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Abstract. The current study investigates MHD natural convection heat transfer of a hybrid nanofluid in a
truncated cone along with transparent domains having the stimulus of an inherent constant magnetic field. The
governing equations subject to the physical boundary conditions are solved numerically by using the Galerkin
finite element method. The effects of the various parameters involved in the problem such as the Rayleigh
number Ra (ranging between 103 and 106), the Hartmann number Ha (ranging between 0 and 60), and the
porosity ratio e (0.1–0.9) are examined.Moreover, the effects of Da which represents the Darcy number (between
10−3 and 10−1) and the volume fraction of nanoparticles w for the dissipated nanoparticles of Al2O3-Cu are
reported in terms of the streamlines and isotherms distributions as well as the Nusselt number. Such parameters
are critical control parameters for both the fluid flow and the rate of heat transfer of the natural convection in the
annular space. The solution outcomes proof that the average Nusselt number varies directly with the dynamic
field flowing through a porous media, whereas it behaves inversely with the magnetic field.

1 Introduction

Heat transfer are used in different engineering systems for
domestic, commercial and industrial applications, such as
for thermal insulation of buildings, geothermal engineer-
ing, solar collectors, nuclear reactor cooling system,
filtration and fiber insulation, etc. Keeping in view all
these applications of heat transfer there is a need for
operating devices having a high thermal conductivity
[1–11]. Nanofluids containing particles of a nanometer size
and they have shown a high thermal conductivity in many
experiments [12–17].

The behavior of such as nanofluid in an enclosure and
the technique of the rate transfer of heat under the impact
of a magnetic field are fascinating, and are the subject of
multiple studies like [18–22]. Gourari et al. [23] scrutinized
numerically the heat transfer rate between two coaxial
inclined cylinders by convection.

Chamkha et al. [24] Examined magneto-hydrodynamic
(MHD) movement and heat exchange of Graphene oxide
Copper/water hybrid nanofluid in a revolving device,
taking Joule heating and laminar radiative flow into
account. Their results reflect that the tiny part of hybrid
nanofluid and the radiation parameter are growing, the
heat alternate increases whilst declines with enhancing the
rotation and magnetic parameters. Sajjadi et al. [25]
considered the impacts of MHD along the natural
convection through porous media, as well as in MWCNT
executing as iron oxide/water nanofluid. They imple-
mented Boltzmann double relaxation time lattice between
two flat surfaces and found an inverse connection between
transfer rate of heat reduction and magnetic field. In more
extra, they stated that the mediocre behavior of the heat
transfer rate had risen as the concentration of nanoparticles
increased. Mohebbi et al. [26] observed natural transfer of
heat through convection of a MWCNT � Fe3O4/water
hybrid nanofluid in porous media within turned in
T-shaped enclosure. Their findings presented that the
ordinary behavior of Nusselt number boost up with the
Rayleigh numeral values, the porosity ratio and the Darcy
number ratio. They also found that the increasing thermal
conductivity ratio in the cavity produced longer and
stronger vortices. Dogonchi et al. [27] considered the
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influence of natural convection along the magnetic hybrid
Nano fluid within a dynamic porous T-shaped cavity
exercising the prolonged Darcy–Forchheimer-Brinkman
Synopsis for the permeable medium. They found that the
number of Nusselt had improved by the unlimited choices
of the ratio porosity and the thermal conductivity. They
also claimed that the Nusselt number is a rising feature of
the viscosity parameter. Mehryan et al. [28] investigated
natural convection of the magnetic nanofluid that is visible
to two separate magnetic fields in a porous matrix. Our
tests showed that the average Nusselt number is free of the
two Lorentz factor strength ratio. In addition, there was
only a relation between the magnetic number and the
transfer rate of heat at high magnetic source strength
values. As considered the free convective transfer of heat
with a permeable medium of an Al2O3-Cu hybrid water
nanoliquid by Mehryan et al. [29]. It is found that, for a
hybrid nanofluid, the deceleration in the convective
transfer rate of heat was larger than for a single regular
nanofluid. Accordingly, they observed to execute the
incorporation of Cu-Al2O3 hybrid nanoparticles and Al2O3
nanoparticles induced a massive rise in nanofluid velocity
as Ra improved and allowed the nanofluid flow capacity to
deduct from all Ra values. The analysis of the influence of
the magnetic field on the rate of heat transfer of mixed
convection and the entropy generation of (Al2O3-CuO/
water) hybrid nanofluid in a prone cavity by Hajatzadeh
et al. [30]. They concluded that the overall entropy
generation and the amount of Bejan increased with the rise
in magnetic field strength. Vahedi et al. [31] considered the
movement of MHD Al2O3-water into a square lined
enclosure. They showed a connection between the Nusselt
mean number and the height of the heat source. Al-Rashed
[32] considered the consequence of a porous medium in a
trapezoidal cavity on the velocity field and the heat
transfer rate along a liquid–copper nanofluid with variable
features. He found that by accelerating the number of

