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Abstract The mixed convection ¯ow over a continuous
moving vertical slender cylinder under the combined
buoyancy effect of thermal and mass diffusion has been
studied. Both uniform wall temperature (concentration)
and uniform heat (mass) ¯ux cases are included in the
analysis. The problem is formulated in such a manner that
when the ratio k�� uw=�uw � u1�, where uw and u1 are
the wall and free stream velocities, is zero, the problem
reduces to the ¯ow over a stationary cylinder, and when
k � 1 it reduces to the ¯ow over a moving cylinder in an
ambient ¯uid. The partial differential equations governing
the ¯ow have been solved numerically using an implicit
®nite-difference scheme. We have also obtained the solu-
tion using a perturbation technique with Shanks trans-
formation. This transformation has been used to increase
the range of the validity of the solution. For some partic-
ular cases closed form solutions are obtained. The surface
skin friction, heat transfer and mass transfer increase with
the buoyancy forces. The buoyancy forces cause consid-
erable overshoot in the velocity pro®les. The Prandtl
number and the Schmidt number strongly affect the
surface heat transfer and the mass transfer, respectively.
The surface skin friction decreases as the relative velocity
between the surface and free stream decreases.

1
Introduction
Mixed convection ¯ow (combined forced and free con-
vection ¯ow) occurs in many industrial and technological
applications which include nuclear reactors cooled during
emergency shutdown, solar central receivers exposed to
wind currents and heat exchangers placed in low-velocity
environments. Mixed convection ¯ows arise when the free
stream, inertial and near-wall buoyant forces have strong
effects on the resulting convecting heat transport. Flow
over cylinders is considered to be two-dimensional if the
body radius is large as compared to the boundary layer
thickness. On the other hand, for slender cylinders the
radius of the cylinder may be of the same order as the
boundary layer thickness. Therefore, the ¯ow may be

considered as axisymmetric instead of two-dimensional.
In this case, the governing equations contain the trans-
verse curvature term which in¯uences the velocity and
temperature ®elds. The effect of the transverse curvature is
important in certain applications such as wire and ®bre
drawing where accurate prediction is required and thick
boundary layer can exist on slender or near slender bodies.

Mixed convection ¯ow over a slender vertical cylinder
due to the thermal diffusion has been considered by only a
few investigators. Chen and Mucoglu [1] and Mucoglu and
Chen [2] were the ®rst to study this problem for the
constant wall temperature [1] and the constant heat ¯ux
conditions [2]. They solved the partial differential equa-
tions approximately using the local non-similarity method
[3±6]. Subsequently, Bui and Cebeci [7], Lee et al. [8, 9]
and Wang and Kleinstruver [10] have solved this problem
using an implicit ®nite-difference scheme.

There are several transport processes in industry and in
nature where buoyancy forces arise from both thermal
and mass diffusion caused by the temperature gradients
and the concentration differences of dissimilar chemical
species. Hence this analysis deals with the mixed convec-
tion boundary layer ¯ow along a slender vertical heated
cylinder which is moving with uniform velocity in the same
direction as that of the free stream velocity. The buoyancy
forces arise from both the thermal and mass diffusion
processes. Both the uniform wall temperature (concentra-
tion) and the uniform heat (mass) ¯ux cases are included in
the analysis. The partial differential equations governing
the ¯ow, heat and mass transfer have been solved numer-
ically using an implicit ®nite difference scheme [11]. We
have also solved the governing equations by using the
perturbation technique [12] which results in a system of
ordinary differential equations. Further, we have used the
Shanks transformation [13] to increase the range of the
validity of the solution. For some particular cases, closed
form solutions are also obtained. The results have been
compared with those available in the literature [1, 2, 14].

