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This paper intends to analyze computationally the rareﬁed gaseous ﬂow and performance of heat transfer for a
steady-state laminar 2D free convection within tilted enclosures where the sided walls are of wavy shape. Lowpressure or rareﬁed ﬂows are ﬂows with Knudsen number greater than zero. These kinds of ﬂows are of incredible signiﬁcance in diﬀerent applications. Boussinesq estimation is adopted to represent the buoyancy effects. Grid independence tests are carried out to ensure accuracy. Moreover, the current code is veriﬁed with
numerical and experimental results existing in the literature. Flow and thermal ﬁelds for simulated cases are
presented. The outcome of this research indicates that there is a direct relationship between the average Nusselt
number and the Rayleigh number, and a converse relationship between the average Nusselt number and
Knudsen number. Additionally, the numerical simulations reveal that increasing the amplitude of the two-sided
wavy walls of the enclosure slightly mends the transfer of heat. Besides, it is determined that the tilt angle
slightly aﬀects the heat transfer performance of such ﬂows; and it is evident from the simulations that horizontal
or nearly horizontal orientations of such cavities give the maximum transfer of heat. Finally, a correlation
representing the relationship of the average Nusselt number in terms of all the examined parameters is introduced.

1. Introduction
Natural convection is a type of transfer of heat that has plenty of
applications [1]. For example, natural convection within enclosures
draws intensive attention from many researchers in a previous couple of
decades due to its wide industrial applications, for instance, thermal
storage systems, and solar collectors [2]. The studies of natural convection within enclosures can be classiﬁed according to the shape of the
geometry. Many authors investigated the natural convection within
regular and irregular cavities. For regular enclosure studies, Mansour
et al. [3] numerically inspected the laminar mixed convection cooling
in a square enclosure utilizing four distinct nanoﬂuids with a ﬁxed ﬂux
of heat at the base. Their ﬁndings showed that both of the ﬂuid temperature and circulations of the ﬂuid within the cavity decrease as the
nanoparticles' loading increases. Ismael et al. [4] numerically investigated the laminar convective ﬂow in a water ﬁlled lid-driven
square cavity. In their simulations, they deemed that the upper and
lower walls are isothermal but with dissimilar temperatures; however,

⁎

the lateral walls are considered adiabatic. They deemed the impact of
several factors on the transfer of heat performance within the cavity.
They concluded that the partial slip parameter aﬀects considerably the
transfer of heat, they revealed that there are critical values of such a
factor at which the heat transfer is reduced. Jamesahar et al. [5] conducted computationally by implementing the ﬁnite element technique
the solid-ﬂuid interaction for the unsteady incompressible free convection transfer of heat within a cavity that is partitioned into two subcavities by an elastic membrane. They considered a thin and elastic
membrane, in which its shape can be inﬂuenced by ﬂuid interaction.
They interpreted that utilizing the elastic membrane leads to better
transfer of heat in contrast to the case of using a solid membrane.
Ghalambaz et al. [6] numerically inspected the ﬂuid-structure interaction characterized by a ﬂuctuating elastic ﬁn connected to a hot sided
wall of an air-ﬁlled square enclosure. They deemed that the cavity sided
walls are heated with dissimilar temperatures whereas the horizontal
walls are reserved adiabatic. They disclosed that by increasing the dimensionless amplitude of the oscillating extending surface, a

Corresponding author at: Institute of Research and Development, Duy Tan University, Da Nang 550000, Viet Nam.
E-mail addresses: wael.alkouz@gju.edu.jo (W. Al-Kouz), khalid.saleem@uobasrah.edu.iq (K.B. Saleem), alichamkha@duytan.edu.vn (A. Chamkha).

https://doi.org/10.1016/j.icheatmasstransfer.2020.104719

Available online 30 June 2020
0735-1933/ © 2020 Elsevier Ltd. All rights reserved.

International Communications in Heat and Mass Transfer 116 (2020) 104719

W. Al-Kouz, et al.

Notations
A
Ah
Cp
cv
→
g
gx, gy
h
H
k
Kn
L
n

Nuavg
P
Q

qh″
R
Ra
T
u
v

x,y

Cartesian coordinates [m]

