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Abstract The current numerical study looked into the magneto-hydrodynamics mixed convection

of nanofluid in a lid-driven square cavity subjected to heating by a triangular thick wall. The nano-

fluid heat transfer was modelled by using a two-phase Buongiorno model, whereas obtaining a

numerical solution for the governing equations was described using the finite element method.

Comparisons made between the proposed method and the experimental and numerical works pub-

lished prior revealed outcomes of good agreement. An in-depth investigation and discourse on the

influences of certain attributes such as Reynolds number, Richardson number, Hartmann number,

nanofluid volume fraction, and triangular wall thickness on overall heat transfer and nanoparticle

distribution were subsequently put forth. The outcomes revealed the CW rotations for streamlines

and nanoparticle migration. Additionally, incremental thermophoresis and Brownian motion

resulted in expanding Hartmann number growth, thus yielding increased nanoparticle migration.
� 2019 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an

open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Investigations on nanofluid heat transfer are rendered of high

importance as a research area due to its extensive role in indus-
trial applications, like solar collectors, HVAC systems, and
cooling devices [1–5]. Therefore, the nanofluids numerical heat

transfer may be approached via two techniques hinged upon
conservation equations as seen existing literature, namely
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single-phase model and two-phase model [6]. In the case of the
single-phase model, the assumption made stated that homoge-
nous distribution of volume fraction for nanofluids in which its

thermophysical attributes replace those of pure fluid. Follow-
ing this, solutions of the conservation equations are obtained
for nanofluids. Furthermore, recent selected papers describing

the approach include Chamkha et al. [7], which viewed the
issue of MHD natural convection of nanofluid numerically
in a C-shaped chamber. Meanwhile, others include conjugate

convection, heat transfer and entropy production in a
nanofluid-saturated porous cavity, which is then subjected to
heating by using a triangular solid [8]. The convection heat
transfer enhanced with the reduction of Richardson number

for the case of mixed convection flow and heat transfer within
a double lid-driven square cavity filled with nanofluids [9].
Armaghani et al. [10] in contrast have discussed the growing

of heat transfer alongside nanofluid volume fraction incre-
ments in an L-shaped baffled cavity, whereas mixed convection
within a lid-driven cavity with nanofluid loaded it has been

assessed numerically by Salari et al. [11]. The latter work has
been carried out when finite heat sources concomitantly heated
the bottom and side walls. Moreover, the numerical work by

Ghalambaz et al. [12] has looked into the impacts of nanopar-
ticle diameter and concentration towards Al2O3 water nanoflu-
ids convective heat transfer in consideration of dissimilar
thermal conductivity of porous medium. Its conclusion has

noted the decrements of heat transfer rate alongside increasing
nanoparticle volume fraction or decreased nanoparticle size.
Besides, Ismael et al. [13] have revealed varying outcomes

when assessing the impact of single-phase nanofluid model in
the presence of mixed convection. Carried out in a lid-driven
cavity having corner heater, the nanoparticles have been found

to influence the convective heat exchange negatively.
In the two-phase approach, the particle relation adds to the

fluid conservation equations [14–18]. Buongiorno [19] have

reported the Brownian motion and thermophoresis impacts
as the dominating terms from the 7-slip mechanisms on the
heat transfer of nanofluids, whereby the updated relations
are thus well-known as a Buongiorno two-phase model. The

model usage in modelling the nanofluid natural convection
processes is mentioned in the References [20,21]. Per the con-
trol volume-based FEM, Sheikholeslami et al. [22] have con-

veyed a numerical assessment on the thermal management
for convective heat transfer inside a cavity with the use of a
two-phase nanofluid model. The findings have indicated the

heat transfer rate as an incremental function of buoyancy ratio
number. Similarly, efforts on the natural and mixed nanofluid
convection in a square cavity by using the Buongiorno model
are investigated by Garoosi et al. [23], who also utilised the

same model to study nanofluid mixed convection in heat
exchangers [24]. Kefayati [25] has investigated non-
Newtonian nanofluid of the mixed convection wihtin a cavity

having Buongiorno’s mathematical model implemented,
whereas Al2O3-water nanofluid and mixed convection in
microchannels by using the modified Buongiorno’s model

has been carried out by Malvandi and Ganji [26] with heat
source/sink present. Moreover, Mohyud-Din et al. [27] have
assessed flow and heat transfer investigation using the Buon-

giorno nanofluid model in channels equipped with stretchable
walls and under magnetic field influence. Alsabery et al. [28]
have numerically assessed mixed convection in a double lid-
driven hollow, which contains nanofluids and an inner solid
insert using the same model. The conclusion made has indi-
cated the possibility of heat transfer augmentation if a bigger

solid insert is used, in consideration of high Richardson
numbers.

Recently, extensive interest in the state of convective heat

transfer inwards enclosed cavities with a magnetic field pres-
ence has emerged, attributable to its comprehensive applica-
tions. It can be applied in the polymer industry, coolers of

nuclear reactors, MEMs, for molten metals purification, and
more; it is utilisable for controlling convection within cavities
[29]. Furthermore, Oztop et al. [30] have considered the impact
of a magnetic field on the mixed convection within a lid-driven

hollow having corner heater. The conclusion obtained has sug-
gested the higher thermal boundary layer alongside rising
Hartmann number and isotherms have shown the tendency

to fit within the hot corner. Similarly, Ghasemi et al. [31] esti-
mated the impact of magnetic field towards natural convective
in a cavity containing Al2O3-water nanofluid. Single-phase

nanofluid model utilised has yielded the conclusion that the
incremental or decremental heat transfer amount is reliant
upon Hartmann and Rayleigh number values. Meanwhile,

Mahmoudi et al. [32] explored the impact of the magnetic field
towards convective flow inside a cavity by using the same
model, revealing reduced convection heat transfer in case of
magnetic field presence. In contrast, Chamkha and Ismael

[33] have put forth the magnetic field’s repressed role in case
of a lid-driven trapezoidal hollow, which contains nanofluids.
Besides, the Buongiorno’s nanofluid model was utilised by

Bondareva et al. [34] to assess the magnetic field impact on
convection flow inside 2D trapezoidal cavity, revealing min-
imised heat transfer rate alongside Hartmann number incre-

ments. Adversely, such impact on flow and heat transfer
inside a square cavity has been assessed by Sheikholeslami
[35] by using a circular hot cylinder via CVFEM, with out-

comes indicating augmented temperature gradient alongside
Rayleigh number increments. Finally, an investigation into
entropy production on MHD convection of nanofluids within
a lid-driven porous cavity has been done by Chamkha et al.

