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Abstract
The main objective of this numerical investigation was to analyze the entropy generation and natural convection flow under
magnetic field in a square enclosure filled with Cu–Al2O3/water hybrid nanofluid. The enclosure is equipped with a
conducting hollow cylinder. The free convective flow in the enclosure is created by a horizontal temperature difference
between the vertical left hot wall and the right cold wall under the Boussinesq approximation. The dimensionless equations
of steady laminar natural convection flow for Newtonian and incompressible mixture are discretized using the finite
volume method. The effective thermal conductivity and viscosity of the hybrid nanofluid are calculated using Corcione
correlations taking into consideration the Brownian motion of nanoparticles. Numerical solutions were performed for
different values of the nanoparticles volumic concentration, Hartmann number, Rayleigh number, radius ratio, and solid–
fluid thermal conductivity ratio. The analyzed results show that inserting a hollow conducting cylinder plays an important
role in controlling flow characteristic and heat transfer rate as well as irreversibilities within the cavity.
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List of symbols
B0
Magnetic field (N/A m2)
Be
Bejan number
Cp
Heat capacitance (J kg-1 K-1)
g
Gravity (m s-2)
H
Enclosure height (m)
Ha
Hartmann number
kb
Boltzmann’s constant, 1.380648 9 10-23 (J K-1)
N
Undulation number
Nu
Nusselt number
p
Pressure (Nm-2)
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P
Pr
r
Ra
S
s
T
Tfr
u, v
U, V
x, y
X, Y

Dimensionless pressure
Prandtl number
Base circular radius of the block (m)
Rayleigh number
Dimensionless entropy
Dimensional entropy (J K-1)
Dimension temperature (K)
Freezing point of the base liquid (K)
Dimensional velocity components along x and
y directions (m s-1)
Non-dimensional velocity components along with
x and y directions
Cartesian coordinates (m)
Non-dimensional coordinates

Greek symbols
a Thermal diffusivity (m2 s-1)
b Thermal expansion coefficient (K-1)
kr Thermal conductivity ratio (ks/kf)
k Thermal conductivity (W m-1K-1)
l Dynamic viscosity, kg m-1 s
t Kinematic viscosity (m2 s-1)
q Density (kg m-3)
/ Volume fraction of the nanoparticles
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Non-dimensional temperature
Non-dimensional stream function
Electrical conductivity (1 X-1 m)

Subscripts
c
Cold
h
Hot
hnf Hybrid nanofluid
f
Fluid
p
Solid particles
s
Solid block
hp
Hybrid solid particles
avg Average