Greek symbols

Cavity side walls' amplitude [m]
Area of the hot wall [m2]
Speciﬁc heat at constant pressure [J kg−1 K−1]
Speciﬁc heat at constant volume (J kg−1 K−1)
Gravity vector
Gravity components [m s−2]
Average convection heat transfer coeﬃcient [W m−2 K-1]
Cavity height [m]
Thermal conductivity [W m−1 K−1]
Knudsen number
Cavity length [m]
Normal vector
Average Nusselt Number
Pressure [Pa]
Heat transfer [W]
Local heat ﬂux at the hot surface [W m−2]
Universal gas constant [J mol−1 K−1]
Rayleigh number, (gβ(TheTc)H3/αν)
Temperature [K]
Axial velocity [m s−1]
Vertical velocity [m s−1]

α
β
γ
λ
μ
ν
ϕ
ρ
σv
σT
θ

Thermal diﬀusivity [m2 s−1]
Thermal expansion coeﬃcient [K−1]
Speciﬁc weight [N m−3]
Molecular mean free path [m]
Dynamic viscosity [kg m−1 s−1]
Kinematic viscosity [m2 s−1]
Inclination angle [degrees]
Air density [kg m−3]
Momentum accommodation coeﬃcient
Thermal accommodation coeﬃcient
Dimensionless temperature

Subscript
c
cell
g
h
w

Cold
First cell from the wall
Gas
Hot
Wall

entropy production, Bejan number, and Nuavg. They indicated that as
the Ra increases, then both of the entropy production term and Nuavg
increases, but the entropy production caused by viscous eﬀects decreases. Moreover, Abu-Nada and Chamkha [13] accomplished a numerical solution for CuO–water nanoﬂuid occupying a cavity with a
moving lid and heated diﬀerentially through a lower wavy wall. They
assumed insulated cavity vertical walls while the upper and lower wavy
walls were preserved isothermal with variant temperatures. They considered the top wall to be moving at a constant speed. They proved that
the existence of nanoparticles produces substantial heat transmission
increment for all Richardson numbers and lower wall AR. In their study,
Chamkha et al. [14] numerically inspected the inﬂuence of a ﬁxed
magnetic ﬁeld on the free convection and irreversibility within a Cshaped cavity occupied by CuO-water nanoﬂuid. They utilized the
Brownian movement inﬂuence in evaluating the nanoﬂuid properties.
They investigated the impact of Ra, Hartman number, nano solid

considerable augmentation in heat transmission is attained described
by a higher Nusselt number (Nu). Moreover, Ghalambaz et al. [7] numerically analyzed the impact of dispersing hybrid nanoparticles on the
melting of phase-change materials within an enclosure. They presumed
that the cavity upper and lower walls are held isothermal with unequal
temperatures and the cavity lateral walls are insulated. They clariﬁed
that for large Fourier numbers, increasing each of the concentration of
the nanoparticles, conductivity, and viscosity parameters result in
substantial changes in the solid-liquid interface. In addition, Alsabery
et al. [8,9] numerically examined and investigated the inﬂuence of the
two-phase ﬂow within square cavities with the presence of corner
heaters and solid blocks. At ﬁrst, they considered a cold isothermal top
horizontal wall, the heater is assumed isothermal and located nearby
the enclosure lower-left corner. Moreover, other cavity walls portions
are presumed to be adiabatic. Then, they maintained the top right
corner at a ﬁxed cold temperature, with the same isothermal heater
inserted at the enclosure lower-left corner, they also assumed all other
walls to be adiabatic. Their ﬁndings elucidated that both of the solid
block size and the thermal conductivity ratio signiﬁcantly inﬂuence the
transfer of heat inside a partly cooled and heated enclosure. In their
research, Ghalambaz et al. [10] adopted a numerical solution to the
conjugate free convection transfer of heat in enclosures packed with
porous medium along with partially active vertical walls. They utilized
the ﬁnite element technique to implement the non-dimensional equations and boundary conditions. Their ﬁndings proved that the active
walls position is essentially inﬂuence the streamlines and the isotherms
contours in the porous space and the isotherms in the solid walls. Also,
Saleem and Alshara [11] have recently investigated the free convection
in triangular-shaped cavities undergoing cold air stream from the
sidewalls, and subjected to a constant ﬂux of heat from the base. Their
investigations covered wide ranges of Reynolds number (Re), Rayleigh
number (Ra), inclination angle (ϕ), and aspect ratio (AR). They clariﬁed
that the heat transmission amount has a proportional relationship with
Re, Ra, and AR, they also illustrated that the circulation of the ﬂuid is
reduced as ϕ increases.
For studies that handled natural convection in irregular shape
cavities, Parvin and Chamkha [12] explored the heat transmission behavior and irreversibility production in odd-shaped cavities utilizing
Cu–water nanoﬂuid. Their studies focused mainly on the impact of
nanoparticles' loading and natural convection parameters on the overall

Fig. 1. Geometry and imposed boundary conditions.
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Table 3
Code veriﬁcation with [45].

