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Abstract
The main focus of the present research work is to elaborate the Reiner–Philippoff fluid flow over a stretching sheet along
with thermal radiation effect. A Darcy–Forchheimer medium was imposed and a linear stretching surface was used to generate the flow. Application of appropriate transformation yields nonlinear ordinary differential equation through nonlinear
Navier–Stokes equations and solved by Runge–Kutta–Fehlberg shooting technique. Importance of influential variables
such as velocity and temperature was elaborated graphically. It is envisaging that the boost up values of γ declines the both
velocity and temperature profiles.
Keywords Reiner–Philippoff fluid · Darcy–Forchheimer · Thermal radiation · Stretching sheet
List of symbols
a	Constant
uw (x) = ax1∕3	Stretched velocity
K ∗	Permeability of porous medium
Cb
	Non-uniform inertia coefficient of porous
F = K ∗1∕2
medium
Cb	Drag coefficient
Fr	Forchheimer number
Kp	Porosity parameter
T	Fluid temperature
Tw	Wall temperature
T∞	Temperature outside the surface
Pr	Prandtl number
qw	Heat flux from the sheet
k	Thermal conductivity
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Nux	Nusselt number
u x
Rex = w𝜈 	Reynolds number
Greek letter
λ	Reiner–Philippoff fluid parameter
γ	Bingham number
σ	Electrical conductivity,
ρ	Fluid density
α	Thermal diffusivity
τw	Wall shear stress

