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Thermo-magnetohydrodynamic effects
on Cuþ engine oil/water nanofluid flow
in a porous media-filled annular region
bounded by two rotating cylinders

Abuzar Abid Siddiqui1 and Ali J Chamkha2

Abstract

We examine the thermo-magnetohydrodynamic effects on nanofluid flow in a porous circular annular region bounded by

two rotating cylinders in the presence of a constant radial magnetic field but variable thermal conductivity. The nanofluid

consists of a sample liquid (water/ engine oil) along with suspended copper nanoparticles. This physical problem is

formulated and analytical solutions for the governing equations are obtained by using the homotopy analysis method in

the form of the physical variables such as, the pressure, fluid speed, temperature, shear stress, heat transfer, and the

concentration of nanoparticles. The obtained results are compared with the existing results for the clear fluid and are

found in excellent agreement. The effects of the field parameters on these physical variables are studied. It is found that

the fluid speed (pressure) increases (decreases) with the Forchheirmer coefficient, porosity, applied magnetic field

intensity, and the angular speed of the outer cylinder, but it decreases with the angular speed of the inner cylinder

for both liquids. The reverse flow exists if the inner and outer cylinders are rotating in the opposite directions for both

the liquids. Furthermore, the thermal transfer rate in the engine oil is lower than that in water. If the annulus region is

squeezed, then the fluid speed decays while the pressure rises. The temperature and the thermal transfer rate decay if we

march from the inner cylinder to the outer one. The porosity and the angular speed of the outer cylinder enhance the

viscous dissipation and shear stress.
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Introduction

In the last decade, many productive efforts have been
made by researchers to probe the thermodynamical
effects of nano-sized solid suspended nanoparticles
in a fluid. Such fluids are commonly called ‘‘nano-
fluids’’.1 They may also be referred to as industrial
fluids, due to their wide range of applications in indus-
try, for example, in designing a nanofluid-based
cooler;2 in enhancing the thermal transfer of a cooling
system by using Al2O3-based nanofluid;3 in construct-
ing a silicon microchannel heat sink by using copper
(Cu)–based nanofluid;4 in enhancing the cooling rate
of heavy duty, nanofluid-based engine coolants (e.g.
ethylene glycol-based coolant,5 Al2O3-nanofluid car
engine using a standard car engine coolant as the
base fluid6); in targeting delivery of anti-cancer
drugs graphene oxide-based nanofluid;7 in using
ZnO or CuO-based nanofluid8,9 as an anti-bacterial
tool; in manufacturing vehicular brake fluid using
copper oxide and aluminum oxide-based brake

nanofluids;10 and many more. For more details, the
reader may refer to Yu and Xie.11

Usually, the nanofluid flow problems are investi-
gated, experimentally and numerically, by using
either the single-phase model or the two-phase
model. In the single-phase approach, it is assumed
that the nanoparticles are thermally in equilibrium
and that they move with the velocity of the carrier
fluid. The slip velocities between the fluid molecules
and the nanoparticles are ignored. Furthermore, the
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low and uniform concentration/volume fraction of
nanoparticles are considered. Many researchers have
followed this approach, for example
Turkyilmazoglu,12,13 Sheikoleslami and Shehzad,14

and Nayak et al.15 On the other hand, the two-
phase approach is not only valid for low and uniform
nanoparticles concentration, but also equally applic-
able to high and nonuniform concentrations.
Therefore, the variable concentration of nanoparticles
is considered in this approach. In addition, the slip
velocities between the fluid molecules and the nano-
particles may exist due to sedimentation, Brownian
diffusion, and Brownian force of aciculate solid nano-
particles.16 Several researchers17–19 have opted for this
approach. Moreover, Turkyilmazoglu20 attempted to
highlight the difference between these approaches
very well.

In the present work, we chose the two-phase model
to describe the thermal and hydrodynamical effects of
the nanoparticles in a rotating circular porous annu-
lus. Thermal transfer in the rotating bodies has long
been an important topic of interest and remains so in
the modern era. It has various applications, for exam-
ple, in meteorological prediction,21 satellite oper-
ation,22 and others. Specifically, thermal transfer in
the annulus region bounded by two concentric circu-
lar cylinders is relevant in many applications, includ-
ing electric motors,23 the cooling of electronic
components, heat exchangers, solar collector recei-
vers, thermal storage systems, and transmission
cables.24,25 In the last decade alone, much work has
been done on this high-profile topic.26–39

It is an established fact that nanoparticles represent
a good tool for instant removal/enhancing the thermal
transfer rate, whereas the porous medium is a good
candidate for thermal storage applications.40 But,
here two questions arise: first, what is at porous
medium? Second: how are these useful? If a fluid
flows through a fixed solid matrix with a connected
pore, then this solid matrix is said to be a porous
medium.41 The ratio of the pore space to the total
volume is called the porosity. In natural materials,
porosity is usually less than 0.6, but it ranges up to
0.99 for the man-made materials.41 Mass/thermal
transport through a porous medium has significant
applications in soil mechanics, groundwater hydrol-
ogy, the food industry, petroleum engineering, bio-
mechanics engineering, mechanical engineering, and
ceramics engineering.42 Its applications cover
Newtonian fluids43 as well as non-Newtonian
fluids.44 Figure 1 illustrates some daily applications
of fluid transport in the porous media.

Many researchers have made valuable contribu-
tions in investigating the pairing of nanofluids and
porous media, see, for example, Srinivas et al.,43

Siddiqui,44 Makinde et al.,45 and Ahmed et al.46,47

In this scenario, we are interested in studying the
nanofluid flow in a porous medium. We selected the
physical problem of the steady flow of a nanofluid

(water/engine oilþCu) in a porous circular annulus
region, under the influence of radial magnetic field
and nonuniform thermal conductivity. The flow is
generated by rotating the inner/outer cylinders. We
shall mathematically formulate the flow problem to
get a boundary value problem (BVP) in the following
section. The purpose and target of the present work is:
(i) to find an exact/analytical solution of the said BVP
by using the homotopy analysis method (HAM); (ii)
to examine the effect of magnetic field intensity on
physical field variables such as fluid speed, pressure,
thermal transfer rate, temperature, and nanoparticles
concentration; (iii) to examine the relationship
between the temperature and the nanoparticle concen-
tration; (iv) to highlight the effects of inner/outer
cylinder rotation and direction of rotation on the
field variables; (v) to examine the effects if the base
fluid is changed; (vi) to develop the empirical relation
of the pressure; (vii) to highlight the effect of porosity
on the stress and the concentration; (viii) to find the
point at which the viscous dissipation/shear stress
vanishes.

