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Abstract The current perusal introduces a numerical analysis to point out the flow of MHD con-

jugate forced and free convection with entropy generation analysis due to non-Newtonian Casson-

nanofluid around a rotating sphere with convective boundary conditions. Two-phase flow of

nanofluid model is employed for the problem under consideration. Both the velocity of free stream

and the sphere rotates with angular velocity changed continuously with time. The highly nonlinear

partial differential Structures which describe the case study are mutated into a nonlinear ordinary

differential structures via utilizing appropriate dimensionless quantities. The numerical solutions of

ordinary differential structures have been acquired by applying the fourth order Runge-Kutta-

Fehlberg technique with shooting scheme via MATLAB. Aspects of such controlled physical

parameters have been clarified and discussed in details using some charts and tables. Comparison

with previous literature results is also done and is found to be very good agreement with those pub-

lished earlier.
� 2020 The Authors. Published by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

In the recent years, nanofluids have gained a great and consid-
erable attention by researchers and engineers due to their
ability to raise the thermal conductivity of the conventional
fluids and hence increase the heat and mass transfer rates

comparable to those traditional fluids. As a result of these
characteristics of nanofluids, it was found that nanofluids serve
in many fields and applications such as in the designing and

manufacturing of electronic devices, petroleum engineering,
pharmaceutical industry, material synthesis, the solar energy
system, fuel-cell industry, biomechanical field (such as cancer
therapy, drug delivery and medicines),etc. Choi has the lead
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Nomenclature

XðtÞ angular velocity (rad s�1)

T1 plate temperature (K)
u; v, w the components of non–Newtonian Casson-

nanofluid velocities in x; y and z directions (m s�1)
rðxÞ the radial distance from the symmetry axis to a

surface element
D the Brownian diffusion coefficient
D
�

thermophoretic diffusion coefficient

b the non–Newtonian Casson parameter
bH the volumetric thermal expansion coefficient (K�1)
t Time (s)

g Gravitational acceleration (m s�2)
a thermal diffusivity (m2 s�1)
mf kinematic viscosity (m2 s�1)
| the divide of effective heat capacity of the

nanoparticle material to the heat capacity of the
fluid

k the thermal conductivity (kg ms�3 K�1)

h the convective heat transfer coefficient
.p the density of nanoparticles (kg m�3)
.f The density of the regular fluid (kg m�3)

C nanoparticle volume fraction
T temperature in the region of boundary layer (K)
Sc the Schmidt number

Pr Prandtl number

Nr the buoyancy ratio parameter

Nb parameter of the Brownian motion
Nt the thermophoresis parameter
k the rotation parameter
kH mixed convection parameter

Re the Reynolds number
Gr the Grashof number
Mg the magnetic field parameter

Sg The volumetric rate of local entropy generation
(kg m�1 K�1 s�3)

Ns the dimensionless entropy generation number

S0 the characteristic rate of entropy generation (kg
m�1 K�1 s�3)

Br the Brinkman number
ReR the Reynolds number based on the characteristic

length R
XH the dimensionless temperature difference
Ha2 Hartman number

e constant
h Dimensionless temperature function
/ Dimensionless species concentration function

w Stream function (m2�s�1)
g Non-dimensional pseudo-similarity variable
f Dimensionless stream function

F, H,U Arbitrary functions
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in implementing the first attempt to use nanofluids to amend
the thermal behavior of traditional fluids [1]. After this success-

ful attempt, which opened new horizons for scientists and
researchers in this field some studies carried out to investigate
the synthesis of nanofluids and many empirical models were

introduced by some scholars to investigate the effect of ther-
mophysical characteristics on various fluid flow problems.
Waqas et al. [2,3] illustrated generalized Newtonian (Carreau)

and Jeffrey nanofluid flow by a moving surface, where the
rheological formulas of Carreau material are utilized for flow
model. For more details various studies can be seen via
[4–18] (see Table 1).

