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A B S T R A C T

The energy transport intensification can be achieved by an addition of nanoparticles to the host liquid.
Simultaneously, a location of partial heating and the velocity of moving cavity surface can be control parameters
for the thermal transmission. The present research deals with a computational investigation of mixed convective
energy transport within a cubical chamber saturated by nanofluids, including the impacts of cold surface motion,
local heating, and central heat-conducting cylinder. The governing equations are written using the Buongiorno's
nanoliquid approach with the Boussinesq approximation in primitive dimensionless variables and are solved
numerically by the finite-element technique. An investigation of the nanoliquid circulation and energy transport
has resulted in an extensive range of control characteristics, namely, Reynolds number, Richardson number,
nanoparticle volume fraction, dimensionless radius of solid cylinder, dimensionless heat source length and the
dimensionless heat source position. It has been observed that a nonlinear impact of nanoparticles volume
fraction toward the energy transport strength for high Reynolds number exists. Whilst for low Reynolds number,
a growth of the nano-sized particles concentration leads to the energy transference strengthening. At the same
time, a rise of the inner cylinder size characterizes a diminution of the heat transport strength.

1. Introduction

Nowadays, a development of intensification methods for energy
transport in different devices is a major challenge in various industry
branches. Such rise of the thermal transmission can be achieved by an
addition of local heaters, moving surfaces, central solid bodies, and
solid nanoparticles. Taking into account the spatial character of thermal
phenomena in technical equipment, analysis of transport processes
within 3D objects should be more important and useful in comparison
with 2D analysis. It should be noted that some papers on 2D mixed
convection in a nanoliquid lid-driven cavity with and without internal
blocks have been published [1–4].

There are several published papers on energy transport control in
three-dimensional cavities. Thus, Kolsi et al. [5] have studied numeri-
cally thermogravitational convection combined with entropy produc-
tion within a cubical nanoliquid chamber with solid triangular blocks at

the cavity corners. The authors have used the vector potential function
and vorticity vector with the single-phase nanoliquid approach for
numerical analysis of flow and energy transport. It has been observed
that solid blocks allow controlling the thermal transmission within the
enclosure. Purusothaman et al. [6] have calculated the local heaters
and coolers influence on nanoliquid free convection inside a cubical
porous cavity. The single-phase nanoliquid approach with non-dimen-
sional primitive variables has been employed for analysis of heat and
mass transport. The energy transport intensification has been found
with nano-sized particles concentration and position of discrete hea-
ters/coolers. Computational investigation of the isothermal heater
shape located on the bottom surface of the cubical chamber has been
performed by Gibanov and Sheremet [7–9]. They have used the di-
mensionless non-primitive variables and shown that the shape and lo-
cation of the heater can be considered like a very good parameters to
manage the energy transport. Authors have also revealed that
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comparison between 2D and 3D data for the middle cross-section
characterizes a shift of the convective core and a rise of the temperature
drop with a tilted angle (α) of the heater inclined border. Authors have
shown that more efficient energy removal from the local heated ele-
ment can be reached for high Rayleigh numbers and trapezoidal shape
of the heater with α=71°. At the same time, the mean chamber tem-
perature augments with the heated element border inclination angle.
Zhou et al. [10] have developed the computational technique based on
the thermal lattice Boltzmann model for the solution to convective
energy transport within 3D regions using non-orthogonal grid and
special procedure for the boundary conditions analysis at irregular
borders. It has been found that the technique developed can be applied
for analysis of the convective phenomena in different 3D chambers.
Moreover, from the physical point of view, the authors have shown that
large Prandtl number fluids can suppress three-dimensional effects from
the cavity borders.

Numerical examination of mixed convection of a Bingham fluid in a
horizontal rectangular duct with various steps has been performed by
Danane et al. [11]. Using the commercial Fluent software, the authors
have studied the influences of the backward facing steps shape, Ri-
chardson number, and Bingham number on liquid motion and energy
transport. It has been ascertained that the recirculation zone and the
liquid velocity within the plug region can be reduced with the Bingham
number, while the intensive energy transference has been found for the
regime of natural convection in comparison with the forced convection
mode. Zhang et al. [12] have computationally investigated MHD
thermal convection combined with radiation in a 3D chamber. They
have developed a combination of spectral collocation technique and
artificial compressibility procedure. As a result, during an examination
of the considered physical phenomenon they have concluded that
thermal radiation intensifies the flow and energy transport, while
magnetic field has the opposite influence. A numerical study on 3D
natural convection of two stratified and immiscible fluids, namely,
nanofluid and air within an inclined volume has been conducted by
Salari et al. [13]. The developed computational code has been prepared

using the finite volume method with the SIMPLE procedure. Authors
have found that an introduction of nanoparticles intensifies the energy
transport, while the total volumetric entropy production reduces.
Zhuang and Zhu [14] have calculated Marangoni natural convection of
power-law nanosuspension in a porous cubical chamber. The governing
equations formulated using primitive variables with the Ostwald-De
Waele model and a single-phase nanoliquid approach have been solved
by the finite volume technique. It has been revealed that the entropy
generation increases with the power-law index and decreases with the
nano-sized particles volume fraction. Ghasemi and Siavashi [15] have
examined computationally MHD mixed convection of copper-water
nanoliquid in a cubical cavity having lid-driven borders. A numerical
analysis has been conducted using the lattice Boltzmann technique. The
developed computational code has been comprehensively verified. The
obtained results have shown that nanoadditives strengthen the energy
transport, while magnetic field suppresses the considered convective
phenomenon. Other interesting results on thermogravitational con-
vection of nanoliquid within three-dimensional enclosures can be found
in [16,17].