Table 1
Grid sensitivity analysis.
Mesh size

Nu

1
2
3
4
5
6

20 × 20
40 × 40
60 × 60
80 × 80
100 × 100
120 × 120

0.9632
1.0098
1.0193
1.0215
1.0215
1.0215

Fig. 3. Variations of Vy over the horizontal centerline for the case where
Ra = 103, ϕ = 0o, Kn = 0.01, and A = 0.15 m for diﬀerent mesh sizes.
Table 2
Code veriﬁcation with [37].
Ra
3

10
104
105
106

Nuavg [37]

Nuavg obtained from the code

Relative error (%)

1.0789
1.4225
3.6916
6.0599

1.0802
1.4237
3.6947
6.0604

1.2 × 10−3
8.44 × 10−4
8.4 × 10−4
8.25 × 10−4

Nuavg [45]

Nuavg obtained from the code

Relative error (%)

0°
45°
90°

6.491
7.522
6.457

6.497
7.528
6.461

9.2 × 10−4
7.98 × 10−4
6.19 × 10−4

particle loadings, and the AR. Their ﬁndings showed that the convective
ﬂow improves by nanoparticle loading and the last alternatively augments the irreversibility production rate, while the exerted magnetic
ﬁeld can smother each of the natural convection and the entropy production rate. Moreover, Sheikholeslami and Chamkha [15] studied the
impact of a changeable magnetic ﬁeld on an enclosure that has a movable lid from both sides with a sinusoidal hot wall. They considered
the inﬂuence of both ferrohydrodynamics and magneto-hydrodynamics
into their simulations. They conﬁrmed that an improvement in heat
transfer occurs by increasing both Hartmann and Re and decreasing the
magnetic number. In addition, Alsabery et al. [16] numerically examined ﬂow and heat transmission performance of non-Newtonian laminar transient nanoﬂuid inside a trapezoidal enclosure along with
sinusoidal boundary conditions applied at the lateral walls and adiabatic boundary conditions for the upper and lower walls. They investigated the dispersing of Ag, Al2O3, and TiO2 nanoparticles into the
water-based ﬂuid on the heat transfer attributes. Their ﬁndings clariﬁed
that by dissolving such particles, better heat transfer is gained. In addition, they found that greater transfer of heat improvements are
achieved by higher ϕ of the oblique wall. Also, Alsabery et al. [17]
inspected the transfer of heat and production of entropy in a porous
wavy enclosure heated from lower and encompassing a thick revolving
cylinder. They deemed that the bottom wall is engaged with an isothermal heater, while the side wavy walls are isothermal with an imposed cold temperature, and the horizontal cavity walls are maintained
adiabatic. Their ﬁndings conﬁrmed that the ﬂow was controlled by
either of the cylinder rotational trend or the angular rotational velocity.
Additionally, they conﬁrmed that as the porosity of the medium augments, the transfer of heat enhances. Moreover, Alsabery et al. [18]
numerically conducted the transient ﬂow and the transmission of heat
in diﬀerentially heated inclined enclosures with an elastic ﬂuctuating
heat-conducting ﬁn attached to the lower adiabatic wall. Their results
exposed an important inﬂuence of the elastic ﬂuctuating ﬁn on the ﬂow
of the ﬂuid and heat transmission within the enclosure. Armaghani
et al. [19] aim in their study to inspect the inﬂuences of a localized
heating source on the transfer of heat and irreversibility production for
Ag-water nanoﬂuid ﬁlled a tilted open L-shaped enclosure. They veriﬁed that the heat transmission enhances as ϕ augments. Moreover, the
inﬂuence of an inner solid cylinder on the transient heat transmission of
alumina- water nanoﬂuid inside a diﬀerentially heated enclosure in
which the vertical walls are presumed to be moving with an imposed
isothermal boundary conditions and the horizontal walls are set to be
adiabatic with a wavy shaped upper wall is numerically investigated by
Alsabery et al. [20]. They came up with a conclusion that the characteristics of the internal cylinder, the wavy proﬁle of the upper wall,
and the properties of nanoﬂuid have a substantial inﬂuence on the ﬂow
and heat transmission features. Additionally, Bahoosh et al. [21] numerically analyzed the natural convective heat transmission in tilted
walls square cavity with angles of 3 or 5 degrees. They found out that
for some situations, the heat transfer performance drops. However, they
were able to reach an increase of up to 7% in the performance of the
tilting cavity.
Due to the importance of rareﬁed ﬂow in several applications in
industry such as those found in microelectromechanical systems
(MEMS) devices [22]. Several studies investigated such ﬂows in various
conﬁgurations. For example, Gatsonis et al. [23–25] examined the
rareﬁed ﬂow of numerous gases into rectangular nanochannels under

Fig. 2. Sample of the mesh utilized in the runs.
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Fig. 4. Streamline contours for horizontal cavities, A = 0.05 m.

