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a b s t r a c t

Reiner–Philippoff fluid flow over a heated surface through theory of Cattaneo–Christov
for heat diffusion is executed in this work. The impacts of Cattaneo–Christov heat flux,
Ohmic heating and transverse magnetic field are also considered. The Transformations
are used to reduce system of partial differential equations into ordinary ones and are
solved numerically by using RKF-45 method. The dimensionless numbers on velocity and
temperature are elaborated. Further engineering curiosity of local Nusselt are tabulated,
depicted and interpreted.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

Exchange of heat between two objects or within the object is a substantial phenomenon in the nature. The classical
Fourier’s expression to evaluate the aspects of heat transportation is modified through the inclusion of energy relaxation
time by Cattaneo [1]. Later on, Christov [2] computed the material-invariant expression of Cattaneo’s formula by
introducing the Oldroyd’s upper-convective differentiation. This advanced mathematical model is known as Cattaneo–
Christov (C–C) heat flux model. This model for viscous fluid flow analysis is employed by Straughan [3]. Han et al. [4]
reported the nature of C–C heat model in rate type moving flow of Maxwell material. A study on three dimensional (3D)
flows of heat conduction and mass diffusion was developed by Hayat et al. [5]. They computed analytical solutions of
governing flow systems by applying OHAM. The momentum and heat transportation analyses on flows under various
aspects through the model of C–C are elaborated in the studies [6–11].

Several theoretical models are proposed to analyze the different hydrodynamic and hydromagnetic behavior of the
non-Newtonian material. The commonly observed non-Newtonian time independent fluid model is pseudo plastic/shear
thinning fluid. The one important sub-model of non-Newtonian fluids is named as ‘‘Reiner–Philippoff fluid’’. Only a few
numbers of research works are found in literature corresponding to boundary-layer nature of Reiner–Philippoff (R–P)
fluid. Kapur and Gupta [12] invoked the 2-D boundary-layer behavior of R–P fluid. They obtained the solutions by using
Karman–Pohlhausen’s method. Ghoshal [13] analyzed the non-Newtonian behavior of R–P fluid across a circular tube.
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Nomenclature

a Constant
Ec Eckert number
uw(x) = ax1/3 Stretched velocity
T Fluid temperature
Tw Wall temperature
T∞ Temperature outside the surface
M Magnetic parameter
Pr Prandtl number
qw Heat flux from the sheet
Nux Nusselt number
Rex =

uwx
ν

Reynold’s number

Greek Letter

λ Reiner–Philippoff fluid parameter
γ Bingham number
σ Electrical conductivity
ρ Fluid density
α Thermal diffusivity
τw Wall shear stress
λ1 Relaxation time of heat flux
Γ Thermal relaxation parameter

Na [14] reported the boundary-layer analysis of R–P fluids. Yam et al. [15] scrutinized the stability analysis of boundary-
layer R–P fluid flow across wedge. Ahmad et al. [16] analyzed the R–P fluids past a stretched wedge. In this paper, they
presented the graphical representations for the flow of different variables and friction factor.

Magneto hydrodynamic flows across shrinking/stretching surfaces were addressed by Soid et al. [17]. Here, they
reported the stability criteria of distinct type’s solutions. Hayat et al. [18] illustrated the behavior of magnetic flow
induced by the curved space. They made the analysis through graphical nature of friction factors, rates of mass and heat
transportations. Reddy et al. [19] illustrated the behavior of magnetic nano-fluid through saturation of porous medium.
They implemented the HAM to represent the solution expressions. Muhammad et al. [20] reported the HAM expressions
of magnetic flows. Nayak [21] reported the heat transport aspects in magnetic flows under viscous heating and radiation.
Hsiao [22] addressed the stagnation magnetic flow of mixed nanofluid within wall slip boundary condition. In another
important contribution, Hsiao [23] described the simultaneous aspects of thermal extrusion and magnetic properties in
Maxwell fluid under viscous heating. Sheikholeslami [24] elaborated the numerical modeling of water/Al2O3 nanoparticles
through magnetic force. Abdulhameed et al. [25] studied the magnetohydrodynamic flow and radiative heat transfer
in a micro channel. They are obtaining solution by using HAM. Fragkou et al. [26] reported the turbulent MHD flow
through channel by plotting the recurrence of velocity. Recently, some researchers have discussed the MHD with different
geometries (see [27–30]).

According to above perceptions, we assumed the flow and heat transportation of Reiner–Philippoff fluid induced by
movement of surface. The effect of Cattaneo–Christov heat flux, transverse magnetic and Ohmic heating are taken in
present examination. The numerical solutions are expressed and evaluated for distinct values of involving parameters.