Reynolds, volume percentages of nanoparticles and the
Darcy number the average number of Nusselt decreased.
Ahmed et al. [33] analyzed the finite element scheme to
designate the result of the radiation in a conical shape with
a porous matrix. Athani [34] considered a porous medium
fixed in a cone to test heat transfer using a non-natural
neural network tactic. Seddegh et al. [35] created a link
between an upright shell and a LHTES tube system for the
natural convection heat transfer, showing that by
improving the nature of the tube LHTES device and the
vertical shell, the natural convection impact can be used
favorably. It is apparent from the above literature that the
basic information concerning the natural convection of a
magnetic hybrid nanofluid under a magnetic field in a
porous matrix of a conical enclosure is missing. The present
work is performed in a truncated conical annular space to
examine MHD heat transfer and hybrid nanofluid taking
into consideration external magnetic impacts in a perme-
able medium. The inner wall cone temperature is Th, while
outer is Tc along with thermally insulated upper and lower
boundaries. The governing constitutive equations are
formulated and solved numerically using the scheme
called the Galerkin finite-element, along with the correct
boundary conditions. The widely publicized papers [36–39]
used this method. In this work, performing a parametric
study to show the impact of the various related parameters,
like the Rayleigh parameter Ra, porosity e, Hartmann
number Ha, Darcy number Da and the volume fraction ’ of
the dispersed nano-particles Al2O3-Cu (50–50%) features
on the nanoliquid flow and heat transfer.

2 Mathematical modeling

2.1 Problem description

Figure 1 provides a visual representation of the natural
convection of hybrid nanofluid in vertical conical annular

Fig. 1. Geometry for the physical model.
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space, which was analyzed in the present work. The vertical
inner walls are held at unchanged temperature Th and the
outer walls are sustained at unchanged temperature Tc.
The higher and lower boundaries are insulated thermally.
The enclosure has a porous medium packed in. The hybrid
nanofluid is a homogenous mixture flow, incompressible
and to be implemented with an intense magnetic field,
while the Prandtl number (Pr) is fixed at 6.2.

2.2 Governing equations and boundary conditions

Here, in this study 2D axisymmetric steady-state, MHD
natural convective flow of a hybrid nanofluid between two
concentric cones with porous glass. In the given problem
the porous medium, the Brinkman [40] model is also used.
The Navier-Stokes and heat equations presented in
cylindrical coordinates for the question can be presented
in dimensional form given the above assumptions as:
Continuity equation:
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By introducing the following dimensionless groups:
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By applying the aforementioned dimensionless groups,
the non-dimensional system of equations and the pertinent
boundary conditions become as follows:

Continuity equation:
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Momentum equations in z-direction:
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Energy equation:

U
∂u
∂R

þ V
∂u
∂Z

¼ ahnf

af

1

R

∂
∂R

R
∂u
∂R

� �
þ ∂2u
∂Z2

� �
: ð8Þ

With the following boundary conditions:
– At Z∈ 0;HL

� �
and R∈ R0;R0 � H

L cot d
� �

: Where both the
velocity U, V and u is zero for the isothermal cold tilted
wall.

– At Z∈ 0; hL
� �

and R∈ Ri;Ri � h
L cot d

� �
: Where U and V is

zero and u=1, for the isothermal hot tilted wall
– At Z ¼ h

L and R∈ 0;Ri � h
L cot d

� �
: Where U and V is zero

and u =1, for the isothermal hot horizontal wall.
– At ZL� h=0 and Z equal to zero: Where U and V both
are taken to be zero and ∂u

∂Z ¼ 0 for the adiabatic wall.