Moreover, they noticed that rareﬁcation has a deteriorating inﬂuence
on both Nuavg and friction factor. Besides, Alkhalidi et al. [29] numerically simulated the heat transmission and low pressure (rareﬁed)
gas ﬂow inside a conjugate cavity. Their simulations are conducted by
numerous cavity AR, ϕ, and conductivity ratios. They indicated that as
Kn augments, the transfer of heat within the cavity reduces. Al-Kouz
et al. [30,31] adopted a similarity solution to analyze the transfer of
heat in laminar rareﬁed ﬂow over a linearly vertical extended surface.
The surface is exposed to a temperature proﬁle with a power law. They
obtained the similarity variables and conditions for the boundary layer
equations. Their ﬁndings indicated that the velocity slip factor impacts
both the thermal and hydrodynamic trends of the ﬂow. Furthermore,
they proposed correlations for the skin friction coeﬃcient and Nuavg.
Also, Alkhalidi et al. [32] studied numerically ﬂuid movement and heat
transmission in microcavity heated from below under low-pressure
conditions. They investigated the impact of AR, Ra, and Kn on such
ﬂows. They elucidated that the impact of AR on the transfer of heat is
signiﬁcant at large Ra and when the AR is less 5. They also interpreted
that augmenting Kn decreases the transfer of heat. Al-Kouz et al. [33]
inspected the transfer of heat in a laminar rareﬁed nanoﬂuid ﬂow

diﬀerent rarefaction conditions represented by a wide range of Kn, AR
and imposed pressures. They utilized the three-dimensional, unstructured, direct simulations Monte Carlo method as a solution procedure, where they utilized the macroscopic ﬂow variables to validate
their microscopic analysis. They analyzed and discussed deeply the
impact of Mach number, Re, and AR on the ﬂow and heat transmission
features. Al-Kouz et al. [26,27] did a numerical simulation to the convective ﬂow in the middle section between two concentric horizontal
cylinders under rareﬁcation conditions with and without integrated
solid extended surfaces to the internal cylinder. For the case with appended ﬁns to the inner cylinder, their results revealed that Nuavg depends inversely on Kn and directly on Ra. In addition, they clariﬁed that
a better heat transmission amount is obtained by increasing the conductivity ratio. While for no ﬁns case, they observed that increasing Kn
will decrease the heat transmission amount. In their paper, Alshare
et al. [28] inspected the developing low pressure (rareﬁed) gaseous
ﬂow and the transfer of heat through microchannels with wavy proﬁles.
Their simulations are conducted for diﬀerent wavy walls' amplitude
(A), and Kn is varied to cover the slip ﬂow regime. They veriﬁed that
increasing A causes an increment in the heat transmission amount.
4
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Fig. 5. Streamline contours for horizontal cavities, A = 0.15 m.

Finally, Alkhalidi et al. [37] implemented the ﬁnite volume technique
to examine the heat transmission under rareﬁcation conditions within
concaved cavities with adiabatic vertical walls, while other walls are
considered isothermal with diﬀerent temperatures. Their investigations
showed that Nuavg reduces as the AR and Kn augment. While Nuavg
augments as Ra increases. In addition, they clariﬁed that Nuavg augments as ϕ increases up to a certain critical angle and above this value,
Nuavg reduces. Finally, it is worth mentioning here that an innovative
computational technique is proposed in Mosavati et al. [38] for enclosures in which radiation is the governed mode of heat transfer. They
utilized the backward Monte Carlo method to propose the noniterative
inverse boundary design regularized solution. This solution is found to
be very eﬃcient and accurate. Moreover, this technique is used to solve
problems that involve combined radiation and convection heat transfer
in furnaces [39,40].
It is up to the authors' knowledge that the ﬂow behavior and heat

