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Abstract
With an objective to unfold the flow and heat transfer characteristics of carbon nanotubes between two stretchable coaxial

rotating disks, the present investigation has been carried out. The behavior of single- and multi-walled carbon nanotubes

(SWCNTs and MWCNTs) taking water as the base fluid is analyzed. To formulate the energy equation, we have incor-

porated Cattaneo–Christov heat flux model. Consideration of such kind of model accounts the contribution by thermal

relaxation. von Karman transformation has been implemented in order to reconstruct the governing partial differential

equations into a system of ordinary differential equations. Employing optimal homotopy analysis method series solutions

are obtained. Error analysis has also been performed and presented in tabular form. The physical clarifications for the

behavior of fluid velocity, temperature, skin friction coefficient and Nusselt number are well demonstrated with the help of

graphs and contour plots. One of the major outcomes of the present study signifies that water-based SWCNTs have a

tendency to cause less drag and higher rate of heat transfer as compared to water-based MWCNTs. This investigation finds

numerous applications in different mechanisms of thermal conversion for nuclear propulsion and spacecraft.

Keywords Cattaneo–Christov heat flux � Carbon nanotubes � Rotating disks � Convective boundary conditions �
OHAM

Introduction

Nanofluids are the kind of fluids which contain nanometer-

sized (10�9 � 10�7 m) metallic (Fe, Ag, Au, Cu, Ti, Hg,

etc.) or non-metallic particles (CuO, Al2O3, TiO2, SiO2,

known as nanoparticles. The main constituents of

nanofluids are nothing but the colloidal suspensions of

nanoparticles within a base fluid such as oil, C2H6O2 and

water. The first acquaintance with the term ‘nanofluid’ was

due to Choi [1]. To intensify the effect of thermal con-

ductivity of the fluid, he first made use of nanoparticles. In

most of the nanofluids, there exists only 5% volume frac-

tion of nanoparticles which enhances the rate of effective

heat transfer. That is why in modern technologies and

engineering fields, nanofluids find a prodigious signifi-

cance. The nanometer-sized materials possess a unique

chemical and physical propertie. Without getting clogged,

nanoparticles can flow in a very smooth way through

micro-channels as they are tiny enough in size which is

almost close to that of liquid molecules. Due to this reason,

investigations regarding nanofluid flow have earned con-

siderable attention by fluid dynamics fraternity.

Eastman et al. [2] explained that in case of C2H6O2-based

nanofluids carrying copper nanoparticles, a phenomenon of

peculiar augmentation in the effective thermal conductivity

takes place. A model describing the scenario of heat

transfer intensification within a two-sided lid-driven square
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cavity using nanofluids was presented by Tiwari and Das

[3]. Inside a double-tube heat exchanger, the experimental

study on heat transfer and flow properties of c-Al2O3/water

nanofluid was carried out by Raei et al. [4]. Majka et al. [5]

described the influence of POSS nanoparticles on selected

thermal properties of polyurethane-based hybrids. Simu-

lation of nanofluid flow and entropy generation in a single

slope solar still was analyzed by Rashidi et al. [6].

Hassan et al. [7] took an attempt to explore the features of

convective heat transfer in the flow of Cu–Ag/water hybrid

nanofluids. Zargartalebi et al. [8] portrayed the behavior of

stagnation point flow of nanofluids over an isothermal

stretching sheet with variable thermophysical properties.

Other remarkable research investigations in this regard are

due to [9–17].

Carbon nanotubes (CNTs), the hexagonally rolled

shaped carbon allotropes, have the tendency to display

extraordinary electrical, optical, mechanical and thermal

properties at individual level. In accordance with the

description as provided by the CNTs production company

NTI, at an individual level the CNT particles are capable of

displaying 15-fold thermal conductivity as well as 1000

times higher current carrying capacity than copper, 5 times

more elasticity and 200 times stronger than steel. Fur-

thermore, because of the presence of carbon chains, the

uses of CNTs are not harmful to the environment. That is

why to explain the influence of CNTs on the Newtonian

and non-Newtonian fluid flow has found significant

importance. Xue [18] presented a mathematical model to

represent the thermal conductivity of CNT-based com-

posites. The mechanism of heat transfer enhancement

taking carbon nanotubes into account was described by

Kamali and Binesh [19]. For this purpose, they have con-

sidered non-Newtonian nanofluids as the base fluid. The

representation of convective mechanism for heat transfer in

secondary refrigerant-based CNT nanofluids was illustrated

by Kumaresan et al. [20]. Wang et al. [21] portrayed the

concept of heat transfer along with pressure drop in CNTs-

based nanofluids in case of laminar flows. Khan et al. [22]

made an effort to express the flow mechanism of CNTs

past a flat plate considering Navier velocity slip.

Ellahi et al. [23] investigated free convection hydromag-

netic nanofluid flow of MWCNTs and SWCNTs suspended

in a solution of salt water. A numerical simulation has been

performed by Seth et al. [24] to visualize the flow char-

acteristics of CNTs in a rotating frame in the presence of

Darcy–Forchheimer porous medium.

The phenomenon of heat transfer finds various note-

worthy applications in different scientific and industrial

sectors. These include heat exchanger, fuel cells, micro-

electronics and so on. In the past two centuries, the study of

heat transfer characteristics was mainly based on Fouriers

law [25] of heat conduction. But this model had a major

drawback. It generated parabolic kind of energy equation in

the sense that any primary interference is recognized

instantly all over the entire material. In order to get rid of

this bug, Cattaneo [26] took into account the thermal

relaxation time in the conventional Fouriers law of heat

conduction which enhances the transportation of heat by

means of thermal wave propagation with confined speed.

Later, Christov [27] reconstructed Cattaneos model by the

representation of thermal relaxation time together with

Oldroyds upper-convicted derivative to obtain the material-

invariant formulation. Modeling of Cattaneo–Christov heat

flux in case of fluid flow over a surface of variable thick-

ness was examined by Hayat et al. [28]. They made a

conclusion that a higher temperature profile is observed for

the case of Fouriers law of heat conduction than Cattaneo–

Christov heat flux model. Waqas et al. [29] inspected the

effect of Cattaneo–Christov heat flux in case of Burgers

fluid flow with variable thermal conductivity. Abbasi and

Shehzad [30] examined the behavior of three-dimensional

Maxwell fluid flow along with Cattaneo–Christov heat flux,

whereas the stagnation point flow of Maxwell fluid in the

presence of Cattaneo–Christov heat flux including the

simultaneous occurring of homogeneous–heterogeneous

chemical reaction was explored by Hayat et al. [31].