The local Nusselt number for the annulus inner cone is
obtained from the temperature gradients by the following
relations:

Nuloc1 ¼ ∂u
∂n

����
l¼ x

sin d

ð9Þ

Nuloc2 ¼ ∂u
∂Z

����
z¼x

: ð10Þ
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The average Nusselt number is defined by

Nuavg ¼ 1

2p

Z2p
0

Z1
0

Nu u;Zð ÞdZdu: ð11Þ

The functional characteristics for the mixture of base
liquid and nanofluid, such as thermal expansion bhnf,
density rhnf, specific heat cp and viscosity mhnf for the
nanofluid are given as:

The density of nanofluid is given in the reference [41] as:

rhnf ¼ 1� ’ð Þrf þ ’rnp ð12Þ

The coefficient of nanofluid thermal expansion is given
as [41]:

rbð Þhnf ¼ 1� ’ð Þ rbð Þf þ ’ rbð Þnp ð13Þ

The specific heat capacity can be determined according
to Pak and Cho [42]
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� 	

f
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rcp
� 	
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The thermal conductivity is defined as (Wasp model)
[43]

khnf ¼ knp � 1� nð Þkf þ 1� nð Þ kf � knp
� 	

’

knp � 1� nð Þkf � knp � kf
� 	

’
kf : ð16Þ

The effective dynamic viscosity based on the Brinkman
model is considered as

mhnf ¼ mf

1� ’ð Þ2:5 : ð17Þ

For nanoparticles Al2O3 and Cu, the properties are
obtained [44,45]

’ ¼ ’Al2o3
þ ’Cu ð18Þ
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rAl2o3 þ ’CurCu

’
ð19Þ

ðcpÞhnp ¼
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’
ð20Þ

bhnp ¼
’Al2o3
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þ ’CubCu

’
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’Al2o3

kAl2o3 þ ’CukCu

’
ð22Þ

shnp ¼
’Al2o3
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’
: ð23Þ

Table 1 describes the thermos-physical properties of
water as the base fluid and the nanoparticles of copper-
aluminum oxide.

3 Grid independency analysis and validation

3.1 Grid analysis

The governing equations are described together with the
required boundary conditions by the exercise of the
Galerkin finite element method for critical problem
parameters. This method consists of converting nonlinear
differential equations into a system of integral equations.
Non-uniform triangular grids are employed in the
discretization of the field’s solution. A mesh evaluation
procedure was carried out to ensure grid-independence of
the present approach. We examined six different grid
forms within the Resolution field with the following
number of elements: 225, 529, 841, 1296, 5929 and 255000.
For the case of Al2O3-Cu liquid nanofluid (’=0.04) with
Ra=106 the Nusselt number was obtained. The above
elements to establish a grid finesse interpretation, as
shown in Figure 2 show that a mesh size of 5929 is
sufficient for the precision of the findings and is therefore
selected.

3.2 Validation

In order to confirm the findings, the computational results
must be validated on the results published in the open
literature (see Fig. 3). Validation with the published paper
by khanafer et al. [25] has been done.

Table 1. Thermo-physical characteristics of the base fluid(water)and the nanoparticles (Cu andAl2O3) [29–46].

r (kg/m3) Cp (J/kg k) k (W/m k) s (S/m) b (K�1)

Pure water 997.1 4179 0.613 5.5 � 10�6 21�10�5

Cu 8933 385 401 59.6 � 10�6 1.67�10�5

Al2O3 3970 765 40 2.7 � 10�8 0.85�10�5
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4 Results and discussion

In the recent study, the natural convection of an MHD
hybrid nanofluid fluid in a vertical conical annulus
subjected to an external MHD is accomplished. The
variation in the parameter Hartmann (Ha=0–60), Darcy
number (Da=0.1–0.001), porosity ratio (e=0.1–0.9),
Rayleigh number (Ra=103–106), and the nanoparticles
of nanofluid (’=0–0.04) are presented and discussed.

Figures 4 and 5 show the influence of important
variables on the isotherms and streamlines. They demon-
strate that for various Rayleigh numbers there are two

prevailing transfer modes. In addition, conduction is the
principal of heat transfer mechanism for a low parameter
Ra=103. In this mode the isotherms are parallel and a
clockwise weak circulation exists inside the enclosure.
Similarly, the direct variation has been noticed in Rayleigh
number and convective heat transfer whereas the rise of
Hartmann number reduces convective heat transfer. The
flow cell gets stronger as Rayleigh number increases. The
isotherm remains constant for Ra=106 and higher
Hartmann numbers, which is a sign of the predominance
of convection.

Figure 6 illustrates the change of the average Nusselt
number versus the Rayleigh number Ra for different
choices of the selected values like Da, e, ’ andHa separately
for a hybrid Al2O3-Cu/water Nano fluid. As shown, the
average Nusselt number accelerated with growing values of
the Rayleigh number for the three working parameters
(Darcy number, porosity ratio and hybrid nanoparticles
concentration) and decreases by enhancing the Hartmann
number. Changing the porosity affects the temperature &
flow fields, and by growing the porosity, the heat transfer
rate rises and this advancement decreases by augmenting
the magnetic field. This behavior can be attributed to the
outside magnetic field, which dominates to the suppression
of the flow field. As a consequence, the Nuavg is predicted to
drop with the Ha.