The novelty of the present work is described briefly
as follows: firstly, the flow in a rotating circular
porous annulus region for nanofluid (particularly for
Cuþ engine oil/water mixture) under the influence of
the nonuniform thermal conductivity and the radial
magnetic field is formulated and studied for the first
time to the best of our knowledge/literature survey.
Secondly the Forchheirmer force is incorporated in
the momentum equation in order to highlight the
entire effect of porosity and porous medium relative
to the clear fluid. Thirdly, the viscous dissipation
effect is added in the energy equation in order to
fetch the inclusive thermal transfer influences, which
is usually ignored owing to its highly nonlinear behav-
ior. Fourthly, a HAM-based analytical solution is
probed for the first time. Moreover, it was tested
that HAM is also suitable for solving such type of
highly nonlinear partial differential equation.48,49

The HAM-based analytical solution of the BVP is
developed in a later section. Subsequently, these solu-
tions are plotted for various values of field variable.
Further, the comparison and justification of our
results are presented and the major findings are dis-
cussed in the last section.

Mathematical formulation

We intend to study the thermal, magnetic, and hydro-
dynamic effects on the steady flow of an incompress-
ible fluid containing suspended Cu nanoparticles in an
annulus region in the presence of an applied constant
radial magnetic field, as shown in Figure 2. The annu-
lus region (ri 5 r5 ro) is porous and is bounded by
the rotating cylinders such that the outer and the
inner cylinders are rotating with angular speed !o

and !i, respectively. Furthermore, the temperatures
and concentration at the outer and inner cylinders
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are, respectively, To,�o and Ti,�i such that Ti 4To

and �i 4 �o.
This physical problem is modeled by the following

governing equations complying with the laws of con-
servations of mass, momentum, energy, and species,
in the dimensional form50–53

r0 � V0 ¼ 0 ð1Þ

�f
�2p

V0 � r0ð ÞV0 þ r0p0 �
�f

�p
r0

2
V0 þ

�f

K0
V0

þ
CF�fffiffiffiffiffiffi
K0

p V0
�� ��V0 � �f V0 � B0ð Þ � B0 ¼ 0

ð2Þ

�Cp

� �
f
V0 � r0ð ÞT0 � r0 � K�fr

0T0
� �

� �Cp

� �
s

� DBr
0T0 � r0�0 þDTT

�1
o r

0T0
�� ��2h i

��d ¼ 0 ð3Þ

V0 � r0ð Þ�0 �DTT
�1
o r

02T0 �DBr
02�0 ¼ 0 ð4Þ

where B, CF, Cp, DB, DT, K0, p, T, V, �, �p, �, �, �,
and �d are, respectively, the magnetic field intensity,

Forchheirmer coefficient, specific heat coefficient,
Brownian diffusion coefficient, the thermophoretic
diffusion coefficient, permeability, pressure, tempera-
ture, velocity, concentration of the Cu nanoparticles,
porosity, dynamic viscosity coefficient, density, elec-
tric conductivity, and viscous dissipation. The sub-
scripts f and s stand for the base fluid and
nanoparticles, respectively. In addition, the thermal
conductivity of the nanofluid is taken as:
K�f ¼ Kf 1þ " T

0 � Toð Þ=�T½ � such that " is an arbi-
trary number, whereas �T ¼ Ti � To. Moreover,
in equation (2), it can be observed that there are
three additional terms (third to fifth) as compared
to the Navier–Stokes equation for the clear fluid.
The third and fourth terms are caused by the porous
medium. These are, respectively, the Brinkman vis-
cous and the Dupuit–Forchheimer terms. The later
term is form-drag (fluid resistance by virtue of
pores) and CF, the Forchheimer coefficient might be
either 0.1 or 0.55.41 Furthermore, if this term
vanishes, then the solution of equation (2) with
some limitations and assumptions was found by
Turkyilmazoglu.12 The last term on the left-hand
side of equation (2) is the Lorentz force, induced by
the imposed magnetic field.

The geometry of the problem reflects that the suit-
able coordinates should be the cylindrical polar
coordinates (r, �, z). In our case, the azimuthal
velocity component will be nonzero, as the fluid is
rotating merely. In addition, a constant radial mag-
netic field (i.e. B0 ¼ B0r̂) is imposed. Obviously, all the
field variables like velocity, temperature, concentra-
tion of nanoparticles, and pressure will depend
upon r only.

Accordingly, equations (2) to (4) will take the fol-
lowing component form, despite the fact that equa-
tion (1) will satisfy automatically

�f
u0�2

r0
¼ �2p

@p0

@r0
ð5Þ

�f

�p
r0

2
u0� �

u0�

r02

� 	
¼
�f

K0
u0� þ

CF�f
K0

u0�2þ �fB
2
0u
0
� ð6Þ

Figure 1. Applications of porous media: (a) a water purification filter; (b) a porous heat exchanger; (c) the catalytic converter

of a car.

Figure 2. Cross-sectional view of the geometry of the

problem.
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�Cp

� �
s
DB

dT0

dr0
d�0

dr0
þ
DT

To

dT0

dr0


 �2
" #

þ K�fr
02T0

þ
Kf"

�T

dT0

dr0


 �2

þ �f
du0�
dr0
�
u0�
r0

� 	2
¼ 0

ð7Þ

DTr
02T0 þDBr

02�0 ¼ 0 ð8Þ

such that r02 � d2

dr02
þ 1

r0
d
dr0.