Because of various notable applications in different

engineering and industrial fields, the problems of fluid flow

between rotating surfaces have managed to earn significant

interest among the researchers. The inquiry of fluid flow

characteristics due to the rotation of disk was initiated by

Karman [32]. He converted the Navier–Stokes equations

into a system of ordinary differential equations. Following

his pioneering direction, several researchers started to

incorporate von Karman transformation in order to carry

out different fluid flow problems regarding rotating disk.

With the implementation of numerical integration, Cochran

[33] obtained more reliable solution. In the modeling of

wheel space between the turbines of engines, there is a

huge demand of contra-rotating disks. Stewartson [34] first

investigated the flow between two rotating disks.

Mellor et al. [35] considered the flow inside a rotating and

a stationary disk. As per their numerical computation, there

can be more than one solutions for a given Reynolds

number. The exact numerical solution for the heat

exchange mechanism between two rotating coaxial disks

was presented by Arora and Stokes [36]. Kumar et al. [37]

performed an analysis to examine the characteristics of

hydromagnetic fluid flow between a solid rotating disk and

a porous stationary disk. The study regarding the magne-

tohydrodynamic boundary layer flow over a rotating disk

through a porous medium saturated by Ag–water and Cu–

water nanofluid along with chemical reaction was accom-

plished by Reddy et al. [38]. Fang and Zhang [39] obtained

an exact solution for the viscous flow between rotation of
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two stretchable disks. Gorder et al. [40] analytically solved

a coupled nonlinear system to examine the nature of

incompressible flow between two rotating disks. With the

implementation of DTM–Pade technique, the model for

steady stagnation flow toward an off-centered rotating disk

was delineated by Erfani et al. [41]. An analytical inter-

pretation for three-dimensional squeezing nanofluid flow in

a rotating channel on a lower stretching porous wall has

been presented by Freidoonimehr et al. [42]. Incorporating

variational iteration method (VIM), the characteristics of

squeezing MHD nanofluid flow in a rotating channel with

lower stretching porous surface were revealed by Shah-

mohamadi and Rashidi [43]. Hussain et al. [44] detected

the impact of Hall effect along with heat absorption and

chemical reaction over an accelerated moving plate in a

rotating system. Influence of thermally radiating convec-

tive flow of CNTs between two rotating stretchable disks

was inspected by Imtiaz et al. [45].

Being inspired from the above-mentioned fruitful

investigations, we are hereby having an aim to reveal the

characteristics of flow formation due to water-based

SWCNTs and MWCNTs confined within two coaxial

rotating disks along with Cattaneo–Christov heat flux. A

rigorous review of previously published research articles

confirms that no such attempt has been made earlier

although the fertility of thoughts and the phenomena

explained in the present work can be expected to lead to

extremely productive interactions across disciplines.

Brief discussion about carbon nanotubes

Carbon nanotubes (CNTs) are tube-shaped allotropes of

carbon with diameter lying in the scale of nanometer

length. Due to the property of exceptional stiffness and

strength, nanotubes have been manufactured with length-

to-diameter ratio of up to 132,000,000:1, remarkably

higher than any other material. Carbon nanotubes are

formed of graphite sheet, and the graphite layer appears

like a continuous rolled-up hexagonal unbroken mesh with

carbon molecules at the apexes of the hexagon. The indi-

vidual nanotubes make an alignment among themselves as

rope-shaped structures which are strongly bounded toge-

ther by van der Waals forces, better known as pi-stacking.

The chemical bonding inside nanotubes can be well

understood with the help of applied quantum chemistry,

more precisely, orbital hybridization. sp2-hybrid carbon

atoms constitute the internal chemical orientation of nan-

otubes. These types of bonds are found to be stronger than

those of alkanes and diamond (which employ sp3-hybrid

carbon atoms) and are similar to those of graphite and

hence provide nanotubes a unique strength. Based upon the

number of layers, there exist two major classifications of

CNTs, namely single-walled carbon nanotubes (SWCNTs)

and multi-walled carbon nanotubes (MWCNTs). A single

graphene cylinder having diameter in the range of 0.5 and

1.5 nm constitutes the structure of SWCNTs, and these

structures appear as hexagonal close-packed bundles,

whereas in case of MWCNTs there exist two or more

coaxial cylinders, each made of a single graphene sheet

surrounding a hollow core. The inner diameter lies in the

range of 13 nm while the outer one varies within the range

from 2 to 100 nm (Fig. 1) [46, 47].

Applications of CNTs

Carbon nanotubes have not only unique properties such

that mechanical strength, high thermal conductivity, long

ballistic transport length and large current carrying capa-

bility but also have unique atomic arrangements. These

unusual properties of carbon nanotubes qualify them

exhilarating prospects and diverse applications in the area

of biological fields, mechanical, material science, optics,

spintronics and microelectronics/nanoelectronics.

Structural

As structural materials, carbon nanotubes possess out-

standing properties and qualities. There are numerous

applications of carbon nanotubes which are as follows:

(i) Concrete—Carbon nanotubes increase the tensile

strength of concrete.

(ii) Body armor—Combat jackets are typically made

of carbon nanotube fiber. These jackets provide

protection from the bullets and also help to

monitor the user’s condition.

(iii) Textiles—In the production of tear-resistant fab-

rics, carbon nanotubes are used.

(iv) Polyethylene—Polyethylene made of carbon nan-

otubes tends to increase the modulus of elasticity

of polymers by 30%.

(v) Flywheels—Due to the high weight/strength

ratios, carbon nanotubes are capable of performing

very high rotational speeds.