[36,37]. Sheikholeslami and Zeeshan [38] reported the flow
analysis and heat transfer distribution in water based nano-
fluid inside porous cavity having constant heat flux and mag-

netic field with the use of CVFEM. The outcomes of Sivaraj
and Sheremet [39] have shown minimised the attribution of
heat transfer due to magnetic field inclusion within the porous

cavity having inner solid block. Sheikholeslami [40] applied the
lattice Boltzmann method to study the impact of magnetic field
on forced convection flow and heat transfer in a porous cavity
filled with nanofluid and having an inner sphere obstacle.

This study aims to assess the impact of a magnetic field on
the mixed convection in a square lid-driven cavity, which is
subjected to heat by a thick triangular wall and utilising two-

phase nanofluid model. To the best of our knowledge, the
results of the present paper have never been published by
any researcher. Therefore, the current work incorporated con-

sistent MHD mixed convection within a square lid-driven cav-
ity, which contains nanofluid and subjected to heat by a solid
triangular wall. The wall took up a corner of the square hole,

thus yielding an inclined interface between the solid and the
nanofluid. Per the aforementioned works and our best knowl-
edge, no effort has been spent on MHD mixed convection of
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nanofluids in a lid-driven cavity and subjected to heat by a
thick triangular wall by utilising Buongiorno’s two-phase
model, thus underlining the value of this work.

2. Mathematical formulation

The numerical steady model consisted of a 2D convection flow

within a cavity with the length L, whereby the below-left cor-
ner of the cavity is taken as a triangular solid wall with length
d. It is different to ensure the overall domain remains as a

square, as shown in Fig. 1. The range of Rayleigh number
selected for the work allowed the nanofluid flow to remain
incompressible and laminar. An isothermal heater was located

at the below-left corner of the hollow (solid triangular wall),
whereas the left vertical moving wall was kept isothermally
at fixed cold temperature Tc. The remaining components of

the heated walls and top horizontal wall were equipped with
thermal insulation. The assumption was that the square
domain’s boundaries were impermeable and filled with
water-Al2O3 nanofluids. The Boussinesq approximation was

thus applicable. In consideration of these hypotheses, the gov-
erning equations of the laminar convection flow are exhibited
as complies [19]:

r � v ¼ 0; ð1Þ
qnfv � rv ¼ �rpþr � lnfrvþ qbð Þnf T� Tcð Þ g!

þrnfv� B
!
;

ð2Þ

qCp

� �
nf
v � rT ¼ �r � knfrT� Cp;pJp � rT; ð3Þ

v � ru ¼ � 1

qp

r � Jp: ð4Þ

The temperature equation of the solid triangular wall is:

r2Tw ¼ 0; ð5Þ
Fig. 1 Physical model of convection in a square cavity together

with the coordinate system.
here v performs the vector of velocity, g! holds the vector of

gravitational acceleration, u describes nanoparticles local vol-
ume fraction and Jp explains the mass flux of nanoparticles.

The nanoparticles mass flux, according to Buongiorno’s
model, is formulated as [19]:

Jp ¼ Jp;B þ Jp;T; ð6Þ
Jp;B ¼ �qpDBru; DB ¼ kbT

3plfdp
; ð7Þ

Jp;T ¼ �qpDTrT; DT ¼ 0:26
kf

2kf þ kp

lf

qfT
u: ð8Þ

Nanofluids thermophysical properties applied in this task are
described as the following [28,41]:

qCp

� �
nf
¼ 1� uð Þ qCp

� �
f
þ u qCp

� �
p
; ð9Þ

anf ¼ knf

qCp

� �
nf

; ð10Þ

qnf ¼ 1� uð Þqf þ uqp; ð11Þ
qbð Þnf ¼ 1� uð Þ qbð Þf þ u qbð Þp: ð12Þ
The dynamic viscosity ratio and thermal conductivity ratio are

considered as [28,41]:

lnf

lf

¼ 1= 1� 34:87 dp=df
� ��0:3

u1:03
� �

; ð13Þ

knf
kf

¼ 1þ 4:4Re0:4B Pr0:66
T

Tfr

� �10
kp
kf

� �0:03

u0:66: ð14Þ

The electrical conductivity ratio
rnf
rf

is determined as [42]:

rnf

rf

¼ 1þ
3

rp
rf
� 1

� �
u

rp
rf
þ 2

� �
� rp

rf
� 1

� �
u
: ð15Þ

Next, we propose the following adopted non-dimensional

variables:

X ¼ x
L
; Y ¼ y

L
; V ¼ v

U0
; P ¼ p

qnfU
2
0

; u� ¼ u
/ ; D

�
B ¼ DB

DB0
;

D�
T ¼ DT

DT0
; d ¼ Tc

Th�Tc
; h ¼ T�Tc

Th�Tc
; hw ¼ Tw�Tc

Th�Tc
; D ¼ d

L
:
ð16Þ

Applying those non-dimensional variables in Eq. (16) in the

dimensional governing Eqs. (1), (18), (3)–(5) we achieve the
following dimensionless equations:

r � V ¼ 0; ð17Þ
V � rV ¼ �rPþ qf

qnf

lnf
lf

1
Re
r2Vþ qbð Þnf

qnfbf
Ri � h

þ qf
qnf

rnf
rf
V� B�;

ð18Þ

V � rh ¼ qCpð Þ
f

qCpð Þ
nf

knf
kf

1
Re�Prr2hþ qCpð Þ

f

qCpð Þ
nf

D�
B

Re�Pr�Leru� � rh

þ qCpð Þ
f

qCpð Þ
nf

D�
T

Re�Pr�Le�NBT

rh�rh
1þdh ;

ð19Þ

V � ru� ¼ D�
B

Re � Scr
2u� þ D�

T

Re � Sc �NBT

� r2h
1þ dh

; ð20Þ
r2hw ¼ 0; ð21Þ
where V evaluates the dimensionless velocity vector, B� is the

dimensionless magnetic vector (Ha2 sin c;Ha2 cos c). Parame-

ters: DB0 ¼ kbTc

3plfdp
;DT0 ¼ 0:26

kf
2kfþkp

lf
qfh

/;Re ¼ U0L
mf

;Ri ¼ Gr
Re2

;
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Sc ¼ mf
DB0

;NBT ¼ /DB0Tc

DT0 Th�Tcð Þ ;Le ¼
kf

qCpð Þ
f
/DB0

;Gr ¼ g!bf Th�Tcð ÞL3

=
m2f ;