Introduction
Magnetohydrodynamic (MHD) natural convection which is
defined as the convective heat transfer generated solely by
a temperature gradient of an electrically conductive fluid in
the presence of a magnetic field has been the subject of
highly specific attention in the last years. This interest is
due to its frequent occurrence in modern industry and
engineering, e.g., purification of molten metals, coolers of
nuclear reactors, thermal machines, geothermal application, valves, MEMs, chemical and biological engineering,
and solar technology, etc. [1–3].
It turns out that the thermal conductivity of nonmetallic
liquids (water, oil, ethylene glycol, etc.) is very low and
that the addition of metallic or metallic oxides nanometric
particles which have a higher thermal conductivity in such
liquids, therefore called nanofluid, could increase significantly the heat transfer by adjusting the thermal conductivity of the mixture. Many researchers investigated the use
of nanofluids as working fluids in improving the convection
heat transfer inside enclosures because of their wide variety
of technological applications, such as in references [4–10].
Hybrid or combined nanofluid is a new innovated category of nanofluids formed by incorporating two kinds of
nanosized particles in ordinary liquids. Choosing these
combined nanoparticles materials well is also very important. Metallic nanoparticles as Ag, Cu, Al, and Au possess
high thermal conductivity, but the use of these nanoparticles is limited due to their low stabilities and high reactivity into base liquids. The uses of metallic oxide
nanoparticles such as Al2O3, CuO, and TiO2 have multiple
beneficial properties as more stability and chemical inertness [11–16]. Particularly, many researchers were interested in examining MHD convective heat transfer in
enclosures over different geometries occupied with nanofluid or Hybrid nanofluid, as in recent investigations
mentioned in references [17–24].
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Inserting solid blocks within enclosures may affect the
fluid motion and thermal transport phenomena. The
applications of this configuration can be found in solar
energy systems, building designs, heat exchangers, and
electronic materials, etc. Zhao et al. [25] examine the
influence of a conducting body on the free convection heat
transfer inside a square cavity. They found that the thermal
conductivity has a great impact on the fluid flow.
Alsabery et al. [26] conducted a numerical study to
investigate the mixed convective heat transfer in a square
enclosure filled with Al2O3–water nanofluid in the presence
of a rotating solid inner block by using Buongiorno’s twophase model. It was found that the heat transfer rate
reduced with the increase in the size of the block and
Richardson number. Mahapatra et al. [27] conducted a
numerical study to investigate cooling by natural convection in a square cavity with isothermal and adiabatic bodies. They indicated that the block size much affects the
convective heat transfer rate. Sivaraj and Sheremet [28]
considered magnetic field effects to study free convective
heat transfer in a porous inclined square cavity with a heat
conducting solid body. Alsabery et al. [29] have analyzed
the second law of thermodynamics and convective heat
transfer in a wavy porous cavity including a solid conductive rotating cylinder. Oztop et al. [30] have made a
numerical study to investigate mixed convection in a liddriven square cavity containing a circular block. They
showed that the inserted block can be an important factor in
controlling heat and fluid flow within the cavity.
Alsabery et al. [31] have investigated numerically the
impact of a conducting solid body on natural convection
within a square cavity heated on the corner using the twophase nanofluid model. They reported that the rising of the
body thermal conductivity at a fixed size improves the heat
transfer rate when the convection is weak. Garoosi and
Rashidi [32] studied conjugate free convection in a heat
exchanger comprising various conducting blocks using the
two-phase nanofluid model. They reported that the heat
transfer rate was considerably affected by varying the
orientation of the conductive partition from vertical to
horizontal mode. Alsabery et al. [33] studied the problem
of MHD natural convection of alumina water-based
nanofluid in a square enclosure having a conducting inner
block using the two-phase nanofluid model. As results, they
indicated that the influence of the nanoparticles concentration on the Nusselt number is considerable at low Rayleigh, large Hartmann, and large values of the block size
when the conduction heat transfer is dominated.
In most studies of convection problems, only the first
law of thermodynamics (law of conservation of energy) has
been used alongside to laws of conservation of mass and
momentum to describe the phenomenon. The modern trend
in the domain of heat transfer and thermal conception is
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natural convection in an inclined porous enclosure filled
with a Cu–water nanofluid.
Motivated by the citations mentioned above, the present
numerical study is a first attempt to use hybrid water-based
suspension of Al2O3 and Cu nanoparticles for study the
entropy generation due to MHD natural convective flow in
a square cavity equipped with a conducting hollow cylinder. The influence of the Brownian motion is considered in
determining the hybrid nanofluid properties. Thermohydrodynamic characteristics and heat transfer, as well as the
entropy generation due to heat transfer, fluid friction, and
magnetic forces are examined for different volumic fractions, Rayleigh number, Hartmann number, radii ratio, and
solid–fluid thermal conductivity ratio at a constant value of
the size and position of the hollow cylinder.

Mathematical modeling
Figure 1 represents the geometric configuration related to
the 2D magnetohydrodynamics natural convection in a
square cavity occupied with Cu-Al2O3/water hybrid nanofluid and equipped with a conducting hollow cylinder
placed at the center. Natural convective flow is caused by
the horizontal temperature difference between the hot left
wall and the cold right wall. The bottom and top horizontal
walls are adiabatic. We admit that the hybrid nanofluid
flow is incompressible and laminar for this range of Rayleigh number considered. The hybrid nanofluid is made by
forming a mixture of Al2O3 and Cu nanoparticles with the
same concentrations dispersed in the host water. The
hybrid nanoparticles volumic fraction, / are equal to 0, 3, 6
and 9%. A constant magnetic field is applied in a horizontal
y