2. Mathematical development

Two-dimensional, viscous and incompressible steady-state flow of R–P fluid on moving surface is accounted in presence
of C–C heat flux and transverse magnetic field. We choose x-axis along the plane of the stretching surface and y-axis is
normal to the surface. The surface y = 0 is stretched impulsively from rest with a velocity, where a being constant. A
non-uniform transverse magnetic field of strength B (x) = B0x−1/3 acted along the positive y-axis, where B0 denotes the
magnitude of magnetic strength which is constant. Let (u, v) be the velocity components of R–P nanofluids in the (x, y)
directions, respectively (see Fig. 1).

For the Reiner–Philippoff fluid model, the relationship between shear-stress τ and shear-strain ∂u
∂y is given as [12]:

∂u
∂y

=
τ

µ∞ +
µ0−µ∞

1+
(
τ
τs

)2 , (1)
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Fig. 1. Physical configuration of the problem.

Fig. 2. Effect of M on f ′ (η).

where τs is the yield shear stress or the reference shear-stress. The above fluid model is a three parameters model which
shows low and high shear rates limiting viscosities. The Reiner–Philippoff fluid becomes a Newtonian fluid model with
the dynamic viscosity µ0 and µ∞ for very small and large values of shear stress τ respectively and the model exhibits
non-Newtonian behavior between these two extreme values of τ .

The governing set of steady equations corresponding to C–C heat diffusion can be described as [14–16]:

∂u
∂x

+
∂u
∂x

= 0, (2)

u
∂u
∂x

+ v
∂u
∂y

=
1
ρ

∂τ

∂y
−
σB2 (x)
ρ

u, (3)

u
∂T
∂x

+ v
∂T
∂y

+ λ1

⎛⎜⎜⎜⎜⎜⎜⎝
u2 ∂

2T
∂x2

+ v2
∂2T
∂y2

+ 2uv
∂2T
∂x∂y

+(
u
∂u
∂x

+ v
∂u
∂y

)
∂T
∂x

+(
u
∂v

∂x
+ v

∂v

∂y

)
∂T
∂y

⎞⎟⎟⎟⎟⎟⎟⎠ = α
∂2T
∂y2

+
σB2

ρcp
u2. (4)

The relevant conditions on surface of moving sheet and on the fluid at infinity are:

u = uw (x) = ax1/3, v = 0, T = Tw at y = 0,

u → 0, T → T∞ as y → ∞, (5)
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Fig. 3. Effect of M on θ (η).

We introduced the following variables:

η =

√
a
ν

y
x1/3

, ψ =
√
aνx2/3, τ = ρ

√

a3νg(η), θ (η) =
T − Tw
Tw − T∞

. (6)

Using the Eq. (7) into the above system of Eqs. (1)–(4), one may obtained following coupled nonlinear differential
equations,

g = f ′′
g2

+ λγ 2

g2 + γ 2 , (7)

g ′
=

1
3
f

′2
−

2
3
ff ′′

+ Mf ′, (8)

θ ′′
+

2
3
Pr f θ ′

+ PrΓ
(
ff ′θ ′

+ ηf 2θ ′′
)
+ Ec M f

′2
= 0, (9)

where λ =
µ0
µ∞

, γ =
τs

ρ
√

a3ν
, M =

σB20
ρa , Pr =

ν
α
, Γ = λ1uw and Ec =

u2w
(Tw−T∞)cp

.
λ = 1 signifies the Newtonian fluid case whereas λ < 1 and λ > 1 correspond to dilatant and pseudo-plastic fluid

respectively.
The boundary conditions in non-dimensional form are

f (0) = 0, f ′ (0) = 1, θ (0) = 0,

f ′ (∞) → 0, θ (∞) → 0. (10)

The physical quantity of interest Nux is defined as follows:

Nux =
xqw

k(Tw − T∞)
,

where qw = −k
(
∂T
∂y

)
y=0

is the heat flux from the sheet.
The reduced Nusselt number (Nux) in dimensionless form is:

NuxRe−1/2
x = −θ ′ (0) .

NuxRe−1/2
x = − (1 + R) θ ′ (0) .
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Fig. 4. Effect of Ec on θ (η).

Fig. 5. Effect of Pr on θ (η).