If we seek the dimensionless form of the above
equations (5) to (8), this will look like

u2�
r
¼ �2p

@p

@r
ð9Þ

d2u�
dr2
þ
1

r

du�
dr
�
u�
r2
¼ K1 þH2

a

� �
u� þ K2u

2
� ð10Þ

1þ "Tð Þ
d2T

dr2
þ
1

r

dT

dr

� 	
þ "þ KTð Þ

dT

dr


 �2

þ KB
dT

dr

d�

dr
þ PrEc

du�
dr
�
u�
r

� 	2
¼ 0

ð11Þ

d2�

dr2
þ
1

r

d�

dr
þ K�

d2T

dr2
þ
1

r

dT

dr

� 	
¼ 0 ð12Þ

such that the dimensional physical quantities are
related to the nondimensional ones and are stated as
follows

u�, p, r,T,�
� 

¼
u0�
�pVi

,
p0

�fV2
i

,
r0

ro
,
T0 � To

�T
,
�0 � �o

��

� �
where as Vi ¼ ri!i:

Here, K1 ¼
�f�pro
�fK0Vi

� �
, K2 ¼

CF�proffiffiffiffi
K0

p

� �
, Ha ¼ B0ro

ffiffiffiffiffiffiffi
�f�p
�f

q� �
,

KB ¼
DB �Cpð Þs��

Kf

� �
, KT ¼

DT �Cpð Þs�T

KfTo

� �
, Ec ¼

�fV
2
i �

2
p

�Cpð Þf�T


 �
,

Pr ¼
�f

��f

� �
, � ¼

Kf

�Cpð Þf


 �
, and K� ¼

DT�T
DBTo��

� �
are, respect-

ively, the viscous parameter, Forchheirmer parameter,
Hartmann number, Brownian parameter, thermo-
phoretic parameter, Eckert number, Prandtl number,
diffusivity coefficient, and viscous dissipation
parameter.54

The boundary conditions in the dimensionless form
will be

u� ¼ 1, T ¼ 1, � ¼ 1, at r ¼
ri
ro
¼ �0 ð13aÞ

u� ¼
!oro
!iri
¼ �1, T ¼ 0, � ¼ 0, at r ¼ 1 ð13bÞ

Analytical solution of the boundary value
problem

Next, our target is to solve the BVP, equations (9) to
(13), so obtained after formulating the physical

problem. Equation (12) is a simple homogenous
linear ordinary differential equation. Its solution in
light of boundary conditions (13) can be obtained
easily. It will take the following form

� ¼ C1loger� K�T ð14Þ

where C1 ¼ 1þ K�
� ��

loge�0.
If we introduce this solution in equation (11), it will

deform as

d2T

dr2
þ
K8

r

dT

dr
þ K9T

d2T

dr2
þ
1

r

dT

dr

� 	

þ K10
dT

dr


 �2

þ Kd
du�
dr
�
u�
r

� 	2
¼ 0

ð15Þ

where

K8,K9,K10,Kdf g ¼ 1þ C1K8, ",K9�KBK� þ KT,PrEc

� 
:

Unlike equation (12), equations (10) and (15) are
nonlinear ordinary differential equation and are not
solved conveniently by the usual methods. Usually
such equations are solved numerically. But we have
tried to investigate their analytical solution by the
HAM,55–57 which is suitable for handling the non-
linear behavior of the partial differential equation,
see for instance Liao48 and Abbas.49

HAM-based solution of equation (10)

If we represent u� ¼ u, then according to the HAM we
have to consider the following auxiliary linear and
nonlinear operators �u �½ � and �u �½ �, respectively

�u ~u r; q0ð Þ½ � ¼
@

@r

@ ~u r; q0ð Þ

@r
þ

~u r; q0ð Þ

r


 �
ð16Þ

�u ~u r; q0ð Þ½ � ¼ �u ~u r; q0ð Þ½ � � A1 ~u r; q0ð Þ½ � � A2 ~u r; q0ð Þ½ �
2

ð17Þ

where A1,A2f g ¼ K1 þH2
a,K2

� 
, and qo 2 0, 1½ � is an

embedded parameter.
We can write the zero-order deformation

equation as

1� qoð Þ�u ~u r; q0ð Þ � u0 rð Þ½ � ¼ qo�h�u ~u r; q0ð Þ½ � ð18Þ

Here, �h 6¼ 0 is an arbitrary parameter. Therefore,
the boundary conditions on ~u can be written as

~u �0; q0ð Þ ¼ 1, and ~u 1; q0ð Þ ¼ �1 ð19Þ

The u0 rð Þ in equation (18) is an initial estimated
solution and this u0 rð Þ can be expressed, satisfying
the aforementioned boundary conditions, as

u0 rð Þ ¼ Arþ Br�1 ð20Þ
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Here, A,Bf g ¼ �0 � �1ð Þ= �20 � 1
� �

,�1 � A
� 

. Clearly,
the solution of equation (18) with respect to boundary
condition (19), if qo ¼ 0 will be

~uðr; 0Þ ¼ u0 rð Þ ð21Þ

But if qo ¼ 1, then the said solution will be equal to
the exact solution of the BVP (10) along with the
boundary condition (13); that is

~uðr; 1Þ ¼ u rð Þ ð22Þ

This means that qo varies from 0 to 1. In addition,
it reflects the continuous deformation of ~u r; q0ð Þ

from the initial estimated solution u0 rð Þ to the exact
solution u rð Þ of equation (10) with boundary condi-
tions (13). This is, actually, the basic theme of the
homotopy and such variations are referred to
as deformation in the topology. Now, if we
employ Taylor’s theorem to expand ~u r; q0ð Þ in the
power of qo as

~u r; qoð Þ ¼ u0 rð Þ þ
X1
i¼1

qi0ui rð Þ ð23Þ

where

uj rð Þ ¼
1

j!