In present era, many engineers and scholars focus their
efforts on studying non-Newtonian liquids due to its impor-
tance in many applications such as food processes, ground

water pollution, pharmacological, crude oil extraction, bio-
chemical, production of plastic materials, cooling of nuclear
reactors, and cosmetic industries, etc. But due to the complex

nature of these liquids an extra nonlinear term originates in the
equation of motion of these liquids and it is not easy to handle
this type of liquids, So many different models are submitted to
Table 1 Comparison values of F00ð0Þ;�S0ð0Þ and �h0ð0; 0Þ with An

A F00ð0Þ �S0ð0Þ
[43] Present [43]

0.1 �0.02246 �0.049043 �0.74511

0.3 0.50094 0.501072 0.05390

0.5 0.79946 0.799492 0.30351

2.0 1.28271 1.282828 0.64575

2.0 1.91728 1.917238 1.05422
describe and investigate the performance of non-Newtonian
liquids. The more significant model is that which developed

by Casson [19] and is called casson fluid model. The Casson
fluid model serves in many applications as in polymer indus-
tries and biomechanics, it also considered as the best rheolog-

ical model for blood and chocolate. Sailaja et al. [20] examined
the Casson fluid flow on a vertical surface by incorporating the
angle impact. The Casson fluid flow along an inclined sheet by

employing the hall current has been illustrated by Prasad et al.
[21]. Jain and Parmar [22] inspected the inclined Casson fluid
flow over a permeable surface. For all the above reasons many
studies carried out to consider Casson fluid model for different

geometries, for more details see [23–28].
It should be noted that researchers have made great efforts

to overcome the challenges faced by engineers in the world of

industry, which contributes to more effective in performance
and thus more productivity and more profits. In engineering
systems there are many reasons for the generation of entropy,

whereas the main sources of the generation of entropy in ther-
mal systems are heat transfer, mass transfer, viscous dissipation,
electrical conduction. Bejan is credited with implementing the
ilkumar and Roy [43].

�h0ð0Þ
Present [43] Present

�0.778795 0.34855 0.347474

0.053791 0.40955 0.409133

0.303479 0.46743 0.467233

0.645796 0.58957 0.589519

1.054151 0.77954 0.779526
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first attempt to explain entropy generation by chemical reaction
and heat transfer [29,30]. The technique of Optimal Homotopy
Analysis Method (OHAM) is applied to solve The entropy

generation of convective flow due to stretching surface of a third
grade non-Newtonian fluid with a magnetic field has been
analyzed by Rashidi eta al. [31].Khan et al. [32] examined

minimization of entropy generation (EGM) of nanofluid flow
due to a fluffymoving needle where, energy expression is formu-
lated through nonlinear radiation and dissipation. Three types

of nanomaterials are considered to boost the thermalconductiv-
ity of regular fluid. The investigation of entropy generation with
heat transfer has been exhibited by various researchers [33–40].

Hence according to the growing requirements of non-

Newtonian nanoliquid flows in industry and engineering areas,
the current perusal the classical non–Newtonian Casson-
nanofluid model was updated to comprise the influence of

thermophoresis and Brownian motion in a non-Newtonian
nanofluid flow of conjugate mixed convection around a rotat-
ing sphere. The entropy generation was considered and two-

phase flow of nanofluid model is employed. The variations
of flow fields for various pertinent parameters are discussed
by using some charts. Comparison with previous literature

results and close agreement is noted. Entropy generation is
considered as a convenient solution to enhance efficiency in
industrial operations. The current problem has several real-
life applications in electronics, industrial, biomedical applica-

tions and transportation.

2. Flow analysis

Consider an unsteady state of forced and free convection flow
(mixed) of non-Newtonian nanofluid with Buongiorno’s math-
ematical model flow in the forward stagnation-point region

around a rotating sphere with convective boundary conditions
as shown in Fig. 1.