Optical

The growth of carbon nanotubes takes place as a grass

field, where each nanotube splits as a grass blade. This

distinctive feature finds a huge demand from the industrial

perspective such as several parameters which are respon-

sible for the synthesis of nanotubes can be changed,

unintentionally or intentionally, to change the quality of

nanotubes. Within material science, light is being
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converted into heat and completely absorbed. As a result of

which, the absorbance of carbon nanotube is extremely

large over a wide range from FUV to FIR [FUV-Far

Ultraviolet (100–200 nm); FIR-Far Infrared (50–

1000 lm)].

Electromagnetic

Carbon nanotubes can be used in the form of fabrication

such as insulators, semiconductors and electrical conduc-

tors. Important applications of are given below

(i) Buckypaper—It is thin nanotube sheets made from

an aggregate carbon nanotube grid paper. The

carbon nanotubes are about 50,000 times thinner

than a human hair. They are used as heat sink for

chipboards for protecting the electronics devices

and backlight for LCD screens as also.

(ii) Magnets—A powerful magnetic field can be

generated with the use of multi-walled carbon

nanotubes coated with magnetite.

(iii) Electromagnetic antenna—Due to its conductive

properties, light weight and durability, carbon

nanotubes can be used as an antenna for electrical

devices, radio and many more.

(iv) Light bulb filament—Incandescent light globe is

an electric light in which carbon nanotubes can act

as alternative to tungsten filaments.

(v) Solar cells—The photovoltaic effect occurs in the

germanium CNT diode. That is why nowadays for

manufacturing of solar cells, usage of nanotubes is

widely preferred to substitute the indium tin oxide

(ITO) so that light can reach to generate pho-

tocurrent and active layers.

Chemical

In the chemical field also, CNTs have their huge contri-

butions. Some of them are as follows

(i) Water filter—CNT membranes can help with

filtration. This reduces the cost of distillation by

75%. These tubes are seen as tiny particles (for

example, water molecules) that can pass through

them, blocking large particles (for example, chlo-

ride ions in salt).

(ii) Filter for air pollution—Carbon nanotubes are one

of the leading substances for filtering of air since

they have large specific area and high adsorption

capacity. The conductivity of carbon nanotubes

changes when contaminated gas comes into con-

tact. It plays a vital role to filter the polluted air.

(iii) Chemical nanowires—Carbon nanotubes find its

applications in production of nanowires using

(a) Single and Multi-Walled Carbon Nanotubes (b) Diameters of SWCNT and MWCNT

(c) Single-Walled Carbon Nanotube (SWCNT) (d) Multi-Walled Carbon Nanotube (MWCNT)

SinglewalledCNT MultiwalledCNT

SWCNT

0.5 to 1.5nm >100nm

MWCNTFig. 1 Structures of SWCNTs

and MWCNTs
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substances such as gallium arsenide, zinc oxide

and gold.

(iv) Sensors—CNT-based sensors have the ability to

detect strain, molecular pressure, chemical gases,

air pressure, temperature. Performance of a CNT-

based sensor mainly depends on the production of

voltage/current.

Electroacoustic

Sheets of parallel CNTs are used for the manufacture of

loudspeakers. This speaker has the ability to generate a

sound similar to that of lightning.

Development of the problem

Let us consider a steady, electrically conducting, axisym-

metric and incompressible flow and heat transfer of water-

based single- and multi-walled carbon nanotubes (CNTs)

between two parallel continuously rotating coaxial

stretchable disks as presented in Fig. 2. The lower disk is

situated at z ¼ 0, whereas at a constant distance h apart, the

upper disk is located. Both the lower and upper disks rotate

with uniform angular velocities x1 and x2, respectively, in

axial direction. In addition to these, the disks are being

stretched in the radial direction with respective stretching

rates a1 and a2.

We have made following assumptions in the present

investigation:

(i) There occurs convective heat transfer mechanism

from the surface of the disks with T0 being the

temperature of the lower disk and T1 as the

temperature of the upper disk.

(ii) The effect of polarization is ignored due to the

absence of any externally applied electric field.

(iii) To analyze the process of heat transfer, Cattaneo–

Christov model for heat conduction is

implemented.

(iv) The thermophysical properties of water and nan-

otubes are presented in Table 1.

Incorporating cylindrical coordinate system ðr; h; zÞ with
velocity V ¼ ½uðr; h; zÞ; vðr; h; zÞ;wðr; h; zÞ�, the governing

equations which describe the flow characteristics are as

follows [45, 48, 49]:
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u
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þ 1

r
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� �
; ð4Þ

ðqcpÞnf u
oT

or
þ w

oT

oz

� �
¼ �r:q; ð5Þ

with the boundary conditions

u ¼ ra1; v ¼ rx1; w ¼ 0; knf
oT

oz
¼ �h1ðT0 � TÞ at z ¼ 0;

u ¼ ra2; v ¼ rx2; w ¼ 0; knf
oT

oz
¼ �h2ðT0 � T1Þ at z ¼ h;

ð6Þ

where T represents the nanofluid temperature, mnf is the

kinematic coefficient of viscosity of nanofluid, qnf is the

density of the nanofluid, ðqcpÞnf denotes the heat capaci-

tance of the nanofluid, knf signifies the thermal

z

r

h

w

Fluid

u v

r ω1

r a 1

r a 2

r ω2

T
z

knf = – h2(T – T1 )

∂T
∂z

knf = – h1(T0 – T  )

∂
∂

Fig. 2 Schematic diagram of the problem

Table 1 Thermophysical properties of water and CNTs [45, 50–52]

Properties Unit Water SWCNT MWCNT

Heat capacitance J kg�1 K�1 4179 425 796

Density kg m�3 997.1 2600 1600

Thermal conductivity W m�1 K�1 0.613 6600 3000
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conductivity of the nanofluid, h1 and h2 represent the

coefficients of convective heat transfer at lower and upper

disks, respectively, and q designates the heat flux which is

represented in perspective of Cattaeno–Christov model as

qþ c
oq

ot
þ V:rq� q:rVþ ðr:VÞ:q

� �
¼ �knfðTÞrT ;

ð7Þ

where c signifies the thermal relaxation time of heat flux

and knfðTÞ ¼ ðknfÞ1 1þ � T�T1
T0�T1

� �
stands for the time-de-

pendent thermal conductivity. ðknfÞ1 denotes the ambient

thermal conductivity of the nanofluid and � is the small

scalar parameter which characterizes the influence of

temperature on variable thermal conductivity. For c ¼ 0,

Eq. (7) reduces to classical Fourier’s law.