2
Problem formulation
Let us consider the steady laminar incompressible mixed
convection boundary layer ¯ow along a heated vertical
slender cylinder. Figure 1 gives the physical model and the
coordinate system. The buoyancy forces arise from both
the thermal and mass diffusion processes. The cylinder
moves with uniform velocity in the same direction as that
of the free stream velocity. The uniform wall temperature
(concentration) as well as the uniform heat (mass) ¯ux
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cases are considered. The free stream temperature and
concentration are taken as constants. The analysis given
here is con®ned to species diffusion procedures with very
low concentration level such that the diffusion-thermo and
the thermo-diffusion effects as well as the interfacial ve-
locity at the wall due to species diffusion can be neglected.
Under the foregoing assumptions and imposing the
Boussinesq approximations, the boundary layer equations
governing the ¯ow, heat and mass transfer over a moving
heated vertical slender cylinder can be expressed in the
form [1, 2]

�ru�x � �rv�r � 0 ; �1�
uux � vur � �m=r��rur�r � gb�T ÿ T1�

� gb��C ÿ C1� ; �2�
uTx � vTr � �a=r��rTr�r ; �3�
uCx � vCr � �D=r��rCr�r : �4�
The boundary conditions for both the uniform wall tem-
perature and concentration (UWT/UWC), and the uniform
heat and mass ¯ux (UHF/UMF) are:

r � R: u � uw; v � 0; T � Tw;

C � Cw; x � 0; �for UWT/UWC�;
r � R: u � uw; v � 0; Tr � qw=k;

Cr � mw=qD; x > 0; �for UHF/UMF�;
r !1: u! u1; T ! T1; C ! C1; x � 0;

x � 0: u � u1; T � T1; C � C1; r > R :

�5�

Here r is the distance measured from the axis of the cyl-
inder in the radial direction; x is the distance measured
along axial direction; u and v are the velocity components
along the x and r directions, respectively; C and T are the
concentration and the temperature of the ¯uid, respec-
tively; g is the acceleration due to gravity; b and b� are
coef®cient of thermal expansion and mass fraction ex-
pansion, respectively; a is the thermal diffusivity; D is
binary diffusion coef®cient; m is the kinematic viscosity; qw

is the local surface heat-transfer rate per unit area; mw is

the mass ¯ux of the diffusing species; R is the radius of the
cylinder; k is the thermal conductivity; q is the density; the
subscripts r and x denote derivative with respect to r and
x, respectively; and the subscripts w and 1 denote the
conditions at the wall and in the free stream, respectively.

Uniform wall temperature/concentration (UWT/UWC)
In order to make Eqs. (1)±(4) dimensionless, we apply the
following transformations

n � �4=R��mx=U�12; g � �U=mx�12 �r2 ÿ R2�=4R
� �

;

U � uw � u1; k � uw=U

u � wr=r; v � ÿwx=r; w � R�mUx�12f �n; g�;
u � Uf 0=2; h�n; g� � �T ÿ T1�=�Tw ÿ T1�;
s�n; g� � �C ÿ C1�=�Cw ÿ C1�; Pr � m=a;

Sc � m=D; X � Grt=Re2
x;

Grt � gb�Tw ÿ T1�x3=m2; Rex � Ux=m;

N � Grc=Grt; Grc � gb��Cw ÿ C1�x3=m2 ;

�6�

to Eqs. (1)±(4) and we ®nd that Eq. (1) is identically
satis®ed and Eqs. (2)±(4) reduce to

�1� ng�f 000 � �f � n�f 00 � 8X�h� Ns�
� n�f 0f 0n ÿ f 00fn� ; �7�

�1� ng�h00 � �Pr f � n�h0 � Pr n�f 0hn ÿ h0fn� ; �8�
�1� ng�s00 � �Sc f � n�s0 � Sc n�f 0sn ÿ s0fn� : �9�
The boundary conditions are

f �n; 0� � 0; f 0�n; 0� � 2k; h�n; 0� � s�n; 0� � 1;

f 0�n;1� � 2�1ÿ k�; h�n;1� � s�n;1� � 0 :
�10�

Here n and g are the transformed coordinates and n also
represents the curvature parameter; f and w are, respec-
tively, dimensionless and dimensional stream functions;
f 0 is the dimensionless velocity; h and s are, respectively
dimensionless temperature and concentration; U is the
composite velocity; Grt and Grc are Grashof numbers for
thermal and mass diffusion, respectively Rex is the Rey-
nolds number; X is the buoyancy parameter due to ther-
mal diffusion; k is the ratio of the wall velocity to the
composite velocity; Pr and Sc are the Prandtl number and
Schmidt number, respectively; N is a measure of the rel-
ative effects between buoyancy forces that arise from mass
diffusion and thermal diffusion and for N > 0 the buoy-
ancy force due to concentration difference assists the
thermal buoyancy force; the subscripts n denotes deriva-
tive with respect to n; and prime denotes derivative with
respect to g.