@j

@qj0
~u r; qoð Þ

" #
qo¼0

ð24Þ

On concatenating equations (22) and (23), we get

u rð Þ ¼ u0 rð Þ þ
X1
n¼1

un rð Þ ð25Þ

On taking the nth-order differentiation of equation
(18) with respect to qo and setting qo ¼ 0 after divid-
ing them by n!, we obtain the nth-order deformation
form of the problem for speed

�u �nun�1 rð Þ � un rð Þ½ � ¼ �h�u,n yð Þ ð26Þ

where �n ¼
1 n4 1

0 n41

�
and

�u,n rð Þ ¼ u00n�1 þ r�1u0n�1 � r�2 þ K1 þH2
a

� �
un�1

þ K2

Xn�1
m¼0

umun�m�1½ �

Accordingly, the boundary conditions (13) will
deform as

unð�0Þ ¼ 1, unð1Þ ¼ �1 ð27Þ

Now, equation (26) subject to boundary condi-
tion (27) will be solved for n ¼ 1, 2, 3, . . . , . Then
according to equation (25), the first two approximate

analytical solutions, in addition to equation (20),
will be

u1 rð Þ ¼ b�2rlogerþ
X4
k¼�1

bkr
k ð28Þ

u2 rð Þ ¼
X4
k¼1

ekr
klogerþ

X7
k¼�1

ek1r
k ð29Þ

where

a1, a2, a3, a4, a5f g ¼ ��h A2B
2,A1B, 2AA2B,A1:A,A2A

2
� 

b�2, b�1, b0, b1, b2, b3, b4f g ¼
a2=2,C4, � a1, C3:=2ð Þ

� a2=4ð Þ, a3=3, a4=8, a5=15

( )
,

C3,C4f g ¼
2 C5 � �

�1
0 C6

� �
= �0 � �

�1
0

� �
,

�C5 þ �0C6ð Þ= �0 � �
�1
0

� �
( )

,

C5 ¼
a2
2
�0loge�0 � a1 �

a2
4
�0 þ

a3
3
�20 þ

a4
8
�30 þ

a5
15
�40 � 1,

C6 ¼ �a1 �
a2
4
þ
a3
3
þ
a4
8
þ

a5
15
� �1,

d2, d3, d4, d6f g ¼

�2�hA2Bb�2, � �hA1b�2,

�2�hA2Ab�2, � 1þ �hð Þb0

�2�hA2Bb�1

8><
>:

9>=
>;,

d7, d8f g ¼

2 1þ �hð Þb�2 � 2�hA2Bb0 � �hA1b�1,

3 1þ �hð Þb2 � �hA1b0 � 2�hA2Ab�1

�2�hA2Bb1

8><
>:

9>=
>;,

d9, d10f g ¼

8 1þ �hð Þb3 � 2�hA2Ab0

��hA1b1 � 2�hA2Bb2,

15 1þ �hð Þb4 � �hA1b2

�2�hA2Ab1 � 2�hA2Bb3

8>>><
>>>:

9>>>=
>>>;
,

d11, d12, d13f g ¼

�2�hA2Ab2 � �hA1b3

�2�hA2Bb4, � �hA1b4

�2�hA2Ab3, � 2�hA2Ab4

8><
>:

9>=
>;,

d15, d16, d18, d19, d20, d21f g

¼
d3=2, d4=3,�d6, d8 � d2, �d3=4ð Þ

þ d9=2ð Þ, �d4=9ð Þ þ d10=3ð Þ

� �
,

d22, d23, d24, e1, e2, e3, e4, e�11, e01f g

¼
d11=4, d12=5, d13=6, d7=2,

d2=3, d15=4, d16=5, d26, d18

� �
,

e11, e21, e31, e41, e51, e61, e71f g ¼

d25 � d7, d19 � d2=9, d20 � d15=16,

d21=5, d22=6, d23=7, d24=8

� �

HAM-based solution of equation (15)

An approach analogous to the HAM-solution proced-
ure adopted for azimuthal speed u�, in the earlier sec-
tion, is repeated here for temperature T. The auxiliary
linear, nonlinear, and initial-estimated-solution
expressions for temperature will be

�T
~T r; q0ð Þ
� �

¼
@2 ~T r; q0ð Þ

@r2
þ K8r

�1 @
~T r; q0ð Þ

@r
ð30Þ
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�T
~T r; q0ð Þ
� �

¼ �T
~T r; q0ð Þ
� �

þ K9
~T r; q0ð Þ

@2 ~T r; q0ð Þ

@r2
þ r�1

@ ~T r; q0ð Þ

@r

" #

þ K10
@ ~T r; q0ð Þ

@r

" #2

þ Kd
@ ~u r; q0ð Þ

@r
�

~u r; q0ð Þ

r

� 	2
ð31Þ

and T0ðrÞ ¼ C rþ r�1
� �

where C ¼ 1=ð�0 � �
�1
0 Þ:

On following the aforementioned procedure (of the
previous section), we obtain the following nth-order
deformation form of the problem for temperature

�u �nTn�1 rð Þ � Tn rð Þ½ � ¼ �h�T,n yð Þ ð32Þ

where

�T,n rð Þ ¼ T00n�1 þ K8r
�1T0n�1

þ K9

Xn�1
m¼0

Tm T00n�m�1 þ r�1T0n�m�1
� �� �

þ K10

Xn�1
m¼0

T0mT
0
n�m�1½ �þKd

Xn�1
m¼0

XmXn�m�1½ �

Here, Xn ¼ u0n � r�1un whereas Tn is related to T as

T rð Þ ¼ T0 rð Þ þ
X1
n¼1

Tn rð Þ ð33Þ

So, the boundary conditions (13) for temperature
will take the form

Tnð�0Þ ¼ 1,Tnð1Þ ¼ 0 ð34Þ

Next, equation (33) is solved in the light of bound-
ary condition (34) for n ¼ 1, 2, 3, . . . , . Then equation
(32) for the first two approximate analytical solutions
will be