Due to Elbashbeshy and Bazid [41] and the above assump-

tions the mathematical model which describes the problem is:
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Now, the initial and boundary conditions are characterized
as:

t < 0 : uðt; x; yÞ ¼ vðt; x; yÞ ¼ wðt; x; yÞ ¼ 0; Tðt; x; yÞ ! T1; Cðt; x; yÞ ! C1

t P 0

y ¼ 0 : uðt; x; yÞ ¼ vðt; x; yÞ ¼ 0; wðt; x; yÞ ¼ XðtÞr;
�k @T

@y
¼ h Tf � T
� �

; D @C
@y
þ D

�

T1
@T
@y

¼ 0;

uðt; x;1Þ ! Uðt; xÞ; wðt; x;1Þ ! 0; Tðt; x;1Þ ! T1; Cðt; x;1Þ ! C1

0
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0
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ð6Þ
Now it is important to convert these equations which

describe the mathematical model to non-dimensional form,
and this is can be done by using the following similarity
transformations:

g ¼ 2
mf t

� �1=2
y; u ¼ Ax

t
F0ðgÞ; Uðt; xÞ ¼ Ax

t
; w ¼ Bx

t
SðgÞ; XðtÞ ¼ B

t

v ¼ � 2mf
t

� �
AFðgÞ; hðgÞ ¼ T�T1

Tw�T1
; /ðgÞ ¼ C�C1

C1
; r � x; ðA;B; x; t > 0Þ

ð7Þ
So Eqs. (2)–(5) are converted to ordinary differential struc-

tures as follow:
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gS0
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2
MgS ¼ 0 ð9Þ

h00 þ Pr A Fh0 þ 1

4
g h0 þNb h

0/0 þNt h
02
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¼ 0 ð10Þ

/00 þ A Sc F/0 þ 1

4
g Sc /0 þ Nt

Nb

h00 ¼ 0 ð11Þ

initial and boundary conditions in (6) are transformed to:

Fð0Þ ¼ F0ð0Þ ¼ 0; Sð0Þ ¼ 1; h0ð0Þ ¼ Bi ðhð0Þ � 1Þ;
Nb /0ð0Þ þNt h0ð0Þ ¼ 0 F0ð1Þ ! 1; Sð1Þ ¼ hð1Þ ¼ /ð1Þ ! 0

ð12Þ
It is worth mentioning that the appeared primes refers to

differentiation with regard to g. In addition, Sc ¼ mf
D
represents

the Schmidt number, Pr ¼ lfcp
kf

refers to Prandtl number,

Nr ¼ ðqp�qfÞC1
qf1bHð1�C1ÞðTw�T1Þ @x refers to the buoyancy ratio param-

eter, Nb ¼ | DC1
mf

indicates parameter of the Brownian motion,

Nt ¼ | D
�
ðTw�T1Þ
mfT1

refers to the thermophoresis parameter,

k ¼ B
A

� �2
, is the rotation parameter, kH ¼ Gr

Re2
represents mixed

convection parameter, Re ¼ Ux
mf

is the Reynolds number,

Gr ¼ gbHð1�C1ÞðTw�T1Þqf1x3

m2
f

denotes the Grashof number, and

Mg ¼ rB2
0
t

qf
gives themagnetic field parameter.

3. Analysis of entropy generation

In the engineering applications there are a lot of reasons for

the generation of entropy, whereas the main sources of the
generation of entropy in thermal systems are heat and mass
transfer, viscous dissipation and electrical conduction. We

can represent the volumetric rate of local entropy generation
Sg as:



Fig. 1 Geometry of the problem and the assumptions.
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By utilizing Eq. (7) and assign Ns as

Ns ¼ Sg

S0

; S0 ¼ kfðDTÞ2
R2T2

1
ð14Þ

where S0 is the characteristic rate of entropy generation. We
get:

Ns ¼ 2ReR h0
2 þ Br

XH
1þ 1

b
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e
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where Br ¼ lfU
2

kfDT
refers to the Brinkman number, ReR ¼ R2

mft
,

Ha2 ¼ rB2
0
R2

lf
gives Hartman number and e ¼ RDC1

kf
is a constant.

