropriate transformations. The reduced similarity equivalences are then
solved numerically by the Runge–Kutta–Fehlberg 45th-order method. To better perceive
the problem, the flow and energy transfer characteristics are explored for distinct values
of different factors. From this analysis we found that Higher values of Q increase the
f

′

(η) field and its interrelated thickness of the boundary layer. The temperature of
the fluid and its interrelated layer thickness enhances for boost up values ofγ . Also
found that the streamline graphs are dominant for Q=2 when compared with Q=0.5.
The presence of Q has more impact on the results when compared to the case where Q

is absent. The local
√
RexCfx and NuxRe

−
1
2

x scale back for increasing values of ω.
© 2019 Published by Elsevier B.V.

1. Introduction

In engineering and industries the transfer of heat apparatus is very important together with electric power generation,
breeder cooling, biomedical applications like diagnostic devices, MRI’S, ECG’S etc. There are a number of materials for
thermal relaxation time is huge like NaHCO3(29 s), medical equipment’s (1–100 s), cement (21 s) and many others. The
exchange of heat between two objects, or within an object, is a major phenomenon in nature. Cattaneo [1] introduced
a thermal relaxation time to examine the behavior of classical Fourier’s law. Then Christov [2] implemented Oldroyd’s
upper-convected derivatives with the addition of a thermal relaxation time in order to achieve the material invariant
formulation. Straughan [3] presented the Cattaneo–Christov model in the flow of viscous fluid. A study of three-
dimensional (3D) flow of heat conduction and mass diffusion was developed by Hayat et al. [4]. Abbasi et al. [5] was
investigated by the impact of heat transfer effects on Oldroyd-B flow. They are finding solutions by using analytical
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Nomenclature

Cfx skin friction coefficient
Ec Eckert number
k∗ mean absorption
k thermal conductivity
Nux Nusselt number
Pr Prandtl number
Q magnetic parameter
qr radiative heat flux
qw surface heat flux
R radiation parameter
Rex =

u∞x
ν

Reynolds number
T fluid temperature
Tw wall temperature
T∞ free stream temperature
u and v velocity components in x and y
u∞ signify the uniform free stream velocity

Greek letters

ρ effective density
γ thermal relaxation parameter
λ relaxation time of heat flux
µ effective dynamic viscosity
α thermal diffusivity
σ electrical conductivity
σ ∗ Stefan–Boltzmann constant
τw surface shear stress
τ =

u∞t
x non-dimensional time variable

methods. Effects of Cattaneo–Christov heat flux model in Darcy–Forchheimer flow of Walter’s liquid B fluid Invoked by
Munir et al. [6]. By using HAM they are finding solution. Boundary layer flow and heat transfer using the Cattaneo–Christov
model with the thermal radiation effect have been extensively investigated in numerous studies [see 7–12].

An analysis of the Blasius–Rayleigh–Stokes variable is of great interest for technical engineers, developers, designers
and manufacturers. In 1994, Na [13] proposed a new set of transformations containing the Blasius–Rayleigh–Stokes
variable to write the governing unsteady partial differential equations in similar form. Later on, Todd [14] investigated
the family of laminar boundary layers along a semi-infinite flat plate. Fang [15] conducted a heat transfer analysis for this
boundary layer flow. In recent decades, various researchers have published papers about the Blasius–Rayleigh–Stokes
variable [16–18].

Magneto-hydrodynamic flow across a stretching/shrinking disk was analyzed by Soid et al. [19], who also investigated
the stability of the multiple solutions. Hydromagnetic flow over a stretchable curved space was studied by Hayat et al. [20],
who presented graphical representations for the friction factor, rate of heat and mass transfers to estimate curvature. The
MHD flow of a nanofluid through a saturating permeability porous was analyzed by Reddy et al. [21]. By using HAM they
also carried out the study of numerical representations. HAM solutions on MHD 3D effects were scrutinized by Hayat
et al. [22] who concluded that the temperature and concentration fields enhance for escalating values of M . The influence
of heat transfer effects on the MHD flow of thermal radiation and viscous dissipation was investigated by Nayak [23]. Niled
and Kuznetsov [24] analyzed heat and mass transfer effects on natural convection across a plate. The impacts of Joule
and viscous heating effects on 3D hydromagnetic flow, including mass and heat fluxes, were examined by Muhammad
et al. [25]. Khaled and Jaber [26] investigated the power-law heat flux with Joule heating and viscous dissipation on three
dimensional hydromagnetic flows through a porous stretching sheet. Chunyan et al. [27] an unsteady 2D Casson fluid
flow between parallel plates. They are obtaining solution by implementing implicit finite difference method. Li et al. [28]
heat transfer effects on hydromagnetic Ferro fluid. Sheikholeslami et al. [29] an unsteady 3D heat transfer effects on
hydromagnetic nanofluid. By using lattice Boltzmann method they are obtaining solutions. Ishak et a. [30] analyzed steady
2D MHD flow towards a stretching sheet. By using finite difference scheme they are obtaining solution. Sajjadi et al. [31]
investigated 3D hydromagnetic natural convection flow. Some interesting flow problems involving MHD flow can be found
in Refs. [30–39].
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The present effort models heat transfer augmentation in Blasius–Rayleigh–Stokes flow through heated moving plate.
The Cattaneo–Christov heat flux model and transitive magnetic field are implemented. Heat transfer characteristics are
studied through a heated surface. Similarity equations are utilized for the conversion of dimensional quantities into
dimensionless form. The dimensionless mathematical problem is treated using the Runge–Kutta–Fehlberg 45th-order
method. The numerical values of flow and heat transfer rates are presented as tables. Moreover, the influence of embedded
parameters on velocity and temperature are discussed and illustrated graphically.

