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A B S T R A C T

In this work, the role of various configurations of wavy circular heater and nanoparticles on convective heat
transfer inside an enclosure having a wavy circular heater is explored. Various configurations of the inner wavy
heater are considered. Numerical solutions of dimensionless governing equations are obtained via a hybrid
method called Control Volume Finite Element Method (CVFEM). The influence of active parameters e.g. un-
dulation number, wavy contraction ratio and so on is perused on convective heat transfer. According to the
outcomes, it was found that the configuration of the wavy heater plays a crucial role in controlling the con-
vective flow characteristic and the heat transfer rate within the enclosure. Hence, the present study can be a
useful source for the manufactures of heated elements.

1. Introduction

As one of the main heat transfer modes, natural convection heat
transfer is a significant mechanism in diverse engineering systems.
Using conventional working fluid in these systems can be one of the
primary obstacles to enhancement heat transfer rate. In order to address
this issue, researchers have proposed a new type of fluid called “na-
nofluid” by adding nanoscale metallic particles to normal fluids.
Nanofluids have greater thermal conductivity than normal fluids. This
combination has attracted much attention from researchers. Dogonchi
and Ganji [1] considered thermal radiation influence on steady-state
heat transfer of water-based magneto-hydrodynamic nanofluid flow
among stretchable surfaces. Chamkha and Ismael [2] discussed the
magnetic field's impact on combined forced and natural convection
inside a trapezoidal cavity loaded with nanoliquid. Alsabery et al. [3]
have carried out combined natural and forced convection of nanofluid
within a double lid-driven enclosure. Ghalambaz et al. [4] perused the

phase-change heat transfer within an enclosure in the presence of na-
noparticles. Ellahi et al. [5] studied the aggregation influence on na-
nofluid over a porous wedge in combined natural and forced convec-
tion. Dogonchi et al. [6] conducted the thermal radiation's impact on
Go-water nanofluid. A numerical investigation using the shooting
technique was considered by Rashidi et al. [7]. They investigated the
influence of buoyancy on magnetic nanoliquid above an expanded
surface. The flow of magnetic nanofluid among parallel surfaces taking
into consideration thermal radiation and modified Fourier's law impacts
is examined by Dogonchi and Ganji [8]. Bhatti and Rashidi [9] explored
the thermo-diffusion's impact on Williamson nanoliquid over a pene-
trable stretching/shrinking sheet. The entropy generation analysis for
nanoliquid over an expanding penetrable plate was perused by Abol-
bashari et al. [10]. Kameswaran et al. [11] perused the influence of
heterogeneous-homogeneous reactions on a fluid flow over a porous
expanded plate subject to nanoparticles. Hayat et al. [12] inspected
nanoliquid by a penetrable plate subject to conditions of convection.
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Hayat et al. [13] perused nanoliquid subject to heterogeneous-homo-
geneous reactions.

Also, numerous investigations have been accomplished on natural

convection inside cavities in its various forms and configurations using
normal fluid or nanofluid due to its wide applications in various
thermal systems. Bararnia et al. [14] investigated the nanofluid natural

Nomenclature

A Amplitude of undulation
Pr Prandtl number
k Thermal conductivity (W/mK)
m Shape factor of nanoparticles
N Undulation number
Nu Nusselt number
T Temperature (K)
Cp Specific heat (J/kgK)
Ra Rayleigh number
x, y Coordinates
X, Y Non-dimensional coordinates
u, v Velocity components in x and y directions, respectively

(m/s)
U, V non-dimensional velocity components

Greek symbols

θ Non-dimensional temperature

ψ Stream function
β Thermal expansion coefficient (1/K)
ϕ Nanoparticles volume fraction
ω vorticity
ν Kinematic viscosity
ζ Rotation angle
ρ Density (kg/m)
Ψ Non-dimensional stream function
μ Dynamic viscosity
Ω Non-dimensional vorticity