The shear stresses in x and y directions, rate of surface heat
transfer (in terms of Nusselt number) respectively can be given

by:
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4. Numerical solution of the problem

Present part points out to the used numerical method for solv-
ing (8)–(11) related to the boundary conditions (12). The
fourth order Runge-Kutta-Fehlberg technique with the shoot-
ing scheme is utilized. The obtaining nonlinear higher order of
ODEs is minimized to 1st order differential structures by pre-

senting the new variables as:
z1 ¼ F; z2 ¼ F0; z3 ¼ F00;

z4 ¼ S; z5 ¼ S0;

z6 ¼ h; z7 ¼ h0

z8 ¼ /; z9 ¼ /0

ð19Þ

Thus, the associated higher order nonlinear DEs take the
form:
z01 ¼ z2; z02 ¼ y3; z3 ¼ F00

z03 ¼ ð0:5ð1� z2 � 0:5g z3Þ �Az1z3 þ 0:5Mg ðz2 � 1Þ�
0:5Að1� z22 þ k z24Þ � 0:5AkHðz6 �Nr z8ÞÞ=ð1þ b�1Þ

z04 ¼ z5

z05 ¼ ðAðz2z4 � z1z5Þ þ 0:5Mg z4 � 0:5ðz4 þ 2�1g z5ÞÞ=ð1þ b�1Þ
z06 ¼ z7

z07 ¼�PrðA z1z7 þ 0:25g z7 þNb z7z9 þNt z
2
7Þ

z08 ¼ z9

z09 ¼�ðASc z1z9 þ 0:25gSc z9 þNt N
�1
b z07Þ

ð20Þ
And the boundary conditions
z1ð0Þ ¼ 0; z2ð0Þ ¼ 0; z3ð0Þ ¼ c1; z4ð0Þ ¼ 1; z5ð0Þ ¼ c2;

z6ð0Þ ¼ c3; z7ð0Þ ¼ Biðc3 � 1Þ; z8ð0Þ ¼ c4; Nbz9ð0Þ þNtz7ð0Þ ¼ 0

ð21Þ
where the parameters c1; c2; c3 and c4 are not determined, their
values are guessed by iterations till meet the following condi-
tions z2ð1Þ ! 0; z4ð1Þ ! 0; z6ð1Þ ! 0 and z8ð1Þ ! 0 and
this done by using the shooting procedure, for more details

see [42].The numerical calculations have been obtained using
the software MATLAB. The computations are carried out

with the step-size Dg ¼ 0:01. Within 10�6 of a tolerance limit.

To indicate the validity of the proposed procedure the
obtained results are compared with the results obtained by
Anilkumar and Roy [43]. Fig. 2 and Table 2 are clarified that
there is a well consensus between the results.
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Table 2 Parameters of heat transfer and surface shear stresses

F00ð0Þ;�S0ð0Þ and �h0ð0; 0Þ.
kH Mg F00ð0Þ �S0ð0Þ �h0ð0Þ
1 0.0 0.1097865 �0.209347 0.5168190

1.0 0.5282598 0.4277155 0.5273182

2.0 0.7784946 0.7068581 0.5321846

5.0 1.2672022 1.2205187 0.5395508

3 0.0 0.1508062 �0.199324 0.5176627

1.0 0.5595661 0.4290972 0.5278013

2.0 0.8061320 0.7075516 0.5325576

5.0 1.2898737 1.2207884 0.5397996

5 0.0 0.1912804 �0.189796 0.5184825

1.0 0.5906728 0.4304605 0.5282776

2.0 0.8336471 0.7082393 0.5329269

5.0 1.3124868 1.2210570 0.5400467

10 0.0 0.2902113 �0.167780 0.5204358

1.0 0.6675990 0.4337914 0.5294396

2.0 0.9019140 0.7099348 0.5338342

5.0 1.3687677 1.2217237 0.5406583
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5. Results and discussion

A chain of numerical calculation has taken out and some

charts are graphed for several values of embedded parameters
in order to address and analyze the physical understanding
and the flow behavior of the results taken. It worth noting that

the area of controlling parameters are: Casson parameter
(b)0:5 6 b 6 1 , buoyancy ratio parameter (Nr)�1 6 Nr 6 1,
the Brownian motion parameter (Nb) 0:2 6 Nb 6 1:2, ther-
mophoresis parameter (Nt)0:2 6 Nt 6 1:2, Biot number (Bi)