Ha ¼ BL
ffiffiffi
rf
lf

q
;Pr ¼ mf

af
are explained the reference Brownian dif-

fusion coefficient, the reference thermophoretic diffusion coef-
ficient, Reynolds number, Richardson number, Schmidt

number, the diffusivity ratio parameter (Brownian diffusiv-
ity/thermophoretic diffusivity), Lewis number, Grashof num-
ber, Hartman number and Prandtl number, respectively. The

dimensionless boundary conditions of Eqs. (17) and (21) are:

At the adiabatic top horizontal surface :

U ¼ V ¼ 0; @u�
@n

¼ 0; @h
@n
¼ 0;

ð22Þ
At the heated portion of the left vertical surface :

U ¼ V ¼ 0; @u�
@n

¼ � D�
T

D�
B
� 1
NBT

� 1
1þdh

@h
@n
; h ¼ 1;

ð23Þ
At the adiabatic portions of the left surface :

U ¼ V ¼ 0; @u�
@n

¼ 0; @h
@n
¼ 0;

ð24Þ
At the heated portion of the horizontal bottom surface :

U ¼ V ¼ 0; @u�
@n

¼ � D�
T

D�
B
� 1
NBT

� 1
1þdh

@h
@n
; h ¼ 1;

ð25Þ
At the adiabatic portions of the bottom surface :

U ¼ V ¼ 0; @u�
@n

¼ 0; @h
@n
¼ 0;

ð26Þ
At the vertical moving right surface V ¼ 1ð Þ :
U ¼ 0; V ¼ 1; @u�

@n
¼ � D�

T

D�
B
� 1
NBT

� 1
1þdh

@h
@n
; h ¼ 0;

ð27Þ
At the interface surface :

hnf ¼ hw;
ð28Þ

U ¼ V ¼ 0;
@u�

@n
¼ �D�

T

D�
B

� 1

NBT

� 1

1þ dh
@h
@n

;
@h
@n

¼ Kr

@hw
@n

; ð29Þ

where Kr ¼ kw=knf shows the thermal conductivity ratio.

The local Nusselt number that estimated at the interface
surface and determined by:

Nui ¼ � knf
kf

@h
@n

� �
i

: ð30Þ

Ultimately, the average Nusselt number is calculated on the
interface surface, which is produced by:
Fig. 2 Grid-points distribution for the grid siz
Nui ¼ 1ffiffiffi
2

p
D

Z ffiffi
2

p
D

0

Nuids: ð31Þ
3. Numerical method and validations

The dimensionless adopted governing Eqs. (17)–(21) with the
picked dimensionless BCs (22)-(29) are explained numerically
using the Galerkin weighted residual finite element method.

The finite element analysis of the momentum equation Eq.
(18) is showing by the following procedure:

Transforming the momentum equation from the vector
form (V) to the Cartesian coordinates system (X;Y) as the

following:

U @U
@X

þ V @U
@Y

¼ � @P
@X

þ qf
qnf

lnf
lf

1
Re

@2U
@X2 þ @2U

@Y2

� �
þ qf

qnf

rnf
rf
Ha2 V sin c cos c�U sin2 c

� �
;

U @V
@X

þ V @V
@Y

¼ � @P
@Y

þ qf
qnf

lnf
lf

1
Re

@2V
@X2 þ @2V

@Y2

� �
þ qbð Þnf

qnfbf
Ri h

þ qf
qnf

rnf
rf
Ha2 U sin c cos c� V cos2 cð Þ:

Next, we employ the penalty finite element method by elimi-
nating the pressure (P) with a penalty parameter (k) as the

following:

P ¼ �k
@U

@X
þ @V

@Y

� �
:

Leads to the following momentum equations in the X and Y-

directions:

U @U
@X

þ V @U
@Y

¼ @k
@X

@U
@X

þ @V
@Y

� �þ qf
qnf

lnf
lf

1
Re

@2U
@X2 þ @2U

@Y2

� �
þ qf

qnf

rnf
rf
Ha2 V sin c cos c�U sin2 c

� �
;

U @V
@X

þ V @V
@Y

¼ @k
@Y

@U
@X

þ @V
@Y

� �þ qf
qnf

lnf
lf

1
Re

@2V
@X2 þ @2V

@Y2

� �
þ qbð Þnf

qnfbf
Ri h

þ qf
qnf

rnf
rf
Ha2 U sin c cos c� V cos2 cð Þ:
e of (a) 222 elements and (b) 6702 elements.



Table 1 Grid testing for Wmin and Nui at different grid sizes

for / ¼ 0:02;Re ¼ 100;Ri ¼ 10;Ha ¼ 15 and D ¼ 0:4.

Grid size Number of elements Wmin Nui

G1 186 �0.035348 4.8227

G2 286 �0.034982 4.7432

G3 648 �0.035422 4.7052

G4 1008 �0.03597 4.6401

G5 1980 �0.03523 4.5405

G6 6402 �0.03501 4.4723

G7 25722 �0.03497 4.472

Fig. 3 Streamlines (a), Chamkha and Ismael [43] (left), present

study (right), isotherms (b), Chamkha and Ismael [43] (left),

present study (right) for D ¼ 0:1 (top) and D ¼ 1 (bottom) at

Ra ¼ 500;/ ¼ 0:1 and Kr ¼ 1.
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The weak (or weighted-integral) formulation about the

momentum equations by multiplying the equation by an inter-
nal domain (U) and integrating it over the computational
domain which is discretised into small triangular components

as recorded in Fig. 2. The following weak formulations are
obtained:R

X UiU
k @Uk

@X
þ UiV

k @Uk

@Y

� �
dXdY ¼ k

R
X

@Ui

@X
@Uk

@X
þ @Vk

@Y

� �
dXdY

þ qf
qnf

lnf
lf

1
Re

R
X Ui

@2Uk

@X2 þ @2Uk

@Y2

� �
dXdY

þ qf
qnf

rnf
rf
Ha2 UiV

k sin c cos c� UiU
k sin2 c

	 

;R

X UiV
k @Vk

@X
þ UiV

k @Vk

@Y

� �
dXdY ¼ k

R
X

@Ui

@Y
@Uk

@X
þ @Vk

@Y

� �
dXdY

þ qf
qnf

lnf
lf

1
Re

R
X Ui

@2Vk

@X2 þ @2Vk

@Y2

� �
dXdYþ qbð Þnf

qnfbf
Ri
R
X Uih

kdXdY

þ qf
qnf

rnf
rf
Ha2 UiU

k sin c cos c� UiV
k cos2 c

	 

:

Adoption the interpolation functions for implementing the

approximation of the velocity distribution and temperature
distribution as:

U �
Xm
j¼1

UjUj X;Yð Þ; V �
Xm
j¼1

VjUj X;Yð Þ; h

�
Xm
j¼1

hjUj X;Yð Þ:

The nonlinear residual equations for the momentum equations
that obtained from the Galerkin weighted residual finite-

element method are:

R 1ð Þi¼
Xm
j¼1

Uj

R
X

Xm
j¼1

UjUj

 !
@Uj

@X
þ

Xm
j¼1

VjUj

 !
@Uj

@Y

" #
UidXdY

þk
Xm
j¼1

Uj

R
X

@Ui

@X

@Uj

@X
dXdYþ

Xm
j¼1

Vj

R
X

@Ui

@X

@Uj

@Y
dXdY

" #

þ qf
qnf

lnf
lf

1
Re

Xm
j¼1

Uj

R
X

@Ui

@X

@Uj

@X
þ @Ui

@Y

@Uj

@Y

h i
dXdY

þ qf
qnf

rnf
rf
Ha2

Xm
j¼1

VjUi

 !
sinccosc�

Xm
j¼1

UjUi

 !
sin2 c

" #
;

R 2ð Þi¼
Xm
j¼1

Vj

R
X

Xm
j¼1

UjUj

 !
@Uj

@X
þ

Xm
j¼1

VjUj

 !
@Uj

@Y

" #
UidXdY

þk
Xm
j¼1

Uj

R
X

@Ui

@Y

@Uj

@X
dXdYþ

Xm
j¼1

Vj

R
X

@Ui

@Y

@Uj

@Y
dXdY

" #

þ qf
qnf

lnf
lf

1
Re

Xm
j¼1

Vj

R
X

@Ui

@X

@Uj

@X
þ @Ui

@Y

@Uj

@Y

h i
dXdYþ qbð Þnf

qnfbf
Ri
R
X

Xm
j¼1

hjUj

 !
UidXdY

þ qf
qnf

rnf
rf
Ha2

Xm
j¼1

UjUi

 !
sinccosc�

Xm
j¼1

VjUi

 !
cos2 c

" #
:

where the superscript k is the approximate index, subscripts i; j
and m are the residual number, node number and iteration
number, respectively. For simplifying momentum equations

nonlinear terms, the Newton–Raphson iteration algorithm is
employed. The convergence of the solution is presumed if the
relative error for each of the variables provides the resulting

convergence criteria:

Cmþ1 � Cm

Cmþ1

����
���� 6 10�5:
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Code verification was obtained by conducting a grids study
in the present work, where differently sized grid sizes were uti-
lised for minimum strength of the flow circulation (Wmin) and

the average Nusselt number at the interface (Nui) calculation
purposes, in case of / ¼ 0:02;Re ¼ 100;Ri ¼ 10;Ha ¼ 15

and D ¼ 0:4. Table 1 displays the results obtained, which high-
lighted the insignificant dissimilarities for the G6 grids and
above. Following this, the G6 uniform grid was utilised for

all calculations in this effort, namely for problems similar to
this subsection.

The current numerical code is validated by comparing its
outcomes with works conducted by Chamkha and Ismael

[43], Motlagh and Soltanipour [21], Ho et al. [44] and Sheikh-
zadeh et al. [45]. Figs. 3–8 explain the compassion between the
results of current work and other published papers. An excel-
Fig. 4 Comparison of average Nusselt number with Chamkha and

Fig. 5 Comparison of the mean Nusselt number obtained from pres

[44], numerical results of Sheikhzadeh et al. [45] and numerical results

numbers.
lent agreement was thus observed between the current work’s
results with those of the aforementioned works.
4. Results and Discussion

The present content presented the numerical outcomes for the
streamlines, isotherms, and nanoparticle distribution with dif-

ferent nanoparticle volume fraction (0 6 / � 0:04), Reynolds
number 1 6 Re � 500ð Þ, Richardson number
0:01 6 Ri � 100ð Þ, Hartmann number 0 6 Ha � 50ð Þ and

dimensionless triangular wall thickness (0:1 6 D 6 1). Reman-
ning parameters are fixed at

Pr ¼ 4:623;Le ¼ 3:5� 105;Sc ¼ 3:55� 104; c ¼ p
4
;NBT ¼ 1:1

and d ¼ 155 during the process. The average Nusselt number
Ismael [43] for (a) D ¼ 0:1 and (b) D ¼ 1 at Ra ¼ 50 and Kr ¼ 1.

ent numerical simulation with the experimental results of Ho et al.

of Motlagh and Soltanipour [21] for different values of Rayleigh



Fig. 6 Corcione et al. [47] (left), present study (right) for streamlines (a), isotherms (b) and nanoparticle distribution (c) at

Ra ¼ 3:37� 105;/ ¼ 0:04 and D ¼ 0.
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values were calculated for varying / and Ri. In this study, all
cases utilised fibreglass triangular solid wall with thermal con-
ductivity of kw ¼ 0:045. The thermophysical attributes of the

essence fluid (water) and solid (Al2O3) phases are as enumer-
ated in Table 2.

Fig. 9 explains the effects of the increase of nanofluid vol-

ume fraction on streamlines, isotherms and solid volume frac-
tion distributions. As evident in the figure, streamline rotate
clockwise in a huge region of the cavity. Since heat transfers
to nanofluid via the rigid wall, and then their gravity increases,
they move towards the upper wall, where they are forced to

move to right wall and as a result, rotate clockwise (CW). Con-
sidering the upward motion of the right wall, streamlines have
a counter-clockwise (CCW) rotation near it. They grow stron-

ger with the rise of nanofluid volume fraction. Because of
warm walls isotherms have their maximum value near the



Fig. 7 Comparison of (a) thermal conductivity ratio with Chon et al. [48] and Corcione et al. [47] and (b) dynamic viscosity ratio with

Ho et al. [44] and Corcione et al. [47].

Fig. 8 Comparison of average Nusselt number with Motlagh and Soltanipour [21] for (a) Ra ¼ 102 and (b) Ra ¼ 106 at D ¼ 0.
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interface wall and also inside the rigid triangle. They have their

minimum value near the right wall. As the temperature gradi-
ent is considerable near the interface wall and the left wall, and
as a result of thermophoresis effects, nanoparticles mainly

depart from the mentioned regions to the other regions of
the cavity.

Fig. 10 indicates the local Nusselt number on the interface

wall. Regarding the isothermal lines in Fig. 9, the maximum
amount of temperature gradient occurs somewhere between
the rigid triangle and the left wall, in which heat transfer and
Number are expected to become maximum. Flowing on the

interface wall, isotherms become more straight and proceed
along the interface wall. Nusselt number also decreases as a
Table 2 Thermo-physical properties of water with Al2O3

nanoparticles at T ¼ 310K [46,21].