within pipes. They analyzed the impacts of wide ranges of Re, Prandtl
number (Pr), nano solid particles' loadings, Kn, and AR. They determined that the transfer of heat is enhanced by scattering Al2O3 nanoparticles in the main ﬂuid, and Nuavg depends mainly on Re and Pr.
Besides, Al-Kouz et al. [34–36] analyzed rareﬁed steady laminar convective ﬂow ﬁrstly in a tilted enclosure, and later in horizontal square
cavity utilizing air or air-Al2O3 nanoﬂuid with an integrated two solid
or porous ﬁns attached to the hot wall. They studied the impact of
several factors on the ﬂuid movement and heat transfer such as Kn and
Ra, ﬁns length and location, ﬁns porosity, conductivity ratio, ϕ, and
nanoparticles' loading. They clariﬁed that Nuavg increases as Ra increases. Moreover, they presented that the transfer of heat drops as Kn
augments. Moreover, they noted that integrating extended surfaces to
the hot wall and increasing the nanoparticles' loading will enhance the
heat transfer. Finally, in regards to the entropy generation; they conﬁrmed that Kn is inversely proportional to the total entropy generation.
5
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Fig. 6. Streamline contours for horizontal cavities, A = 0.25 m.

authors will work on in the near future.

transfer characteristics inside tilted wavy sided walls cavities with lowpressure gases as a working ﬂuid is not investigated. Therefore, this
research aims to push the envelope and to extend the knowledge of the
low-pressure (rareﬁed) gaseous ﬂow and heat transfer performance in
enclosures where the side walls are of wavy proﬁles. The governing
equations are solved with employing the ﬁnite volume technique.
Moreover, for buoyancy eﬀects the Boussinesq approximation is taken
into account. Pr is ﬁxed to 0.7. Impacts of Kn, ϕ, Ra, and A on the
performance of ﬂow and transfer of heat are analyzed. The considered
parameters scopes of the study are as follows: 0 ≤ Kn ≤ 0.1,
103 ≤ Ra ≤ 106, 0∘ ≤ ϕ ≤ 90∘ and 0 ≤ A ≤ 0.3 m.
The authors would like to point out that this work will open a line of
research as many other parameters and eﬀects can be investigated. For
instance, the impact of high Rayleigh numbers representing the transition to turbulent ﬂows, diﬀerentially heated walls, internal heat
generation, and internal heated objects on ﬂow behavior and heat
transfer features can be inspected and analyzed. Moreover, entropy
generation optimization for such ﬂows is another important topic that

2. Mathematical formulation
2.1. Governing equations
This research tackles the natural convection of rareﬁed ﬂow within
a two-sided wavy walls cavity, the ﬂow is considered steady and laminar with constant thermophysical properties. In order to account for
the buoyancy force, the Boussinesq approximation is utilized. Fig. 1
illustrates the geometry considered along with all of the boundary
conditions. This study treats the slip ﬂow condition in which both the
temperature jump and velocity slip at the walls are imposed. The lower
wall of cavity is set at a higher temperature of 301 K whereas the two
wavy-sided walls are set to cold temperature of 300 K. The upper wall is
assumed adiabatic. The cavity has a height (H), length (L), and the
wavy wall amplitude (A) which is varied to take the values of 0.05,
0.15, 0.25, and 0.3 m. The tilt angle of the cavity is (ϕ) and is varied
6
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Fig. 7. Streamline contours for horizontal cavities, A = 0.3 m.

between 0o and 90o.
To solve the described problem, the following governing equations
are applied [1]:
Continuity equation:

∂u
∂v
+
=0
∂x
∂y

and (gy = g cos (ϕ))
Energy equation:

∂T
∂T
∂ 2T
∂ 2T ⎤
+ v ⎞ = k⎡ 2 +
ρCp ⎛u
⎢
⎥
∂y ⎠
∂y 2 ⎦
⎝ ∂x
⎣ ∂x
⎜

x-momentum:
⎜

ρ=
(2)

where, (gx = g sin (ϕ))
y-momentum:
⎜

P
RT

(5)

Following [22,41,42], the following boundary conditions are imposed at the solid walls:

⎟

∂ 2v
∂ 2v
∂v
∂v
∂P
ρ ⎛u
+v ⎞=−
+ ρgy + μ ⎡ 2 + 2 ⎤
⎢
∂
∂
∂
∂
∂
x
y
y
x
y ⎥
⎝
⎠
⎣
⎦

(4)

The ﬂuid density is estimated by using the ideal gas law as an input,

(1)

∂u
∂u
∂P
∂ 2u
∂ 2u
+v ⎞=−
+ ρgx + μ ⎡ 2 + 2 ⎤
ρ ⎛u
⎢
⎥
∂y ⎠
∂x
∂y ⎦
⎝ ∂x
⎣ ∂x

⎟

2 − σv ⎞ ∂u
2 − σv ⎞
≈⎛
u w − ug = ⎛
λ
Kn (ug − ucell )
⎝ σv ⎠
⎝ σv ⎠ ∂n

(6a)

vg = 0

(6b)

⎜

⎟

(3)
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Fig. 8. Isotherms contours for horizontal cavities, A = 0.05 m.