As it has been mentioned above, an inclusion of internal solid bodies
also allows managing the energy transport. Thus, Selimefendigil et al.
[18] have examined the nanoliquid circulation and energy transport
within a 3D chamber with elastic adiabatic walls and moving iso-
thermal horizontal surfaces under the influence of the central adiabatic
cylinder. The dimensionless primitive variables with finite element
technique have been employed for analysis. Authors have ascertained
the energy transport intensification with nanoparticles volume fraction.
An influence of the solid Ahmed body on free convective energy
transport and entropy production inside a cubical differentially-heated
nanoliquid enclosure has been analyzed by Al-Rashedet al. [19]. The
approach of single-phase nanoliquid, including non-primitive variables
has been applied during calculations. It has been revealed that a growth
of the nanoparticles can intensify the entropy production within the
chamber. The double-diffusive convective flow and energy transport
numerically analysed in a cubical cavity with vertical centrally-located

Nomenclature

Nomenclature

B dimensionless heat source position, B= b/L
Cp specific heat capacity
D dimensionless heat source length, D= d/L
DB Brownian diffusion coefficient
DB0 reference Brownian diffusion coefficient
df diameter of the base fluid molecule
dp diameter of the nanoparticle
DT thermophoretic diffusivity coefficient
DT0 reference thermophoretic diffusion coefficient
g gravitational acceleration
k thermal conductivity
Kr square wall to base fluid thermal conductivity ratio,

=K k k/r w nf
L width and height of enclosure
Le Lewis number
NBT ratio of Brownian to thermophoretic diffusivity
Nū average Nusselt number
Pr Prandtl number
R dimensionless solid cylinder radius, R= r/L
Re Reynolds number
ReB Brownian motion Reynolds number
Ri Richardson number, Ri=Gr/Re2

S dimensionless radius of the solid cylinder, S= s/L
T temperature

T0 reference temperature (310 K)
Tfr freezing point of the base fluid (273.15 K)
uB Brownian velocity of the nanoparticle
v, V velocity and dimensionless velocity vector
x, y, z & X, Y, Z space coordinates & dimensionless space co-

ordinates

Greek symbols

α thermal diffusivity
β thermal expansion coefficient
δ normalized temperature parameter
θ dimensionless temperature
μ dynamic viscosity
ν kinematic viscosity
ρ density
φ (φ*) solid volume fraction (normalized solid volume fraction)
ϕ average solid volume fraction

Subscript

c cold
f base fluid
h hot
nf nanofluid
p solid nanoparticles
s solid cylinder
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isothermal and isoconcentration block [20]. Vorticity and potential
functions vectors have been utilized for numerical description of the
examined phenomenon. Authors have ascertained that the buoyancy
ratio and Rayleigh number have a great influence on the energy and
mass transport. Moreover, the total entropy production rises with the
Rayleigh number and the column dimension. One of very interesting
and useful numerical techniques for solving 3D convection problems is
a usage of vector potential functions and vorticity vector. Such an ap-
proach has been developed earlier for 3D enclosures by [21–23]. Au-
thors [20] have shown that heat and mass transport combined with
entropy production are highly dependent on the buoyancy ratio, Ray-
leigh number and the heater size. Some interesting results on nanoli-
quid thermogravitational convection of nanoliquid within 3D electronic
cabinet with a heated central block have been obtained by Baïri
[24,25]. The engineering correlations have been obtained for the con-
trol parameters. Selimefendigil and Öztop [26] have computationally
examined nanoliquid free convection in a cubical chamber having in-
ternal T-shaped adiabatic body under the influence of thermoelectric
cooler. The finite element technique has been employed for numerical
analysis of governing equations formulated on the basis of a single-
phase nanoliquid approach with primitive variables. Authors have de-
monstrated the energy transport intensification with nano-sized solid
particles, while a rise of the hot wall inclination angle suppresses the
convective energy transport. Three-dimensional natural convection in a
cubical chamber with inner cold and hot horizontal cylinders has been
scrutinized numerically by Spizzichino et al. [27]. The second-order
finite volume technique with the SIMPLE procedure has been applied
for solving the basic equations formulated with the help of primitive
variables. The obtained results have presented that the distance be-
tween internal isothermal cylinders has an essential value owing to a
definition of the instability mechanisms managing the oscillatory mo-
tion.