Introduction
Nowadays, radiation plays a key role in humankind. Radiation has several applications in archaeology, dentists and
nuclear materials, diagnosis monitor, etc. It is not only
used in humankind, but also used in academics, electricity,
industry, agriculture, etc. Hayat et al. [1] studied the entropy
generation for magnetohydrodynamic nanofluid with thermal radiation, and they found that total entropy generation
is inspected through various flow variables. Rashid et al.
[2] scrutinized the flow of hydromagnetic nanofluid with
nonlinear radiation and slip conditions. They are obtaining
solutions analytically by using HAM. It is found that entropy
generation rates enhances for Brinkman number and solid
volume fraction of nanoparticles, while reverse behaviour
of Bejan number holds. Waqas et al. [3] analysed the flow
of non-Newtonian fluid with heat generation effects and
they reveal that, decay in velocity field subjected to larger
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ferro-hydrodynamic interaction variable, whereas thermal
field increments when ferro-hydrodynamic interaction
variable is increased. Kumar et al. [4] studied the threedimensional flow of a nanofluid due to a nonlinear thermal
radiation, and they found that the entropy augmentation rate
can be controlled by minimizing the action of the Brinkman
and Reynolds numbers. In the content, many researchers,
Souayeh et al. [5], Kumar [6], Lokesh [7], Gireesha et al.
[8] and Kumar et al. [9] investigated the similar problems of
radiation heat transfer over a different geometry.
Researchers have widely recognized non-Newtonian
materials due to their huge technological and industrial
applications such as coal slurries, food processing, paper
production, nourishment preparing, polymers, wiring coating, cosmetics, clay mixture, oil recovery, crystal growth,
rubber and plastic sheet drawing. Nature of non-Newtonian
fluids cannot be analysed by unique constitutive connection due to their sundry rheological properties. For such
materials, there is a nonlinear connection between shear
rate and shear stress. The non-Newtonian materials are
separated into three classes, namely differential, integral
and rate. In view of this, Kapur and Gupta [10] were hearing the Reiner–Philippoff fluid through the stretching sheet
and they are obtaining solutions by using Karman–Pohlhausen’s method. They obtained the analytical expressions
for the inlet length and the boundary layer thickness in both
cases. Ghoshal [11] analysed by the non-Newtonian flow of
Reiner–Philippoff fluid across a circular tube. Na [12] was
investigated by the boundary layer flow of Reiner–Philippoff
fluids, and they give a general formulation, which makes it
possible to solve the boundary layer equations for any body
shape by a finite-difference technique. Yam et al. [13] scrutinized the stability analysis of the boundary layer flow of
Reiner–Philippoff fluid across a wedge. In this paper, they
are presenting graphical representations for the flow of different variables and friction factor.
Nanofluids are obtained by dispersing nanometre-sized
solid particles in varying traditional liquids like water, oil,
bio-liquids and ethylene glycol. Utilization of nanoparticles gives a successful method for improving heat transfer
attributes of traditional liquids. These dispersed nanoparticles, mostly metal or metal oxide, significantly increase
the thermal efficiency of traditional liquids. Nanofluids have
some general applications in industrial and vehicle cooling,
cancer therapy, sensing, imaging, generation of new type
fuels, cooling of microelectronics, cooling towers, and efficiency of hybrid powered engines and heating/cooling of
home appliances. Dat et al. [14] scrutinized the heat transfer
effects on 𝛾 − ALLOH nanofluid across a sinusoidal wavy
channel, and they found that boosting the nano-additive fraction leads to an enhancement in the Nusselt number and PEC
of the examined nanofluids. Furthermore, the pressure drop
of all the considered nanofluids enhances with augmenting
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the Reynolds number. Thermophysical properties have been
made by Gandhi et al. [15], and they developed MNTFs,
which were found to exhibit high and stable dispersion even
after centrifugation with a speed of 5000 rpm for 30 min.
Abdullah et al. [16] studied the hydrothermal and entropy
generation characteristics of biological water–silver nanofluid in a wavy-walled micro-channel heat sink. Ajam et al.
[17] deliberated the hydromagnetic flow of a nanofluid
across a Buongiorno’s model. In this paper, they are obtaining solution by implementing optimal homotopy analysis
method. Xu et al. [18] studied several parameters of Al2O3
nanoparticles with distilled water, mixture of ethylene glycol. Sheikholeslami and Sadoughi [19] investigated heat
transfer effects on CuO–water nanofluid across a melting
surface. Sheikholeslami et al. [20] scrutinized the numerical
modelling of nanofluid natural convection in a semi-annulus
in the existence of Lorentz force. Sheikholeslami et al. [21]
investigated the magnetic force and radiation influences on
nanofluid transportation through a permeable media considering Al2O3 nanoparticles. Jafaryar et al. [22] studied the
nanofluid turbulent flow in a pipe under the effect of twisted
tape with alternate axis. Sheikholeslami et al. [23] studied
the nanofluid heat transfer and entropy generation through
a heat exchanger considering a new tabulator and CuO
nanoparticles. Sheikholeslami and Shehzad [24] reported
the numerical analysis of F
 e3O4–H2O nanofluid flow in permeable media under the effect of external magnetic source.
Sheikholeslami et al. [25] investigated an application of
neural network for estimation of heat transfer treatment of
Al2O3–H2O nanofluid through a channel.
Nakayamma [26] introduced the Darcy–Forchheimer
fluid flow with heat transfer effects, and he found that an
increase in the inertia parameter leads to increase in the
fluid temperature in the absence of viscous dispersion,
whereas effect of inertia parameter leads to an increase with
the temperature profiles near the boundary. Seddeek [27]
investigated the Darcy–Forchheimer fluid flow, the impacts
of joule heating and viscous dissipation. They reveal that
the temperature field has an inverse relationship with the
thermal relaxation parameter and Prandtl number. Kishan
et al. [28] studied the hydromagnetic Darcy–Forchheimer
fluid flow across stretching sheet. They concluded that species profile declines with escalating values of Sc. Sadiq and
Hayat [29] implemented the Darcy–Forchheimer flow of
magneto-Maxwell liquid bounded by convectively heated
sheet. They conclude that the temperature field has an
inverse relationship with the thermal relaxation parameter
and Prandtl number. Makinde and Ogulu [30] explored the
heat and mass transfer effects on Darcy–Forchhimer flow
of a flat plate. They are solved numerically by using shooting method. Ganesh et al. [31] studied the magnetohydrodynamic Darcy–Forchhimer flow of a nanofluid across a
stretching sheet, and they found that an increasing value of

831

Physical aspects of Darcy–Forchheimer flow and dissipative heat transfer of Reiner–Philippoff…

first-order slip parameter decreases the local inertia critical
point and the second-order slip parameter shows an opposite
effect on local inertia critical point. Recently, Raju et al. [32]
and Kumar et al. [33–35] carried out the Darcy–Forchhimer
flow with different geometries.
Motivated and inspired by the ongoing research in this
area the purpose of the current study is to analyse the flow
and heat transfer of Reiner–Philippoff fluid through a stretching sheet along with thermal radiation effect. The governing
equations of momentum, energy and concentration profiles
are first reduced to self-similar form and then solved numerically by RKF-45 Method. The numerical approach shooting technique along with Runge–Kutta–Fehlberg approach
was employed in the development of convergent series
solutions pertaining to velocity and temperature fields. The
role of different pertinent parameters was investigated and
described. The numerical data were considered for analysis,
and computation of local Nusselt number was performed
subsequently.
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The radiative heat flux due to Rosseland approximation
is considered as;