2. Mathematical formulation

Consider the unsteady two-dimensional flow and heat transfer of an incompressible viscous fluid over a heated moving
semi-infinite plate. The surface is emerging out along the x-axis from a moving slot. At time t = 0, the fluid is at rest. The
flow, with acute angle ω, the aligned magnetic field is applied and it is expected to be a function of the distance from the

origin denoted as B (x) = B0/

(
cos (ω) νt + sin (ω)

(
νx
uw

))1/2
with B0 ̸= 0 where the coordinate along the plate is x.

The governing boundary layer equations are given as [16,17]:
∂u
∂x

+
∂u
∂x

= 0, (1)

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

= ν
∂2u
∂y2

+
σB2

ρ
sin2 αu. (2)

∂T
∂t

+ u
∂T
∂x

+ v
∂T
∂y

+ λ

⎛⎜⎜⎝ u2 ∂
2T
∂x2

+ v2
∂2T
∂y2

+ 2uv
∂2T
∂x∂y

+(
u
∂u
∂x

+ v
∂u
∂y

)
∂T
∂x

+

(
u
∂v

∂x
+ v

∂v

∂y

)
∂T
∂y

⎞⎟⎟⎠ = α
∂2T
∂y2

+
1
ρcp

∂qr
∂y

+
σB2

ρcp
sin2 αu2, (3)

The corresponding boundary conditions are:

u = 0, v = 0, T = Tw at y = 0,

u = uw, T = T∞ as y → ∞ (4)

Since an unsteady flow is a generalized case of a steady flow, Todd [14] generalized the Blasius and Rayleigh–Stokes
variables to get similar equations for the boundary layer flow of viscous fluid over a moving surface, termed the
Blasius–Rayleigh–Stokes variable:

η = y/

√
cos (ω) νt + sin (ω)

(
νx
uw

)
, (5)

The radiative heat flux expression in Eq. (5) is given by;

qr = −
4σ ∗

3k∗

∂T 4

∂z
= −

16σ ∗

3k∗
T 3 ∂T
∂z
, (6)

Now, we introduce the following similarity variables:

ψ (x, y, t) = uw

√
cos (ω) νt + sin (ω)

(
νx
uw

)
f (η), θ (η) =

T − T∞

Tw − T∞

(7)

By using Eqs. (5) and (7), the governing equations to get the following ordinary differential equations:

f ′′′
+

1
2
cos (ω) ηf ′′

+
1
2
sin (ω) ff ′′

+ Q sin2 αf ′
= 0, (8)

(1 + R)θ ′′
+ Pr2

(
η cos (ω) θ ′

+ f sin (ω) θ ′
+

γ sin (ω) (3ff ′θ ′
+ ηf θ ′′)

)
+ EcQ sin2 αf

′2
= 0, (9)

subject to boundary conditions:

f (η) = 0, f ′(η) = 0, θ (η) = 1 at η = 0

f ′(η) = 1, θ (η) = 0 as η → ∞, (10)

where, Pr =
ν
α
, R =

16σ∗T3∞
3kk∗ , γ = λuw , Ec =

u2w
(Tw−T∞)cp

and Q =
σB20
ρ

.
The quantities of physical interest in this work are the local skin friction coefficient and the local Nusselt number,

defined as:

Cfx =
τw

ρu2
∞

and Nux =
xqw

k (Tw − T∞)
,
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where τw and qw are given by:

τwx = µ

(
∂u
∂z

)
y=0

and qw = −k
(
∂T
∂z

)
+ qr y=0,

The reduced skin friction and Nusselt number can be written as;√
RexCfx =

f ′′ (0)
cos (ω) t + sin(ω)

and
Nux
√
Rex

=

(
− [1 + R] θ ′ (0)

)
(cos (ω) τ + sin (ω))1/2

.