Physical properties Fluid phase (water) Al2O3

Cp J=kgKð Þ 4178 765

q kg=m3
� �

993 3970

k Wm�1K�1
� �

0.628 40

b� 105 1=Kð Þ 36.2 0.85

l� 106 kg=msð Þ 695 –

dp nmð Þ 0.385 33

r, (S m �1) 0.05 1� 10�10
result of the decrease of temperature gradient. Generally, local

Nusselt number rises with the addition of nanoparticles.
Fig. 11 depicts the variations of average Nusselt number

among the differences of Richardson number and nanofluid

volume fraction. As evident, the average Nusselt number
increases with the rise of Ri. Talking the definition of Richard-

son number into account (Ri ¼ Gr
Re2

), the increase of it results

from the development of Grashhof number at the fixed Rey-
nolds number. When the properties of nanofluid and the
dimensions of cavity remain unchanged, the increase of tem-

perature contrast within the warm and cold surfaces leads to
the increase of Gr. Heat transfer and Nusselt number therefore
rise, with the increment of Gr and Ri. The augmentation of
nanoparticle volume fraction also guides to the increments of

heat transfer for all ranges of Ri number.
Fig. 12 indicates the distinction of streamlines, isotherms

and nanoparticle distribution via increasing the Reynolds

number. Considering the low velocity of nanofluid, streamlines
at Re ¼ 10 are mainly influenced by the motion of the right
wall, and hence, CCW rotation led by wall motion overcomes

the CW rotation by the density change. As the Re number and
accordingly the speed of fluid increase, the portion of CCW
rotation caused by the wall movement decreases. CW rotation

is then more powerful and encompasses a main part of cavity.
CW rotation also misses it’s nearly symmetric shape because of
the increment of velocity, which is clearly evident at Re ¼ 500.
Isothermal lines trans shape from nearly perpendicular lines to



Fig. 9 Variation of the streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by solid volume fraction (/)
for Re ¼ 100;Ri ¼ 10;Ha ¼ 15 and D ¼ 0:4.
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nearly parallel ones. The intense temperature gradient

accounts for movement of nanoparticles of the interface and
left wall to the other regions of the cavity. As convection is
overcome by conduction at low Reynolds number, and as s

result of the influences of temperature gradient and ther-
mophoresis effects, displacement of nanoparticled happens
more.

Fig. 13 represents the contrast of Nu with Re values. As
expected by the increase of indicated temperature gradient in
isothermal lines with the increase of Reynolds, such an incre-

ment causes the rise of local Nusselt number in general. How-
ever, the temperature gradient of nanoparticles at the end of
interface wall and Re ¼ 10 is more than that of other regions

of interface wall and other Reynolds values. The maximum
amount of local Nusselt number therefore occurs at Re ¼ 10
at the end of interface wall. This Nusselt number assumes

the maximum value at the end of interface wall for the whole
Reynolds numbers.



Fig. 10 Variations of local Nusselt numbers with the interface wall for different / at Re ¼ 100;Ri ¼ 10;Ha ¼ 15 and D ¼ 0:4.

Fig. 11 Variation of average Nusselt number on the interface wall with Ri for different / at Re ¼ 100;Ha ¼ 15 and D ¼ 0:4.
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Fig. 14 shows the changes of average Nusselt number under
the condition of nanoparticles addition to the base fluid for
different Re numbers. The increment of volume fraction leads
to the increase of Nusselt number at Re < 100. The increment

of volume fraction accounts for increase of average Nusselt
number at Re ¼ 100 and / < 0:03, but its changes are not per-
ceptible when 0:03 6 u 6 0:04. Optimum value of volume

fraction is achieved at Re ¼ 500, at which the maximum values

of Nui take place. At / ¼ 0:02 assumes its maximum value. In

other words, the maximum value of the average Nusselt num-
ber for all ranges of nanofluid volume fractions is seen at
Re ¼ 500 and / ¼ 0:02.
Fig. 15 reveals the effects of Richardson number variations
on streamlines, isotherms and nanoparticles distribution.
When Reynolds number is unchanged, Richardson variations
happen with Gr changes, so that the development of Gr num-

ber heads to an increase of Ri number. Given Eq. 18, the incre-
ment of Ri number causes the right part of equation to be
increased. The velocity therefore grows and streamlines, as evi-

dent in the shape, become stronger. In this way, with the
increase of Ri, streamlines caused by the motion of right wall,
will get confined to a tiny region near the wall.at the middle

part of cavity at Ri ¼ 0:01, isothermal lines are parallel with
interface wall. They tend to become perpendicular at Ri ¼ 1,



Fig. 12 Variation of the streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by Reynolds number (Re)

for / ¼ 0:02;Ri ¼ 10;Ha ¼ 15 and D ¼ 0:4.
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while they are nearly horizontal at Ri ¼ 10 and 100. The con-

siderable temperature gradient adjacent to interface and left
walls leads to the displacement of nanoparticles, clearly seen
at Ri ¼ 100.

Temperature gradient remains significant at the start of the
interface surface where Re ¼ 100, and local Nusselt number is
also supposed to be greater in Ri ¼ 100 than that for other val-

ues of Ri number. Isothermal lines taken into consideration at
Ri ¼ 0:01, temperature gradient rises from the beginning to the
end of interface wall, leading to the aggrandizement of local
Nusselt as observed in Fig. 16. As obtained from this figure,
local Nusselt number increases from the inception to the end

interface wall when Ri ¼ 0:01.
Fig. 17 indicates values of the average Nusselt number with

nanoparticles volume fraction for a variety of Ri values. For

small Richardson numbers, average Nusselt number rises with
the increment of volume fraction. For Ri ¼ 100, however, like
Re, an optimum point for volume fraction and resulted heat

transfer is observable, which is / ¼ 0:02.
Fig. 18 reveals the outcomes of Hartmann number toward

the streamlines, isotherms, and nanoparticles dispersion. The
increase of Hartmann number and the resulting Lorentz force



Fig. 13 Variations of local Nusselt numbers with the interface wall for different Re at / ¼ 0:02;Ri ¼ 10;Ha ¼ 15 and D ¼ 0:4.