The surface skin friction coef®cient Cf , the surface heat
transfer coef®cient in terms of the Nusselt number Nu, and
the surface mass transfer coef®cient in terms of the
Sherwood number Sh are expressed as:

Cf � 2l�ou=or�r�R � R=qU2 � 2ÿ1�Rex�ÿ1=2f 00�n; 0�;
Nu � ÿx�oT=or�r�R=�Tw ÿ T1�
� ÿ2ÿ1�Rex�1=2h0�n; 0�;

Fig. 1. Physical model and coordinate system
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Sh � ÿx�oC=or�r�R=�Cw ÿ C1�
� ÿ2ÿ1�Rex�1=2s0�n; 0� :

�11�

Uniform heat/mass ¯ux (UHF/UMF)
For this case, we use the following transformations

n � �4=R��mx=U�1=2; g � �U=mx�1=2 �r2 ÿ R2�=4R
� �

;

w�x; y� � R�mUx�1=2F�n; g�;
/�n; g� � �Rex�1=2�T ÿ T1�=�qwx=k�; �12�
S�n; g� � �Rex�1=2�C ÿ C1�=�mwx=qD�;
X� � Gr�t =�Rex�5=2; Gr�t � gbqwx4=�km2�;
N� � Gr�c=Gr�t ; Gr�c � gb�mwx4=�qDm2� :
The other notations are the same as in (6). The above
transformations are applied to Eqs. (1)±(4) and we ®nd
that (1) is identically satis®ed and (2)±(4) reduce to

�1� ng�F000 � �F � n�F00 � 8X��/� N�S�
� n�F0F0n ÿ F00Fn� ; �13�

�1� ng�/00 � �Pr F � n�/0 ÿ Pr F0/
� Pr n�F0/n ÿ /0Fn� ; �14�

�1� ng�S00 � �Sc F � n�S0 ÿ Sc F0S
� Sc n�F0Sn ÿ S0Fn� : �15�

The boundary conditions are given by:

F�n;0��0; F0�n;0��2k; /0�n;0��S0�n;0��ÿ2;

F0�n;0��2�1ÿk�; /�n;1��S�n;1��0 :
�16�

Here F is the dimensionless stream function; F0 is the
dimensionless velocity; / and S are the dimensionless
temperature and concentration, respectively; X� is the
buoyancy parameter due to the thermal diffusion; N�
measures the relative effects of buoyancy forces that arise
due to mass diffusion and thermal diffusion; Gr�t and Gr�c
are the Grashof numbers due to the thermal and mass
diffusion, respectively; l is the dynamic viscosity and all
other notations are the same as those in the (UWT/UWC)
case.

The skin friction coef®cient C�f , the heat transfer
coef®cient Nu� and the mass transfer coef®cient Sh� can
be expressed as

C�f �2l�ou=or�r�R=qU2�2ÿ1�Rex�ÿ1=2F00�n;0�;
Nu��qwx= k�TwÿT1�� ���Rex�1=2 /�n;0�� �ÿ1;

Sh��mwx= qD�CwÿC1�� ���Rex�1=2 S�n;0�� �ÿ1 :

�17�

It may be remarked that Eqs. (7) and (8), and Eqs. (13)
and (14) for k � N � N� � 0 are identical to those of Chen
and Mucoglu [1], and Mucoglu and Chen [2], respectively.
Also, for k � 1=2, X � 0 Eqs. (7) and (8) are the same as
those of Karnis and Pechoc [14].