3. Numerical method

The nonlinear coupled system of expressions (8) and (9) having conditions (10) are tackled through numerical
procedure known as Runge–Kutta based shooting scheme. Firstly, the set of Eqs. (8) and (9) are reframed to first-order
differential expression by the implication of following scheme:

f = y1,f ′
= y2,f ′′

= y3,

f ′′′
=

g2
+ γ 2

g2 + λγ 2

[
1
3
y22 −

2
3
y1y3 + My2

]
, (11)

θ = y4,θ ′
= y5,

θ ′′
=

1
(1 + PrΓ ηy21)

[
−

2
3
Pr y1y5 − PrΓ y1y2y5 − EcMy22

]
(12)
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Fig. 6. Effect of Γ on θ (η).

Fig. 7. Effect of λ on f ′ (η).

with the corresponding boundary conditions:

y1 = 0, y2 = 1, y4 = 0 at η = 0,

y2 = 1, y4 = 0 as η → ∞. (13)

To express the results of (11) and (12), we adopt the values of y3, y5 which are missing initial conditions. When we
found all the initial conditions, then the solutions of (11) and (12) are communicated by the integration with the help of
Runge–Kutta fourth-order scheme. Here, we fixed the step length 0.01 of successive iteration.

4. Graphical representation

This section is built to demonstrate the impacts of magnetic parameter, Bingham number, Reiner–Philippoff fluid
constraint, Prandtl and Eckert numbers on velocity (stream wise), Nusselt number and temperature. The system of
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Fig. 8. Effect of λ on θ (η).

Fig. 9. Effect of γ on f ′ (η).

differential expressions (7)–(9) under the condition (10) are elaborated by the implication of Runge–Kutta procedure
combined with shooting scheme.

The effect of M on f (η) and θ (η) for pseudoplastic liquid, dilatant fluid and Newtonian fluid are demonstrated through
Figs. 2 and 3. From Fig. 2, it is evident that f ′(η) field and compactness of momentum layer shrinkage for exaggerated
values of M in all three cases. This is for the Lorentz force which incremented for larger M . As a result, the escalations
of Lorentz force create more drag to the motion of the Reiner–Philippoff fluid and nanoparticle. Furthermore, λ = 1
represents the Newtonian fluid whereas λ < 1 and λ > 1 correspond to the dilatant and pseudo-plastic fluid, respectively.
From this Fig., it is observed that the pseudo plastic fluid dominant over dilatant fluid and Newtonian fluid when the values
M are enhanced. Fig. 3 shows the opposite trend to Fig. 2.

Fig. 4 shows the behavior of Ec relative to the θ (η) field for all three cases. Here, we observed that the fluid temperature
and interrelated layer of thickness are enhanced for augmenting values of Ec. Basically, the existence of viscous heating
in energy expression acts like an internal heat agent. Hence, the thermal energy increases in the fluid. Furthermore, rising
of heat transfer is more in pseudo plastic fluid and followed by Newtonian fluid and dilatant fluid. The impact of Pr on
θ (η) for three cases is explained in Fig. 5. It is evident that the raising value of Pr diminish in temperature profile in
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Fig. 10. Effect of γ on θ (η).

Fig. 11. Effect of Γ versus Pr on Nux .

all three cases. Lower Pr refers to weaker thermal-diffusion and structure of momentum-layer is thicker. Therefore, heat
from sheer can drawn-out faster than the advanced values of Pr . Here, heat transport reduction is more in dilatant fluid
then that of pseudo plastic fluid and Newtonian fluid. Fluctuation in θ (η) via Γ is depicted in Fig. 6. This Fig. illustrates
that the higher γ leads to stronger θ (η) and its joint layer of thickness. For Γ = 0, heat transport through the whole
material is higher and this represents the case of Fourier’s law.

Consequence of λ on f ′ (η) and θ (η) fields are captured in Figs. 7 and 8 for pseudoplastic, dilatant and Newtonian
fluids cases. This Fig. conveys that higher estimation of λ enriches the f ′ (η) and θ (η) fields in pseudo plastic, dilatant and
Newtonian fluids cases. Furthermore, its interrelated thickness of layer also enhanced with rising values of λ. Furthermore,
λ = 1 represents the case of Newtonian fluid whereas λ < 1 and λ > 1 correspond to the dilatant and pseudo-plastic
fluid, respectively. From this Fig., it is observed that the pseudoplastic fluid dominant over Newtonian and dilatant fluids
in both f ′ (η) and θ (η) fields.

The variations of γ on f ′(η) and θ (η) are sketched for dilatant, pseudoplastic and Newtonian fluid cases (see Figs. 9
and 10). The larger γ scale back f ′(η) and θ (η) fields. Correspondingly, its linked thickness of boundary-layer also reduces
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Fig. 12. Effect of Ec versus M on Nux .