0:1 6 Bi 6 1, acceleration parameter (A)0:1 6 A 6 0:8,
Prandtl number (Pr)0:7 6 Pr 6 10, Schemidt number
(Sc)0:24 6 Sc 6 4:0, rotation parameter (k)1:0 6 k 6 10:0,

and mixed convection parameter (kH)1:0 6 kH 6 10:0.
Fig. 3shows the influence of Bi, signifies the convective

heating strength, on Ns with considering Newtonian and

non-Newtonian fluids, i.e. b ! 1 and b ¼ 2, it is found that
Higher values of Biot number generates an improvement in
entropy generation number. Far away from the surface of

the sphere, the entropy generation is ignoring. Hence, Ns
diminishes by enlarging the convection through the boundary.
Figs. 4 and 5 are graphed to describe the behavior of Nt

and Nb on the entropy generation distribution and it is

found that a clear upgrade in entropy generation curves
with lager values of Nt, whereas a clear reduction in
entropy generation curves with lager values of Nb. The

thermophoresis force, which leads to carry the particles
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from hot region to cold one, increases as Nt rises and

hence an enhancement of entropy generation. The influence
of acceleration parameter appeared in Fig. 6 where lager
values of A lead to enhance the entropy generation profiles

near to the surface and Ns reduces with increasing A far
away from the surface.

Fig. 7 describes the influence of the magnetic field param-
eter Mg, it is found that as Mg increases Ns increase close to

the sphere surface and changes a little far away from the

sphere surface. This because increasing the value of Mg

strongly causes the resistance of the forces versus movement

of the fluid and resulting in increasing the rate of heat trans-
fer inside the boundary layer. So the value of Mg ought to be

minimized to govern the entropy generation. As noticed from

Figs. 8 and 9 larger values of both k and kH makes the

entropy generation rising near the sphere surface but a little
impact far away from the surface. From Fig. 10a clarified
augmentation in entropy generation distribution has been

obtained as ReR number enlarges caused by increasing the
rate of heat transfer at the surface of the sphere. Anyway,
with increasing the distance from the surface of the sphere,
this influence is disappeared.As b rises, Ns enlarges near to
the surface, but downgrades far away from it as presented

in Fig. 11.
It can be noted from Fig. 12 that an improvement of the

non-dimensional group parameter Br=XH(which describes
significance of the viscous influence) result in higher Ns
due to increasing friction of nanofluid. For a given value
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g, as e rises Ns upgrades as noticed in Fig. 13.Fig. 14 char-

acterizes that the generalized Prandtl number Pr makes the
entropy generation number enlarges. Since an increase in
Prandtl number results in a minimizes in the thermal con-

ductivity. Fig. 15 shows that an increase in b generates an
improvement in the velocity distributions in the x-
direction, whilst, an obvious decrease in the velocity curves
in the y-direction. This is because as b goes to 1 the behav-
ior of non-Newtonian reduced to Newtonian behavior and

the plasticity of the fluid increase as b decreases result in
an upgrade in the velocity boundary layer thickness in the
y-direction. In Fig. 16the velocity component in x-direction
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F0 enhances with increasing Mg, whereas the velocity compo-

nent in y-direction decrease with higher values of Mg, which

mean that Mg has a strong impact on the velocity profiles.

A drag-like force, known as Lorentz force, is obtained by

the impact of the vertical magnetic field on the electrically
conducting nanofluid. This generated force has the tendency
to slow down the motion of the fluid along the vertical
surface. Figs. 18 and 19 show the impact of A on velocity
components, temperature and concentration profiles, accord-
ing to these figures the nanoparticle concentration upgrade

near the surface then it minimize far away from the surface
with rising values of , but y-direction of velocity and tem-
perature profiles weaken. The rotational parameter k has a

strong impacts on the x-direction velocity component F0,
but its influence on the y-direction velocity component S
is very little as depicted in Fig. 20. This behavior according
to rotational parameter directly affects the x-momentum

equation. An additional momentum can be injects inside
the boundary layer as the rotational parameter enlarges
which makes the fluid accelerated. Therefore, the x-
direction velocity profiles steepen and the boundary layer

thickness downgrades. Because of the impact of k on both
nanofluid temperature and nanoparticle concentration curves
h has been noticed to be small, the temperature figure is not

plotted. The impact of Bi on the nanofluid temperature
curves is exhibited in Fig. 21. An enhancement in Bi makes
an upgrade in nanofluid temperature and thermal thickness