Now, using the condition for incompressibility ðr:V ¼
0Þ and steady-state condition ðoq

ot
¼ 0Þ, Eq. (7) is converted

into

qþ c V:rq� q:rVð Þ ¼ �knfðTÞrT: ð8Þ

One noticeable fact in this context is that when we consider

thermal relaxation time in heat flux, equation of hyperbolic

kind is developed in general. Solution for this kind of

expression finds correspondence to that of thermal waves.

Whenever there happens an enhancement in the thermal

relaxation time, a decaying characteristics of such waves is

perceived through amplitude. This phenomenon escapes

the argument via heat conduction paradox. This exclusive

quality of Cattaneo–Christov heat flux model makes it

totally distinctive than the Fouriers law of heat conduction.

Incorporating Eqs. (8), (5) takes the form

u
oT

or
þ w

oT
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ðqcpÞnf
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or2
þ 1

r
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or
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oz2
þ 2uw

o2T

ozor

�

þ u
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or
þ w
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oz

� �
oT

or
þ u

ow

or
þ w

ow

oz

� �
oT

oz

�
:

ð9Þ

The investigation, as performed by Xue [18], clarifies

that the nanofluid models which were previously proposed

are valid for rotational elliptical or spherical particles only

which have small axial ratio. Additionally, those models

failed to provide the characteristics of space distribution of

CNTs on thermal conductivity. In order to get rid of this

disadvantage, Xue [18] suggested a theoretical model that

is based on Maxwell theory by compensating the effects of

space distribution on CNTs and considering rotational

elliptical nanotubes with very large axial ratio. The

expressions for lnf ; qnf ; ðqcpÞnf and knf are given by

lnf ¼
lf

ð1� /Þ2:5
; ð10Þ

qnf ¼ qfð1� /Þ þ qCNT/; ð11Þ

ðqcpÞnf ¼ ðqcpÞfð1� /Þ þ ðqcpÞCNT/; ð12Þ

knf

kf
¼

ð1� /Þ þ 2/ kCNT
kCNT�kf

ln kCNTþkf
2kf

ð1� /Þ þ 2/ kf
kCNT�kf

ln kCNTþkf
2kf

; ð13Þ

where / denotes the solid volume fraction of nanoparticles.

The thermophysical properties of base fluid (water) and

CNTs are presented in Table 1.

von Karman similarity transformations have been

introduced which are given by

u ¼ rx1f
0ðnÞ; v ¼ rx1gðnÞ; w ¼ �2hx1f ðnÞ;

hðnÞ ¼ T � T1

T0 � T1
; p ¼ qfmfx1 PðnÞ þ 1

2

r2

h2
e

� �
; n ¼ z

h
:

ð14Þ

Continuity Eq. (1) is now satisfied identically, and

Eqs. (2)–(5) are transformed into

f 000 þ A1Re 2ff 00 � f 02 þ g2
� 	

� A1

A2

e ¼ 0; ð15Þ

g00 þ 2A1Re fg0 � f 0gð Þ ¼ 0; ð16Þ

P0 þ 4A2Reff
0 þ 2

A2

A1

f 00 ¼ 0; ð17Þ

A4

Pr
h00 þ 2A3Refh

0 � 4kA3Re f 2h00 þ ff 0h0
� 	

¼ 0: ð18Þ

The transformed boundary conditions are

f ð0Þ ¼ 0; f 0ð0Þ ¼ B1; gð0Þ ¼ 1; h0ð0Þ ¼ � 1

A4

c1 1� hð0Þð Þ;

f ð1Þ ¼ 0; f 0ð1Þ ¼ B2; gð1Þ ¼ X; h0ð1Þ ¼ � 1

A4

c2hð1Þ;

Pð0Þ ¼ 0;

ð19Þ

where Re ¼ x1h
2

mf
represents the Reynolds number, Pr ¼

ðqcpÞfmf
kf

denotes the Prandtl number, X ¼ x2

x1
is the rotation

parameter, B1 ¼ a1
x1

and B1 ¼ a2
x1

are the scaled stretching

parameters, c1 ¼ h1h
kf

and c2 ¼ h2h
kf

stand for the thermal Biot

numbers, k ¼ cx1 is the thermal relaxation parameter,

A1 ¼ ð1� /Þ2:5 1� /þ qCNT
qf

/
� �

, A2 ¼ 1� /þ qCNT
qf

/,

A3 ¼ 1� /þ ðqcpÞCNT
ðqcpÞf

/ and A4 ¼ knf
kf
.

In order to get rid of e, differentiation of Eq. (15) is

carried out with respect to n and this implies

f iv þ 2A1Re ff 000 þ gg0ð Þ ¼ 0: ð20Þ
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Making use of Eqs. (15) and (19), pressure parameter e
is derived and is given by

e ¼ A2

A1

f 000ð0Þ � A2Re ðf 0ð0ÞÞ2 � ðgð0ÞÞ2
� �

: ð21Þ

Again, to calculate the pressure term, we perform inte-

gration of Eq. (17) w.r.t. n taking limit from 0 to n

P ¼ �2 A2Ref
2 þ A2

A1

f 0 � f 0ð0Þð Þ
� �

: ð22Þ

Physical quantities of engineering interests

The expressions for shear stress at lower disk in radial (szr)
and tangential (szh) directions are

szr ¼ lnf
ou

oz






z¼0

¼ lfrx1

ð1� /Þ2:5h
f 00ð0Þ;

szh ¼ lnf
ov

oz






z¼0

¼ lfrx1

ð1� /Þ2:5h
g0ð0Þ:

ð23Þ

Total shear stress is defined by

sw ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2zr þ s2zh

q
¼ lfrx1

ð1� /Þ2:5h
ðf 00ð0ÞÞ2 þ ðg0ð0ÞÞ2
h i1=2

:

ð24Þ

Now, C1 and C2 , denoting, respectively, the local skin

friction coefficients at the lower and upper disks, are

defined as

C1 ¼
swjz¼0

qfðrx1Þ2
¼ 1

Rerð1� /Þ2:5
ðf 00ð0ÞÞ2 þ ðg0ð0ÞÞ2
h i1=2

;

ð25Þ

C2 ¼
swjz¼h

qfðrx2Þ2
¼ 1

Rerð1� /Þ2:5
ðf 00ð1ÞÞ2 þ ðg0ð1ÞÞ2
h i1=2

;

ð26Þ

where Rer ¼ rx1h
mf

represents the local Reynolds number.