Figure 7 shows the porosity effect for Da=10�2 and
Ra=103 to 106 and Ha=0 to 60 on the mean Nusselt
number. It should be remembered that the transfer rate of
heat will be higher, by growing the porosity. It follows,
therefore, that the mean number in Nusselt is mounting. It
can also be shown that the stimulus of the porosity on the
average Nusselt number is approximately the same for
various Hartmann numbers. The influence of e on Nu is not
distinct for small Rayleigh numbers relative to those of
higher Rayleigh numbers; However, for Ra=103, it
remains uniform for the mean Nusselt number when the
Hartmann number rises because the rate of heat transfer
only occurs because of conduction regardless of the
magnetic field effects. According to this calculation we
see that it is the convection effect that determines the
development of the Nusselt average number depending on
the Hartmann value. While contrary to this, we see that
Nusselt number and Hartmann number inversely behave
with one another and the magnetic field can control the
convection flow for choices of the “Rayleigh number” larger
than Ra=104 for which heat transfer by convection begins
to dominate (at Ra=106).

Figure 8 displays the average Nusselt number versus
the Hartmann number for different various parametric
values of Ra, Da, e, ’ and Ha separately for a hybrid Al2O3-
Cu/water nanofluid. The Hartmann number has a poor
impact on the average Nusselt number for Ra=103 and
104, because it does not impact the heat transfer efficiency
significantly, whereas the magnetic field controls the
convection flow.

In addition, it can be show that whenever the Da
enhances, the Nuavg improved. Accordingly, for the Da at
high values (i.e., Da=10�2), it is observed that the process

Fig. 2. The comparison of the average Nusselt number Nuavg for
various grid resolutions.

Fig. 3. A comparison of dimensionless temperature with
previous work.
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of the heat exchange is sufficient. Attributable to the
positive effect of the convection, this is a reasonable
outcome when high values of the Da are observed.
The justification for the present trend is a result of the
permeability gained of the porous media by the Da
intensification. This dominates to a reduction in the
opposition of the porous layer against the flow
circulation. Besides, is going to improve the action of
the convection in the enclosure. This causes increasing the
Nuavg levels.

5 Conclusion

The influence of an external magnetic field on natural
convection in a vertical conical enclosure filled with a
hybrid Al2O3-Cu/water nanofluid is investigated numeri-
cally. The effects of numerous related parameters such as
the Hartmann number, Rayleigh number, porosity ratio,
Darcy number and strong volume fraction on the
isotherms, streamlines and the average Nusselt number
are studied. The key outcomes of the current study are:

Fig. 4. Streamlines for various Hartmann and Rayleigh numbers at e=0.9 and ’=0.04.
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– The isotherms become dense near the hot surface with
the increase of Ra, Da, e and ’.

– For Ra=103, a weak clockwise circulation appears in the
annular space due to a dominated conduction heat
transfer regime. Also, as the Rayleigh number rises, the
strength of eddies appears in the vicinity of the heated
wall of the cavity because of the domination of the
convection heat transfer regime. This thermal gradient
enhances with the rise of the Rayleigh number and
vanishes with the augmentation of the Hartmann
number.

– The impact of the Lorentz force on the temperature
gradient is not eminent for low Rayleigh numbers
when compared with that of high Rayleigh numbers.
Nevertheless, the convection is suppressed when the
magnetic field is strong enough, and the isotherms are
almost conduction-like.

– The results also indicate that the rate of heat transfer is
increased by increasing the values of the Darcy number,
the porosity and the concentration of hybrid nano-
particles; whereas it is reduced by growing the Hartmann
number.

Fig. 5. Isothermal lines for enormous values of Hartmann and Rayleigh numbers at e=0.9 ’=0.04.
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Fig. 6. Comparison of average Nusselt number according to Ra for various parameters.

Fig. 7. Comparison of Nusselt average number according to porosity and Darcy number for various parameters.

8 R. Slimani et al.: Eur. Phys. J. Appl. Phys. 92, 10904 (2020)

10904-p8



Nomenclature

B Applied magnetic field
Da Darcy number
Ha Hartmann number
Pr Prandtl number
Nu Nusselt number
u, v Velocity components
X,Y Dimensionless cylindrical coordinates
T Fluid temperature
U, V Dimensionless velocity components
k Thermal conductivity
K Permeability of the porous medium

Greek symbols

m Dynamic viscosity
r Density
b Coefficient of Thermal expansion
a Thermal diffusivity
’ Volume fraction

Subscripts

avg Average
hnf Hybrid nanofluid
Loc Local
f Fluid
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