→
B

Cold wall/T = Tc or θ = 0

Al2O3 – Cu/water
Hot wall/T = Th or θ = 1

directed toward the treatment of the second principle of
thermodynamics and the resulting concept: the entropy
generation that quantifies the energy quality losses caused
by irreversibilities that occur in systems to evaluate the
effectiveness of different systems. [34]. According, there
are few studies that deal with the entropy generation
analysis of MHD convective heat transfer of nanofluids in
enclosures. Mansour et al. [35] simulated the entropy
generation analysis of MHD natural convection flow in an
enclosure filled with copper–water nanofluid using finite
volume method. Mejri et al. [36] analyzed the entropy
generation due to MHD natural convection flow of a
nanofluid-filled square enclosure sinusoidally heated from
the side walls. In their work heat transfer and entropy
generation due to heat transfer, fluid friction and magnetic
force are examined. Selimefendigil et al. [37] numerically
examined laminar natural convection and entropy generation of nanofluids entrapped in trapezoidal enclosure by
using the finite element method. The study is implemented
for various values of Hartmann number, Rayleigh number,
and nanoparticle volumic concentration. Abbassi and Orfi
[38] numerically studied MHD natural convection heat
transfer in a cavity filled with nanofluids in the presence of
a heated element placed on the bottom wall. They reported
that the application of magnetic field with an inclination
angle of 90 has the highest values of heat transfer coefficient and total irreversibly. A CFD analysis via the finite
element method has been performed by Hussain et al. [39]
to discuss the entropy generation in MHD mixed convection flow of hybrid nanofluid in an open cavity in the
presence of an adiabatic square obstacle. Ghasemi and
Siavashi [40] used the parallel LBM code to numerically
study MHD nanofluid natural convection and entropy
generation in porous enclosures with different conductivity
ratio taking into consideration viscosity–temperature
dependence and viscous dissipation. It was found that in
smaller and higher values of Rayleigh, heat transfer and
fluid friction irreversibilities are, respectively, dominant,
while for moderate values of Rayleigh, they have almost
the same magnitude. Chamkha et al. [41] have discussed
the effects of heat generation/absorption on the entropy
generation and mixed convection inside a porous enclosure
filled with a Cu–water nanofluid. Mansour et al. [42]
examined the effect of viscous dissipation on the entropy
generation due to MHD natural convection of nanofluidfilled porous square cavity with active parts. Entropy
generation and heat transfer of MHD mixed convection
flow in a porous enclosure filled with a copper–water
nanofluid in the presence of partial slip effect for different
values of the influential parameters are examined by
Chamkha et al. [43]. Rashad et al. [44] conducted a
numerical study to analyze the effects sizes and locations
of the heat sink and source on entropy generation for MHD
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Fig. 1 Physical model and boundary conditions
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direction. The viscous dissipation, Joule heating, radiation
effects, displacement currents, and the induced magnetic
field are neglected. The material of the inner hollow
cylinder is assumed to be permeable to the applied magnetic field. The Prandtl number for the host fluid is 6.2. The
cylinder size is kept constant corresponding to 2R2/
H = 0.5.
Thermophysical properties of the working hybrid
nanofluid are supposed constant, except for density, which
is varied depending on the Boussinesq model. The reference temperature for the Boussinesq approximation is Tc.
Thermal equilibrium is assumed between the host liquid
and the nanosized particles. The thermophysical properties
of the solid nanoparticles and normal water are shown in
Table 1.
The hybrid nanofluid effective density is:


qhnf ¼ 1  /Cu  /Al2 O3 qf þ qCu /Cu þ qAl2 O3 /Al2 O3
ð1Þ
The hybrid nanofluid heat capacitance is expressed as:


ðqCpÞhnf ¼ 1  /Cu  /Al2 O3 ðqCpÞf þðqCpÞCu /Cu
þ ðqCpÞAl2 O3 /Al2 O3
ð2Þ
The hybrid nanofluid effective thermal expansion coefficient is defined as:


ðqbÞhnf ¼ 1  /Cu  /Al2 O3 ðqbÞf þðqbÞCu /Cu
þ ðqbÞAl2 O3 /Al2 O3
ð3Þ
The hybrid nanofluid effective dynamic viscosity for
30 nm particle-size can be calculated using Corcione correlation [46] as:
.


0:3
lhnf ¼ lf 1  34:87 dp =df
ð/Cu þ /Al2 O3 Þ1:03
ð4Þ
where
the
diameter
of
water
molecule
is
df = 3.85 9 10-10 m.
The effective thermal conductivity of the hybrid nanofluid is calculated according to the Corcione correlation
[46]:

Table 1 Thermophysical
properties of the base fluid and
the nanosize particles [45]

Water
Cu
Al2O3
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khnf ¼


0:66

0:03 
0:66
/Cu þ /Al2 O3
kf 1 þ 4:4Re0:4 Pr ðT=Tfr Þ10 kp =kf
ð5Þ
where the nanoparticle Reynolds number, Re, is determined as:

Re ¼ 2kb qf T pl2f dp
ð6Þ
The electrical effective conductivity is defined by
Maxwell [47]:





rhp
rhnf ¼ rf 1 þ 3
 1 /Al2 O3 þ /Cu
rf

 


ð7Þ


rhp
rhp
þ2 
 1 /Al2 O3 þ /Cu
rf
rf



where rhp ¼ /Cu rCu þ /Al2 O3 rAl2 O3
/Al2 O3 þ /Cu .
For the description of this problem, partial differential
equations (PDEs) by considering the above assumptions
are written:
Continuity equation
ou ov
þ ¼0
ox oy

ð8Þ

Momentum equations


ou
ou
1 op lhnf o2 u o2 u
þv ¼
þ
þ
ox
oy
qhnf ox qhnf ox2
o
 2

ov
ov
1 op lhnf o v o2 v
þ
u þv ¼
þ
ox
oy
qhnf oy qhnf ox2 oy2
ðqbÞhnf
rhnf 2
gð T  T c Þ 
B v
þ
qhnf
qhnf 0

Energy equation for the conducting solid part




o ks oT
o ks oT
oy
ox
¼0
þ
oy
ox

q/kg m-3

k/W m-1 K-1

r/Sm-1

4179

997.1

0.613

0.05

765

ð9bÞ

Energy equation for hybrid nanofluid flow
 2

oT
oT
o T o2 T
þv
¼ ahnf
þ
u
ox
oy
ox2 oy2

Cp/J kg1K-1

385

ð9aÞ

u

8933
3970

401
40

ð10bÞ

b/K-1
21 9 10-5

5.96 9 10
1 9 10

ð10aÞ

7

-10

1.67 9 10-5
0.85 9 10-5
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Entropy generation equation
The dimensional local total entropy generation (slt) is
caused by irreversibilities due to heat transfer (slht), fluid
friction (slfr), and magnetic field effect (slm) and is given by
the following equation:
"    #
knf
oT 2
oT 2
slt ¼ 2
þ
ox
oy
Tref
"  
 2 
 #
2
lnf
ou
ov
ov ou 2
þ
þ
2
þ2
þ
ox
oy
ox oy
Tref
rhnf 2 2
B v
ð11Þ
þ
Tref 0
slt ¼ slht þ slfr þ slm

ð12Þ

where Tref ¼ ðTh þ Tc Þ=2
The following characteristic variables are introduced:
x
y
H
H
p
; Y ¼ ; U ¼ u; V ¼ v; P ¼ ; p0
H
H
af
af
p0
.
T  Tc
ks
¼ qhnf a2f H 2 ; h ¼
; kr ¼ ; Slt
Th  Tc
kf
ðTref H Þ2
¼ slt
kf ðTh  Tc Þ2



oh
oh ahnf o2 h o2 h
þV
¼
þ
oX
oY
af oX 2 oY 2
 oh 
 oh 
o kr oX
o kr oY
þ
¼0
oX
oY
"    #
knf
oh 2
oh 2
Slt ¼
þ
oX
oY
kf
"  
 2 
 #
lhnf
oU 2
oV
oV oU 2
þ
þ
v 2
þ2
þ
oX
oY
oX oY
lf
rhnf
vHa2 V 2
þ
rf
U

Slt ¼ Slfr þ Slht þ Slm

ð16Þ

ð17Þ
ð18Þ

where v is the irreversibility factor, which is given as:
v¼

X¼

lhnf V 2 Tref
kf ðTh  Tc Þ2

The total entropy generation averaged on the total volume of the studied geometry is:
Z
1
ST ¼
ð19Þ
Slt dV
V

The dimensionless governing equations are expressed as
follows:
oU oV
þ
¼0
oX oY

ð15Þ

ð13Þ



oU
oU
oP
lhnf o2 U o2 U
þV
¼
þ
U
þ
ð14aÞ
oX
oY
oX af ahnf oX 2 oY 2


oV
oV
oP
lhnf o2 V o2 V
þV
¼
þ
þ
U
oX
oY
oY af ahnf oX 2 oY 2
ðqbÞhnf
q rhnf 2
Ra Prh  f
Ha Pr V
þ
qhnf bf
qnf rf
ð14bÞ