Fig. 13. Effect of γ versus Pr on Nux .

for larger γ . From these Figs., it is clear that the reduction of heat transport is dominant in dilatant fluid as comparative
to other fluids.

Fluctuation in NuxRe
−1/2
x via Γ and Pr for three cases is reported in Fig. 11. The enlarging values of Γ and Pr lead

an enhancement in NuxRe
−1/2
x for all three cases. Further, the rate of heat transportation is more in dilatant fluid as

comparison to other fluids. Effect of strength of M and Ec parameter on NuxRe
−1/2
x are addressed for pseudoplastic,

dilatant and Newtonian fluids (see Fig. 12). The incrementing values of M and Ec decays the NuxRe
−1/2
x . Fig. 13 is sketched

to interrogate NuxRe
−1/2
x for contrasting values of Pr and γ for three different cases. It conveys that due to the rise in

Pr and γ enhances the NuxRe
−1/2
x . Further, we observed that the enhancement in NuxRe

−1/2
x is more for dilatant fluid

when compared to pseudoplastic and Newtonian fluids. Furthermore, we conclude that the dilatant fluid is better heat
transporter than Newtonian and pseudo plastic fluids. Figs. 14 and 15 show the outcome of λ on streamline flow for
pseudoplastic, dilatant and Newtonian fluids. It is perceived that the impact of pseudo plastic fluid, dilatant and Newtonian
fluids are high contrasted for lower M(= 0.5) when treated to higher M(= 1 & 2). The streamline dynamics more
contrasted in dilatant fluid then that of pseudo plastic fluid and Newtonian fluid.
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Fig. 14(a). Streamlines for M = 0.5, γ = 0.5 when λ = 0.5.

Fig. 14(b). Streamlines for M = 0.5, γ = 0.5 when λ = 1.0.

Table 1 presents the values of NuxRe
−1/2
x for distinct values of arising constraints. The values of NuxRe

−1/2
x scale back

for pseudoplastic, dilatant and Newtonian fluids for booming values of γ . Further, NuxRe
−1/2
x enhances in pseudoplastic,

dilatant and Newtonian fluids for rising values of M, Pr,Γ and Ec. Furthermore, NuxRe
−1/2
x is more enhanced in

pseudoplastic fluid when compared to Newtonian and dilatant fluids.
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Fig. 14(c). Streamlines for M = 0.5, γ = 0.5 when λ = 1.5.

Fig. 15(a). Streamlines for M = 2.0, γ = 2.0 when λ = 0.5.

5. Final remarks

This research examines the C–C heat flux phenomenon on R–P fluid through a transverse magnetic field. The numerical
solution expressions are established for the governing problems. The nature of involving constraints on temperature and
velocity is exploited through tabular data and graphs. The concluding remarks are mentioned below:
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Fig. 15(b). Streamlines for M = 2.0, γ = 2.0 when λ = 1.0.

Fig. 15(c). Streamlines for M = 2.0, γ = 2.0 when λ = 1.5.

• Reduction of heat transfer in NuxRe
−1/2
x is more in pseudo plastic fluid when caper to other fluid.

• f ′(η) scale back for higher estimation of M .
• θ (η) rises for rising values of M
• Compactness of momentum layer shrinkage for exaggerated values of λ in all three cases.
• Higher estimation of Ec enriches the θ (η).
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Table 1
Representation of the values of Nusselt number for distinct parameters in three different fluids.

γ M Pr Γ Ec NuxRe
−1/2
x

Dilatant fluid
λ = 0.5

Newtonian fluid
λ = 1.0

Pseudo-plastic fluid
λ = 1.5

0.1 0.036508 0.037901 0.042066
0.2 0.034141 0.037821 0.041012
0.3 0.032425 0.037751 0.039226

0.5 0.030747 0.037921 0.042944
1.0 0.052616 0.065579 0.074850
1.5 0.070271 0.088215 0.101171

1.0 0.033431 0.042438 0.048947
1.5 0.032722 0.041124 0.047106
2.0 0.032012 0.039911 0.045488

0.1 0.030476 0.037413 0.042268
0.2 0.030313 0.037174 0.042003
0.3 0.030217 0.037052 0.041884

0.1 0.015373 0.018961 0.064416
0.2 0.030747 0.037921 0.042944
0.3 0.046120 0.056882 0.021472

• The behavior of pseudoplastic, dilatant and Newtonian fluids is high contrasted for lower M .
• Compactness of thermal layer decays for larger Pr and Γ .
• For higher γ demises the f ′(η) and θ (η) field.
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