3
Numerical method
The partial differential Eqs. (7)±(9) under the boundary
conditions (10) and Eqs. (13)±(15) under the boundary
conditions (16) were solved numerically by an implicit,
iterative tridiagonal ®nite-difference method similar to
that discussed by Blottner [11]. All the ®rst-order deriva-
tives with respect to n are replaced by two-point backward
difference formulae of the form

oB=on � �Bi;j ÿ Biÿ1;j�=Dn �18�
where B is any dependent variable and i and j are the node
locations along the n and g directions, respectively. First
the third-order differential Eqs. (7) and (13) are converted
into second order by substituting f 0 � h and F0 � H,
respectively. Then the second-order differential equations
for h; h; s;H;/ and S are discretized using three-point
central difference formulae while all ®rst-order differential
equations are discretized by employing the trapezoidal
rule. At each line of constant n, a system of algebraic
equations is obtained. With the nonlinear terms evaluated
at the previous iteration, the algebraic equations are solved
iteratively by using the well known Thomas algorithm
[11]. The same process is repeated for the next n value and
the equations are solved line by line until the desired n
value is reached. A convergence criterion based on the
relative difference between the current and the previous
iterations is employed. When this difference reaches 10ÿ5,
the solution is assumed to have converged and the iterative
process is terminated.

The effect of the grid size Dg and Dn and the edge of the
boundary layer g1 on the solutions is also examined. The
results presented here are independent of the grid size and
g1 at least up to the 4th decimal place.

4
Perturbation method
It is also possible to solve Eqs. (7)±(9) under the boundary
conditions (10) and Eqs. (13)±(15) under the boundary
conditions (16) by a perturbation expansion procedure
[12] in terms of the axial distance n. This approximate
method is valid for small values of n. However, by using
the Shanks transformation [13], the range of validity of n
can be increased. This method gives good results and we
have to solve a system of ordinary differential equations
instead of the partial differential equations. First we solve
Eqs. (7)±(9) under the boundary conditions (10) and
assume a regular perturbation expansion for f ; h and s
in powers of n as

f �n; g� �
X1
n�0

nnfn�g�; h�n; g� �
X1
n�0

nnhn�g�;

s�n; g� �
X1
n�0

nnsn�g� �19�

Substituting (19) into Eqs. (7)±(10) and equating coef®-
cients of like powers of n and truncating the expansion at
the nth term, we obtain for n � 0.

f 0000 f0f 000 � 8X�h0 � Ns0� � 0 ; �20a�
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h000 � Pr f0h
0
0 � 0 ; �20b�

s000 � Sc f0s00 � 0 ; �20c�
f0�0� � 0; f 00�0� � 2k; h0�0� � s0�0� � 1;

f 00�1� � 2�1ÿ k�; h0�1� � s0�1� � 0 :
�20d�

and for n � 1

f 000�
Xn

m�0

fmf 00nÿm�8X�hn�Nsn�

�
Xnÿ1

m�0

�nÿm��f 0mf 0nÿmÿ1ÿf 00mfnÿmÿ1�ÿgf 000ÿf 00nÿ1 ;

�21a�

h00�Pr
Xn

m�0

fmh0nÿm

�Pr
Xnÿ1

m�0

�nÿm��f 0mhnÿmÿ1ÿh0mfnÿmÿ1�ÿgh00nÿ1ÿh0nÿ1 ;

�21b�

s00 � Sc
Xn

m�0

fms0nÿm

� Sc
Xnÿ1

m�0

�nÿm��f 0msnÿmÿ1ÿ s0mfnÿmÿ1�ÿgs00nÿ1ÿ s0nÿ1 ;

�21c�
fn � f 0n � hn � sn � 0 at g � 0;

f 0n � hn � sn ! 0 as n!1 : �21d�
Also we have

f 00�n; 0� �
X1
n�0

nnf 00n �0�; h0�n; 0� �
X1
n�0

nnhn�0�;

s0�n; 0� �
X1
n�0

nns0n�0� : �22�

Using a perturbation expansion for F; / and S similar to
that given in (19) and following the above procedure in
Eqs. (13)±(16), we get for n � 0

F0000 � F0F000 � 8X��/0 � N�S0� � 0 �23a�
/000 � Pr �F0/

0
0 ÿ F00/0� � 0 : �23b�

S000 � Sc �F0S00 ÿ F00S0� � 0 �23c�
F0 � 0; F00 � 2k; /00 � S00 � ÿ2 at g � 0;

F0 � 2�1ÿ k�; /0 � S0 � 0 as g!1 : �23d�
and for n � 1.