The expressions for the rate of heat transfer at lower and

upper disks in terms of local Nusselt number are as

follows:

Nux1 ¼
hqw

kfðT0 � T1Þ






z¼0

; Nux2 ¼
hqw

kfðT0 � T1Þ






z¼h

; ð27Þ

where qw stands for the wall heat flux which is presented as

qwjz¼0 ¼ �knf
oT

oz






z¼0

; qwjz¼h ¼ �knf
oT

oz






z¼h

: ð28Þ

In dimensionless form, the representations of Nusselt

numbers thus become

Nu1 ¼ �A4h
0ð0Þ; Nu2 ¼ �A4h

0ð1Þ: ð29Þ

Solution methodology

The system of Eqs. (20), (16) and (18), being coupled and

nonlinear in nature, restrict us to find an exact solution in

closed form. In such scenarios, therefore, a numerical or

analytical approach is worth implementing to possess an

approximate solution up to desired accuracy. However, to

have analytical solution of the present problem, we have

employed optimal homotopy analysis method (OHAM).

Optimal homotopy analysis method (OHAM)

The OHAM method was initially proposed by Liao [53]. In

the first step of OHAM, we are mainly focused to find

initial guess for the solutions.

Keeping in mind boundary conditions (19), we choose

initial guess f0ðnÞ; g0ðnÞ and h0ðnÞ as follows:
f0ðnÞ ¼ B1n� ð2B1 þ B2Þn2 þ ðB1 þ B2Þn3; ð30Þ

g0ðnÞ ¼ 1þ ðX� 1Þn; ð31Þ

h0ðnÞ ¼
A4c1 þ c1c2ð1� nÞ
A4ðc1 þ c2Þ þ c1c2

: ð32Þ

We select auxiliary linear operators Lfðf Þ, LgðgÞ and

LhðhÞ as
Lfðf Þ ¼ f iv; LgðgÞ ¼ g00 and LhðhÞ ¼ h00 ð33Þ

satisfying the following properties:

Lf ½C1 þ C2nþ C3n
2 þ C4n

3� ¼ 0;

Lg½C5 þ C6n� ¼ 0;

Lh½C7 þ C8n� ¼ 0;

ð34Þ

in which Ci ði ¼ 1 to 8Þ are constants.

Zeroth-order deformation systems

The relevant zeroth-order deformation equations are

ð1� �pÞLf f̂ ðn; �pÞ � f0ðgÞ
� 

¼ �p�hfN f f̂ ðn; �pÞ; ĝðn; �pÞ
� 

;

ð35Þ

ð1� �pÞLg ĝðn; �pÞ � g0ðgÞ½ � ¼ �p�hgN g f̂ ðn; �pÞ; ĝðn; �pÞ
� 

;

ð36Þ

ð1� �pÞLh /̂ðn; �pÞ � h0ðgÞ
h i

¼ �p�hhN h f̂ ðn; �pÞ; ĝðn; �pÞ; ĥðn; �pÞ
h i

;
ð37Þ

subject to following boundary conditions
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f̂ ð0; �pÞ¼ 0; f̂ ð1; �pÞ¼ 0; f̂ 0ð0; �pÞ¼B1 and f̂ 0ð1; �pÞ¼B2;

ĝð0; �pÞ¼ 1 and ĝð1; �pÞ¼X;

ĥ0ð0; �pÞ¼� 1

A4

c1 1� ĥð0; �pÞ
h i

and ĥ0ð1; �pÞ¼� 1

A4

c2ĥð1; �pÞ;

ð38Þ

where �p 2 [0,1] denotes the embedding parameter and

ð�hf ;�hg;�hhÞ are the convergence control parameters,

whereas ðN f ;N g;N hÞ represents the nonlinear operators

given below

N f f̂ ðn; �pÞ; ĝðn; �pÞ
� 

¼ o4 f̂ ðn; �pÞ
on4

þ 2A1Re f̂ ðn; �pÞ o
3 f̂ ðn; �pÞ
on3

þ ĝðn; �pÞ oĝðn; �pÞ
on

" #
;

ð39Þ

N g f̂ ðn; �pÞ; ĝðn; �pÞ
� 

¼ o2ĝðn; �pÞ
on2

þ 2A1Re f̂ ðn; �pÞ oĝðn; �pÞ
on

� ĝðn; �pÞ of̂ ðn; �pÞ
on

" #
;

ð40Þ

N h f̂ ðn; �pÞ; ĝðn; �pÞ; ĥðn; �pÞ
h i

¼ A4

Pr

o2ĥðn; �pÞ
on2

þ 2A3Ref̂ ðn; �pÞ
oĥðn; �pÞ

on
� 4kA3Re f̂

2ðn; �pÞ o
2ĥðn; �pÞ
on2

"

þ f̂ ðn; �pÞ of̂ ðn; �pÞ
on

oĥðn; �pÞ
on

#
:

ð41Þ

mth-order deformation systems

After the successive differentiation of zeroth-order defor-

mation Eqs. (35)–(37) m-times w.r.t. �p and then dividing by
m! and setting �p ¼ 0, we obtain the following mth order

deformation systems

Lf fmðnÞ � vmfm�1ðnÞ½ � ¼ �hfRf
mðnÞ; ð42Þ

Lg gmðnÞ � vmgm�1ðnÞ½ � ¼ �hgRg
mðnÞ; ð43Þ

Lh hmðnÞ � vmhm�1ðnÞ½ � ¼ �hhRh
mðnÞ; ð44Þ

and the respective boundary conditions are

fmð0Þ ¼ fmð1Þ ¼ f 0mð0Þ ¼ f 0mð1Þ ¼ 0;

gmð0Þ ¼ gmð1Þ ¼ 0;

h0mð0Þ �
1

A4

c1hmð0Þ ¼ 0 and h0mð1Þ þ
1

A4

c2hmð1Þ ¼ 0;