According to the studies discussed above and to the authors’
knowledge, the mixed convection flow and heat transfer inside a 3D
cubical chamber including an internal solid cylinder by using the two-
phase nanofluid approach has not been designated before. Therefore, it
is concluded that such a study is original and valuable. The existing
investigation is applied through the computational investigation of
steady laminar mixed convection of nanoliquid within a cubical
chamber under the impact of internal centrally-placed solid circular
cylinder, moving vertical cold surface, nanoparticles Brownian diffu-
sion and thermophoresis. It should be noted that the analyzed problem
can be considered as a heat transfer performance analysis for the heat
exchanger or solar collector under the influence of smart working fluid
(nanofluid), local heater position and internal cylinder size. Also, this

domain of interest can be presented as an electronic cabinet with he-
ated element placed on the vertical surface under cooling influence
from the moving wall. All these problems are related with the in-
tensification of convective energy transport and development of heat
transfer control system. Therefore, the present work is devoted to the
optimization of passive control system for the energy transport and li-
quid circulation.

2. Mathematical formulation

Steady mixed convective heat transfer problem in a 3D cubical
chamber by length L and containing a central heat-conducting cylinder
of radius r is described in Fig. 1. The nanofluid flow remains in-
compressible and laminar as the range of Reynolds and Richardson
numbers, plus the Boussinesq approximation held into account. In the
centre of the chamber's left vertical surface, an isothermal heater by
length d is imposed. The vertical right surface is moving to the top, and
it is preserved at a cold fixed temperature Tc. Both of the remains of the
left wall and the horizontal surfaces are held adiabatic. The boundaries
from the cubical chamber are perceived to imply impermeable, while
the space within the cubic cavity and the heat-conducting cylinder is
saturated by water-Al2O3 nanofluid. According to the assumptions
mentioned above, the governing equations of Navier-Stokes and energy
equations in the vectorial form for the Newtonian fluid are explained by
the following:

∇ =v· 0, (1)

∇ = −∇ + ∇ ∇ + − →ρ p μ ρβ T T gv v v· ·( ) ( ) ( ) ,cnf nf nf (2)

∇ = −∇ ∇ − ∇ρC T k T C J Tv( ) · ·( ) · ,p p p pnf nf nf nf , nf (3)

∇ = − ∇φ
ρ

Jv· 1 · ,
p

p
(4)

where v shows the vector of the velocity, →g denotes the gravitational
acceleration's vector, φ means nanoparticles local volume fraction and
Jp denotes nanoparticles mass flux.

The temperature equation of the conductive inner block is:

∇ =T 0.s
2 (5)

According to Buongiorno's model, nanoparticles mass flux can be ad-
dressed as:

= +J J J ,p p B p T, , (6)

Fig. 1. (a) 3D Schematic diagram of the physical model together with the inner solid cylinder and (b) 2D schematic diagram in the plane (x, y).
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= − ∇ =J ρ D φ D k T
πμ d

,
3
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b

f p
,

(7)

= − ∇ =
+

J ρ D T D
k

k k

μ

ρ T
φ, 0.26

2
.p T p T T

f

f p

f

f
,

(8)

Nanofluids thermophysical properties applied in this work are ex-
plained as the following [3,28]:

= − +ρC φ ρC φ ρC( ) (1 )( ) ( ) .p p f p pnf (9)

=α k
ρC( )

.
p

nf
nf

nf (10)

= − +ρ φ ρ φρ(1 ) .f pnf (11)

= − +ρβ φ ρβ φ ρβ( ) (1 )( ) ( ) .f pnf (12)

= − −μ
μ

d d φ1/(1 34.87( / ) ).
f

p f
nf 0.3 1.03

(13)

⎜ ⎟⎜ ⎟= + ⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

k
k

T
T

k
k

φ1 4.4Re Pr ,
f

B
p

f

nf 0.4 0.66

fr

10 0.03
0.66

(14)

Then, we introduce the following used non-dimensional variables:

= = = = −
−

= −
−

= = = = =

X x
L

Y y
L U

θ T T
T T

θ T T
T T

ν
α

R r
L

P
ρ α

D d
L

B b
L

V v, , , , ,

Pr , ,
pL

, , .

c

h c
s

s c

h c

f

f f f

0
nf

nf

2

2
(15)

Eqs. (1)–(30), on using Eq. (15), now become:

∇ =V· 0, (16)

∇ = −∇ + ∇ +P
ρ

ρ
μ
μ

ρβ
ρ β

θV V V· 1
Re

( )
Ri ,f

f fnf

nf 2 nf

nf
nf

(17)

∇ = ∇ + ∇ ∇

+ ∇ ∇
+

θ
ρC
ρC

k
k

θ
ρC
ρC

D
φ θ

ρC
ρC

D
N

θ θ
δθ

V·
( )
( )

1
Re·Pr

( )
( )

*
Re·Pr·Le

*·

( )
( )

*
Re·Pr·Le·

·
1

,

p f

p f

p f

p

B

p f

p

T

nf
nf

nf 2
nf

nf
nf

nf BT

nf nf

nf (18)

∇ = ∇ + ∇
+

φ
D

φ
D

N
θ
δθ

V· *
*

Re·Sc
*

*
Re·Sc·

·
1

,B T2

BT

2
nf

nf (19)