ST ¼ SHT þ SFr þ SM

ð20Þ

Stream function is defined as:
U¼

ow
ow
; V ¼
oY
oX

ð21Þ

The no-dimension numbers coming in the preceding
equations are determined as:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gðTh  Tc Þbf H 3
tf
Ra ¼
; Pr ¼ ; Ha ¼ HB0 rf =lf
t f af
af
The dimensionless boundary conditions are written as:
Calculation of the local Nusselt number on the left
heated wall is performed as:


khnf oh
Nu ¼ 
ð23Þ
kf oX X¼0
The mean Nusselt number is calculated as:

8
Left wallðX ¼ 0; 0  Y  1Þ :
U ¼ V ¼ w ¼ 0; h ¼ 1
>
>
>
>
Right
wall
ð
X
¼
1;
0

Y

1
Þ
:
U ¼ V ¼ w ¼ 0; h ¼ 0
>
>
>
oh
>
>
< Horizontal diabatic wallsðY ¼ 0; Y ¼ 1; 0  X  1Þ : U ¼ V ¼ w ¼ 0;
¼0
oY




oh
oh
>
>
Nanofluid  solid cylinder interface:
U ¼ V ¼ w ¼ 0 and hhnf ¼ hs ; khnf
¼ ks
>
>
>
on hnf
on s
>
>
>
oh
>
: Internal surface of the cylinder:
¼0
U ¼ V ¼ w ¼ 0;
on
ð22Þ
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Table 2 Grid independence test by mean Nusselt numbers for Ra = 105, Ha = 25, kr = 1, RR = 2 and / = 0.06
Grid size

41 9 41

61 9 61

81 9 81

101 9 101

121 9 121

141 9 141

Nuavg

9.079

8.123

5.568

5.110

5.061

5.057

θ = 1.0

ψmin = – 7.357

0.5

max

8.95

max

9.02

0.0

max

7.23

(a)
θ = 1.0

ψmin = – 8.299

0.5

0.0

Fig. 3 Comparison of isotherms and streamlines with a Costa and
Raimundo [50] and b Alsabery et al. [29] for kr = 1 at Ra = 105

max

8.12

Nuavg ¼

Z1
Nu dY

ð24Þ

0

Local Bejan number is expressed as:
(b)

Fig. 2 Comparison of isotherms and streamlines with House et al.
[49] for a kr = 0.2 and b kr = 5 at Ra = 105

Bel ¼

Slht
Slt

The average Bejan number (Beavg) is defined as:
Beavg ¼

123

ð25Þ

SHT
ST

ð26Þ
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Sl.h.t max = 2.27

Slhtmax = 2.29

Sl.f.f max = 0.25

Slfrmax = 0.26

Fig. 4 Comparison of local entropy generation due to heat transfer
and due to fluid friction with Ilis et al. [51] Ra = 103

Numerical procedures
The above dimensionless governing equations with associated boundary conditions were numerically discretized
utilizing the finite volume method [48]. The second-order
upwind scheme was applied for the discretization of the
diffusive and convective terms. The solution for the
velocity–pressure coupling is achieved by using SIMPLE
algorithm. The convergence criteria for all dependent
variables are 10-5. Another test was carried out by performing an energy balance. In fact, as the horizontal walls
are adiabatic, all the energy that is generated in the cavity
through the hot left wall must come out through the cold
right wall. This energy balance has been verified with a
precision of 1%.
To evaluate the influence of the grid size on the results
obtained, the problem was solved numerically by considering different grid sizes. Table 2 shows the variation of
Nusselt number on the hot wall according to the number of
nodes in the grid for the case of Ra = 105, Ha = 25,
RR = 2, kr = 1, and / = 0.06. According to the table, we
retain the mesh (121 9 121) for the rest of calculations
which ensures a mesh-independent solution.
A very important step is to check the accuracy of the
results obtained. For this purpose, our computational code
has been validated by performing calculations on the
configurations presented by House et al. [49], Costa and
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Sl.h.t max = 61.03

Sl.f.f max = 563.20

Slhtmax = 62.12

Slfrmax = 567.52

Fig. 5 Comparison of local entropy generation due to heat transfer
and due to fluid friction with Ilis et al. [51] Ra = 105

Table 3 Comparison of the average Nusselt numbers
Ra = 105

kr
kr = 0.2

Our results

Nuavg

House et al. [47]

kr = 5

4.592

4.289

4.624

4.324

Raimundo [50] Alsabery et al. [29], and Ilis et al. [51]. The
results were in good agreement with the corresponding
results as shown in Figs. 2–5 and Table 3.