Subscripts

f Base fluid
s Solid nanoparticles
nf Nanofluid
avg Average
loc Local

Fig. 1. Graphical Representation of the Geometry.
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convection in a segmented enclosure. Tayebi and Chamkha [15,16]
perused natural convection within an annulus amid two circular and
elliptic cylinders loaded with hybrid nanofluids. Hatami et al. [17]
examined convective heat transfer of fluid flow within a circular en-
closure subject to nanofluid. Mahian et al. [18] have analyzed entropy
generation for magnetic nanofluid within an enclosure. Free convection
of nanoliquid filling a triangular enclosure with semi-circular heater

was perused by Dogonchi et al. [19]. Entropy generation of MHD free
convection inside a cavity loaded with hybrid nanofluids and having a
wavy conducting block has perused by Tayebi and Chamkha [20].
Magnetic natural convection inside an enclosure subject to nano-
particles and porous medium has been perused by Bondareva et al.
[21]. Entropy production of natural convective for hybrid nanoliquid
flow within an annular zone amid cylinders has been explored by
Tayebi and Öztop. [22]. The enhancement of the convective flow in
cavities using nano-encapsulated phase change materials is investigated
by Ghalambaz et al. [23,24] and Hajjar et al. [25]. Mehran et al. [26]
have numerically investigated the effect of employing combined na-
noliquid on the mixed convective heat transfer inside a square en-
closure with a hot oscillating cylinder. Ghalambaz et al. [27–29] have
examined the improvement of the conjugate heat transfer in cavities
using combined nanoliquid as working fluids. Conjugate free convec-
tion of nanoliquids-filled enclosures by using Buongiorno's tow phase
model under local thermal non-equilibrium (LTNE) model of the porous
medium is considered by Mehryan et al. [30] and Tahmasebi et al. [31].

Despite a number of investigations on natural convection in en-
closures, this reported short review describes that it is still worth ear-
marking more consideration to the natural convection issues inside
enclosures applying nanoliquid. Natural convection within an annulus
among a square cavity and a wavy circular cylinder has previously been
explored [32]. However, the role of various arrangements of the wavy
circular heater on convective heat transfer within such annulus has not
yet been investigated to the best of found knowledge. Therefore, to fill
this gap this work focuses on the influence of various configurations of a
wavy circular heater on natural convection within an enclosure. The
effective parameters' influence such as wavy contraction ratio and un-
dulation number on heat transfer characteristics are examined.

2. Problem description

Natural convection within an enclosure containing a wavy heater
filled with nanofluid is examined. The mixture employed is assumed to
be Newtonian, and the flow is incompressible and laminar. The regular
fluid (water) and the solid nanoparticles (Copper) in various shapes are
in thermal equilibrium.

Various configurations of the inner wavy heater as portrayed in
Fig. 1 are considered. The wavy heater allows the following pattern:

= +r r A Ncos( ( ))in (1)

where A, rin, N and r are amplitude, base circle radius, undulation
number and true inner wall respectively. ζ depicts rotation angle.

According to aforesaid suppositions and Boussinesq approximation
governing equations can be represented as:

Table 1
Shape factor values for various nanoparticle shapes [35,36].

Particle Shapes Spherical Cylinder Platelet

m 3 4.8 5.7

Table 2
Thermo-physical properties of water and nano particles [36,37].

ρ (kg/m3) CP (J/kgK) k (W/mK)

Copper (Cu) 8933 385 401
Pure water 997.1 4179 0.6

Table 3
Impact of grid size on Nuavg when Ra = 105,
A = 0.2, N = 12, ϕ = 0.04 and m = 3.

Grid dimension Nuavg

31 × 461 1.865345
41 × 621 1.986144
51 × 781 2.031135
61 × 941 2.041329

Table 4
Comparison between present results and other works for Nuavg.

Ra Present work Khanafer et al. [44] De Vahl Davis [45]

103 1.1307 1.118 1.118
104 2.2674 2.245 2.243
105 4.5851 4.522 4.519
106 8.8341 8.826 8.799
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(ρβ)nf, (ρCp)nf, ρnf, μnf [33] and knf [34] are stated as follows:
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where m indicates the shape factor. Tables 1 and 2 portray the diverse
values of m and the thermo-physical features of nanofluid, respectively
[35–37].