F000 �
Xn

m�0

FmF00nÿm � 8X��/n � NSn�

�
Xnÿ1

m�0

�nÿm��F0mF00nÿmÿ1� ÿ gF000nÿ1 ÿ F00nÿ1 ; �24a�

/00 �Pr
Xn

m�0

�Fm/0nÿmÿF0m/nÿm��

Pr
Xnÿ1

m�0

�nÿm��F0nÿmÿ1ÿ/0mFnÿmÿ1�ÿg/00nÿ1ÿ/0nÿ1 ;

�24b�
S00 �Sc

Xn

m�0

�FmS0nÿmÿF0mSnÿm��

Sc
Xnÿ1

m�0

�nÿm��F0mSnÿmÿ1ÿS0mFnÿmÿ1�ÿgS00nÿ1ÿS0nÿ1 ;

�24c�
Fn � F0n � /0n � S0n � 0 at g � 0 ;

F0n � /n � Sn ! 0 as g!1 :
�24d�

Further, we get

F00�n; 0� �
X1
n�0

nnF00n�0�; /�n; 0� �
X1
n�0

nn/n�0�;

S�n; 0� �
X1
n�0

nnSn�0� : �25�

Equations (20a)±(20c) and (23a)±(23c) are non-linear
equations and they are solved by using the shooting
method [15]. Equations (21a)±(21c) and (24a)±(24c) are
linear equations which are solved by the method of
superposition [15].

As mentioned earlier, the perturbation method is valid
for small values of n. However, its range of validity can
be enhanced by using the Shanks transformation [13].
Since we are mainly interested in surface skin friction, heat
transfer and mass transfer coef®cients given in Eqs. (11)
and (17) for (UWT/UWC) and (UHF/UMF) cases,
respectively, we apply the Shanks transformation

e�Ln� � �Ln�1Lnÿ1 ÿ L2
n�=�Ln�1 � Lnÿ1 ÿ 2Ln� �26�

to Eqs. (22) and (25). Here e is the operator and Ln

denotes the partial sum of the series. For our case we taken
n � 4 and apply the above transformation twice and we
®nd that the results are in excellent agreement with the
numerical results in the range 0 � n � 1. The maximum
difference is less than 0.5%.

5
Analytical solution
Equation (7) under the boundary conditions on f given in
(10) for X � 0, k � 0:5 admits a closed form solution
given by

f �n; g� � g : �27a�
Using (27a), Eqs. (8) and (9) under the boundary condi-
tions (10) for X � n � 0, k � 0:5 also admit closed form
solutions given by

h�g� � erfc �Pr=2�1=2g
h i

; �27b�

s�g� � erfc �Sc=2�1=2g
h i

: �27c�
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Similarly, Eq. (13) for X� � 0, k � 0:5 and Eqs. (14) and
(15) for X� � n � 0, k � 0:5 under the conditions (16) also
have closed form solution [16], given by;

F�n; g� � g �28a�

/�g� � ÿ 2 exp�ÿPr g2=2�
�

A1

A2

� �
Fj j Pr� 3

4
;
1

2
;
Pr g2

4

� �
� g Fj j Pr� 5

4
;

3

2
;
Pr g2

4

� ��
; �28b�

S�g� � ÿ2 exp�ÿSc g2=2� A3

A4

� �
Fj j Sc� 3

4
;

1

2
;

Sc g2

4

� ��
� g Fj j Sc� 5

4
;

3

2
;

Sc g2

4

� ��
�28c�

where

A1 � C
1

2

� ��
C

Pr� 5

4

� �
;

A2 � 2ÿ1=2C�ÿ1=2�=C Pr� 3

4

� �
; �28d�

A3 � C�1=2�=C Sc� 5

4

� �
;

A4 � 2ÿ1=2C�ÿ1=2�=C Sc� 3

4

� �
: �28e�

Here Fj j( ) is the con¯uent hypergeometric function and
C( ) is the gamma function. The surface skin friction, heat
transfer and mass transfer for both the (UWT/UWC) and
the (UHF/UMF) are found to be identical to those of the
numerical solution up to the 4th decimal place.