Results and discussion
In this part of the paper, we display the computed results
for MHD laminar convective heat transfer in a square
enclosure equipped with a conducting hollow cylinder. The
enclosure is occupied with a hybrid nanofluid as a working
fluid. The influence of Brownian motion is taken into
consideration. Numerical investigations are presented in
terms of contours of streamlines, isotherms, local entropy
generation due to heat transfer, local total entropy generation and local Bejan number as well as by graphs of mean
Nusselt number, average Bejan number, total entropy
generation due to heat transfer and total entropy generation
for a volumetric fraction of nanoparticles ranging between
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λ r = 0.1

λr = 1

λ r = 10

Ha = 0

Ha = 25

Ha = 50

|ψmax | = 11.78

|ψmax | = 9.61

|ψmax | = 3.51

(a)
(a)

|ψmax | = 9.30

|ψmax | = 9.61

|ψmax | = 10.63

(b)

(c)

(b)

(c)

(d)
(d)

(e)

Fig. 6 a streamlines, b Isotherms, c local entropy generation due to
heat transfer, d local total entropy generation and e local Bejan
number for different values of kr at Ra = 105, / = 0.06, RR = 2 and
Ha = 25

(0 B / B 0.09), Rayleigh number (103 B Ra B 106),
solid–fluid thermal conductivity ratio (kr = 0.1, 1 and 10),
radii ratio (1.25 B RR B 4), Hartmann number (0 B Ha
B 50). The size of the hollow cylinder and its position in
the cavity are kept constant.
Figure 6 shows the streamlines, isotherms, local thermal
entropy generation (Slht ), local total entropy generation (Slt )
and local Bejan number (Bel Þ contours for different values
of kr at RR = 2, Ra = 105, Ha = 25 and / = 0.06. The
streamlines in Fig. 6a give an idea on the structure of
nanofluid motion inside the enclosure in the presence of the
magnetic field and the conducting hollow cylinder with
different thermal conductivities. As can be seen, the effects
of the buoyancy force together with the considered
boundary conditions cause the hybrid nanofluid to circulate

123

(e)

Fig. 7 a Streamlines, b isotherms, c local entropy generation due to
heat transfer, d local total entropy generation, and e local Bejan
number for different values of Hartman at Ra = 105, / = 0.06,
RR = 2 and kr = 1

inside the cavity in the clockwise direction around the
cylinder with a single-cell rotation. The maximum absolute
values of the stream function, jwmax j show that the strength
of the flow circulation increases when the solid thermal
conductivity is increased. Figure 6b shows that the isotherms lines inside the conductive solid part of the hollow
cylinder are parallel which meaning that the heat is purely
carried by conduction. Also, as kr increases, the isotherms
in the conductive solid become spaced. This is means that
rising of the solid conductivity increases the heat portion
passing through it. In fact, this behavior is what made the
flow intensity within the cavity increase by increasing the
solid thermal conductivity. Also, it is seen that as kr
increases the temperature gradient near the active walls
decreases. The entropy generation due to heat transfer
shown in Fig. 6c was significantly higher at the regions of

Entropy generation analysis due to MHD natural convection ﬂow

RR = 1.25

RR = 2
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RR = 3

RR = 4

|ψmax | = 9.71

|ψmax | = 9.77

(a)

|ψmax | = 9.41

|ψmax | = 9.61

(b)

(c)

(d)

(e)

Fig. 8 a streamlines, b Isotherms, c local entropy generation due to heat transfer, d local total entropy generation and e local Bejan number for
different values of RR at Ra = 105, / = 0.06 Ha = 25 and kr = 1

higher temperature gradient respecting the isotherms field
shown in Fig. 6b and the first term in Eq. (17). Figure 6d
shows that the total entropy generation distribution experiences an important value near the active walls and around
the external cylinder surface because of the combination of
irreversibilities due to heat transfer (because the high
temperature gradient), fluid friction, and magnetic force
(because the high velocity which causes an increase of the
wall shear stress and Lorenz forces). Also, the total entropy
generation increases on the cylinder surface when the
thermal conductivity ratio rises, this is mainly because of
the increase in the friction irreversibility. Figure 6e

illustrates that the local Bejan number is visible at the areas
exposed to the significant temperature gradient and lower
values of velocity flow. In addition, it should be noted that
the cylinder conductivity greatly affects the local Bejan
around the cylinder surface. It is evident that since the
entropy generation by fluid flow and magnetic effect does
not have a sensible value inside the block, and therefore,
the local Bejan number is equal to the unity ðBel ¼ 1Þ.
The influence of increasing magnetic effects on the
dynamic, thermal, and local entropy generation maps
within the cavity at Ra = 105, / = 0.06, RR = 2, and
kr = 1 is shown in Fig. 7. In the absence of the magnetic
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(b)