T1 rð Þ ¼ f5logerþ f6r
1�K8 þ

X4
k¼�2
ðk 6¼3Þ

fkr
k ð35Þ

T2 rð Þ ¼ G00 loger
� �2

þ G4r
1�K8 loger

þ
X3
k¼�1
k6¼2ð Þ

Gkr
klogerþ

X7
k¼�3

Gk1r
kþ

X4
k¼0
k6¼3ð Þ

Gk2r
k�K8

ð36Þ

where

f�2 ¼
�h 8KdB

2 þ K9C
2

� �
2 3� K8ð Þ

, f�1 ¼ �f1 ¼ �hC, f0 ¼
�1�K8

0 f8 � f9

1� �1�K8

0

, f2 ¼
�hC2 K9 � 2K10ð Þ

2 K8 þ 1ð Þ
, f4 ¼

�hCK10

4 3þ K8ð Þ
,

f5 ¼
�hC2 K10 � 2K9ð Þ

K8 � 1ð Þ
, f6 ¼

f9 � f8

1� �1�K8

0

, f8 ¼
X4

k¼�2
k6¼0,3ð Þ

fk, f9 ¼
X4

k¼�2
k6¼0,3ð Þ

fk�
k
0 þ f5loge�0 � 1, G�1 ¼

g1
2� K8

,

G0 ¼
g2

1� K8ð Þ
2
þ

g8
1� K8

,G1 ¼
g3
K8

, G4 ¼
g16

1� K8
, G5 ¼

g15
K8

,G22 ¼
g17

2� K8
, G42 ¼

g18
3 4� K8ð Þ

,

G12 ¼
�g16

1� K8ð Þ
2
þ

g0
1� K8

,G00 ¼
g2

2 K8 � 1ð Þ
,G�31 ¼

g5
3 4� K8ð Þ

, G�21 ¼
g6

2 3� K8ð Þ
,

G�11 ¼
1

2� K8
g7 � g1½ � þ

g1

2� K8ð Þ
2
, G01 ¼ g00,G11 ¼

�g3

K2
8

þ
g9
K8

,G31 ¼
1

9 2þ K8ð Þ
3g11 � g4½ � �

g4

3 2þ K8ð Þ
2
,

G21 ¼
g10

2 1þ K8ð Þ
,G41 ¼

g12
4 3þ K8ð Þ

, G51 ¼
g13

5 4þ K8ð Þ
, g1, g2, g3, g4
� 

¼ �hCf5 �2K9,K9, K9 � 2K10ð Þ, 2K10

� 
,

g5 ¼ �6�hCK9f�2, g6 ¼ 2 1þ �hð Þ 3� K8ð Þf�2 þ �hCK9 f�2 � 3f�1ð Þ þ 16�hBC4,

g7 ¼ �hC K9 5f�2 þ f�1 � 2f0ð Þ � 2K10f�2½ � þ 8�ha1B, g8 ¼ 1þ �hð Þ K8 � 1ð Þf5 þ �hC K9 2f�1 þ f0 � 3f1ð Þ � 2K10f�1½ �

� 4�ha2B, g9 ¼ 1þ �hð ÞK8f1 þ �hC K9 f0 þ f1 � 6f2ð Þ þ 2K10 f2 � f0ð Þ½ � �
8

3
�ha3B,

g10 ¼ 2 1þ �hð Þ K8 þ 1ð Þf2 þ �hC K9 2f1 þ f2ð Þ þ 2K10 f�1 � f1ð Þ½ � � 2�ha4B,

g11 ¼ �hC K9 5f2 � 18f4ð Þ þ 2K10 f1 � f2ð Þ½ � �
8

5
�ha5B,

g12 ¼ 4 1þ �hð Þ K8 þ 3ð Þf4 þ �hC K9f4 þ 2K10f1½ �,

g13 ¼ �hC 17K9f4 þ 2K10 f2 � f4ð Þ½ �,

g14 ¼ 2�hCK10f4, g15 ¼ �hCK9f0
�K2

8 þ 2K8 � 3

1� K8

� 	
,

g16 ¼ �hCK9f6, g17 ¼ �hCf6 K9 K2
8 � 2K8 þ 2

� �
� 2K10

� �
,

g18 ¼ 2�hCK10f6

ð37Þ
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Results and discussion

As we have discussed in the previous sections, we
formulated mathematically a physical problem (as
described in the ‘‘Mathematical formulation’’ section)
to get a BVP. Then we developed the analytical solu-
tion of this BVP, which was described in the previous
section. In this section, we shall simulate these solu-
tions in order to highlight the thermal and magnetic
effects on the field variables like fluid speed, concen-
tration, and temperature of an incompressible fluid
filled in the porous annulus region. The sample
fluids selected are water and the engine oil, such
that these fluids comprise suspended Cu nanoparti-
cles. The physical properties of the fluids and nano-
particles are summarized in Table 1.

First, in order to validate our calculations, we com-
pared our results for fluid speed with those existing
for the clear fluid, as presented in Figure 3. Our
results are in good agreement with the results of the
literature32 for the values of the parameters men-
tioned in Figure 3.

Next, we investigate the effects of the Forchheirmer
coefficient CF, applied magnetic field intensity B0, por-
osity �p, and the angular speed of the inner cylinder !i

on the fluid speed u�. These effects are highlighted in
Figure 4, for water as the base fluid.

This figure shows that (i) the fluid speed increases
as the Forchheirmer coefficient increases from the
inner cylinder to near the outer cylinder. However, a
dissimilar behavior is observed in the vicinity of the
outer cylinder; (ii) the fluid speed intensifies with the
applied magnetic field intensity B0 as well as the por-
osity �p; (iii) it decreases if the angular speed of the
inner cylinder increases.

Moreover, Figures 5 and 6 are presented to show
the effect of the angular speed (and sense of rotation)
of the outer cylinder and the separation between the
cylinders on the fluid speed for water and engine oil,
respectively. Both figures show that the fluid speed
rises if the angular speed of the outer cylinder is
increased, whereas the fluid slows if the annulus
region is squeezed, for both water and the engine
oil. Furthermore, reverse flow will exist if the direc-
tion of rotation of the outer cylinder is opposite
to that of the inner cylinder for both the liquids.
However, this reverse flow dominates over the
inner cylinder rotation as a whole for the engine oil
but partially for water as shown in Figures 5(a)
and 6(a).