The ω and ψ are expressed as follows:
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Fig. 2. Streamlines and isotherms for different values of Ra when N = 4, A = 0.1, ϕ = 2% and m = 3.
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We define dimensionless parameters as follows:
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Considering aforesaid dimensionless parameters, governing

equations change to the following form:
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Fig. 3. Streamlines and isotherms for different values of Ra when N = 4, A = 0.15, ϕ = 2% and m = 3.
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2
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The boundary conditions are as:

= 1, on wavy heater (16)

= 0, on enclosure

= 0, on all walls

where Pr and Ra depict the Prandtl number and Rayleigh number,

respectively.
The local Nusselt number, Nuloc. and the mean Nusselt number,

Nuave. along the outer cold surface can be defined as:

=Nu
k
k nloc

nf

f
.

(17)

=Nu
S

Nu ds1
ave

S
loc. 0 . (18)

Fig. 4. Streamlines and isotherms for different values of Ra when N = 4, A = 0.2, ϕ = 2% and m = 3.
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3. Numerical procedure and validation

The Eqs. (13)–(16) are solved with Control Volume Finite Element
Method (CVFEM) [38–43]. To ensure mesh independence, the Nuave. is
acquired for diverse mesh sizes (See Table 3). For the current study, the
grid of 51 × 781 must be selected. Plus, the current code is validated
with other numerical studies reported in the literature, [44,45] for
natural convection in an air-filled square cavity subject to horizontal
temperature gradient at various Rayleigh numbers. The comparison is
shown in Table 4.

4. Results and discussion

The role of various configurations of the wavy circular heater
(A = 0.1, 0.15, 0.2 and N = 4, 8, 12), volume fraction of nanofluid (ϕ
=0, 0.02 and 0.04), Rayleigh number (Ra = 103, 104 and 105), and
shape factor of nanoparticles (m = 3, 4.8 and 5.7) on convective heat
transfer inside an enclosure having a wavy circular heater is explored.
The Prandtl number is fixed at 6.2.

Fig. 2 illustrates streamlines and isotherms of water-based spherical
copper (Cu) nanoparticles (m= 3) for diverse values of Ra at ϕ = 2%,

Fig. 5. Streamlines and isotherms for different values of Ra when N = 8, A = 0.1, ϕ = 2% and m = 3.
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N = 4 and A = 0.1. These figures show that the structure of the flow is
bi-cellular. The median fictitious vertical plane separates a right vortex
turning clockwise from a left vortex turning counterclockwise. The fluid
particles go atop owing to buoyancy forces along inner wall and next
fall to the adjacency of outer wall. At Ra= 103, the isothermal lines are
nearly parallel and concentric curves that follow the profiles of the wall
and the stream function's value is so small. We can say that at this stage
conduction is the main mechanism of heat transfer compared to con-
vection. The temperature distribution is descending simply from the hot

wall to the cold one. As the Rayleigh number increases, isotherms de-
form substantially and symmetrically with reference to fictitious ver-
tical plane and a thermal plume becomes visible above the inner sur-
face. The direction of the isotherms' deformation is in adaptation with
the direction of streamlines' rotation. Indeed, in laminar regime flow,
under the action of the movement of the particles which take off from
the inner wall at the axis of symmetry, the isothermal lines “arch” and
move away from the wall in this region. The values of the stream
function mentioned in the same figure also increase substantially which

Fig. 6. Streamlines and isotherms for different values of Ra when N = 8, A = 0.15, ϕ = 2% and m = 3.
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indicates the dominance of convective heat transfer. In addition, at high
Ra (105), the main rotating cells deform from an oval shape and move
atop owing to the buoyancy force. We also note a phenomenon, which
is placed in the lower part of the annulus where the fluid is practically
immobile, inert and stable.

It can be seen from a comprehensive comparison between figures
from 2 to 10 that at fixed Ra, increasing of wavy contraction ratio de-
creases the flow strength, as indicated from values of |Ψmax|nf except at
smaller value of N, where the flow strength is increased by ascending A.

