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Abstract
This article explores the influence of thermal radiation on the flow and heat transfer of single-walled carbon nanotubes over

both a convergent and divergent channel. Flow is induced due to a Darcy–Forchheimer medium. Further, the heat transfer

mechanism is analyzed in the presence of a thermal radiation process. Guided by some appropriate similarity transfor-

mations, the fundamental PDEs are converted into a self-similar system of coupled non-linear ODEs. The findings are

obtained with the help of the Runge–Kutta-45-based shooting method. The roles of the Reynolds number, porosity

parameter, inertia coefficient parameter, Prandtl number and radiation parameter are presented graphically. Results are

displayed and show that the rate of heat transfer is higher in a divergent channel as compared to a convergent channel.

List of symbols
c Indicating shrinking/stretching parameter

Kp Porosity parameter

Fr Inertia coefficient

Re Reynolds number

Pr Prandtl number

R Radiation parameter

Cf Skin friction co efficient

Nu Nusselt number

a Opening angle parameter

kf Thermal conductivity of base fluid

knf Thermal conductivity of nanofluid

U Velocity of the channel

Tw Temperature at the channel wall

Uw Velocity at the channel wall

F Non-uniform inertia coefficient of porous

medium

P Fluid pressure

k Permeability of porous medium

cb Drag coefficient

T Fluid temperature and

qrad The radiative heat flux

r� Stefan–Boltzmann constant

k�nf Mean absorption coefficient

qnf Density of nanofluid

lnf Dynamic viscosity of nanofluid

qcp
� �

nf
Heat capacity of nanofluid

qf Density of base fluid

lf Dynamic viscosity of base fluid

qcp
� �

f
Heat capacity of base fluid

/ Solid volume fraction of nanofluid
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1 Introduction

Research on heat transfer through a porous medium has

attracted great scientific attention among researchers due to

its plentiful applications in industrial manufacturing such

as nuclear waste disposal, crude oil production, grain

storage, porous insulation, petroleum reservoirs, ground-

water pollution, packed-bed reactors, resin transfer mod-

eling, etc. Forchheimer (1901) considered such factors by

using the additional term through square velocity in the

Darcian velocity expression. Muskat (1946) presented the

flow of homogeneous fluids through porous media. Sed-

deek (2006) examined the effect of viscous dissipation on

Darcy–Forchheimer mixed convection flow in a porous

medium. Pal and Mondal (2012) initiated the hydromag-

netic convective diffusion of species in Darcy–Forch-

heimer porous medium. Recently, various studies of

Darcy–Forchheimer can be found in Hayat et al. (2016),

Shehzad et al. (2016), Meraj et al. (2017), Muhammad

et al. (2017a), Hayat et al. (2017).

Flow over converging and diverging channels is an

essential part of any physical model due to its wide range

of applications, such as aerospace, chemical, mechanical,

civil, environmental and bio-mechanical engineering, etc.

Jeffery (1915) and Hamel (1917) have pioneered efforts in

the area of converging/diverging channels. On the basis of

the above work, several studies have investigated the

influence of converging/diverging channels. Motsa et al.

(2012) presented a new analytical method for flow between

two inclined walls. Asadullah et al. (2013) studied the

MHD flow of a Jeffery fluid in converging and diverging

channels. Muhammad et al. (2017b) discussed the least-

square study of heat transfer over a converging/diverging

channel. Syed et al. (2017) studied the MHD flow of

nanofluid in the presence of convergent/divergent channels.

The effect of thermal radiation on the heat transfer

processes has been attractive to researchers due to its

applications in polymer processing technology, such as

space vehicles, nuclear plants, gas turbines, aircraft, and

devices for satellites. Further, nanoliquids are regarded as

the best coolants in several industries such as transporta-

tion, microelectronics, optics, manufacturing etc. In view

of these applications, Rashidi et al. (2014) discuss the

buoyancy effect on MHD flow of nanofluid over a

stretching sheet in the presence of thermal radiation.

Makinde (2005) studied the convection flow with thermal

radiation and mass transfer past a moving vertical porous

plate. Hayat et al. (2014) analyzed the three-dimensional

mixed convection flow of viscoelastic fluid with thermal

radiation and convective conditions. Among the numerous

efforts here, those made in Reddy (2014), Zeeshan et al.