If we move from the inner cylinder to the outer
one, the temperature and the thermal transfer rate
decrease for both liquids as shown in Figure 7. This
figure also shows that the thermal transfer rate in
water is greater than that in the engine oil. Both tem-
perature and thermal transfer rate have the maximum
value on and in the vicinity of the surface of the inner
cylinder.

One of our research questions was: what would be
the effect and role of the viscous dissipation term in
the energy equation, i.e. equation (15)? In our case, it
can be reduced, mathematically, to Vd ¼ Kd

du�
dr �

u�
r

� �2
.

For this we plotted its variation with respect to r and
porosity �p in Figure 8.

Table 1. Physical properties of copper and base fluids at

20 �C.20,58,59

Cp

(J/kg�K)

K

(J/m�s�K)

�
(kg/m3)

�
(1/��m)

Water 4183 0.598 1000 0.05

Engine oil 1910 0.144 884 8� 10�7

Copper 385 401 8933 5:96� 107

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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1
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θ

Aberkane et al.

Present

Figure 3. Comparison of the present results with those of the literature32 for K1 ¼ K2 ¼ KB ¼ KT ¼ K� ¼ " ¼ � ¼ 0.
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Figure 4. Effect (on the fluid speed u�) of (a) CF if B0, ri, ro,�p,!i,!o

� 
¼ 0:001, 0:1, 1, 0:2, 1, 0f g; (b) B0 if CF , ri, ro,�p,!i,!o

� 
¼

0:1, 0:1, 1, 0:2, 1, 0f g; (c) �p if B0, CF , ri, ro,!i,!of g ¼ 0:001, 0:1, 0:1, 1, 1, 0f g; (d) !i if B0, CF , ri, ro,�p,!o

� 
¼ 0:001, 0:1, 0:1, 1, 0:2, 0f g.

(a) (b)

Figure 5. Effect (on the fluid speed u�) of (a) !o if B0, CF , ri, ro, ’p,!i

� 
¼ 0:001, 0:1, 0:1, 1, 0:2, 1f g; (b) ri if B0, CF , ro, ’p,!i,!o

� 
¼

0:001, 0:1, 1, 0:2, 1, 1f g.

(a) (b)

Figure 6. Same as in Figure 4 except that the base fluid is engine oil.
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According to this figure, we note that the viscous
dissipation Vd for engine oil is greater than that for
water for all positions of the annulus region. In add-
ition, the viscous dissipation intensifies with the angu-
lar speed of the outer cylinder as well as for the
porosity of the porous annulus medium, as shown in
Figure 8(b).

Next, we examine the variation of the fluid pressure
in the annulus region. For this, we solved equation (9)
in light of the fluid speed solutions, given in equations
(20), (28), and (29). The solution for pressure came
out as follows

p0 ¼ 1þ ��2p

A2

2 r2 � �20
� �
� B2

2 r�2 � ��20

� �
þ 2ABloge

r
�0

� �( )

ð38Þ

p1 ¼ 1þ ��2p

b2�2 r2 loger
� �2

� �20 loge�0
� �2h i

þ
P5

k¼�2
k6¼�1ð Þ

hk1 rkloger� �
k
0loge�0

� �

þ
P8

k¼�2

hk rk � �k0
� �

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
ð39Þ

p2 ¼ 1þ ��2p

P8
k¼2

sk2 rk loger
� �2

� �k0 loge�0
� �2h i

þ
P11

k¼�2
k6¼�1ð Þ

sk1 rkloger� �
k
0loge�0

� �

þ
P14

k¼�2

~sk rk � �k0
� �

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
ð40Þ

(a) (b)

Figure 7. Variation of temperature and thermal transfer rate for base liquids (water and engine oil) when ri,!i , ro,!o,�p, CF , K0,
�

"0, B0g ¼ 0:1, 1, 1, 1, 0:9, 0:5, 0:1, 1:2, 9� 10�3
� 

.

(a) (b)

Figure 8. Variation of the viscous dissipation Vd with: (a) rfor water and engine oil; (b) porosity ’p for engine oil, for !o 2 1, 1:1, 1:2f g

when r ¼ 0:6.
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Here

sk2 ¼
l k�1ð Þ2

k
; k ¼ 2ð1Þ8, s01, s11f g ¼ l�1, l0f g

sk1 ¼
�2l k�1ð Þ2

k2
þ
l k�1ð Þ1

k
; k ¼ 2ð1Þ8, sm1 ¼

l mþ1ð Þ1

m
;