3. Method of solution

4. Graphical representation

Similarity equalities (8)–(9) with the border ailment (10) are highly non-linear coupled ODE’s. This complicated
system is very difficult to solve by the usual analytical method. Hence, we apply the Runge–Kutta–Fehlberg 45th-order
method, based on the shooting technique. The unimpeachable discernment of the physical problem is conversed in this
section. The prominent characteristics of the impact of a combination of different physical parameters on the temperature
augmentation are evaluated through graphical representation of numerical data and tables.

The variation of the Q parameter on the f ′(η) field is presented in Fig. 1. It is clearly observed that greater values of Q
increase the f ′(η) field and its interrelated thickness of the boundary layer. Physically, an increase in Q , the Lorentz force
associated with the boundary layer gets thinner for the magnetic field. The magnetic lines move based on the free-stream
velocity as they move past the plate. The magnetic field pushes the fluid that has been decelerated due to the viscous
force, which also counteracts the viscous effects. The deviation in f ′(η) versus ω is elaborated in Fig. 2. According to this
figure, the f ′(η) field increases for increasing values of ω. Correspondingly, an interrelated thickness of the boundary layer
also enhances for increasing values of ω.

Fluctuation in θ (η) via γ is depicted in Fig. 3. It conveys that, due to the rise in γ , the temperature of the fluid and its
interrelated layer thickness rises. Basically, at a higher estimation of γ , the material particles need extra time to transfer
heat to adjacent particles, and so the θ (η) field reduces. For γ = 0, the heat transfers promptly throughout the material.
Hence, the temperature distribution is higher for γ = 0, that is, for Fourier’s law when compared with Cattaneo–Christov
heat flux model. The effect of R on the θ (η) field is captured in Fig. 4. Radiation is the emission of energy as electromagnetic
waves or as moving subatomic particles. From this figure we can see that a higher estimation of R enhances the θ (η) field
and its interrelated thickness of layer. Physically, higher R produces more kinetic energy to the process. Therefore, the
larger estimation of R enhances the θ (η) field.

The impact of Pr on θ (η) is explained in Fig. 5. It is evident that a higher value of Pr diminishes the temperature profile.
Lower values of Pr refer to higher thermal diffusion and so the momentum boundary layer structure is thicker, therefore
the heat can be drawn-out from the sheet faster than higher values of Pr . Fig. 6 shows the behavior of Ec relative to
the θ (η) profile. From this figure, we observe that the fluid temperature field and its interrelated closeness of the layer
are enhanced for argumentations of Ec. It is the ratio of the kinetic energy dissipated in the flow to the thermal energy
conducted into or away from the fluid basically, the existence of viscous dissipation in the heat equation acts as an internal
heat source, so the thermal energy increases in the fluid.

Fig. 7(a–b) are sketched to interrogate the streamline graphs for different values of ω(= 0) and Q (= 0.5&2). They
convey that the streamline graphs show more impact in higher values of Q . Furthermore, one can be informed that the
streamline graph is more contrasted in Q = 2 when compared to Q = 0.5. Fig. 8 (a–b) determine how the streamline
graphs vary for ω(= π/2) and Q (= 0.5&2). It is sanctioned that the streamline graphs show more impact for higher
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Fig. 1. Impact of Q on f ′(η).

Fig. 2. Impact of ω on f ′(η).

values of Q . Further, the streamline graphs are dominant for Q = 2 when compared with Q = 0.5. Fig. 9 (a–b) shows the
outcome of ω(= π/4) and Q (= 0.5&2) on the streamline flows. It is perceived that the impact of Q = 2 is high contrasted
to Q = 0.5.

Tables 1 and 2 present the numerical table of
√
RexCfx as well as local NuxRe

−1/2
x in the presence and absence of Q and

R for various values of existing parameters in the flow problem. From Table 1, it can be recognized that the local
√
RexCfx

and NuxRe
−1/2
x scale back for both the presence and absence of Q for higher values of ω. Further, one can conclude that
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Fig. 3. Impact of γ on f ′(η).

Fig. 4. Impact of R on θ (η).