ð45Þ

where

Rf
mðnÞ ¼ f ivm�1 þ 2A1Re

Xm�1

k¼0

fm�1�kf
000
k þ gm�1�kg

0
k

� 
;

ð46Þ

Rg
mðnÞ ¼ g00m�1 þ 2A1Re

Xm�1

k¼0

fm�1�kg
0
k � f 0m�1�kgk

� 
;

ð47Þ

Rh
mðnÞ ¼

A4

Pr
h00m�1 þ 2A3Re

Xm�1

k¼0

fm�1�kh
0
k

� 4kA3Re
Xm�1

k¼0

fm�1�k

Xk
l¼0

fk�lh
00
l þ f 0k�lh

0
l

� 	" #
;

ð48Þ

and

vm ¼
0; m� 1

1; m[ 1

�
:

Now for �p ¼ 0 and �p ¼ 1; we can write

f̂ ðn; 0Þ ¼ f0ðnÞ; ĝðn; 0Þ ¼ g0ðnÞ; ĥðn; 0Þ ¼ h0ðnÞ and
f̂ ðn; 1Þ ¼ f ðnÞ; ĝðn; 1Þ ¼ gðnÞ; ĥðn; 1Þ ¼ hðnÞ:

ð49Þ

When �p increases from 0 to 1 then f̂ ðn; �pÞ; ĝðn; �pÞ and

ĥðn; �pÞ vary from the initial solutions f0ðnÞ; g0ðnÞ and h0ðnÞ
to the desired solutions f ðnÞ; gðnÞ and hðnÞ, respectively.
The solutions can be written through Taylor’s series as

follows:

f̂ ðn; �pÞ¼ f0ðnÞþ
X1
m¼1

fmðnÞ�pm with fmðnÞ¼
1

m!

om f̂ ðn; �pÞ
o�pm







�p¼0

;

ð50Þ

ĝðn; �pÞ¼g0ðnÞþ
X1
m¼1

gmðnÞ�pmwithgmðnÞ¼
1

m!

omĝðn; �pÞ
o�pm






�p¼0

;

ð51Þ

ĥðn; �pÞ¼h0ðnÞþ
X1
m¼1

hmðnÞ�pm with hmðnÞ¼
1

m!

omĥðn; �pÞ
o�pm







�p¼0

:

ð52Þ

The series of f, g and h are convergent for �p¼1 and thus

f ðnÞ ¼ f0ðnÞ þ
X1
m¼1

fmðnÞ; ð53Þ

gðnÞ ¼ h0ðnÞ þ
X1
m¼1

gmðnÞ; ð54Þ
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hðnÞ ¼ h0ðnÞ þ
X1
m¼1

hmðnÞ: ð55Þ

In terms of special functions ðf �m; g�m; h
�
mÞ the general

solutions ðfm; gm; hmÞ of Eqs. (42)–(44) are

fmðnÞ ¼ f �mðnÞ þ C1 þ C2nþ C3n
2 þ C4n

3; ð56Þ

gmðnÞ ¼ g�mðnÞ þ C5 þ C6n; ð57Þ

hmðnÞ ¼ h�mðnÞ þ C7 þ C8n: ð58Þ

Now, in OHAM, the mth order averaged squared residual

errors are defined as [53]:

efm ¼ 1

K þ 1

XK
j¼0

N f

Xm
i¼0

f̂ iðnjÞ;
Xm
i¼0

ĝiðnjÞ
 !" #2

; ð59Þ

egm ¼ 1

K þ 1

XK
j¼0

N g

Xm
i¼0

f̂ iðnjÞ;
Xm
i¼0

ĝiðnjÞ
 !" #2

; ð60Þ

ehm ¼ 1

K þ 1

XK
j¼0

N h

Xm
i¼0

f̂ iðnjÞ;
Xm
i¼0

ĝiðnjÞ;
Xm
i¼0

ĥiðnjÞ
 !" #2

;

ð61Þ

where K represents the number of discrete points of non-

dimensional coordinate axis n, nj ¼ jdn and dn ¼ nmax

Kþ1
. For

our problem, the value of nmax is chosen as nmax ¼ 1.

Now following Liao [53], the total average squared

residual error etm at mth order of approximation is given by

etm ¼ efm þ egm þ ehm: ð62Þ

The values of total averaged squared residual errors with

respect to optimal convergence control parameters at dif-

ferent order of approximations are presented inTable 2.Also

the individual averaged squared residual errors at different

order of approximations have been shown via Table 3. From

the tables, one can observe that both the total and individual

averaged squared residual errors reduce significantly as we

keep on increasing the order of approximations.

Validation of our result

With the perspective of validating the results obtained by us

employing OHAM technique, we have compared for the

upper and lower disks, the numerical values of skin friction

coefficients for both thekindofCNTswith the valuesobtained

by Imtiaz et al. [45] and presented the comparison in a tabular

form (Table 4). For this purpose, the values of certain flow

parameters have been kept fixed as Re ¼ 0:3;Pr ¼ 6:2;/ ¼
0:1;B1 ¼ 0:5;B2 ¼ 0:5; c1 ¼ 0:4; c2 ¼ 0:5 and X ¼ 0:1.

However, the Cattaneo–Christov heat flux model was not

taken into account by Imtiaz et al. [45]. So we have neglected

the effect of thermal relaxation parameter, i.e., we considered

the situation for the case k ¼ 0. A brilliant agreement is per-

ceived between the compared numerical values.

Results and discussion

This principal intention of this segment is to have a clear

perception of the flow regime, i.e., to unfold the charac-

teristics of the velocity, temperature, coefficient of skin

friction and the rate of heat transfer for the case of both

SWCNTs and MWCNTs under the impact different regu-

latory flow parameters. The findings obtained from OHAM

technique are well demonstrated in Figs. 3 to 14.