6
Results and discussion
In order to assess the accuracy of our method, we have
compared the surface skin friction �f 00�n; 0��, and the
surface heat transfer �ÿh0�n; 0�� for k � 0 (stationary wall)
and N � O (no mass diffusion), when the wall temperature
is uniform, with those of Chen and Mucoglu [1]. The
corresponding results for the uniform heat ¯ux case are
compared with those of Mucoglu and Chen [2]. We have
also compared the surface heat transfer (Nu �Rex�ÿ1=2� for
X � 0 (without buoyancy forces), k � 0:5 (moving wall)
and for uniform wall temperature case with those of Karnis
and Pechoc [14]. The results are found to be in good
agreement. The comparison is presented in Tables 1±3.

The effect of surface curvature parameter n (or the axial
distance) on the velocity, temperature and concentration
pro®les �f 0; h; s� for X � 1, N � k � 0:5, Pr = 0.71,
Sc = 0.9 are given in Figs. 2±4. The velocity, thermal and
concentration boundary layers increase due to the curva-
ture n. Similar trend has been observed by Chen and
Mucoglu [1] for k � N � 0. The interesting result is that
the velocity pro®les near the wall, in the presence of
buoyancy force which assists the motion �X > 0�, exceed
the velocity at the edge of the boundary layer (i.e., there is
an overshoot in the velocity f 0) and the magnitude of the
velocity overshoot slightly decreases as the curvature
increases. The velocity overshoot is about 150% and it

Table 1. Comparison of skin friction and heat transfer results
(f ¢¢(n, 0), )h¢(n, 0)) for uniform wall temperature case when
N � k � 0, Pr = 0.7

n W Present results Chen and Mucoglu [1]

f ¢¢(n, 0) )h¢(n, 0) f ¢¢(n, 0) )h(n, 0)

0 0 1.3281 0.5854 1.3282 0.5854
0 1 4.9663 0.8219 4.9668 0.8221
0 2 7.7119 0.9302 7.7126 0.9305
1 0 1.9167 0.8666 1.9172 0.8669
1 1 5.2578 1.0617 5.2584 1.0621
1 2 7.8863 1.1685 7.8871 1.1690
2 0 2.3975 1.0963 2.3981 1.0968
2 1 5.6993 1.2712 5.7001 1.2718
2 2 8.3555 1.3741 3.3566 1.3747

Table 2. Comparison of skin friction ( f ¢¢(n, 0)) and the
reciprocal of heat transfer (/(n, 0)) for uniform heat ¯ux case
when N � k � 0, Pr = 0.7

n X� Present results Mucoglu and Chen [2]

F¢¢(n, 0) /(n, 0) F¢¢(n, 0) /(n, 0)

0 0 1.3281 2.4636 1.3282 2.4637
0 1.0 6.3659 1.7922 6.3665 1.7923
0 1.5 8.0157 1.6908 8.0165 1.6911
1 0 1.9108 1.8539 1.9113 1.8543
1 1.0 5.9407 1.4701 5.9414 1.4705
1 1.5 7.3443 1.3965 7.3451 1.3970
2 0 2.3840 1.5337 2.3847 1.5343
2 1.0 5.9312 1.3001 5.9322 1.3007
2 1.5 7.2546 1.2450 7.2558 1.2458

Table 3. Comparison of heat transfer results (Nu(Rex))1/2) for
the uniform wall temperature case when X � 0, k � 0:5

n Present results Karnis and Pechoc [14]

Pr = 0.7 Pr = 1.0 Pr = 0.7 Pr = 1.0

0.0001 0.35144 0.44411 0.35288 0.44754
0.001 0.35434 0.44761 0.36070 0.45570
0.005 0.36261 0.45613 0.37467 0.47026
0.01 0.37054 0.46427 0.38499 0.48103
0.04 0.40504 0.49895 0.41930 0.51682
0.05 0.41443 0.50817 0.42719 0.52506
0.06 0.42328 0.51667 0.43425 0.53243

Fig. 2. Effect of n on velocity pro®les (UWT/UWC)
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decreases by about 5% as n increases from zero to 1. Chen
and Mucoglu [1] have observed a similar trend. The reason
for the velocity overshoot is that the buoyancy force
�X > 0� acts like a favourable pressure gradient which
imparts additional momentum in the boundary layer and
thus causing an increase in the velocity beyond its edge
values. As the curvature increases the boundary layer
thickness overshoot in the velocity is reduced.