∇ =θ 0,s
2 (20)

where V denotes the dimensionless vector of velocity (U0, V0, W0).
Parameters =DB

k T
πμ d0 3

b c

f p
=( )D*B

D
D

B
B0

, = +D ϕ0.26T
k

k k

μ

ρ θ0 2
f

f p

f

f
=( )D *T

D
D

T
T0

,

=Re U L
νf
0 , =Ri Gr

Re2 , =Sc
ν

D
f

B0
, = −N ϕD T

D T TBT ( )
B c

T h c
0

0
, =Le

k
ρC ϕD( )

f

p f B0
,

=
−

Gr
gβ T T L

ν

( )f h c

f

3

2 , =Pr
ν
α

f

f
are the reference Brownian diffusion coeffi-

cient, reference thermophoretic diffusion coefficient, Reynolds number,
Richardson number, Schmidt number, the diffusivity ratio parameter
(Brownian diffusivity/thermophoretic diffusivity), Lewis number, Gra-
shof number, and Prandtl number, respectively. The corresponding
dimensionless boundary conditions of Eqs. (16)–(20) are:

= = − ≤ ≤ +θ D DV V
At the heated portion of the left vertical surface:

0, 1, (1 )/2 (1 )/2,nf (21)

= ∂
∂

= ≤ ≤ − + ≤ ≤θ D DV
V

V V

At the adiabatic portions of the remainder left surface:

0, 0, 0 (1 )/2 and (1 )/2 1,nf

(22)

= =θV
At the moving right vertical surface:

1, 0,nf (23)

= ∂
∂

=θV
V

At the adiabatic horizontal surfaces:

0, 0,nf

(24)

=θ θ , at the outer surface of solid cylinder,snf (25)

= ∂
∂

= ∂
∂

θ
n

K θ
n

V 0, ,r
snf

(26)

where Kr= ks/knf confirms the ratio of thermal conductivity above the
solid cylinder surface. The local Nusselt number is determined at the
heated portion of the bottom horizontal surface as:

= − ⎛
⎝

∂
∂

⎞
⎠ =

k
k

θ
V

Nu .
f V

nf
nf nf

0 (27)

additionally, the interface local Nusselt number (Nui) evaluated at the
interface within the cavity and the solid cylinder, which is described by:

= −⎛
⎝

∂
∂

⎞
⎠

θ
n

Nu .i
s

S (28)

Ultimately, the average Nusselt number is measured at the heated

Fig. 2. (a) 3D-FEM grid-points distribution for grid size of 175,778 elements and (b) 2D-FEM grid-points distribution for the grid size of G6 (8528 elements) in the
plane (x, y).
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portion of the bottom horizontal wall of the hollow as:

∫=
−

+
VNū Nu d .

B D

B D
nf (0.5 )

(0.5 )
nf (29)

3. Numerical method and validation

The dimensionless governing equations (16)–(20) with the chosen
boundary conditions (21)–(26) are resolved via employing the Galerkin
weighted residual finite-element technique. For ∇ = ∂

∂
∂

∂
∂

∂( ), ,X Y Z and
V=(U, V, W), the finite element analysis of the momentum equation
(Eq. (17)) in vectorial form is shown in the following step.

The weak (or weighted-integral) formulation of Eq. (17) by multi-
plying the equation by an internal domain (Φ) and integrating it over
the computational domain which is discretised into tiny triangular
components as shown in Fig. 2. The following weak formulation is
obtained:

Table 1
Grid testing for Nūnf , Ψmin and Ψmin at different grid sizes for Ri=10,
Re=100, ϕ=0.02, R=0.2, D=0.5 and B=0.5.

Grid size Number of elements Nūnf Ψmax Ψmin

G1 538 4.3531 0.026025 −0.019566
G2 745 4.3775 0.026148 −0.019771
G3 1216 4.3862 0.026297 −0.019995
G4 1802 4.3934 0.026387 −0.020722
G5 2728 4.4079 0.026454 −0.020799
G6 8528 4.4092 0.026471 −0.020827
G7 24,175 4.4094 0.026498 −0.020826

Fig. 3. (a) Corvaro and Paroncini [29]: experimental velocity maps (left), numerical isothermal lines (middle), and experimental isothermal lines (right), (b) the
corresponding present 2D numericcal results and (c) present 3D numerical results for Ra=1.86× 105, ϕ=0, R=0, D=0.4 and B=0.5.
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X Y Z
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d d d
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1
Re
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( )
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i
k

f

f
i

k

f
i

k

Ω Ω

nf

nf
Ω

2

2

2

2

2

2

nf

nf Ω nf

(30)

Selection of the interpolation functions for producing an approximation
for the velocity distribution, pressure and temperature distributions as:

∑ ∑ ∑≈ ≈ ≈
= = =

X Y Z P P X Y Z θ θ X Y ZV V Φ ( , , ), Φ ( , , ), Φ ( , , ).
j

m

j j
j

m

j j
j

m

j j
1 1 1

The nonlinear residual equation for Eq. (17) that obtained from the
Galerkin weighted residual finite-element technique is:

Fig. 4. (a) Corcione et al. [30], (b) present 2D results and (c) present 3D results: streamlines (left), isotherms (middle), and nanoparticle distribution (right) for
Ra=3.37× 105, ϕ=0.04, R=0 and D=1.
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where the superscript k is the approximate index, subscripts i, j and m
are the residual number, node number and iteration number, respec-
tively. For clarifying the nonlinear terms in the momentum equations, a
Newton-Raphson iteration algorithm was employed. The convergence
of the solution is considered when the relative error for all variables
meets the following convergence criteria:

− ≤
+

+
−Γ Γ

Γ
10 .

m m

m

1

1
6

For assuring the independence of the existing numerical solution
toward the grid size of the numerical domain, different grid sizes are
applied to calculate the average Nusselt number (Nūnf ), the maximum
strength of the flow circulation (Ψmax) and the minimum strength of the
flow circulation (Ψmin) for the case of Ri=10, Re=100, ϕ=0.02,
R=0.2, D=0.5 and B=0.5. The results exhibited in Table 1 show
insignificant variations toward the G6 grid and beyond. Hence, for all
computations of this study, the G6 uniform grid is applied.

For the intention of validating the numerical data of the present
work, 2D and 3D comparisons of the numerical data of the current work
against the experimental and numerical works of Corvaro and Paroncini
[29] are reported for the case of natural convective heat transfer in a
square cavity heated from below and cooled from the vertical walls, as
demonstrated in Fig. 3. Another 2D and 3D comparisons are made
between the current numerical data and the one achieved by Corcione
et al. [30] for the two-phase nanofluid model of natural convective heat
transfer in a square cavity heated from the left and cooled from the
right vertical wall at Ra=3.37×105, ϕ=0.04, R=0 and D=1, as
explained in Fig. 4. Additionally, the validity of the most affected
properties of nanofluid (thermal conductivity and dynamic viscosity) is
obtained by Fig. 5 by examining the existing numerical code among the
experimental data of Chon et al. [31] and Ho et al. [32] and the nu-
merical data of Corcione et al. [30]. Based on these comparisons, the

present results appear to establish the validity and accuracy of the
present numerical approach.

4. Results and discussion

The current section performs numerical outcomes toward the
streamlines, isotherms, and the isentropic lines concerning five para-
meters. Those parameters denote Reynolds number (Re=10 and 100),
Richardson number (0.01≤ Ri≤ 100), nanoparticle volume fraction
(0≤ ϕ≤ 0.04), dimensionless radius of solid cylinder
(0.05≤ S≤ 0.35), dimensionless heat source length (0.2≤D≤ 0.8)
and dimensionless heat source position (0.25≤ B≤ 0.75). The values
of the remaining parameters are fixed at Pr= 4.623, Le=3.5×105,
Sc=3.55× 104, NBT=1.1 and δ=155. The base fluid and solid
Al2O3 phases thermo-physical properties are tabulated in Table 2. Based
on the governing parameters, the results are classified in the following
four subsections, where in particular subsection we considered the
impact of individual parameter, while the remaining parameters are
maintained at constant values.

4.1. Effect of Richardson number

Fig. 6 demonstrates isosurfaces of the governing variables for dif-
ferent magnitudes of the Richardson number at Re=100, ϕ=0.02,
R=0.2, D=0.5 and B=0.5. In the present case, the growth about
Richardson number characterizes a start of the temperature contrast
between heat source and cooler. In the state of Ri=0.01 (Fig. 6a), a
forced convection mode is dominated, and as a result, one can gain an
intensive cooling of the chamber from the cold wall that is moved in a
positive vertical direction. As a result, the cooling of the chamber oc-
curs from the upper part owing to inertia influence from the cold
moving surface. Simultaneously, the humid temperature wave propa-
gates from the local heater to the bottom surface due to an influence of
the low-temperature distributions. Taking into account the velocity
isosurfaces, we can conclude that more intensive motion can be found

Fig. 5. Comparison of (a) thermal conductivity ratio with Chon et al. [31] and Corcione et al. [30] and (b) dynamic viscosity ratio with Ho et al. [32] and Corcione
et al. [30].

Table 2
Thermo-physical properties of water with Al2O3 nanoparticles at T=310K
[33].

Physical properties Fluid phase (water) Al2O3

Cp (J/kg K) 4178 765
ρ (kg/m3) 993 3970
k (Wm−1 K−1) 0.628 40
β×105 (1/K) 36.2 0.85
μ×106 (kg/ms) 695 –
dp (nm) 0.385 33
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Fig. 6. Variation of the 3D velocity isosurfaces (left), temperature isosurfaces (middle), and nanoparticles concentration isosurfaces (right) Richardson number (Ri)
for Re=100, ϕ=0.02, R=0.2, D=0.5 and B=0.5.
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near the moved vertical border. Distributions of the nanoparticles iso-
concentrations illustrate the temperature field, where maximum na-
noparticles concentration is on the heat source and internal cylinder
surface. A raise of the Richardson number characterizes an in-
tensification of buoyancy force, and toward Ri=1.0 (Fig. 6b) the
mixed convection regime is held where buoyancy force is a

commensurable magnitude with the inertia force. As a result, tem-
perature range portrays the heating of the bottom and upper portions of
the cavity from the local heater, while more intensive cooling occurs in
the upper part owing to the motion of the cold vertical surface. Also, in
this part one can find more essential interaction between hot and cold
temperature waves that illustrates a distribution of nanoparticles