Fourier's law is implemented at the hot surface such that:

2 − σT ⎞ 2γ k ∂T
2 − σT ⎞ 2γ k
Tw − Tg = ⎛
λ
≈⎛
Kn (Tg − Tcell )
σ
γ
+
1
μc
∂
n
T
v
⎝
⎠
⎝ σT ⎠ γ + 1 μc v
(6c)
⎜

⎟

⎜

⎟

qh″ = −k

In all simulations, σv and σT are ﬁxed to unity.
Knudsen number (Kn):

Kn =

λ
H

Q=

(7)

∫ qh″ dAh
Ah

h =

The cavity lower wall is set at:

while the upper wall is considered adiabatic.
If one deﬁnes the dimensionless temperature such that:

T − Tc ⎞
θ=⎛
⎝ Th − Tc ⎠

Q
(Th − Tc ) Ah

(12)

Finally, Nuavg is deﬁned as:

(8b)

T = Th

(11)

To calculate h at the hot wall, Eq. (12) is used:

(8a)

T = Tc

(10)

Then, by integrating Eq. (10), one can get the total heat transfer as
follows:

The following boundary condition is applied at the two-sided wavy
walls:

⎜

∂T
|h
∂n

Nuavg =

hL
k

(13)

2.2. Numerical solution

⎟

(9)

then for the cold walls, θ = 0 and for the hot lower wall, θ = 1.

For numerical solution purposes, a ﬁnite volume technique is
8
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Fig. 9. Isotherms contours for horizontal cavities, A = 0.15 m.

evaluated, and extra cells are added to the mesh only if the gradients
are larger than a set value. A grid independence test is conducted for
the case where Ra = 103, ϕ = 0o, Kn = 0.01 and A = 0.15 m, to see
the inﬂuence of the mesh size on the Nuavg recorded at the cavity
bottom wall. This test is done for various meshes (1 to 5) with diﬀerent
sizes as can be seen in Table 1. The table illustrates that the solution is
independent on mesh for a mesh size of 80 × 80 and larger. Additionally, another mesh independency test is carried out for the case
where Ra = 103, ϕ = 0o, Kn = 0.01, and A = 0.15 m; the centerline
vertical velocity (Vy) is recorded and plotted in Fig. 3 for diﬀerent
meshes (1–6 in Table. 1). The ﬁgure shows that the solution is independent on mesh for mesh size of 80 × 80 and higher. Therefore, this
mesh size is employed for the runs in the present study.

employed. To diﬀerentiate the convective terms, the governing equations are discretized utilizing a second-order hybrid accuracy scheme of
upwind and central diﬀerences. A mesh of 80 × 80 is used for all simulations after performing a grid independency test. The pressure ﬁeld
is evaluated based on PRESTO algorithm by implementing SIMPLE algorithm adopted from [43,44]. In all simulations, σv and σT are set to
one. The solution converges at the point where the maximum normalized absolute residual over all nodes is under 10−6.
2.3. Grid independency
In Fig. 2, the employed mesh type is illustrated. Initially, an increase
in the grid step size in both, the azimuthal and radial directions with
imposing expansion factors of 1.15 and 1.06 sequentially. After this, the
grid is altered where the velocity gradients close to the boundaries are
9
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Fig. 10. Isotherms contours for horizontal cavities, A = 0.25 m.

the lower and upper cavity walls were insulated, where
Ra = 4.85476 × 105. Table 3 illustrates a comparison between the
results of the Nuavg achieved from the code with those presented in [45]
at diﬀerent inclination angles. It is clear that the code is reliable with a
maximum error of less than 0.1%.