Figures 5±7 show the effect of the Prandtl number Pr on
the surface skin friction coef®cient �2Re1=2

x Cf � f 00�n; 0��,
the Nusselt number �2Re1=2

x Nu � ÿh0�n; 0�� and the

Sherwood number �2Reÿ1=2
x Sh � ÿs0�n; 0��. The surface

heat transfer �ÿh0�n; 0�� increases with Pr for all n, because
the thermal boundary layer becomes thin with increasing

Pr. This reduces the temperature and increases the tem-
perature gradient. Since higher Pr implies more viscous
¯uid, the velocity and concentration boundary layers grow
with increasing Pr. This causes a reduction in the surface
skin friction �f 00�n; 0�� and the mass transfer �ÿs0�n; 0��.
However, the effect of Pr is found to be more pronounced
on the surface heat transfer �ÿh0�n; 0�� than on the surface
skin friction �f 00�n; 0�� and the surface mass transfer
�ÿs0�n; 0��. For example, for X � 1, k � N � 0:5, Sc = 0.9,
n � 1, the heat transfer �ÿh0�n; 0�� increases by about
300% as Pr increases from 0.71 to 10, whereas the surface
skin friction �f 00�n; 0�� and the surface mass transfer
�ÿs0�n; 0�� decrease by about 37% and about 10%,
respectively. The strong dependence of ÿh0�n; 0� on Pr is
because Pr occurs in the energy equation, whereas the
effect of Pr on f 00�n; 0�, and ÿs0�n; 0� is only indirect.

Figures 8±10 display the effect of Schmidt number (Sc)
on the surface skin friction, heat transfer and mass
transfer (f 00�n; 0�, ÿh0�n; 0�, ÿs0�n; 0�). The effect is quali-
tatively similar to that of Pr. The mass transfer �ÿs0�n; 0��
is strongly affected by Sc due to its presence in the
diffusion equation, whereas the effect of Sc on the skin
friction �f 0�n; 0�� and the heat transfer �ÿh0�n; 0�� is
comparatively weak. For X � 1, k � N � 0:5, Pr = 0.71,
n � 1, ÿs0�n; 0� increases by about 180% as Sc increases
from 0.1 to 1.3. On the other hand, f 00�n; 0� and ÿh0�n; 0�
decrease by about 20% and 7.5%, respectively.

In Figs. 11±13, the effect of k on the surface skin friction
�f 00�n; 0��, heat transfer �ÿh0�n; 0�� and mass transfer
�ÿs0�n; 0�� for N � 0:5, X � 1, Pr = 0.71, Sc = 0.9 is

Fig. 7. Effect of Pr on the mass transfer (UWT/UWC)

Fig. 3. Effect of n on temperature pro®les (UWT/UWC)

Fig. 4. Effect of n on concentration pro®les (UWT/UWC)

Fig. 5. Effect of Pr on the skin friction (UWT/UWC)

Fig. 6. Effect of Pr on the heat transfer (UWT/UWC)
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displayed. The surface skin friction f 00�n; 0� decreases with
increasing k, because an increase in k implies reduction in
the relative velocity between wall and free stream. This
causes the momentum boundary layer to become thick
which results in a reduction in the surface skin friction.
On the other hand, the surface heat and mass transfer
�h0�n; 0�;ÿs0�n; 0� increase with k. This is because at low
Prandtl number (Pr) or Schmidt number (Sc), the thermal
or concentration boundary layer is thicker than the mo-
mentum boundary layer. Hence the thermal or concen-
tration boundary layer depends on the ¯ow outside the
momentum boundary layer. Hence at low Pr or Sc, the
heat and mass transfer increase with k. For X � 1,
N � 0:5, Pr = 0.71, Sc = 0.9, n � 1, the surface skin fric-
tion decreases by about 57% as k increases from 0 to 1, but
the surface heat and mass transfer increase by about 10%.