Fig. 14 Variation of average Nusselt number on the interface wall with / for different Re at Ri ¼ 100;Ha ¼ 15 and D ¼ 0:4.
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Fig. 15 Variation of the streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by Richardson number

(Ri) for / ¼ 0:02;Re ¼ 100;Ha ¼ 15 and D ¼ 0:4.
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led to the upward tendency of the middle cell of streamlines,
which was clearly observable at Ha ¼ 50. Influenced by the

streamlines, as the Hartmann number increased, the isother-
mal lines transformed their shape from nearly horizontal lines
to oblique ones. The noteworthy point is the increase of

nanoparticle migration alongside Hartmann number incre-
ments, with Hartmann number growth paralleling the
increased thermophoresis and Brownian motion, which
resulted in augmented nanoparticle migration. Meanwhile,
the temperature gradient decreased with incremental Hart-
mann number on the interface wall, leading to decreased local

Nusselt number alongside the decreased velocity perceived in
the streamlines of Fig. 18. All of these outcomes are evident
in Fig. 19.

The rise of Richardson number accounts for the develop-
ment of heat transfer, observable in different values of Hart-
mann number. As mentioned earlier, heat transfer decreases
with the rise of Ha. These relations are represented in Fig. 20.



Fig. 16 Variations of local Nusselt numbers with the interface wall for different Ri at / ¼ 0:02;Re ¼ 100;Ha ¼ 15 and D ¼ 0:4.

Fig. 17 Variation of average Nusselt number on the interface wall with / for different Ri at Re ¼ 500;Ha ¼ 15 and D ¼ 0:4.
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Fig. 18 Variation of the streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by Hartmann number (Ha)

for / ¼ 0:02;Re ¼ 100;Ri ¼ 10 and D ¼ 0:4.
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Fig. 21 displays the two types of streamlines rotation, which
are also seen for the diverse contents of the dimensionless tri-
angular partition thickness. As D grows, the CCW cell of

streamline becomes smaller and the streamlines assume a trian-
gular shape. As a result of these changes, isothermal lines take
up the shape from nearly horizontal lines to parabolic ones

that are nearly triangular. The motion of nanoparticles
increases remarkably with the increment of D, becoming
extreme on the top corner of the hollow where D ¼ 1. Because
of the displacement of nanoparticles and the considerable tem-

perature gradient at the upper corner of the cavity in D ¼ 1,
the maximum value of Nusselt number is seen at the beginning
of the interface wall (Fig. 22). This maximum number of Nus-
selt number is related to all values of D. The maximum quan-

tity of temperature gradient is seen at the edge portion of the
interface surface, wherever the stronger heat transfer enhance-
ment is realized at D ¼ 0:1.

Fig. 23 depicts the changes in the overall Nusselt number
for varying amounts of D and Ri. It can be generally said that
the increment of Ri causes the increment of overall Nusselt
number for each content of D, which is remarkably seen at

the smallest solid thickness D ¼ 0:1, thus rendering the maxi-



Fig. 19 Variations of local Nusselt numbers with the interface wall for different Ha at / ¼ 0:02;Re ¼ 100;Ri ¼ 10 and D ¼ 0:4.

Fig. 20 Variation of average Nusselt number on the interface wall with Ri for different Ha at / ¼ 0:02;Re ¼ 100 and D ¼ 0:4.
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mum rate of Nusselt number is evident at D ¼ 0:1 and

Ri ¼ 100. Note that when Ri < 10 after D ¼ 0:1;D ¼ 1 leads
to the maximum heat transfer. Regardless, the slope of the

Nui increment with the increase of Ri at D ¼ 1 is much less

than that of other values of D. It may be concluded that with
the increments of Ri, variations of heat transfer at D ¼ 1 are
hardly observable.
5. Conclusions

This numerical work incorporated the finite element method

(FEM) in assessing the magneto-hydrodynamics mixed con-
vection of nanofluids in a lid-driven cavity, which obtained

subject to the heat by a thick triangular wall with the use of
non-homogeneous nanofluid model. In-depth computational
outcomes achieved for the streamlines, isotherms and
nanoparticles distribution inside a cavity for the laminar flow,

as well as the following local and average Nusselt numbers, are
depicted graphically for different nanoparticle volume frac-
tion, Reynolds number, Richardson number, Hartmann num-

ber, and dimensionless triangular wall thickness values. The
obtained yielded the following conclusion:

1. The overall heat transfer is an incremental function of Rey-
nolds number and Richardson number.



Fig. 21 Variation of the streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by the dimensionless

triangular wall thickness (D) for / ¼ 0:02;Re ¼ 100;Ri ¼ 10 and Ha ¼ 15.
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2. The maximum value of the average Nusselt number for

whole range of nanofluid volume fraction is seen at
Re ¼ 500 and / ¼ 0:02.

3. An augmentation of Hartmann number conducts to the
increment of thermophoresis and Brownian motion, and

as a result, the migration of nanoparticles increases.
4. The higher augmentation on the heat transfer rate is

observed at the smallest solid thickness (D ¼ 0:1).
5. The streamlines rotates counter-clockwise (CCW) because

of the changes of density and clockwise (CW) because of
right wall motion.
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Fig. 22 Variations of local Nusselt numbers with the interface wall for different D at / ¼ 0:02;Re ¼ 100;Ri ¼ 10 and Ha ¼ 15.

Fig. 23 Variation of average Nusselt number on the interface wall with Ri for different D at / ¼ 0:02;Re ¼ 100 and Ha ¼ 15.

146 A.I. Alsabery et al.
Acknowledgments

The work was supported by the Malaysian Ministry of Educa-
tion research grant FRGS/1/2019/STG06/UKM/01/2. We

thank the respected reviewers for their constructive comments
which clearly enhanced the quality of the manuscript.
References

[1] T. Armaghani, M.A. Ismael, A.J. Chamkha, Analysis of entropy

generation and natural convection in an inclined partially

porous layered cavity filled with a nanofluid, Can. J. Phys. 95

(2016) 238–252.
[2] M. Sheikholeslami, D.D. Ganji, CVFEM for free convective

heat transfer of CuO-water nanofluid in a tilted semi annulus,

Alexandria Eng. J. 56 (2017) 635–645.

[3] A.M. Rashad, T. Armaghani, A.J. Chamkha, M.A. Mansour,

Entropy generation and mhd natural convection of a nanofluid

in an inclined square porous cavity: Effects of a heat sink and

source size and location, Chinese J. Phys. 56 (2018) 193–211.

[4] A.A.A. Arani, A. Ababaei, G.A. Sheikhzadeh, A. Aghaei,

Numerical simulation of double-diffusive mixed convection in

an enclosure filled with nanofluid using Bejan’s heatlines and

masslines, Alexandria Eng. J. 57 (2018) 1287–1300.