of boundary layer. It is according to the fact rising values
of Biot number gives the minimizing thermal resistance of
the surface of the sphere and therefore convective heat
transfer to the nanofluid enhanced. Fig. 22 illustrates that

an upgrade in Pr gives a decrease in nanofluid temperature
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and thermal boundary layer thickness, This is due to higher
Prandtl number has small thermal diffusivity and small ther-
mal diffusivity reduces the nanofluid temperature. Figs. 23

and 24 reveal that with enlarging Nt, the magnitude of both
the dimensionless nanofluid temperature and the magnitude
of the nanoparticle concentration profiles enhance. This is

because the thermophoresis force causes moving of the par-
ticles from hot region to cold region, upgrades as Nt rises
and the enhancement in the thermophoresis force, enlarges

the nanoparticle concentration, as seen in Fig. 24. In addi-
tion, Larger values of the nanoparticle diffusion into the
fluid upgrades the magnitude of the dimensionless tempera-

ture, as given in Fig. 23 whereas an upgrade in Nb leads
to downgrade the nanoparticle concentration, as shown in
Fig. 25, This is due to the diffusion of nanoparticles into
the fluid upgrades with the maximize in Nb. Fig. 26 points

out that the Casson parameter has a weak effect on the
nanoparticle concentration.Casson parameter is proportional
to the yield stress inversely and it is noticed that with an

upgrade of the Casson parameter the yield stress of the fluid
diminishes.

Variations of Nusselt number have been tabulated for

some values of kH;Mg, k;A and Nt;Nb. Table 2 illustrates

that all of x; y shear stresses(i.e. F00ð0Þ;�S0ð0Þ) and the rate
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of heat transfer �h0ð0Þ enhance with enlarging both of kH

and Mg. Table 3 depicts that as Nt or Nb maximizes the

rate of heat transfer slightly downgrades. In addition, as

increase of both k and A an upgrade in F00ð0Þ;�S0ð0Þ and

�h0ð0Þ occurred.



Table 3 Parameters of heat transfer and surface shear stresses F00(0); �S0(0) and �h0(0).

k A F00(0) �S0(0) �h0(0) Nt Nb �h0(0)

1.0 0.3 0.608090 0.472536 0.536531 0.2 0.2 0.5285909

0.5 0.743964 0.552574 0.554301 0.5 0.5285885

1.0 1.006879 0.716137 0.591654 0.8 0.5285879

2.0 1.386892 0.964025 0.643019 1.0 0.5285877

3.0 0.3 0.728073 0.481641 0.539353 0.5 0.2 0.5266807

0.5 0.912831 0.567759 0.559095 0.5 0.5266746

1.0 1.263386 0.742746 0.599472 0.8 0.5266731

2.0 1.763819 1.006268 0.653126 1.0 0.5266726

5.0 0.3 0.844615 0.490134 0.541971 0.8 0.2 0.5247269

0.5 1.075137 0.581566 0.563388 0.5 0.5247169

1.0 1.507221 0.766279 0.606147 0.8 0.5247145

2.0 2.119694 1.042979 0.661429 1.0 0.5247136

10.0 0.3 1.123552 0.509249 0.547815 1.0 0.2 0.5234009

0.5 1.458638 0.611644 0.572524 0.5 0.5233866

1.0 2.076346 0.815930 0.619542 0.8 0.5233835

2.0 2.944492 1.118980 0.677349 1.0 0.5233824
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6. Conclusion

The paper reports a numerical analysis of entropy generation
in double diffusive of transient mixed convection through a
rotating sphere. The main outcomes of the current analysis

are :

1) Acceleration and non-Newtonian Casson parameters

tend to upgrade the entropy generation number close
to the surface, but downgrades it far away from the
surface.

2) Entropy generation number enhances with enlarging

thermophoresis, magnetic field parameters and Biot
number.

3) The parameters such as surface shear stresses F 00ð0Þ,
�S 0ð0Þ and heat transfer rate �h0ð0Þ are improved by
the Magnetic field, the acceleration of the free stream,

buoyancy force and the rotation of the sphere.
4) The current analysis is presented for Newtonian nano-

fluid by letting b ! 1, as a particular case of our study.
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