m ¼ 9ð1Þ11 s�21, ~s�2, ~s�1, ~s1f g

¼ �
l�11
2

,
� ~l�3
2
�
l11
4
, � l�2, � l01 þ ~l0

( )
,

~sn ¼
2ln2
n3
�
l n�1ð Þ1

n2
þ

~ln�1
n

; n ¼ 2ð1Þ8

~sn ¼ �
l n�1ð Þ1

n2
þ

~ln�1
n

; n ¼ 9ð1Þ14,

~l0 ¼ e3e14 þ 2
d25
2
�
d7
4

� 	
d18 þ 2d26e9

~l1 ¼ 2d18e9 þ 2
d25
2
�
d7
4

� 	2
þ 2e10d26,

~l2 ¼ d18e10 þ 2
d25
2
�
d7
4

� 	
e9 þ 2d26e11

~l3 ¼ 2d18e11 þ 2
d25
2
�
d7
4

� 	
e10 þ e29 þ 2d26e12

~l4 ¼ d18e12 þ 2
d25
2
�
d7
4

� 	
e11 þþ2e9e10

þ d12e12 þ 2d26e13

~l5 ¼ d18e13 þ 2
d25
2
�
d7
4

� 	
e12 þ 2e9e11 þ e210 þ 2d26e14,

~l6 ¼ d18e14 þ 2
d25
2
�
d7
4

� 	
e13 þ 2e9e12 þ 2e210

~l7 ¼ 2
d25
2
�
d7
4

� 	
e14 þ 2e9e13 þ 2e10e12 þ e211,

~l8 ¼ 2e9e14 þ 2e10e13 þ 2e11e12

~l9 ¼ 2e10e14 þ 2e11e13 þ e212,
~l10 ¼ 2e11e14 þ 2e12e13

~l11 ¼ 2e12e14 þ e213,
~l12, ~l13

n o
¼ 2e13e14, e

2
14

� 
ð41Þ

Next, we plotted the pressure for different values of
the parameters in Figures 9 and 10. It can be observed
that the pressure decreases as the Forchheirmer coef-
ficient, the applied magnetic field intensity, or the por-
osity is increased. However, the pressure enhances if
we move from the inner cylinder to the outer cylinder
for all values of porosity, the angular speeds of the
inner/outer cylinders, and the width of the annulus
region. In addition, the pressure will also rise if the
angular speed of the inner/outer cylinder is increased.
This increasing trend in pressure can be observed
when the annulus region is squeezed as shown in
Figure 10(d).

Stress analysis was also carried out in this study. It
is noted that the only nonzero stress is the shear stress
�r� in our case. Its HAM-based explicit first three

approximate expressions can be obtained (analogous
to equations (20), (28), and (29)), which are

�r�ð Þ0 ¼ ��rð Þ0 ¼ �2Br
�2 ð42Þ

�r�ð Þ1 ¼ ��rð Þ1 ¼ b�2 þ
X3

k¼�2
k6¼0,1ð Þ

kbkþ1r
k ð43Þ

�r�ð Þ2 ¼ ��rð Þ2 ¼
X4
k¼2

k� 1ð Þekr
k�1

� �
loger

þ
X2
k¼1

ekr
k�1 þ

X7
k¼2

k� 1ð Þek1r
k�1

�
X1
k¼0

kþ 1ð Þek1r
� kþ1ð Þ

ð44Þ

Moreover, this nonzero shear stress is displayed in
Table 2 and Figure 11 for different values of physical
parameters.

Table 2 depicts that (i) the shear stress at the outer
cylinder, �r�ð Þo, for nanofluid (for both water and
engine oil) is greater than that for the clear fluid for
all values of B0, CF, �p, !i, !o, and K0; (ii) it rises
significantly for nanofluid if the magnetic field inten-
sity increases but it is not so for the clear fluid; (iii) it
intensifies with the Forchheirmer parameter CF for
both nanofluid and clear fluid; (iv) it increases for
nanofluid if the angular speed of the inner cylinder
!i and the permeability K0 increases but it decays
for the clear fluid.

Figure 11(a) shows that the stress for water is
greater than that for the engine oil. However, shear
stress decreases near the inner cylinder, whereas it
increases near the outer cylinder for both liquids.
The stress vanishes at a critical point, which is
common for both the liquids, analogous to the viscous
dissipation. This critical point can be estimated in the
following corollary.

Corollary

If we set the shear stress �r� ¼ 0, then we get du�
dr ¼

u�
r ,

which yields the critical point r ¼ u�
K�
, where K� is the

constant of integration that can be found by using the
boundary conditions. It is expressed as: K� ¼

�1þ�
�1
0

2 .
More precisely, the mathematical feeling of this crit-
ical point can be understood by the following exam-
ple. For instance, if we take the first approximate
solution of fluid speed (i.e. r ¼ u�ð Þ0

K�
) then we get the

critical point as r ¼
ffiffiffiffiffiffiffiffiffiffi
�1�A
K��A

q
.

Let us consider Figure 11(b). It indicates that stress
is independent of porosity for all values of the angular
speed of the outer cylinder.

Next, let us simulate the effect of the concentration
� of the nanoparticles based on equation (14) in
Figure 12, for engine oil only. According to equation
(14), the concentration is proportional to the
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(b)(a)

(d)(c)

Figure 9. The effect of the parameters, mentioned within the figure, on pressure.

(a) (b)

Figure 10. The variation of pressure with r for different values of: (a) the angular speed of the outer cylinder !o and (b) the width of

the annulus region, ra ¼ ro � ri, (ro ¼ 1).

Table 2. Variation of the shear stress at the outer cylinder, �r�ð Þo, with respect to the physical parameters.

�r�ð Þo�105

B0 CF �0 �p !i !o K0 "0 DB DT D� Water Engine oil

0.009 0.5 0 0.9 1 1 0.1 1.2 0.001 0.005 0.002 1.313 1.032

0.009 0.5 0.01 0.9 1 1 0.1 1.2 0.001 0.005 0.002 1.686 1.365

0.009 0.5 0.04 0.9 1 1 0.1 1.2 0.001 0.005 0.002 3.012 2.576

0.009 0.5 0 0.5 1 1 0.1 1.2 0.001 0.005 0.002 0.137 0.109

0.009 0.5 0 0.7 1 1 0.1 1.2 0.001 0.005 0.002 0.494 0.389

0.009 0.5 0.04 0.5 1 1 0.1 1.2 0.001 0.005 0.002 9.629 9.392

0.009 0.5 0.04 0.7 1 1 0.1 1.2 0.001 0.005 0.002 21.052 20.372

0.009 0.5 0.04 0.9 1 1 0.1 1.2 0.001 0.005 0.002 38.629 37.122

0.009 0 0 0.5 1 1 0.1 1.2 0.001 0.005 0.002 0.072� 10�5 0.071� 10�5

0.009 0 0.04 0.5 1 1 0.1 1.2 0.001 0.005 0.002 6.978 6.977

0.009 0.05 0 0.5 1 1 0.1 1.2 0.001 0.005 0.002 2.931� 10�3 2.470� 10�3

0.009 0.05 0.04 0.5 1 1 0.1 1.2 0.001 0.005 0.002 7.228 7.207

(continued)
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Table 2. Continued