The effect of the parameter, N , which measures the
relative magnitude of the buoyancy forces due to the mass
diffusion and thermal diffusion, on the skin friction
� f 00�n; 0�� and heat and mass transfer �ÿh0�n; 0� ÿ s0�n; 0��
is shown in Figs. 14±16. The skin friction �f 00�n; 0��, and
heat and mass transfer �ÿh0�n; 0� ÿ s0�n; 0�� increase,
respectively, by about 200, 20 and 21% as N increases form
0 to 3. The reason for a signi®cant increase in the skin
friction is that N occurs in the momentum equation and
the effect of N on heat and mass transfer is indirect. Also
increasing N �N > 0� implies an increase in the buoyancy
forces which behave like favourable pressure gradient
when X > 0.

Fig. 9. Effect of Sc on the heat transfer (UWT/UWC) Fig. 13. Effect of k on the mass transfer (UWT/UWC)

Fig. 8. Effect of Sc on the skin friction (UWT/UWC)

Fig. 11. Effect of k on the skin friction (UWT/UWC)

Fig. 12. Effect of k on the heat transfer (UWT/UWC)

Fig. 10. Effect of Sc on the mass transfer (UWT/UWC)
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The effect of the buoyancy parameter X on the surface
skin friction, heat transfer and mass transfer
�f 00�n; 0�;ÿh0�n; 0� ÿ s0�n; 0�� is presented in Figs. 17±19.
Since an increase in X implies increase in the favourable
pressure gradient which accelerates the motion and re-
duces the boundary layer thickness, the skin friction, heat
transfer and mass transfer are enhanced. The surface skin
friction, heat transfer and mass transfer for N � k � 0:5,
n � 1, Pr = 0.71, Sc = 0.9 increase by about 217, 20, 20%,
respectively, as X increases from 0.5 to 2. The reason
for the strong dependence of th skin friction on X is that
it occurs only in the momentum equation. The effect
of the curvature parameter n on f 00�n; 0� is found to be
small.

The effect of the curvature n on the velocity, tempera-
ture and concentration pro®les (F; /; S) for X � 1,
N � k � 0:5, Pr = 0.71, Sc = 0.9 and for uniform heat
(mass) ¯ux (UHF/UMF) is displayed in Figs. 20±22. Since
the effect is qualitatively similar to that for the uniform
wall temperature (concentration) case, it is not discussed
here.

Figures 23±25 show the effect of the wall velocity k on
the skin friction �F00�n; 0��, heat transfer �1=/�n; 0�� and
mass transfer �1=S�n; 0�� for the (UHF/UMF) case when
X � 1, N � k � 0:5, Pr = 0.71, Sc = 0.9. The skin friction
decreases by about 61% when k increases form zero to 1,
whereas the heat and mass transfer increase, respectively,
by about 21% and 31%. The effect of k is qualitatively

Fig. 15. Effect of N on the heat transfer (UWT/UWC)
Fig. 18. Effect of X on the heat transfer (UWT/UWC)

Fig. 19. Effect of X on the mass transfer (UWT/UWC)

Fig. 14. Effect of N on the skin friction (UWT/UWC)

Fig. 16. Effect of N on the mass transfer (UWT/UWC)

Fig. 17. Effect of X on the skin friction (UWT/UWC)
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similar to that in the (UWT/UWC) case. Also the skin
friction for the (UHF/UMF) case is slightly more than that
in the (UWT/UWC) case, but the opposite trend is
observed for the heat transfer and the mass transfer.

7
Conclusions
The buoyancy forces cause considerable overshoot in the
velocity pro®les. The surface skin friction is strongly
dependent on the buoyancy forces due to the thermal and
mass diffusion, and on the relative velocity between the
wall and the free stream. The surface heat transfer and
mass transfer strongly depend on the Prandtl number and
the Schmidt number, respectively. The surface skin
friction is weakly dependent on the surface curvature. The
surface skin friction for the uniform heat (mass) ¯ux case
is slightly more than that of the uniform wall temperature
(concentration) case, but an opposite trend is observed for
the surface heat and mass transfer. The surface skin fric-
tion increases with the buoyancy forces or with an increase
in the relative velocity, but it decreases with increasing
Prandtl number or Schmidt number.
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