Fig. 7. Variation of the streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by Richardson number (Ri) for Re=100, ϕ=0.02,
R=0.2, D=0.5 and B=0.5 in the plane (X, Y).
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isoconcentrations. Distributions of nanoparticles are similar to the
temperature field, where high concentration can be found in the upper
part due to the thermophoresis effect. During the natural convection
mode (Ri > 1 in Fig. 6c and d), a significant influence of the buoyancy
force on the flow structures, temperature and concentration fields was
observed. Such conditions about Richardson number identify a form of
ascending flows near the surface with a heated element and deterior-
ating flows adjacent to the cold moved surface, while for Ri=100
(Fig. 6) one can find a configuration from the temperature layer core
into the central portion.

Fig. 7 demonstrates the fields of major functions at middle cross-
section of the cubical cavity for the same parameters like in Fig. 6.
Fig. 7 supplements the previous Fig. 6. Therefore, the present dis-
tributions have been already described. It is possible to notice an in-
teresting interaction between the high and low concentrations fluxes for
Ri=1 in Fig. 7b. Such interaction characterizes a distribution of na-
noparticles owing to the hot and cold temperature waves.

Profiles regarding local Nusselt number at the heater plus cylinder
surface are given in Fig. 8. In the case concerning forced convection
mode (Ri=0.01), we have an increase in the temperature gradient
along the heater from the lower end till the above one. Such action is
described by a formation of descending heat flux from the heater like it
is presented in Figs. 6a and 7 a. A growth of Ri characterizes a reduction

of Nunf with Y-coordinate along the heater. This occurs owing to a
formation of ascending heat flux adjacent to the heater exterior. As a
result, the local Nusselt number increases with the Richardson number.
Simultaneously, Fig. 8b reflects the temperature gradient distributions
along the inner cylinder surface. Here a growth of Ri shows a rise of the
temperature gradient absolute value along the surface. Moreover, po-
sitive conditions of Nu designate the heating of the surrounding liquid
of the cylinder surface, whereas negative values reflect the heating of
cylinder from the surrounding liquid.

Taking into account the profiles about the local Nusselt number,
Fig. 9 demonstrates the average Nusselt number in dependence on the
Richardson number and the internal cylinder radius toward various
values regarding the Reynolds number. In the state of Re=10 (Fig. 9a),
a rise of Ri from 0.01 till 10 leads to the heat transport suppression,
while the consequent increase till Ri=100 reflects an essential in-
tensification of energy transport. At the same time, a rise of the cylinder
size for Ri≤ 10 characterizes a growth of the average Nu, while for
Ri=100 the average Nusselt number decreases. A formation of strong
buoyancy force can demonstrate such non-linear impact of Ri for
Ri=100 with an ascending flow near the heated wall and descending
one close to the cold surface, while this surface moves in opposite di-
rection. A growth of the Reynolds number changes the dependences for
the average Nusselt number.

Fig. 8. Variation of local Nusselt number interfaces with (a) left wall and (b) interface wall for different Ri at Re=100, ϕ=0.02, R=0.2, D=0.5 and B=0.5.

Fig. 9. Variation of the average Nusselt number with R for different Ri when (a) Re=10 and (b) Re=100 at ϕ=0.02, D=0.5 and B=0.5.
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4.2. Effect of nanofluid loading

Figs. 10–13 characterize an influence of the initial nanoparticles
concentration. A growth of ϕ characterizes a weak modification of
streamlines and isotherms, while isoconcentrations are modified sig-
nificantly. An increment of initial nanoparticles concentration char-
acterizes a diminution of the isoconcentration plume adjacent to the

right part from the internal cylinder surface. Other changes are insig-
nificant.

Sketches concerning the local Nusselt number are exhibited in
Fig. 11 for Re=100, Ri=10, R=0.2, D=0.5, B=0.5 and different
ϕ. A rise of the nanoparticles concentration reflects the temperature
gradient growth along the heater zone and an addition into the absolute
magnitude of the local Nusselt number along the internal cylinder

Fig. 10. Variation of the streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by solid volume fraction (ϕ) for Re=100, Ri=10,
R=0.2, D=0.5 and B=0.5 in the plane (X, Y).
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surface. It should be perceived that the negative values about Nui cor-
respond to the upper part of the cylinder where the cylinder is heated
from the hot temperature wave, while the positive magnitudes corre-
spond to the bottom part of the cylinder where the cylinder heats the
surrounding liquid.

Influence of the Richardson number and nanoparticles volume
fraction regarding average Nusselt number is presented in Fig. 12.