This can be expressed by the fact that the contraction of the wave, at
N= 4, causes to larger space for the flow to circulate. While above this
value (N > 4), the decrease in the flow strength is mainly owing to the
obstruction of the fluid flow by the presence of waves.

Moreover, a comparison between the figures according to the un-
dulation number shows that the presence of waves has an impact on the
geometric shape of the flow cells, also on the distribution of isotherms
near the corrugated walls. In general, the flow intensity decreases by
increasing N, with noting the appearance of a bifurcation area giving

Fig. 7. Streamlines and isotherms for different values of Ra when N = 8, A = 0.2, ϕ = 2% and m = 3.
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rise to two extra cells rotating in the contrary side of neighbouring
primary cell for N > 4 at high Rayleigh number (see Figs. 5 to 10 at
Ra = 105).

Figs. 11 depicts the distribution of Nuloc. on the outer wall of an-
nulus filled with water-based suspensions of 2% spherical copper

nanoparticles (m = 3) for diverse values of A at each Ra and N sepa-
rately. This figure illustrates that the distribution of Nuloc on the outer
wall is non-uniform where we perceive peaks that related to utmost
heat transfer rates, which are generated at zones of a high temperature
gradient. At fixed A, it is realized that utmost local heat transfer rates

Fig. 8. Streamlines and isotherms for different values of Ra when N = 12, A = 0.1, ϕ = 2% and m = 3.
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boost by boosting Ra and less important by ascending N due to the
increase in the exchange surface of the hot wall. Moreover, for a given
N, it is discerned that the wavy contraction ratio influences utmost
amounts of Nusselt where these amounts boost with A particularly at
low Ra where the prevailing heat transfer mode is conduction.

Fig. 12 displays the alteration of Nuave with Ra for diverse values of
A at each value of N separately. As expected, results show that, for a
given value of N and whatever is A, Nuave grows by growing the Ra. It is
realized that for a fixed value of N the augmenting in the contraction
ratio of waves positively affects the heat transfer rate at low Ra and

Fig. 9. Streamlines and isotherms for different values of Ra when N = 12, A = 0.15, ϕ = 2% and m = 3.
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negatively affects it at high Rayleigh. This is because the increment in A
causes a reduction of flow by convection as reported above.

The distribution of local Nusselt for variant values of N and m in
Fig. 13 shows that the influence of particles concentration, ϕ on the
values of Nuloc is more significant than their shape factor, m. Therefore,

the alteration of the Nuave in the same figure indicates that it increases
linearly and continuously as the particle's concentration increases. For a
fixed ϕ, augmenting in the shape factor causes Nuave to increase and this
increase is more pronounced for the higher of ϕ.

Fig. 10. Streamlines and isotherms for different values of Ra when N = 12, A = 0.2, ϕ = 2% and m = 3.
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5. Conclusions

In the present study, the impact of Rayleigh number, Ra, undulation
number, N and its amplitude, A of the wavy circular heater, con-
centration in volume of nanoparticles, ϕ , and shape factor of nano-
particles, m on natural convective heat transfer inside an enclosure
having a wavy circular heater is explored. Some significant conclusions
from this work are given below:

• For all Rayleigh number, isotherms and streamlines are symmetric
with reference to the medial fictitious vertical plane of the annulus;
• It was noted a multicellular flow regime, which is specified by the
appearance of bifurcations in the upper section of the annular zone
at high Ra when the oscillation number is up to 8;
• At fixed A and N, it was perceived that heat transfer rate ascends by
ascending the Ra;
• Because the increase in N caused an increase in the exchange surface
and on the other hand a decrement in the fluid flow within the
annulus, therefore, we noted a slight increment in the global heat

transfer rate by ascending N.
• It was found that at fixed Ra, increasing of wavy contraction ratio, A
decreased the flow strength except at smaller value of N.
• for a fixed value of N the augmenting in the contraction ratio of
waves, A positively affects the heat transfer rate at low Ra and ne-
gatively affects it at high Rayleigh;
• It was shown that the influence of particles concentration, ϕ on the
heat transfer rate is more significant than their shape factor, m.
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