Mathematical method
Two-dimensional viscous incompressible steady boundary layer flow of non-Newtonian Reiner–Philippoff based
fluid on a stretching surface is considered. Darcy–Forchheimer porous space is considered. We choose x-axis along
the plane of the stretching surface and y-axis is normal to
the surface. The surface y = 0 is stretched impulsively from
rest with a velocity, where a being constant. Let (u,v) be the
velocity components of Reiner–Philippoff nanofluids in the
(x,y) direction, respectively.
For the Reiner–Philippoff fluid model, the relation
between shear stress τ and rate of strain 𝜕u
is given by (see
𝜕y
Yam et al. [17]),

𝜕u
𝜏
=
𝜇 −𝜇 ,
𝜕y
𝜇∞ + 0( 𝜏 ∞)2
1+

where τs is the yield shear stress or the reference shear stress.
The above fluid model is a three-parameter model which
shows high and low shear rate limiting viscosities. The
Reiner–Philippoff fluid becomes a Newtonian fluid model
with the dynamic viscosity μ0 and μ∞ for very small and
large values of shear stress τ, respectively, and the model
exhibits non-Newtonian behaviour between these two
extreme values of τ
The governing set of steady equations can be written as
follows.

(1)

qr = −

Reiner – philippoff fluid

(5)

where σ* and k* are the Stefan–Boltzmann constant and the
mean absorption coefficient, respectively. K*-Permeability
Cb
of porous medium, F = K ∗1∕2
-non-uniform inertia coefficient
of porous medium, Cb-for drag coefficient.
The relevant boundary conditions on the surface of the
stretching sheet and on the fluid at infinity are:

u = uw (x) = ax1∕3 ,

v = 0, T = Tw at y = 0,

u → 0, T → T∞ as y → ∞

(6)

The following similarity transformations are introduced
(see, Yam et al. [17]),
𝜂=

𝜏s
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Using Eq. (7) into the above system of Eqs. (1)–(4), one
may obtain the following coupled nonlinear differential
equations,

y
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Fig. A  Physical configuration of the problem
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2
(1 + R)𝜃 �� + Pr f 𝜃 � + PrEcf �2 = 0,
3

(10)

The transformed boundary conditions are:

f (0) = 0, f � (0) = 1, 𝜃(0) = 0,

(11)

f � (∞) → 0, 𝜃(∞) → 0.
where 𝜆 =

𝜇0
,
𝜇∞

𝛾=

Pr = 𝛼𝜈 , R =

3
16𝜎 ∗ T∞

3kk∗

, Kp =

𝜈
,
K∗

. λ = 1 represents the case of
(Tw −T∞ )cp
Newtonian fluid, whereas λ < 1 and λ > 1 correspond to the
dilatant and pseudo-plastic fluid, respectively.
The physical quantity of interest Nux is defined as
follows:

Fr =

Cb

1

K∗ 2

and Ec =

𝜏
√s ,
𝜌 a23 𝜈
uw

xqw
k(Tw − T∞ )
( )
where qw = −k 𝜕T
𝜕y
Nux =

Results and discussion
This portion includes interpretation of physical quantities.
The numerical solutions are obtained for velocity and temperature profiles for different values of pertinent parameters.
The impact of several pertinent parameters, namely interaction parameter β, Newtonian fluid λ, Prandtl number Pr,
Eckert number Ec and radiation parameter R on the flow
and heat transfer of non-Newtonian fluid is illustrated in
Figs. 1–14 and Tables 1 and 2.
Changes in f′(η) via Fr is shown in Fig. 1. From this figure, f′(η) is strengthen for preponderant values of Fr. Furthermore, the momentum boundary layer thickness also
enhances for increasing values of Fr. Analysis for behaviour of Kp on θ(η) is shown in Fig. 2. From this graph, it is
worth noticeable that the boosted values of Kp declares the