During the state from low Reynolds number (Fig. 12a), a growth of
nanoparticles concentrations for Ri < 30 characterizes as growth of
the energy transport strength, while for Ri > 30 this influence is m-
non-linear. It holds interesting to remark that for Ri < 10 a rise about
the Richardson number heads into a decrease within the average Nus-
selt number, whereas toward Ri > 10 the average Nu raises with Ri. In
the case of Re=100 (Fig. 12b) the heat transfer improvement occurs

Fig. 11. Variation of local Nusselt number interfaces with (a) left wall and (b) interface wall for different ϕ at Re=100, Ri=10, R=0.2, D=0.5 and B=0.5.

Fig. 12. Variation of the average Nusselt number with Ri for different ϕ when (a) Re=10 and (b) Re=100 at R=0.2, D=0.5 and B=0.5.

Fig. 13. Variation of the average Nusselt number with R for different ϕ when (a) Re=10 and (b) Re=100 at Ri=10, D=0.5 and B=0.5.
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among the nanoparticles volume fraction, but some non-linear effects
can be found between ϕ=0.03 and ϕ=0.04. Toward high values of
Re, one can determine a reduction regarding the average Nusselt
number including Ri, when Ri < 5, but for Ri > 5 the energy transport
intensity increases with Ri.

Fig. 13 reveals significant influence from the nanoparticles con-
centration including cylinder radius toward the average Nusselt number

as Ri=10, D=0.5, B=0.5 and different magnitudes of the Reynolds
number. In the case of low Reynolds number (Fig. 13a), a growth of R
characterizes a rise of the heat transport intensity. It remains con-
ceivable to observe a weak reduction about Nūnf with R for R < 0.13
and ϕ=0.0 and ϕ=0.01. Also Nūnf increases with ϕ for Re=10 and
more essential growth can be found for high value of R. About the
identical time, the average Nusselt number declines by the cylinder size

Fig. 14. Variation of the streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by radius of the solid cylinder (R) for Re=100,
Ri=10, ϕ=0.02, D=0.5 and B=0.5 in the plane (X, Y).
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during Re=100 (see Fig. 13b). For this regime, Nūnf is a rising function
of ϕ for R < 0.2, while for R > 0.2 one can observe a non-linear in-
fluence.

4.3. Effect of solid cylinder radius

An influence of the internal cylinder size on the distributions of
streamlines, isotherms including isoconcentrations about the mean
cross-section regarding the cubical cavity does given in Fig. 14 as
Re=100, Ri=10, ϕ=0.02, D=0.5 and B=0.5. A presence of cy-
linder within the cavity can be considered as an obstacle for liquid
circulation and energy transport, carrying into description the con-
sidered value about the thermal conductivity ratio. Therefore, the rise
of the cylinder radius characterizes a growth of the obstacle and a re-
duction of the liquid zone. The latter illustrates a formation of addi-
tional recirculations within the cavity and a growth of the temperature
gradient on the cylinder surface. Distributions of the nanoparticles
concentrations have some changes near the cylinder surface where the
concentration plume decreases in sizes of the left and right portions
regarding the cylinder. It is worth noting a configuration of further
circulation close to the right vertical cold surface that moves in the
positive direction. This vortex reflects a form of rising flow close to the
cold surface due to the essential influence of the inertia force from the
moving cold wall. As a result, isotherms reflect the quasi-uniform
temperature distribution near this cold wall, because the solid cold wall
characterizes a formation of descending heat flux, while moved cold
wall leads to formation also a heat flux along the direction of motion.

Behavior of the local Nusselt number adjacent to the local heater
and cylinder exterior is presented in Fig. 15 for Re=100, Ri=10,
ϕ=0.02, D=0.5 and B=0.5. A rise of R reflects a reduction of Nunf,
while for the cylinder surface we have a non-linear influence. For ex-
ample, a growth of R for R≤ 0.25 illustrates a reduction in the absolute
value regarding the local Nusselt number. Average Nusselt number
decreases with R for Re=100, D=0.5 and B=0.5 as presented in
Fig. 16. It should be noted the energy transport intensification with
nanoparticles volume fraction, while Nūnf decreases with ϕ for
ϕ > 0.017 at R=0.35.

4.4. Influence of heat source portion

The influence about the heater length on streamlines, isotherms and
isoconcentrations at specific mean cross-section regarding the cubical
cavity as Re=100, Ri=10, ϕ=0.02, R=0.2 and B=0.5 is de-
monstrated in Fig. 17. Acknowledging those divisions of local para-
meters, it holds potential to conclude that growth about the heat source
portion characterizes major intensive heating of the cavity, while the
flow structure has weak changes that are related with a size of vortex
near this heater. Simultaneously, isoconcentrations have not significant
changes. It is possible to notice the rearrangement of the concentration
plumes over the right portion of the cylinder surface, where the upper
plume reduces, and the bottom one is increased.

Fig. 18 exhibits the impact regarding the heat source length toward
the local Nusselt numbers at Re=100, Ri=10, ϕ=0.02, R=0.2 and
B=0.5. A growth of D characterizes a decline about the local Nusselt

Fig. 15. Variation of local Nusselt number interfaces with (a) left wall and (b) interface wall for different R at Re=100, Ri=10, ϕ=0.02, D=0.5 and B=0.5.