NuxRe
−1/2
x is accelerated in the presence and absence of Q for increasing values of Pr and R. Furthermore, we observe that

NuxRe
−1/2
x decreases for rising values of γ and Ec. One can be informed from this table that, enhancement of heat transfer

is more in the presence of Q when compared to the case where Q is absent. Table 2 shows the same behavior as Table 1.
Further, the enhancement of heat in NuxRe

−1/2
x is greater in the presence of R than in the absence of R. Table 3 shows the

numerical values of
√
RexCfx as well as local NuxRe

−1/2
x for various values of existing parameters in the flow problem. This

table shows the same behavior as Tables 1 and 2.



M.G. Reddy, M.V.V.N.L.S. Rani, K.G. Kumar et al. / Physica A 548 (2020) 123991 7

Fig. 5. Impact of Pr on θ (η).

Fig. 6. Impact of Ec on θ (η).

5. Conclusion

Noteworthy results of the current study are:

• The streamline graphs are dominant for Q = 2 when compared with Q = 0.5
• Higher R produces more kinetic energy to the process. Therefore, the larger estimation of R enhances the θ (η) field.
• An intensification in the f ′(η) field is seen with the increment of ω and Q .
• The heat transfer rate is greater in the presence of R than in the absence of R.
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Fig. 7. Stream lines for different values of ω = 0.
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Fig. 8. Stream lines for different values of ω = π/2.
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Fig. 9. Stream lines for different values of ω = π/4.
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Table 1
Comparison table for presence and absence of magnetic field.
ω Pr R γ Ec Presence magnetic field Absence magnetic field

√
RexCfx NuxRe

−1/2
x

√
RexCfx NuxRe

−1/2
x

π/6 0.531769 0.627097 0.523297 0.626959
π/4 0.524538 0.577530 0.506204 0.577105
π/3 0.522460 0.535696 0.490919 0.534766

0.5 0.522460 0.352656 0.490919 0.351974
1.0 0.522460 0.490921 0.490919 0.490045
2.0 0.522460 0.684246 0.490919 0.683166

0.5 0.522460 0.535696 0.490919 0.351974
1.0 0.522460 0.622376 0.490919 0.490045
1.5 0.522460 0.699227 0.490919 0.595124

0.1 0.522460 0.535696 0.490919 0.534766
0.2 0.522460 0.509775 0.490919 0.509060
0.3 0.522460 0.483745 0.490919 0.483249

0.1 0.522460 0.829178 0.490919 0.829994
0.3 0.522460 0.826115 0.490919 0.829994
0.5 0.522460 0.823053 0.490919 0.829994

Table 2
Comparison table for presence and absence of radiation.
ω Q γ Pr Ec Presence radiation Absence radiation

√
RexCfx NuxRe

−1/2
x

√
RexCfx NuxRe

−1/2
x

0.1 0.526668 0.726266 0.526668 0.509778
0.15 0.513455 0.669656 0.513455 0.468361
0.2 0.503292 0.621694 0.503292 0.433272

0.1 0.497066 0.621470 0.497066 0.433134
0.2 0.503292 0.621694 0.503292 0.433272
0.3 0.509599 0.621919 0.509599 0.433412

0.1 0.503292 0.621694 0.503292 0.433272
0.2 0.503292 0.593267 0.503292 0.410888
0.3 0.503292 0.564775 0.503292 0.388376

0.5 0.503292 0.410407 0.503292 0.284881
1.0 0.503292 0.569762 0.503292 0.397011
2.0 0.503292 0.794022 0.503292 0.553646

0.1 0.503292 0.829460 0.503292 0.671959
0.3 0.503292 0.827443 0.503292 0.670260
0.5 0.503292 0.825427 0.503292 0.668561

Table 3
Numerical values of friction factor and Nusselt number for different flow parameters.

Q ω γ R Pr Ec
√
RexCfx NuxRe

−1/2
x

0.5 0.522460 0.026366
1.0 0.556093 0.026321
1.5 0.591946 0.026273
2.0 0.630152 0.026222

0.5 0.522460 0.535696
1.0 0.556093 0.537670
1.5 0.591946 0.536663

0.1 0.503292 0.535133
0.2 0.503292 0.509344
0.3 0.503292 0.483449

0.5 0.503292 0.535133
1.0 0.503292 0.621694
1.5 0.503292 0.698438

0.5 0.503292 0.595517
1.0 0.503292 0.490391
2.0 0.503292 0.352244

0.5 0.556093 0.776753
1.0 0.556093 0.721052
2.0 0.556093 0.665351
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• The presence of Q has more impact on the results when compared to the case where Q is absent.
• Pr number is the fraction of kinematic viscosity to thermal diffusivity. Interrelated thickness of the thermal boundary

layer decays for higher values of Pr .
• The local

√
RexCfx and NuxRe

−1/2
x scale back for increasing values of ω.
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