(a)

12

12

λ r = 0.1

λ r = 0.1
10

λr = 1
λ r = 10

10

RR = 2

φ = 0.06 and Ha = 25

λ r = 10

RR = 2

φ = 0.06 and Ha = 25

8

SHT

8

Nuavg

λr = 1

6

6

4

4

2

2

0

0
103

104

105

103

106

(c)

(d)

800

1.00

λ r = 0.1

λ r = 0.1

RR = 2

λr = 1

λ r = 1 φ = 0.06 and Ha = 25

λ r = 10

0.75

λ r = 10

400

Beavg

ST

106

Ra

Ra

600

105

104

RR = 2

φ = 0.06 and Ha = 25

0.50

200
0.25

0
0.00
103

104

105

106

Ra

103

104

105
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Fig. 9 Variation of a Nuavg, b entropy generation due to heat transfer, c total entropy generation and d Beavg with Rayleigh number for different
values of kr

field the total entropy produced is concentrated near the
active walls. This is because the convective heat transfer is
strong and plays a significant role in increasing the flow
circulation, and, consequently, the total entropy generation
is essentially due to fluid friction irreversibility. By
increasing Hartman number, the strength of the flow
motion inside the cavity reduces, and the temperature
gradients near the active walls reduce as well. This fact
makes the entropy generation due to heat transfer and fluid
friction also reduces. Figure 7d shows that as Ha increases,
the isentropic lines diffuse toward the interior of the
enclosure because of the magnetic force irreversibility
which is becoming the main contributors to the entropy
generation, which in turn affects the local Bejan number
distributions in the cavity which are fully changed.
Figure 8 shows the effect of radii ratio on the streamlines, isotherms, local entropy generation due to heat
transfer, total entropy generation and local Bejan number at
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Ra = 105, Ha = 25, kr = 1, and / = 0.06. The strength of
the flow enhances with increase in the thickness of the
cylinder. This is a result of the enhancement in the heat
portion that passes through the solid as RR increases. The
isotherm lines are also affected with increase in the
thickness of the cylinder. Indeed, the temperature gradient
decreases with increase in RR causing Nusselt number to
decrease as shown in Fig. 12a. This behavior affects the
distribution of heat transfer local entropy and local total
entropy generation as well as the local Bejan number inside
the cavity as shown in Fig. 8c–e.
To estimate the effect of Rayleigh number and solid–
fluid thermal conductivity ratio on the rate of heat transfer
and entropy generation within the cavity, Fig. 9a–d shows
profiles of average Nusselt number, entropy generation due
to heat transfer, total entropy generation and average Bejan
number for different values of Ra and kr. These figures show that when Ra increases, the mean Nusselt
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Fig. 10 Variation of a Nuavg, b entropy generation due to heat transfer, c total entropy generation and d Beavg with Hartman number for different
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number increases and the thermal entropy generation (SHT)
increases as well, because the increase in buoyancy forces
makes the temperature gradient on the walls increases, and
thus increase the global heat transfer rate and thermal
irreversibility. Accordingly, the flow circulation within the
enclosure increases as buoyancy force increases which
makes the entropy generation due to fluid friction and
magnetic effects increases, and as a result an increase in the
total entropy, ST (see Fig. 9c). It should be noted that when
conduction is the main mechanism of heat transmission at a
smaller Ra, Navg, and SHT increase with the thermal conductivity ratio, kr, whereas for a higher Ra, when the
convection is strong, Navg and SHT decrease with the rise in
kr. This is because for lower Rayleigh number, as the
thermal conductivity of the solid rises a large heat part is
transferred horizontally within the cylinder to the cold wall
leading an increase in the rate of heat transfer, while for