Throughout the calculations, the default values are chosen

Table 2 Total averaged squared

residual errors along with CPU

time at different order of

approximations

m �hf �hg �hh etm CPU time

(s)

2 - 0.756592 - 0.75522 - 0.132183 1:55074� 10�12 1.76027

4 - 0.751767 - 0.753491 - 0.131108 2:09853� 10�17 22.4977

6 - 0.804923 - 0.706416 - 0.123486 �2:3593� 10�16 169.54

8 - 0.887909 - 0.851465 - 0.154687 �3:2591� 10�14 807.591

Table 3 Individual averaged

residual errors with total CPU

time for optimal convergence

control variables from Table 2

m efm egm ehm CPU time

(s)

2 3:053� 10�6 3:58115� 10�7 9:11089� 10�12 0.437529

4 2:99071� 10�9 8:99509� 10�11 7:47157� 10�15 1.23446

6 2:84226� 10�12 2:24898� 10�14 6:1252� 10�18 2.45325

8 2:65437� 10�15 5:64202� 10�18 5:01918� 10�21 4.07833

10 2:45506� 10�18 1:49464� 10�21 4:11085� 10�24 6.28157
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as Re ¼ 0:9;Pr ¼ 6:2;/ ¼ 0:2;B1 ¼ 0:7;B2 ¼ 0:8; c1 ¼
0:4; c2 ¼ 0:5;X ¼ 0:8 and k ¼ 0:2, until otherwise speci-

fied particularly [48, 49, 54–57].

Radial velocity profile

Figures 3–5 displays the features of radial velocity profile

f 0ðnÞ for both SWCNTs and MWCNTs under the impact of

Reynolds number Re, stretching parameter of lower disk B1

and stretching parameter of upper disk B2, respectively.

Figure 3 elucidates that radial velocity decreases with the

increment of Reynolds number. The physical justification

behind this fact is that as Reynolds number increases, the

inertial effect because of the rotation of lower disk

increases which tends to retard the motion of the fluid flow.

Besides this also it is observed that velocity profile is

slightly higher in case of MWCNTs. One can perceive

from Fig. 4 that a rise in the stretching parameter of lower

disk B1 results in an enhancement of the radial velocity at

the lower disk, but near the upper disk the velocity gets

declined. Due to higher rotation and stretching at upper

disk, negative values have been exhibited by radial velocity

near the lower disk. Figure 5 demonstrates the effect of

stretching parameter of upper disk B2 on the radial veloc-

ity. It can be noted from Fig. 5 that a declination in the

radial fluid velocity takes place near the surface of the

lower disk with the enhancement of B2. However, for both

the kind of CNTs, the radial velocity profiles overlap as B1

and B2 are increased.

Axial velocity profile

Figures 6–8 represent the behavior of axial velocity profile

f ðnÞ for both SWCNTs and MWCNTs under the impact of

Reynolds number Re, stretching parameter of lower disk B1

and stretching parameter of upper disk B2, respectively.

Figure 6 depicts that an increment in Reynolds number Re

leads to a downfall in the axial velocity near the lower disk.

Table 4 Comparison of the

numerical values of skin friction

coefficient with Imtiaz et al.

[45]

Flow parameters SWCNTs MWCNTs

Imtiaz et al. [45] Present work Imtiaz et al. [45] Present work

/ B1 B2 X RerC1 RerC2 RerC1 RerC2 RerC1 RerC2 RerC1 RerC2

0.1 0.5 0.5 0.1 4.0535 4.1084 4.0534 4.1082 4.0554 4.1055 4.0554 4.1056

0.2 0.5 0.5 0.1 5.4459 5.5084 5.4461 5.5081 5.4498 5.5028 5.4497 5.5028

0.3 0.5 0.5 0.1 7.6111 7.6813 7.6112 7.6815 7.6173 7.6724 7.6172 7.6726

0.1 0.1 0.5 0.1 2.1194 3.1319 2.1191 3.1321 2.1234 3.1285 2.1234 3.1286

0.1 0.4 0.5 0.1 3.5519 3.8622 3.5519 3.8623 3.5543 3.8592 3.5543 3.8591

0.1 0.9 0.5 0.1 6.1067 5.0990 6.1067 5.0992 6.1069 5.0976 6.1069 5.0975

0.1 0.5 0.1 0.1 3.0886 2.1811 3.0887 2.1812 3.0890 2.1798 3.0891 2.1798

0.1 0.5 0.4 0.1 3.8096 3.6080 3.8095 3.6081 3.8111 3.6056 3.8112 3.6058

0.1 0.5 0.9 0.1 5.0376 6.1583 5.0375 6.1582 5.0414 6.1532 5.0415 6.1532

0.1 0.5 0.5 0.3 3.9883 4.0397 3.9881 4.0398 3.9901 4.0370 3.9901 4.0372

0.1 0.5 0.5 0.5 3.9416 3.9845 3.9418 3.9846 3.9430 3.9822 3.9431 3.9822

0.1 0.5 0.5 0.7 3.9141 3.9435 3.9142 3.9436 3.9149 3.9418 3.9148 3.9417

Re = 0.1, 2, 6, 8

MWCNTs-water

SWCNTs-water

0.0 0.2 0.4 0.6 0.8 1.0

– 0.4

– 0.2

0.0

0.2

0.4

0.6

0.8

1.0

f'
( 

 )ξ

ξ

Fig. 3 Impact of Re on f 0ðnÞ

MWCNTs-water

SWCNTs-water

B1 = 0.5, 0.7, 1.5, 2.0

0.0 0.2 0.4 0.6 0.8 1.0

– 0.5

0.0

0.5

1.0

1.5

2.0

ξ

f'
( 

 )ξ

Fig. 4 Impact of B1 on f 0ðnÞ
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A point of reflection is noticed near n ¼ 0:35, after which a

reverse trend in the fluid velocity is observed. Also we

notice here that the intensity of velocity distribution is

more in MWCNTs. Figure 7 implies that as we increase the

values of stretching parameter of lower disk B1, the axial

velocity gets enhanced. On the other hand, Fig. 8 exhibits

that f ðnÞ is a decreasing function of B2. Negative values of

velocity indicate that the movement of upper disk is faster

than the lower disk. A notable fact that one can observe is

that for both the kind of nanoparticles, the curves of axial

velocity overlap with the increment in the values of

stretching parameters.