is the heat flux from the sheet.
(
)
The reduced Nusselt number Nux in dimensionless
form is:
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The nonlinear coupled ODE’s (8)–(10) with the boundary
conditions (11) are solved numerically using Runge–Kuttabased shooting method. Initially, the set of nonlinear ordinary differential Eqs. (8)–(10) are converted to first-order
differential equations, by using the following procedure:
Rearing orange the numerical method
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Fig. 1  Effect of Forchheimer number on velocity profile
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To solve Eqs. (12)–(13), we guess the values of y3, y5
which are not given at the initial conditions. Once all initial conditions are found, we solve Eqs. (12)–(13) which are
integrated by using Runge–Kutta fourth-order method with
the successive iterative step length is 0.01.
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Fig. 2  Effect of porosity parameter on velocity parameter
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Fig. 5  Effect of Prandtl number on temperature profile
Fig. 3  Effect of Reiner–Philippoff fluid parameter on velocity profile

θ(η) and also thickness of the corresponding thickness of the
boundary layer decreases by enhancing values of Kp. This
is because of higher porosity parameter that corresponds
to smaller permeability and which results the lower velocity. Therefore, the hydrodynamic boundary layer thickness
reduced for enhancing value of Kp.
Figure 3 is sketched to exhibit the influence of λ on f′(η).
This figure elucidates that the flourishing values of λ is
strengthen the f′(η) and also analogous thickness of the layer
upgrade for preponderant values of λ. Figure 4 shows the
outcome of θ(η) for offbeat values of λ. Here, one can ascertain that an accumulating value of λ raises the temperature
profile and also expands the thickness of the thermal layer
thickness. Furthermore, λ = 1 represents the case of Newtonian fluid, whereas λ < 1 and λ > 1 correspond to the dilatant
and pseudo-plastic fluid, respectively.

Figure 5 is disclosed to understand the feature of Pr
parameter on θ(η). From this figure, one can observe that
an exaggerate value of Pr deteriorates the temperature of
the fluid and correspondent thickness of the boundary layer.
Physically, Prandtl number Pr is a ratio between viscous and
thermal diffusivities. Higher Pr yields weaker α (thermal
diffusivity) which corresponds to decay in θ(η) and related
layer thickness. Figure 6 specifically describes the Ec for the
temperature boundary layer. From this figure, we observe
that the flourishing values of Pr are expanding temperature
of the fluid. Physically, the higher Ec, an additional kinetic
energy is hoarded in liquid particles by frictional heating.
Due to this reason, temperature profile increases by increasing values of Ec.
The influence of different values of R on thermal profile
is shown in Fig. 7. It shows the thermal boundary layer
thickness and temperature are improved for increasing values of R. Higher values of R afford more temperature to
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Fig. 4  Effect of λ on Reiner–Philippoff fluid parameter on temperature profile
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Fig. 6  Effect of Eckert number on temperature profile
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Fig. 9  Effect of Bingham number on temperature profile
Fig. 7  Effect of radiation parameter on temperature profile
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the fluid flow which generates an increment in temperature
and thermal boundary layer thickness. Figures 8 and 9
provide an explanation regarding the velocity, temperature profile and consider the impact of γ parameter. It is
observed that the booming values of 𝛾 decline the velocity
and temperature profiles. Correspondingly, the thickness
of momentum and thermal boundary layer also declines
for higher values of 𝛾 .
Figures 10 and 11 show the impact of Nusselt number
values on Pr versus R. For escalating values of Pr versus R,
Nusselt number declines. Physically, Prandtl number Pr is
a ratio between viscous and thermal diffusivities. Higher
values of R afford more temperature to the fluid flow. Due
to this, increasing values of Pr and R decays the Nusselt
number and corresponding thickness of the layer. Furthermore, λ = 1 represents the case of Newtonian fluid, whereas
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Fig. 10  Effect of Prandtl number versus radiation parameter on local
Nusselt number
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Fig. 8  Effect of Bingham number on velocity profile
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λ < 1 and λ > 1 correspond to the dilatant and pseudo-plastic
fluid, respectively. Figure 12 shows the impact of Nusselt
number for different values of on Pr versus γ. It is shown
that the higher values of Pr versus γ enhance the local Nusselt number.
To get a clear view of the flow field, the stream line patterns are plotted in Figs. 13–16 for with different values
of Kp and λ. Figures 13 and 14 show the outcome of Kp on
stream line flow. When Kp is strengthened, the fluid particle
traces a definite curve along x-direction where the surface is
present. Figures 15 and 16 exhibit the impact of λ on stream
line flow when λ is strengthened, and the fluid particle surface is present. But it is clear that the there is a retardation
in the flow pattern.
Tables 1 and 2 show the fluctuation of the local skin
friction and Nusselt number for different values of various parameters. Table 1 shows that the numerical values
of Nusselt number for different physical parameters. From
this table, we conclude that larger values of Fr, R, 𝜆 and
Pr enhance the local Nusselt number. Further, an opposite
behaviour is observed for higher values of γ. Furthermore,
Table 2 shows the comparison of the presence and absence
of radiation parameter for three different fluids. From this
table, we observed that the presence of radiation is more
effective when compare to absence of radiation.
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Fig. 13  Stream lines for porosity parameter (Kp = 0.5)
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Fig. 14  Stream lines for porosity parameter (Kp = 2.0)
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Fr
0.5
1.0
1.5