(2016), Khan et al. (2017), Abbasi et al. (2019), Kumar

et al. (2018a, b), Gireesha et al. (2018), Reddy et al. (2018),

Abro and Gómez-Aguilar (2019), Hayat et al. (2018),

Souayeh et al. (2017), Abro et al. (2019), Yasmin et al.

(2017), Abro et al. (2018), Souayeh et al. (2016), Abro and

Yıldırım (2019), Ahmed et al. (2018), Hussanan et al.

(2019), Souayeh et al. (2019), Alarifi et al. (2019), and

Alarifi et al. (2018) are particularly mentioned.

This article explores the flow and radiative heat transfer

through aqueous suspension of single-walled nanotubes

over a convergent/divergent channel. The Darcy–Forch-

heimer relation describes the effect of a porous medium.

The heat generation and thermal radiation aspects are

present in the energy expression. A set of obtained flow-

governing nonlinear ordinary differential equations are

solved numerically by means of the Runge–Kutta-Fehlberg

45th-order method. The effects of different flow parameters

on flow fields are elucidated through graphs and tables.

2 Mathematical formulation

We assume flow through a sink and source at the inter-

section of two plane walls which make an angle, 2 a. The
geometry of the problem is given in Fig. 1. The walls are

supposed to be shrinking/stretching at a rate of c such that

velocity at the wall can be stated as ûr ¼ Uw ¼ c
r
. More-

over, the channel is considered to be saturated by the

nanofluid, which contains the base fluid (water) and single-

walled carbon nanotube particles. Between the base fluid

and the nanoparticles, a thermal equilibrium is assumed.

We used a polar coordinate system r; hð Þ to formulate

the mentioned flow problem. The velocity field proceeds to

the form V ¼ ûr; 0; 0½ �; where ûr is a function of is r and h
both. Hence, the continuity, momentum and energy equa-

tions in polar form, due to practical assumptions, reduce to

the following Sureshkumar Raju et al. (2019) and Murali

Krishna et al. (2019):

1

r

o

or
rûrð Þ ¼ 0; ð1Þ

Fig. 1 Schematic diagram of the flow problem
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qnf ûr
oûr

or

� �
¼ � op

or
þ lnf

o2ûr

or2
þ 1

r

oûr

or
þ 1

r2
o2ûr

oh2
� ûr

r2

� �

� mf
k
ûr � Fû2r ;

ð2Þ

� 1

qnf r
op

oh
þ 2

r2
lnf
qnf

oûr

oh
; ð3Þ

ûr
oT

or
¼ knf

qCp

� �
nf

o2T

or2
þ 1

r

oT

or
þ 1

r2
o2T

oh2

� �

� 1

qCp

� �
nf

o

ror
rqr:rad:ð Þ � 1

qCp

� �
nf

o

r2oh
qh:rad:ð Þ:

ð4Þ

Boundary conditions for the problem are:

ûr ¼ U;
oûr

oh
¼ 0;

oT̂

oh
¼ 0 at h ¼ 0;

ûr ¼ Uw; T ¼ Tw

r2
at h ¼ a:

ð5Þ

In the above equations, U is the centerline velocity of the

channel, Tw; Uw is the temperature and velocity at the

channel wall respectively, P is the fluid pressure, k is the

permeability of the porous medium, F ¼ cb

rk
1
2

is the non-

uniform inertia coefficient of the porous medium, cb is the

drag coefficient, T is the fluid temperature and qrad is the

radiative heat flux.

Using the Rosseland approximation for radiation, we

have:

qr;rad: ¼ � 4r�

3k�nf

 !
oT4

or
and qh;rad: ¼ � 4r�

3k�nf

 !
oT4

oh
:

ð6Þ

Here r� is the Stefan–Boltzmann constant and k�nf is the

mean absorption coefficient of the nanofluid. Further, we

assume that the temperature difference within the flow is

such that T4 may be expanded in a Taylor series. Hence,

expanding T4 to about T1 and neglecting higher-order

terms we get,

T4 ffi 4T3
1T � 3T4

1: ð7Þ

Therefore, Eq. (4) is simplified to:

ûr
oT

or
¼ knf

qCp

� �
nf

o2T

or2
þ 1

r

oT

or
þ 1

r2
o2T

oh2

� �

� 16r�T3
1

3k�nf qCp

� �
nf

o2T

or2
þ 1

r

oT

or

� �

þ 16r�T3
1

3k�nf qCp

� �
nf

o2T

oh

� �
: ð8Þ

Further, qnf ; lnf ; qCp

� �
nf

and knf denote the density,

dynamic viscosity, heat capacity and thermal conductivity

of the fluid, respectively:

qnf ¼ qf 1� /þ /
qCNT
qf

 ! !