[5] M. Sheikholeslami, Numerical approach for MHD Al2O3-water

nanofluid transportation inside a permeable medium using

innovative computer method, Comput. Methods Appl. Mech.

Eng. 344 (2019) 306–318.

http://refhub.elsevier.com/S1110-0168(19)30158-9/h0005
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0005
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0005
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0005
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0010
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0010
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0010
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0015
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0015
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0015
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0015
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0020
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0020
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0020
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0020
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0025
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0025
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0025
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0025
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0025
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0025


Two-phase nanofluid model and magnetic field effects on mixed convection 147
[6] X.-Q. Wang, A.S. Mujumdar, Heat transfer characteristics of

nanofluids: A review, Int. J. Therm. Sci. 46 (2007) 1–19.

[7] A. Chamkha, M. Ismael, A. Kasaeipoor, T. Armaghani,

Entropy generation and natural convection of CuO-water

nanofluid in C-shaped cavity under magnetic field, Entropy 18

(2016) 50.

[8] M.A. Ismael, T. Armaghani, A.J. Chamkha, Conjugate heat

transfer and entropy generation in a cavity filled with a

nanofluid-saturated porous media and heated by a triangular

solid, J. Taiwan Inst. Chem. Eng. 59 (2016) 138–151.

[9] A.R. Rahmati, A.R. Roknabadi, M. Abbaszadeh, Numerical

simulation of mixed convection heat transfer of nanofluid in a

double lid-driven cavity using lattice Boltzmann method,

Alexandria Eng. J. 55 (2016) 3101–3114.

[10] T. Armaghani, A. Kasaeipoor, N. Alavi, M.M. Rashidi,

Numerical investigation of water-alumina nanofluid natural

convection heat transfer and entropy generation in a baffled L-

shaped cavity, J. Mol. Liq. 223 (2016) 243–251.

[11] M. Salari, M.M. Tabar, A.M. Tabar, H.A. Danesh, Mixed

convection of nanofluid flows in a square lid-driven cavity

heated partially from both the bottom and side walls, Num.

Heat Transfer, Part A: Appl. 62 (2012) 158–177.

[12] M. Ghalambaz, A. Behseresht, J. Behseresht, A. Chamkha,

Effects of nanoparticles diameter and concentration on natural

convection of the Al2O3-water nanofluids considering variable

thermal conductivity around a vertical cone in porous media,

Adv. Powder Technol. 26 (2015) 224–235.

[13] M.A. Ismael, E. Abu-Nada, A.J. Chamkha, Mixed convection

in a square cavity filled with CuO-water nanofluid heated by

corner heater, Int. J. Mech. Sci. 133 (2017) 42–50.

[14] O. Ghaffari, A. Behzadmehr, H. Ajam, Turbulent mixed

convection of a nanofluid in a horizontal curved tube using a

two-phase approach, Int. Commun. Heat Mass Transfer 37

(2010) 1551–1558.

[15] M. Rostamani, S.F. Hosseinizadeh, M. Gorji, J.M. Khodadadi,

Numerical study of turbulent forced convection flow of

nanofluids in a long horizontal duct considering variable

properties, Int. Commun. Heat Mass Transfer 37 (2010) 1426–

1431.

[16] S. Mirmasoumi, A. Behzadmehr, Effect of nanoparticles mean

diameter on mixed convection heat transfer of a nanofluid in a

horizontal tube, Int. J. Heat Fluid Flow 29 (2008) 557–566.

[17] M. Goodarzi, M.R. Safaei, K. Vafai, G. Ahmadi, M. Dahari, S.

N. Kazi, N. Jomhari, Investigation of nanofluid mixed

convection in a shallow cavity using a two-phase mixture

model, Int. J. Therm. Sci. 75 (2014) 204–220.

[18] A.M. Aly, Z.A.S. Raizah, Double-diffusive natural convection

in an enclosure filled with nanofluid using ISPH method,

Alexandria Eng. J. 55 (2016) 3037–3052.

[19] J. Buongiorno, Convective transport in nanofluids, J. Heat

Transfer 128 (2006) 240–250.

[20] A.I. Alsabery, M.A. Sheremet, A.J. Chamkha, I. Hashim,

Conjugate natural convection of Al2O3-water nanofluid in a

square cavity with a concentric solid insert using Buongiorno’s

two-phase model, Int. J. Mech. Sci. 136 (2018) 200–219.

[21] S.Y. Motlagh, H. Soltanipour, Natural convection of Al2O3-

water nanofluid in an inclined cavity using Buongiorno’s two-

phase model, Int. J. Therm. Sci. 111 (2017) 310–320.

[22] M. Sheikholeslami, M. Gorji-Bandpy, D.D. Ganji, S. Soleimani,

Thermal management for free convection of nanofluid using two

phase model, J. Mol. Liq. 194 (2014) 179–187.

[23] F. Garoosi, S. Garoosi, K. Hooman, Numerical simulation of

natural convection and mixed convection of the nanofluid in a

square cavity using Buongiorno model, Powder Technol. 268

(2014) 279–292.

[24] F. Garoosi, L. Jahanshaloo, S. Garoosi, Numerical simulation

of mixed convection of the nanofluid in heat exchangers using a

Buongiorno model, Powder Technol. 269 (2015) 296–311.
[25] G.H.R. Kefayati, Mixed convection of non-Newtonian

nanofluid in an enclosure using Buongiorno’s mathematical

model, Int. J. Heat Mass Transf. 108 (2017) 1481–1500.

[26] A. Malvandi, D.D. Ganji, Mixed convection of alumina/water

nanofluid in microchannels using modified Buongiorno’s model

in presence of heat source/sink, J. Appl. Fluid Mech. 9 (2016)

2277–2289.

[27] S.T. Mohyud-Din, U. Khan, N. Ahmed, B. Bin-Mohsin, Heat

and mass transfer analysis for MHD flow of nanofluid

inconvergent/divergent channels with stretchable walls using

Buongiorno’s model, Neural Comput. Appl. 28 (2017) 4079–

4092.

[28] A.I. Alsabery, M.A. Ismael, A.J. Chamkha, I. Hashim, Mixed

convection of Al2O3-water nanofluid in a double lid-driven

square cavity with a solid inner insert using Buongiorno’s two-

phase model, Int. J. Heat Mass Transf. 119 (2018) 939–961.

[29] I. Nkurikiyimfura, Y. Wang, Z. Pan, Heat transfer enhancement

by magnetic nanofluids-A review, Renew. Sustain. Energy Rev.

21 (2013) 548–561.