Fr

λ

0.1
0.2
0.3

𝛾

Pr

Ec

R

0.1
0.3
0.5

Pr

0.6
0.8
1.0

0.5
1.0
1.5

Presence of R

0.5
1.0
1.5

0.4
0.6
0.8

− θ’(0)

0.2
0.4
0.6

0.223307
0.385018
0.517118
0.262966
0.246704
0.234893
0.155748
0.195064
0.223307
0.223307
0.278163
0.338387
0.043122
0.083431
0.120999
0.223307
0.446616
0.669925

−𝜃 � (0)

−𝜃 (0)

0.1
0.2
0.3

Ec

Absence of R

�

0.5
1.0
1.5

13

Γ

λ = 0.5

λ = 1.0

λ = 1.5

λ = 0.5

λ = 1.0

λ = 1.5

− 0.223307
− 0.385018
− 0.517118
− 0.262966
− 0.246704
− 0.234893
− 0.043122
− 0.083431
− 0.120999
− 0.446616
− 0.669925
− 0.893233

− 0.272644
− 0.474776
− 0.641993
− 0.272644
− 0.272644
− 0.272644
− 0.054978
− 0.104753
− 0.150270
− 0.545289
− 0.817933
− 1.090577

− 0.306914
− 0.538462
− 0.731437
− 0.281565
− 0.293759
− 0.300937
− 0.063624
− 0.119946
− 0.170915
− 0.613823
− 0.920743
− 1.227658

− 0.092370
− 0.157974
− 0.210914
− 0.109782
− 0.102621
− 0.097438
− 0.017020
− 0.033428
− 0.049097
− 0.184741
− 0.277111
− 0.369482

− 0.114058
− 0.197080
− 0.264969
− 0.114058
− 0.114058
− 0.114058
− 0.021826
− 0.042446
− 0.061750
− 0.228117
− 0.342175
− 0.456233

− 0.129284
− 0.225116
− 0.304089
− 0.118009
− 0.123424
− 0.126619
− 0.025373
− 0.048973
− 0.070783
− 0.258567
− 0.387851
− 0.517134
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• Higher Ec, an additional kinetic energy, is hoarded in

1.0

•

0.8

•
•

η

0.6

0.4

•

0.2

liquid particles by frictional heating. Due to this reason,
temperature profile increases by increasing values of Ec.
Temperature gradient is an increasing function for raising
values of R.
Escalating values of Pr versus R Nusselt number declines.
Prandtl number Pr is a ratio between viscous and thermal
diffusivities. Higher Pr yields weaker α (thermal diffusivity) which corresponds to decay in θ(η).
Higher porosity parameter corresponds to smaller permeability and which results the lower velocity. Therefore,
the hydrodynamic boundary layer thickness reduced.
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Fig. 15  Stream lines for Reiner–Philippoff fluid parameter (λ = 0.5)
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Fig. 16  Stream lines for Reiner–Philippoff fluid parameter (λ = 2.0)

Conclusions
The present paper contains the computational estimations of
the magnetized particulate flow of flow and dissipative heat
transfer of Reiner–Philippoff fluid over a stretching sheet.
RKF-45 order as well as shooting technique is applied to
work out the effective nonlinear ODE’s of the problem. The
effects of some flow parameters on the surface are discussed,
and the profiles of momentum and heat are graphically illustrated. The prime outcomes of current study are:
• Boost up values of 𝛾 velocity and temperature profiles

declines.
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