2.4. Code veriﬁcation
For the purpose of veriﬁcation, the outcomes extracted from the
current study are compared to the Alkhalidi et al. [37] results for the
case of a concaved cavity in which the ratio of the amplitude of the
lower concaved cavity to the height of the cavity is 0.25. The lower wall
is considered to be hot and the upper wall is cold while the side walls
are maintained adiabatic. Table 2 illustrates a comparison between the
Nuavg at the cold boundary attained by the present study and that
predicted by Alkhalidi et al. [37] at Ra = 103,104, 105, and 106. The
comparisons show an error of less than 0. 2%.
Additionally, the code is veriﬁed with the experimental results
presented in Baïri [45] for the case of an air ﬁlled a tilted square cavity
where the right wall is held at cold temperature and the left wall is kept
at high temperature with a temperature diﬀerence of 70 K. Moreover,

3. Results and discussion
Figs. 4 through 7 show the velocity stream function contours for a
horizontal cavity (i.e. ϕ = 0o) at Kn = 0.01, 0.05 and 0.1. Moreover, Ra
is varied between 103 and 106. Additionally, A = 0.05, 0.15, 0.25 and
0.3 m are considered. In general, the ﬁgures reveal that for streamlines,
two longitudinal symmetric cells disposed on both sides of the symmetrical vertical axis inside the cavity exist for all cases. The two vortices rotate in opposing directions where the cell on the left side rotate
10
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Fig. 11. Isotherms contours for horizontal cavities, A = 0.3 m.

contours decreases leading to less circulation inside the cavity, and
consequently less heat transfer as it will be discussed in the Figs. (8–11).
However, as Kn increases, the streamlines tend to stretch further in the
vertical direction ﬁlling the whole cavity. Finally, it can be revealed
from the ﬁgures when ﬁxing Kn and Ra with varying A, the intensity of
the streamline contours increases by increasing A leading to a slight
escalation in the ﬂow circulation intensity and hence a marginally enhanced transfer of heat is achieved. For the case of A = 0.3, it is worth
noting that extreme stretching of the streamlines occur whereby they
ﬁll the corrugations of the wavy walls.
Figs. 8 through 11 illustrate the dimensionless isotherms contours
for horizontal cavities at three distinct values of Kn (0.01, 0.05 and 0.1)
and Ra = 103, 104, 105 and 106 and various values of A. Looking at the
plots, one can observe that the isotherms patterns are observed in a way
that their intensity decrease next to the cold wavy walls of the cavity
while the patterns in the middle are of curvy shapes. Moreover, by

in the clockwise direction while the vortex on the right side rotates in
the counter clockwise direction. By observing the cases when A is kept
ﬁxed, it is obvious from the graphs that the ﬂow within the cavity
portrays two streamline cells at the lower cavity part resulting from the
low velocities that prevail in the cavity. Moreover, it is clear that as Ra
increases for the same value of Kn, the convection heat transfer eﬀect
increases which yields more buoyancy-induced ﬂow causing the intensity of the streamlines to augment leading to an increase in the
strength of the ﬂow circulation. In addition, it is evident that for a given
value of Kn, increasing the ﬂow recirculation inside the cavity as a
result of enlarging the Ra, cause the streamlines to stretch vertically
causing the core or vortex eye on each cavity side to widen and the
streamlines to become less symmetric on both sides of the cavity. In
addition, by ﬁxing Ra and inspecting the eﬀect of Kn on the velocity
streamline contours for a ﬁxed A of the wavy sided walls, it can be seen
from the plots that as Kn increases, the intensity of the streamlines
11
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Fig. 12. Streamlines (a) and isotherms (b) for the case where A = 0.15 m, Ra = 105 and Kn = 0.05.
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(symmetric for the case of ϕ = 0o), and three non-symmetric longitudinal cells for the case where ϕ = 30o. While for the other values of
ϕ, one transversal cell can be seen that it occupies most of the cavity.
Moreover, as ϕ augments, the intensity of the streamlines reduces. This
is mainly because of the buoyancy force direction which is in the vertical direction. For the isotherms, for the case of a horizontal cavity, the
ﬁgure reveals a symmetric behavior at both of the cavity sides. However, as ϕ increases, a non-symmetric and irregular distortion in the
isotherms is observed.
Fig. 13 elucidates Vy distribution over the horizontal cavity centerline (x) for various values of Kn at constant Ra = 105 and
A = 0.15 m. The ﬁgure shows that as Kn augments, the slip velocity at
the boundaries rises. Moreover, higher Kn values results in lower vertical velocities. This aﬀects the heat transfer resulting in lower values of
Nuavg.
In Fig. 14, the temperature θ distribution along the x-direction is