;

lnf ¼
1

1� uð Þ2:5
; anf ¼ 1� /ð Þ qf

� �
f
þ/ qsð ÞCNT ;

qcp
� �

nf
¼ 1� /ð Þ qcp

� �
f
þ/ qcp
� �

CNT
;

knf

kf
¼

1� /þ 2/ kCNT
kCNT�kf

� 	
ln

kCNTþkf
2kf

� 	

1� /þ 2/ kf
kCNT�kf

� 	
ln

kCNTþkf
2kf

� 	 ;

ð9Þ

where / is the solid volume fraction of nanofluid, qf is the
density of base fluid, qs is the density of nanoparticles, lf is

the dynamic viscosity of base fluid, qcp
� �

f
is the heat

capacity of base fluid, qcp
� �

s
is the heat capacity of

nanoparticles, kf is the thermal conductivity of base fluid

and ks is the thermal conductivity of nanoparticles.Equa-

tion (1) provides a pure depiction of the radial velocity

form as follows:

F hð Þ ¼ rûr r; hð Þ: ð10Þ

The non-dimensional variables stated below are used:

f gð Þ ¼ F hð Þ
U

; g ¼ h
a
; H ¼ r2

T

Tw
: ð11Þ

The implementation of the similarity transformation given

in Eq. (11). The elimination of the pressure terms from

Eqs. (2) and (3) provides coupled equations for the tem-

perature and velocity profiles stated below:

f 000 þ 2aRe 1� /ð Þ2:5 1� /ð Þ þ /
qCNT
qf

" #

ff 0

þ 4� Kp 1� /ð Þ2:5
� 	

a2f 0 þ 2a2Fr 1� /ð Þ2:5f 02 ¼ 0;

ð12Þ
knf

kf
1þ Rð ÞH00 þ 4a2Hþ 2RH

� �

þ 2Pr 1� /ð Þ þ /
qCNT
qf

" #

a2Hf

¼ 0: ð13Þ

The reduced appropriate boundary conditions due to

Eq. (10) are as follows:

f gð Þ ¼ 1; f 0 gð Þ ¼ H0 gð Þ ¼ 0 at g ¼ 0;

f gð Þ ¼ c;H gð Þ ¼ 1 as g ¼ 1;
ð14Þ

where c indicates a shrinking/stretching parameter that for

stretchable walls is c[ 0, and c\0 for shrinking walls.

For a divergent channel a[ 0 and for a convergent channel
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a\0. Kp ¼ mf
kUc

is the porosity parameter, Fr ¼ cb

k
1
2

is the

inertia coefficient, Re ¼ Uca
mf

is the Reynolds number, Pr ¼
qCpð Þ

f

knf
is the Prandtl number, and R ¼ 16r�T3

1
3knf k

�
nf

is the radiation

parameter.

Among physical quantities of interest, the skin friction

coefficient and Nusselt number are defined as follows:

Cf ¼
lnf

qnfU2
c

1

r

oû

or







h¼a

and

Nu ¼ r

kf Tw
knf þ

16r�T3
1

3k�nf

 !
1

r

oT̂

or







h¼a

:

In terms of Eqs. (6–8) as follows:

ReCf ¼
1

1� /ð Þ2:5 1� /ð Þ þ / qCNT
qf

h i f 0 1ð Þ

and Nu ¼ � knf

kf

1þ R

a
H0 1ð Þ:

3 Result and discussion

Similarity equalities (9–10) with the border element (11)

are highly non-linear coupled ODEs. This complicated

system is very difficult to solve by the usual analytical

method, so we apply the RKF-45 numerical method, based

on the shooting method. The numerical results for flow

velocity and temperature profiles for a choice of values of

physical parameters are illustrated with plotted graphs. The

numerical values of friction factor coefficients and local

Nusselt numbers are shown in tabular forms.

Features of Nu with an increment in / and R, for both

convergent and divergent channels, are disclosed in Fig. 2.

From this figure we can see that Nu shrinks with an

enhanced value of /, and increases with increasing values

of R. From this figure, we can see that the rate reduction of

heat transfer is high in the convergent channel when

compare to the divergent channel. Figure 3 exhibits the

effect of of Pr and R on Nu. In this figure we observe that

Nu enhances for enriched values of R and decays for higher

values of Pr. Here, the rate of heat transfer is maximum in

a divergent channel compared to a convergent channel.