Fig. 16. Variation of the average Nusselt number with (a) Ri and (b) ϕ for different R at Re=100, D=0.5 and B=0.5.
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number due to primary heating from the surrounding near this heat
source surface. In the case of small heater, a low-temperature wave
from the cold wall has the significant influence on this small heater, and
as a result, one can gain a large temperature gradient at the bottom end
of the heater. An improvement of the heater portion manages to a de-
cline such temperature gradient including the bottom end and along the
heater surface. In the case of the cylinder surface, it is possible to notice

an addition regarding the temperature gradient at the upper segment
where the cylinder is heated from the high-temperature wave, but into
the lower part of the cylinder, the temperature gradient has a non-linear
nature. Such mentioned performance of the local Nusselt number
characterizes the following average Nusselt number rises with the
heater length (see Fig. 19).

Fig. 17. Variation of the streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by the heat source length (D) for Re=100, Ri=10,
ϕ=0.02, R=0.2 and B=0.5 in the plane (X, Y).
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4.5. Effect of heat source position

Fig. 20 presents the distributions regarding stream function isolines,
temperature isolines and nanoparticles volume fraction isolines inside
the centre cross-section from the cubical cavity as Re=100, Ri=10,
ϕ=0.02, R=0.2, D=0.5 plus various heater position. A displace-
ment about the heater of the bottom wall till the upper one reflects a
reduction within the sizes of the near-wall vortex and an appearance of
the secondary recirculation in the bottom part when the heater locates
close to the upper wall. Through an equivalent time, vortices near the
right wall have weak changes. As it was expected, a displacement re-
garding the heater of the bottom wall guides to more primary cooling
from this part of the cavity that reflects a modification about the con-
centration plumes sizes on the internal cylinder surface.

Sketches concerning the local Nusselt number adjacent the heat
surfaces and internal cylinder surface are presented into Fig. 21 for
Re=100, Ri=10, ϕ=0.02, R=0.2, D=0.5 and different values of
B. A displacement regarding the heater of the bottom surface till the
upper one describes a rise concerning the temperature gradient near the
bottom heater end and a reduction of this difference near the upper end
of the heater surface. Such generation can be defined through essential
cooling about the bottom portion when the heater displaces from the
bottom portion, while the top portion is heated owing to the proximity
of the upper adiabatic border. Similarly, toward the local Nusselt
number profiles adjacent to the cylinder surface, one can conclude that
along the bottom cylinder portion, a rise of B reflects an increment of

Nui. Simultaneously, along the upper portion of the cylinder, the effect
of B is non-linear. The latter portrays the appearance of the optimal
location of the heater for more or less intensive heating of the internal
cylinder. Dependences concerning the average Nusselt number reflect a
reduction about the heat transfer rate with B (see Fig. 22). Such re-
duction becomes further essential toward large values of the Richardson
number.

A useful correlation for the current average Nusselt number for two
parameters (Ri, ϕ) can be presented as the following:

= + + − +ϕ ϕNu 3.776 0.07507Ri 9.178 0.0002216Ri 0.03684Ri ,2 (31)

where the value of the R2 of the Least Square Fit for this correlation is
equal to 0.97.

5. Conclusions

Water-based nanoliquid motion and energy transport within a cu-
bical cavity under the impact of the moving cold vertical surface and
centrally-located solid cylinder has been studied numerically using the
finite element technique and non-dimensional primitive variables. The
two-phase Buongiorno's nanoliquid approach with thermophoresis and
Brownian diffusion effects has been employed. The influences of the
Richardson number, nanoparticles concentration, internal cylinder size,
heat source length and location on liquid motion, and heat and mass
transport have been examined. During the analysis, the following re-
sults have been observed:

Fig. 18. Variation of local Nusselt number interfaces with (a) left wall and (b) interface wall for different D at Re=100, Ri=10, ϕ=0.02, R=0.2 and B=0.5.

Fig. 19. Variation of the average Nusselt number with (a) Ri and (b) R for different D at Re=100, ϕ=0.02 and B=0.5.
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1. A growth of the Richardson number reflects a change between two
modes when inertia forces dominate over the buoyancy force and as
a result, more intensive cooling can be found from the upper part,
and the opposite mode when in spite about the positive movement
of the cold surface, cooling of the cavity occurs from the bottom part
and heating from the upper portion.

2. The average Nusselt number remains non-monotonic regarding the

Richardson number, where we have a rising part and decreasing
one.

3. A rise of the nanoparticles concentration reflects the energy trans-
port intensification for a low Reynolds number (Re=10), while for
Re=100 one can observe a non-linear dependence for the average
Nusselt number.

4. The heat transport strength is a reduction function of the cylinder

Fig. 20. Variation of the streamlines (left), isotherms (middle), and nanoparticle distribution (right) evolution by heat source position (B) for Re=100, Ri=10,
ϕ=0.02, R=0.2 and D=0.5 in the plane (X, Y).
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size and distance between the bottom wall and heater location,
while this average number increases with the heater length.

In conclusion, an inner solid block or a local heater can be con-
sidered as passive elements for the control of energy transport and li-
quid circulation.
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