[30] H.F. Oztop, K. Al-Salem, I. Pop, MHD mixed convection in a

lid-driven cavity with corner heater, Int. J. Heat Mass Transf. 54

(2011) 3494–3504.

[31] B. Ghasemi, S.M. Aminossadati, A. Raisi, Magnetic field effect

on natural convection in a nanofluid-filled square enclosure, Int.

J. Therm. Sci. 50 (2011) 1748–1756.

[32] A.H. Mahmoudi, I. Pop, M. Shahi, Effect of magnetic field on

natural convection in a triangular enclosure filled with

nanofluid, Int. J. Therm. Sci. 59 (2012) 126–140.

[33] A.J. Chamkha, M.A. Ismael, Magnetic field effect on mixed

convection in lid-driven trapezoidal cavities filled with a Cu-

water nanofluid with an aiding or opposing side wall, J. Thermal

Sci. Eng. Appl. 8 (2016) 031009.

[34] N.S. Bondareva, M.A. Sheremet, I. Pop, Magnetic field effect on

the unsteady natural convection in a right-angle trapezoidal

cavity filled with a nanofluid: Buongiorno’s mathematical

model, Int. J. Num. Methods Heat Fluid Flow 25 (2015)

1924–1946.

[35] M. Sheikholeslami, Magnetic source impact on nanofluid heat

transfer using CVFEM, Neural Comput. Appl. (2016) 1–10.

[36] A.J. Chamkha, A.M. Rashad, M.A. Mansour, T. Armaghani,

M. Ghalambaz, Effects of heat sink and source and entropy

generation on MHD mixed convection of a Cu-water nanofluid

in a lid-driven square porous enclosure with partial slip, Phys.

Fluids 29 (2017) 052001.

[37] A.J. Chamkha, A.M. Rashad, T. Armaghani, M.A. Mansour,

Effects of partial slip on entropy generation and MHD

combined convection in a lid-driven porous enclosure

saturated with a Cu-water nanofluid, J. Therm. Anal. Calorim.

(2017) 1–16.

[38] M. Sheikholeslami, A. Zeeshan, Analysis of flow and heat

transfer in water based nanofluid due to magnetic field in a

porous enclosure with constant heat flux using CVFEM,

Comput. Methods Appl. Mech. Eng. 320 (2017) 68–81.

[39] C. Sivaraj, M.A. Sheremet, MHD natural convection in an

inclined square porous cavity with a heat conducting solid block,

J. Magn. Magn. Mater. 426 (2017) 351–360.

[40] M. Sheikholeslami, Influence of magnetic field on Al2O3-H2O

nanofluid forced convection heat transfer in a porous lid driven

cavity with hot sphere obstacle by means of lbm, J. Mol. Liq.

263 (2018) 472–488.

[41] M. Corcione, Empirical correlating equations for predicting the

effective thermal conductivity and dynamic viscosity of

nanofluids, Energy Convers. Manage. 52 (2011) 789–793.

[42] J.C. Maxwell, A Treatise on Electricity and Magnetism, vol. II,

Oxford University Press, Clarendon, 1904.

[43] A.J. Chamkha, M.A. Ismael, Conjugate heat transfer in a

porous cavity filled with nanofluids and heated by a triangular

thick wall, Int. J. Therm. Sci. 67 (2013) 135–151.

http://refhub.elsevier.com/S1110-0168(19)30158-9/h0030
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0030
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0035
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0035
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0035
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0035
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0040
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0040
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0040
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0040
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0045
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0045
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0045
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0045
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0050
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0050
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0050
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0050
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0055
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0055
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0055
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0055
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0060
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0060
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0060
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0060
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0060
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0060
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0060
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0065
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0065
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0065
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0070
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0070
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0070
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0070
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0075
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0075
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0075
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0075
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0075
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0080
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0080
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0080
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0085
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0085
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0085
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0085
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0090
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0090
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0090
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0095
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0095
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0100
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0100
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0100
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0100
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0100
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0100
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0105
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0105
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0105
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0105
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0105
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0110
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0110
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0110
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0115
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0115
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0115
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0115
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0120
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0120
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0120
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0125
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0125
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0125
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0130
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0130
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0130
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0130
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0135
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0135
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0135
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0135
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0135
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0140
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0140
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0140
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0140
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0140
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0140
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0145
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0145
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0145
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0150
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0150
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0150
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0155
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0155
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0155
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0160
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0160
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0160
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0165
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0165
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0165
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0165
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0170
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0170
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0170
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0170
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0170
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0175
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0175
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0180
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0180
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0180
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0180
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0180
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0185
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0185
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0185
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0185
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0185
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0190
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0190
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0190
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0190
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0195
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0195
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0195
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0200
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0200
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0200
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0200
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0200
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0200
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0200
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0205
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0205
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0205
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0210
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0210
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0210
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0215
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0215
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0215


148 A.I. Alsabery et al.
[44] C.J. Ho, W.K. Liu, Y.S. Chang, C.C. Lin, Natural convection

heat transfer of alumina-water nanofluid in vertical square

enclosures: An experimental study, Int. J. Therm. Sci. 49 (2010)

1345–1353.

[45] G.A. Sheikhzadeh, M. Dastmalchi, H. Khorasanizadeh, Effects

of nanoparticles transport mechanisms on Al2O3-water

nanofluid natural convection in a square enclosure, Int. J.

Therm. Sci. 66 (2013) 51–62.

[46] T.L. Bergman, F.P. Incropera, Introduction to Heat Transfer,

6th edition., Wiley, New York, 2011.
[47] M. Corcione, M. Cianfrini, A. Quintino, Two-phase mixture

modeling of natural convection of nanofluids with temperature-

dependent properties, Int. J. Therm. Sci. 71 (2013) 182–

195.

[48] C.H. Chon, K.D. Kihm, S.P. Lee, S.U. Choi, Empirical

correlation finding the role of temperature and particle size for

nanofluid (Al2O3) thermal conductivity enhancement, Appl.

Phys. Lett. 87 (2005) 3107.

http://refhub.elsevier.com/S1110-0168(19)30158-9/h0220
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0220
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0220
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0220
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0225
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0225
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0225
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0225
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0225
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0225
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0230
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0230
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0230
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0235
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0235
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0235
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0235
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0240
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0240
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0240
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0240
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0240
http://refhub.elsevier.com/S1110-0168(19)30158-9/h0240

	Two-phase nanofluid model and magnetic field effects on mixed convection in a lid-driven cavity containing heated triangular wall
	1 Introduction
	2 Mathematical formulation
	3 Numerical method and validations
	4 Results and Discussion
	5 Conclusions
	Declaration of Competing Interest
	Acknowledgments
	References