The characteristics of R against H gð Þ are displayed in

Fig. 4. Here we can see that H gð Þ increases for increased
values of R. In fact, more heat is transferred to the working

liquid via the radiation factor. Figure 5 depicts the impact

of Re on the H gð Þ field. From this figure we notice a

reduction in the H gð Þ field and its corresponding boundary

layer thickness for larger estimations of Re. Figure 6 is a

graphical illustration of the dimensionless H gð Þ

Fig. 2 Influence of / and R on Nusselt number

Fig. 3 Influence of Pr and R on Nusselt number

Fig. 4 Influence of R on H gð Þ
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distribution for different a parameters. It is apparent from

the diagram that the boundary layer width reduces with

growing values of c. Salient physical effects of c on the

H gð Þ field are shown in Fig. 7. We see that a larger c

variable boosts the temperature field and its corresponding

boundary layer thickness.

The impact of Pr on H gð Þ is interpreted in Fig. 8. This

figure indicates that larger estimations of Pr cause an

enhancement in the temperature profile, and also increase

the thermal boundary layer width. This is due to the fact

that higher Pr corresponds to lower thermal diffusivity,

which results in an enhancement in the temperature field.

Figure 9 interprets the H gð Þ variation for different values

of the nanoparticle volume fraction. From this figure, it is

clearly seen that the decreasing behavior of the temperature

field and layer thickness is due to the nanoparticle volume

fraction.

Fig. 5 Influence of Re on H gð Þ

Fig. 6 Influence of a on H gð Þ

Fig. 7 Influence of c on H gð Þ

Fig. 8 Influence of Pr on H gð Þ

Fig. 9 Influence of / on H gð Þ

Microsystem Technologies (2020) 26:323–332 327

123



Figure 10 exhibits the effects of a and Kp on the local

skin friction coefficient. From this figure we see, as

expected, that the skin friction coefficient is reduced for

enhancing values of both the a and Kp parameters. Salient

physical effects of a, c, Fr, Kp and / on velocity field are

shown in Figs. 11, 12, 13, 14, and 15 respectively.

The role of the opening angle parameter að Þ on the

velocity field is depicted in Fig. 12. It is clear that a higher

value of að Þ causes decay in the velocity profile and its

corresponding boundary layer thickness. Figure 12 high-

lights velocity field variations for the stretching parameter.

Here one can perceive that a larger stretching parameter

corresponds to a higher velocity field and related boundary

layer thickness.

The effect of the inertia coefficient parameter on the

velocity field is depicted in Fig. 13. From this figure we

Fig. 10 Influence of a and Kp on skin friction coefficient

Fig. 11 Influence of a on f gð Þ

Fig. 12 Influence of c on f gð Þ

Fig. 13 Influence of Fr on f gð Þ

Fig. 14 Influence of Kp on f gð Þ
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observe that the velocity, along with the momentum layer

thickness, enhances as Fr rises gradually. Figure 14 cap-

tures the influence of the porosity parameter on velocity

field. Here the velocity field decreases as a function of the

rising estimation of the porosity parameter. Physically, the

presence of porous media increases the resistance to fluid

flow, which causes a reduction in the velocity profile and

lowered thickness of the momentum layer. Figure 15

depicts the change in the velocity field for varying

nanoparticle volume fraction. Here we can observe that the

velocity field and its corresponding boundary layer thick-

ness are an enhancing function of the nanoparticle volume

fraction.

Table 1 displays the physical properties of the base fluid

and carbon nanotube particles. These properties are used to

explore the changes that emerge in the velocity and tem-

perature profiles, subject to the variations of different

parameters. Table 2 presents the values of the local skin

friction coefficient as well as the local Nusselt number for

various values of existing parameters in the flow problem,

for both convergent and divergent channels, in which a[ 0

is considered for the converging channel and a\0 for the

diverging channel. It is recognized that the surface drag

force reduces for enhancing values of Fr;Re; c and /, but it
increases for increasing values of Kp. Meanwhile, the