higher Rayleigh number, the fluid loses this portion of heat
vertically through the block toward the bottom of the cavity
instead of reaching the cold wall. It can be seen from
Fig. 9c that the influence of Rayleigh number on the total
entropy generation becomes more graduate for higher
values. Figure 9d shows that the Bejan number decreases
as the Rayleigh number increases. Also, it is seen that the
conductivity ratio effect is more considerable at moderate
Rayleigh number (104).
Figure 10a–d represents the effect of the Hartmann
number and conductivity ratio on the average Nusselt
number, heat transfer entropy generation, total entropy, and
average Bejan number at / = 0.06, RR = 2 and Ra = 105.
As can be seen in those figures, any rise in the Hartman
number caused a reduction in the heat transfer rate followed by a reduction in the thermal entropy generation.
The total entropy produced within the cavity has maximum
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values corresponding to minimum values of Beavg for an
optimal value of Hartmann (Ha = 35). This is explained by
the fact that, as Hartmann number augments, the irreversibility due to magnetic field augments, while the
thermal and fluid friction irreversibilities decrease (because
the magnetic field attenuates the natural convection flow).
This behavior leads to a maximum value of the total
entropy produced within the cavity corresponding to an
optimal value of Hartmann (Ha = 35) since the total
entropy generation is the summation of these three irreversibilities. For a given Ha, an increase in kr leads to a
decrease in Nuavg, SHT, and Beavg, but to an increase in ST.
To show the effect of the addition of the hybrid
nanoparticles and the ratio of thermal conductivity on the
mean Nusselt number, dimensionless heat transfer entropy
generation, dimensionless total entropy generation, and
average Bejan number, Fig. 11a–d shows the evolution of
these quantities according to the volumetric fraction of
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nanoparticles for different values of kr at Ra = 105, Ha =
25 and RR = 2. One can notice from Fig. 11b that for all
values of kr, the entropy generation due to heat transfer
increases almost linearly with solid volumetric concentration. This is due to the increase in the heat transfer rate as
shown in Fig. 11a which in turn is due to the increase of
the hybrid nanoparticles in the host liquid. Moreover, the
total entropy generation has the same behavior since the
increase of / causes an increase in the intensity of the flow
circulation in the cavity which leads to an increase in the
fluid friction and magnetic forces irreversibilities
(Fig. 11c). Since the Bejan number is defined as the ratio of
SHT to ST, and as both are increased when the volumetric
fraction of nanoparticles increases, so Fig. 11d shows a
slight increase in Beavg as a function of the increase in /
for all values of kr.
Figure 12 shows the effects of the thickness of the
cylinder and its thermal conductivity on the heat transfer
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rate, thermal entropy generation, total entropy generation,
and average Bejan number. It was shown that the Nusselt
number, thermal entropy generation and total entropy
generation decrease as the radii ratio increases and consequently average Bejan number is slightly affected. It must
be noted that the effect of RR more gradual at lower values.

Conclusions
In this paper, the problem of the entropy generation for
MHD convective heat transfer of Cu–Al2O3/water hybrid
nanofluid in a square enclosure considering a conducting
hollow cylinder is investigated. Computational results have
been obtained for several values of the Rayleigh number,
Al2O3–Cu hybrid nanoparticles volumetric fraction, Hartmann number, solid–fluid thermal conductivity ratio and
radii ratio of the cylinder. The size and position of the

hollow cylinder are kept constant. The main conclusions of
this investigation are as follows:
• Elevating in the conductivity and thickness of the
hollow cylinder makes the intensity of the flow
increases and, unexpectedly, makes heat transfer rate
to decreases.
• During conduction is the main mechanism of heat
transfer, elevating in the thermal conductivity ratio
increases the heat transfer rate and heat transfer
irreversibility.
• Increasing buoyancy forces causes the heat transfer
rate, entropy generation due to heat transfer, fluid flow,
magnetic effects as well as the total entropy generation
to increase and average Bejan number to decreases.
• When convection dominates, regardless Hartman number, an increase in the conductivity ratio leads to a
decrease in Nusselt number, heat transfer irreversibility,
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and average Bejan number, but to a decrease in the total
entropy generation.
• As the Hartman number increases, heat transfer rate and
thermal entropy generation are decreased, while, the
total entropy produced within the cavity has maximum
values corresponding to minimum values of average
Bejan number for an optimal value of Hartman
(Ha = 35).
• The presence of hybrid nanoparticles in the water
improves, monotonically, heat transfer, irreversibility
due to heat transfer and total entropy generation as well
as slightly enhances average Bejan number
• Elevation in the thickness of the hollow cylinder
reduces heat transfer rate and internal irreversibilities
within the cavity as well as average Bejan number.
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