Tangential velocity profile

Behavior of tangential velocity profile gðnÞ due to the

variation in Reynolds number Re, nanoparticles volume

fraction / and rotation parameter X is presented in

Figs. 9–11. As per Fig. 9, tangential fluid velocity increa-

ses as we keep on increasing the values of Re. It has also

been explored that for single-walled carbon nanotubes this

fluid velocity is higher as compared to the multi-walled

carbon nanotubes. Figure 10 signifies that tangential

velocity of fluid gradually reduces with the larger values of

/. For both the types of CNTs the fluid velocities almost

coincide with each other. Figure 11 depicts that a rapid

increment in the tangential fluid velocity occurs with the

gradual elevation in the rotation parameter X.

MWCNTs-water

SWCNTs-water

B2 = 0.1, 0.5, 0.8, 1.5

0.0 0.2 0.4 0.6 0.8 1.0

– 0.5

0.0

0.5

1.0

1.5

ξ

f'
( 

 )ξ

Fig. 5 Impact of B2 on f 0ðnÞ

Re  = 0.1, 2, 6, 8

SWCNTs-water

MWCNTs-water
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0.00

0.05

ξ
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Fig. 6 Impact of Re on f ðnÞ
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0.0 0.2 0.4 0.6 0.8 1.0
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Fig. 7 Impact of B1 on f ðnÞ

B2 = 0.1, 0.5, 0.8, 1.5

SWCNTs-water

MWCNTs-water
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Fig. 8 Impact of B2 on f ðnÞ
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Fig. 9 Impact of Re on gðnÞ
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Dimensional temperature profile

Effects of thermal Biot numbers c1 and c2 on the temper-

ature profiles are revealed through Figs. 12 and 13. These

figures suggest that c1 and c2 exhibit completely different

tendency on the fluid temperature. Figure 12 specifies that

an escalation in the temperature profile occurs while

enhancing the values of thermal Biot number c1. On the

contrary, Fig. 14 elucidates that an increment in the ther-

mal Biot number c2 results in a fall in the temperature of

the fluid. Figure 14 signifies the impact of thermal relax-

ation parameter k on the temperature profile. One can

conclude from Fig. 14 that thermal relaxation parameter

causes a reduction in the temperature of the fluid. There is

also a decrement in the thickness of thermal boundary

layer. Actually, higher values of thermal relaxation

parameter means the particles of quantifiable material need

more opportunity to deliver heat to its adjacent particles.

Thus larger values of k are effective in reducing the tem-

perature. For k ¼ 0, the transfer of heat takes place

instantly all through the material. For this reason temper-

ature profile is higher for k ¼ 0, i.e., for Fouriers law when

compared with Cattaneo–Christov heat flux model.

Variation of skin friction coefficient

Figure 15a, b portrays the contour plots of skin friction

coefficients C1 for the lower disk and C2 for the upper disk

under the variation of Reynolds number Re and nanopar-

ticle volume fraction / at the same time in case of

SWCNTs. From both the contours we can conclude that C1
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MWCNTs-water

= 0.3, 0.4, 0.5, 0.6
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Fig. 10 Impact of / on gðnÞ
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Fig. 11 Impact of X on gðnÞ
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Fig. 12 Impact of c1 on hðnÞ
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Fig. 13 Impact of c2 on hðnÞ
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and C2 take larger values for larger nanoparticle volume

fraction. But for lower Reynolds number C1 takes higher

values, whereas the values of C2 gradually increase for the

higher values of Reynolds number. Figure 15c, d is plotted

to illustrate the nature of C1 and C2 due to the effects of B1

and B2 at the same time for MWCNTs. These figures imply

that both C1 and C2 approach to the maximum values when

B1 and B2 are maximizing simultaneously.

Heat transfer attributes

Plots for the rate of heat transfer, i.e., Nusselt number Nu1
and Nu2 for lower and upper disks, respectively, under the

influence of B1 and B2 are shown via Fig. 16a, b for

SWCNT nanofluid. It is perceived that Nu1 tends to a

maximum value when B1 is maximum and B2 is minimum,

whereas a reverse pattern is followed for Nu2, i.e., Nu2
attains maximum when B1 is minimum and B2 is maxi-

mum. Contours for Nu1 and Nu2 for multi-walled carbon

nanotubes for different values of Biot numbers, i.e., c1 and
c2 are presented in Fig. 16c, d, respectively. These two

figures clearly suggest that for maximum rate of heat

transfer, i.e., for maximum Nusselt number, it is better to

all these parameters (c1 and c2) be in their maximum

possible values.

Final outcomes

The present research article deals with the implementation

of Cattaneo–Christov heat flux on the flow of carbon

nanotubes of single- and multi-walled type considering

water as base fluid between two coaxial rotating disks

along with the existence of convective boundary condi-

tions. The noteworthy outcomes of this investigation can be

summarized as follows:
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Fig. 15 Variation of skin friction coefficient
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(i) A diminution in the radial fluid velocity near the

surface of the disks takes place with larger

Reynolds number, whereas a reverse pattern is

observed for tangential velocity for both SWCNTs

and MWCNTs.

(ii) For both the kind of carbon nanotubes, the

influence of stretching parameters on axial as well

as radial velocity profiles is identical at the lower

disk.

(iii) Tangential velocity profile acts as a decreasing

function of nanoparticle volume fraction and an

increasing function of rotation parameter for both

SWCNTs and MWCNTs.

(iv) c1 leads to an increment in the fluid temperature

while c2 causes in downfall in the temperature for

the kind of nanotubes. Higher values of thermal

relaxation parameter results in a gradual retarda-

tion in the temperature profile.

(v) The skin friction coefficients for both the upper

and lower disks keep on increasing with higher

values of nanoparticle volume fraction as well as

the stretching parameters. However, lower Rey-

nolds number leads to an enhancement in the

magnitude of skin friction coefficient at lower disk

while for the upper disk higher values of Reynolds

number are responsible for the increasing trend of

skin friction coefficient.

(vi) The heat transfer rate, i.e., Nusselt number at the

lower disk approaches to a maximum value when

the stretching parameter of lower disk is maximum

and the stretching parameter of upper disk is

minimum, whereas an adverse phenomenon is

noticed for the Nusselt number at the upper disk.

The rate of heat transfer at both the disks possesses

maximum values with strengthening the effects of

both c1 and c2.
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Fig. 16 Variation of Nusselt number
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