Fig. 15 Influence of / on f gð Þ

Table 1 Thermophysical properties of Cu-water nanoparticles

q kg=m3ð Þ cp j=kgkð Þ k W=mkð Þ

H2O 997.1 4179 0.613

CNTS 2600 425 796

Table 2 Numerical values of

local skin friction coefficient as

well as local Nusselt number

through various physical

parameters for both a

convergent and a divergent

channel

Fr Kp Pr R Re c / (%) Divergent channel Convergent channel

ReCf �Nu ReCf �Nu

0.5 0.92999 1.67639 1.17454 1.30583

1 0.92800 1.67631 1.17375 1.30582

1.5 0.92602 1.67622 1.17295 1.30581

0.5 0.92999 1.67639 1.17454 1.30583

1 0.93166 1.67647 1.17518 1.30584

1.5 0.93332 1.67656 1.17582 1.30585

4 0.92999 1.44708 1.17454 1.22075

5 0.92999 1.55814 1.17454 1.26276

6 0.92999 1.67639 1.17454 1.30583

0.5 0.92999 1.67639 1.17454 1.30583

1 0.92999 2.43383 1.17454 2.03333

1.5 0.92999 3.04290 1.17454 2.62734

2 0.92999 1.67639 1.17454 1.30583

3 0.90147 1.67482 1.26443 1.30735

4 0.87270 1.67321 1.35169 1.30875

0.2 1.49991 1.61585 1.83603 1.28504

0.3 1.30895 1.63588 1.61920 1.29200

0.4 1.11898 1.65606 1.06630 1.52648

10 0.90441 1.52024 1.10780 1.39953

20 0.86034 1.39278 1.10780 1.39953

30 0.78687 1.29836 1.17454 1.30583
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Nusselt number decreases for increasing Fr;Re, / and

increases for increasing values of Kp;Pr;R. Furthermore,

we can see from Table 2 that the rate of heat transfer is

higher in the divergent channel as compared to the con-

vergent channel.

Table 3 represents the skin friction coefficient and

Nusselt number for various values of parameters for both a

shrinking and a stretching wall, in which c[ 0 is consid-

ered for the stretchable wall and c\0 for the shrinking

wall. Here, we can see that this table shows the same

behavior as Table 2. Further, the skin friction coefficient is

less in the stretching wall when compared to the shrinking

wall. Furthermore, from this table we can observe that the

rate of heat transfer is enriched in stretching walls as

compared to shrinking walls.

4 Conclusion

Darcy–Forchheimer flow and radiative heat transfer for the

aqueous suspension of single-wall nanotubes over a con-

vergent/divergent channel have been addressed. The main

points are summarized below:

• The surface drag force is lesser in a stretching wall as

compared to a shrinking wall.

• The momentum boundary layer width shrinks with

increasing values of the a and Kp parameters.

• Increasing values of Fr; c and / increase the momen-

tum boundary layer width.

• The temperature field width reduces with growing

values of / and Re.

• In the present problem, the rate of heat transfer is

increased in stretching walls when compared to shrink-

ing walls.

• The rate of heat transfer is higher in a divergent channel

as compared to a convergent channel.

• The rate of heat transfer slows down with increasing

values of R; a and /.
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Table 3 Numerical values of

local skin friction coefficient as

well as local Nusselt number for

various physical parameters for

both stretching and shrinking

walls

a Fr Kp Pr R Re / (%) Stretching walls Shrinking walls

ReCf �Nu ReCf �Nu

0.1 0.96864 1.03848 2.94521 0.99938

0.2 0.92999 1.67639 2.86406 1.47958

0.3 0.88375 3.59142 2.75615 2.81158

0.5 0.92999 1.67639 2.86406 1.47958

1 0.92800 1.67631 2.84644 1.47889

1.5 0.92602 1.67622 2.82879 1.47820

0.5 0.92999 1.67639 2.86406 1.47958

1 0.93166 1.67647 2.85137 1.47912

1.5 0.93332 1.67656 2.85630 1.47936

4 0.92999 1.44708 2.84644 1.32481

5 0.92999 1.55814 2.84644 1.39967

6 0.92999 1.67639 2.86406 1.47958

0.5 0.92999 1.67639 2.86406 1.47958

1 0.92999 2.43383 2.84644 2.24233

1.5 0.92999 3.04290 2.84644 2.85747

2 0.92999 1.67639 2.86406 1.47958

3 0.90147 1.67482 2.80520 1.47598

4 0.87270 1.67321 2.76417 1.47305

10 0.90441 1.52024 2.81576 1.37312

20 0.86034 1.39278 2.75901 1.28591

30 0.78687 1.29836 2.66226 1.22070
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