inspecting the contours, and for the cases of constant A and Kn but
diﬀerent Ra, it is found that as Ra increases; the intensity of the isotherms increases, as well as more distortion of the contours, is noticed,
this leads to a better-attained heat transfer. Additionally, it can be seen
from the graphs and for constant A and Ra that as Kn increases, less
distortion of the isotherms occurs as well as less intensity of the contours is observed, this is because of the temperature jump augmentation
at the boundaries; this elicits less transfer of heat. Finally, it is demonstrated in the plots that as A increases for constant Ra and Kn, the
intensity of the isotherm conﬁgurations next to the wavy walls decreases owing to the reduction of the temperature gradient of the
boundary layer and hence less transfer of heat is achieved.
Fig. 12 demonstrates the streamline contours and the dimensionless
isotherms for the cases where Ra = 105, Kn = 0.05, and A = 0.15 m for
distinct ϕ values. The ﬁgure shows that for ϕ = 0o and ϕ = 30o, the
streamlines appear mainly with two longitudinal cells inside the cavity
13
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plotted for diﬀerent values of Kn at the ﬁxed parametric values,
Ra = 105, A = 0.15 m, and ϕ = 0o. The ﬁgure reveals that as Kn
augments, the temperature jump at the boundaries augments. Also, the
ﬁgure elucidates that as Kn rises, the ﬂuid temperature θ decreases. This
gives a reduced transfer of heat and therefore, a lower Nuavg is
achieved.
Fig. 15 illustrates the alteration of Vy along the x-direction.
Kn = 0.05 and A = 0.15 m, while Ra is varied. The ﬁgure reveals that
as Ra increases, Vy near the walls increases; thus a better heat transfer is
achieved. Moreover, this behavior is also observed in the cavity middle
region. Additionally, for a low Ra value, Vy is almost constant indicating
that the principal mode for transfer of heat is conduction. Moreover, for
larger values of Ra, the Vy proﬁles tend to take curved shapes revealing
that the prevailing mode for transfer of heat is convection.
Variations of θ along the x-direction for Kn = 0.05, A = 0.15 m,
and various values of Ra are delineated in Fig. 16. The ﬁgure

demonstrates that as Ra increases, the temperature near the walls increases. Moreover, the plot displays that as Ra augments, the convection heat transfer becomes dominant.
The alterations of Nuavg with Kn for distinct Ra are illustrated in
Fig. 17. The ﬁgure conﬁrms that as Ra rises, then the value of Nuavg
increases at a ﬁxed value of Kn. In addition, it reveals that as Kn augments, then Nuavg decreases for the same value of Ra; the reason behind
this is the rarefaction eﬀects. Finally, the ﬁgure shows that for a high
value of Ra, the principal mode of heat transfer is convection while for a
low Ra value; the conduction mode of heat transfer dominates.
The variations of Nuavg with Kn and diﬀerent values of A are plotted
in Fig. 18 for Ra =105. The ﬁgure shows and for all cases that as Kn
increases, the value of Nuavg lessens. Moreover, it is concluded from the
ﬁgure that as A augments, the value of Nuavg increases for the same
value of Kn. In addition, one can notice that the enrichment in the heat
transfer is marginal as A increases.
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Fig. 19 illustrates the variation of the Nuavg with ϕ for the case as
Ra = 105 and Kn = 0.05. The ﬁgure reveals that the maximum value of
Nuavg occurs for horizontally or nearly horizontal cavities. After that, by
increasing ϕ, the value of Nuavg drops and it reaches its minimum value
at ϕ in the range of 30-40o. Then, a further increase in ϕ prompts an
increase in Nuavg but with lower values compared to the ﬁrst peak at a
nearly horizontal orientation of the cavity. This concludes that the best
scenario to utilize these cavities and get the best heat transfer is to
operate such cavities in horizontal or nearly horizontal orientations.
Finally, a correlation of Nuavg as a function of all examined parameters is introduced in Eq. (14). The R2 value of the correlation is 0.92.
This correlation is valid for all examined cases.
ϕπ

Nuavg = 0.036655 ×

4. Conclusions
Computational ﬂuid dynamics is used as a tool to investigate laminar steady-state rareﬁed gaseous ﬂows inside tilted cavities with two
wavy-sided walls. The eﬀects of Ra, Kn, A as well as ϕ on the ﬂow and
heat transfer features are stated and discussed. Below are the major
ﬁndings of this study:
1. It is found that Nuavg has a direct proportional relationship with Ra.
2. It is found that Nuavg has an opposite relationship with Kn, this is
mainly due to the rarefaction eﬀects.
3. It is found that the increase in A does not aﬀect the Nuavg much.
4. The numerical simulations revealed that to gain the supreme heat
transfer, one should operate such cavities in horizontal or nearly
horizontal orientations.
5. A correlation is proposed for Nuavg in terms of all the analyzed

‐0.00046

A0.027247 Ra0.150917 cos ⎡ 180 ⎤
⎣ ⎦
Kn0.50157

(14)
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parameters in the present study.
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