�r�ð Þo�105

B0 CF �0 �p !i !o K0 "0 DB DT D� Water Engine oil

0 0.5 0 0.5 1 1 0.1 1.2 0.001 0.005 0.002 0.293� 10�2 0.247� 10�2

0.009 0.5 0 0.5 2 1 0.1 1.2 0.001 0.005 0.002 0.078 0.062

0.009 0.5 0.04 0.5 2 1 0.1 1.2 0.001 0.005 0.002 5.003 4.872

0.009 0.5 0.04 0.5 1 2 0.1 1.2 0.001 0.005 0.002 24.566 23.561

0.009 0.5 0.04 0.5 1 1 0.2 1.2 0.001 0.005 0.002 8.817 8.655

0.009 0.5 0.04 0.5 1 1 0.1 1.5 0.001 0.005 0.002 9.629 9.392

0.009 0.5 0.04 0.5 1 1 0.1 1.2 0.002 0.005 0.002 9.629 9.392

0.009 0.5 0.04 0.5 1 1 0.1 1.2 0.001 0.009 0.002 9.629 9.392

0.009 0.5 0.04 0.5 1 1 0.1 1.2 0.001 0.005 0.005 9.629 9.392

0.009 0.5 0 0.5 1 2 0.1 1.2 0.001 0.005 0.002 0.962 0.759

0.009 0 0 0.9 1 1 0.1 1.2 0.001 0.005 0.002 0.129� 10�5 0.128� 10�5

Figure 11. The data are almost the same as that of Figure 8 except for the variation of shear stress�r� with r.

(a) (b)

Figure 12. The variation of the concentration ’, for engine oil with: (a) T for different positions in the annulus region r; (b) the

porosity ’p, for !o 2 1, 1:1, 1:2f g when r ¼ 0:5.
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temperature. Therefore, we have sketched the graph
between concentration and temperature in
Figure 12(a). This figure depicts that concentration
decreases with position and temperature.

Unlike viscous dissipation, the concentration
decays as the angular speed of the outer cylinder is
raised, while it enhances as the porosity is increased as
shown in Figure 12(b).

Finally, we discuss the optimal value of the
embedded parameter (�O) for which the HAM con-
verges. For this, we draw the h-curve in such a way as
simulated in Figure 13. We observe that it varies with
the physical parameters; for example �O¼-0.8, -0.84,
and -0.92, respectively, for CF¼0, 0.1, and 0.5.

Conclusion

We formulated mathematically the steady flow of two
liquids (water/engine oil), containing suspended aci-
culate Cu nanoparticles, between two rotating con-
centric cylinders under the influence of a radial
magnetic field. Furthermore, the annulus medium
was considered as porous. We developed the analyt-
ical solution of this physical problem in terms of phys-
ical variables such as the azimuthal speed,
temperature, pressure, shear stress, thermal transfer
rate, and the concentration of nanoparticles by
using the HAM. Then, we examined the influences
of the field coefficients on these physical variables.
We found that:

i. The fluid speed (pressure) increases (decreases)
with the Forchheirmer coefficient, porosity,
applied magnetic field intensity, and the angular
speed of the outer cylinder, but it decreases with
the angular speed of the inner cylinder, for both
the liquids.

ii. Reverse flow exists if the inner and outer cylin-
ders are rotating in the opposite directions for

both liquids. Furthermore, the thermal transfer
rate in engine oil is lower than that in water.

iii. If the annulus region is squeezed, then the fluid
speed decays while the pressure rises.

iv. The temperature and the thermal transfer rate
decay if we march from the inner cylinder to
the outer one. Furthermore, the thermal transfer
rate and the viscous dissipation in engine oil are
lower than those in water. The porosity and the
angular speed of the outer cylinder enhance the
viscous dissipation and shear stress.

v. The shear stress for water is greater than that for
engine oil.

vi. The shear stress at the outer cylinder, �r�ð Þo, for
nanofluid (for both water and engine oil) is
greater than that for clear fluid; it rises signifi-
cantly for nanofluid if the magnetic field intensity
increases but it is not so for clear fluid; it inten-
sifies with the Forchheirmer parameter CF for
both nanofluid and clear fluid; it increases for
nanofluid if the angular speed of the inner cylin-
der !i and the permeability K0 increases but it
decays for the clear fluid.

vii. The critical point, the point at which the viscous
dissipation/shear stress vanishes, is probed. It is
approximately: r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 �1�Að Þ

�1þ��10
�2A

q
.

viii. The concentration is proportional to the tem-
perature. It decreases with the angular speed of
the cylinders, but it increases if the porosity is
enhanced.

Last but not the least, the results are validated by
comparing them with the existing literature for the
clear fluid. Our results agree well.
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(a) (b)

Figure 13. The �h ¼ h-curve for (a) the skin friction; (b) the temperature gradient, on the outer boundary for engine oil–Cu

nanofluid with CF ¼ 0:5.
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Appendix

Notation

Dimensional quantities

B magnetic field intensity
(kg/A�s2)

B0 applied magnetic field intensity
(kg/A�s2)

K thermal conductivity
(kg�m/s3�k)

K0 permeability (m2)
P pressure (Pa)
q0 HAM embedded parameter
R radius of the cylinder (m)
T temperature (K)
uh azimuthal component of the

velocity (m/s)
V velocity vector (m/s)

Dimensionless quantities

CF Forchheirmer coefficient
Cp specific heat coefficient
DB Brownian diffusion coefficient

(m2/s)
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DT thermopherotic diffusion coef-
ficient (m2/s)

Ec ¼
�fV

2
i �

2
p

�Cpð Þf�T


 �
Eckert number

Ha ¼ B0ro

ffiffiffiffiffiffiffi
�f�p
�f

q� �
Hartmann number

K1 ¼
�f�pro
�fK0Vi

� �
viscous parameter

K2 ¼
CF�proffiffiffiffi

K0

p

� �
Forchheirmer parameter

KB ¼
DB �Cpð Þs��

Kf

� �
Brownian parameter

KT ¼
DT �Cpð Þs�T

KfTo

� �
thermophoretic parameter

K� ¼
DT�T

DBTo��

� �
viscous dissipation parameter

Pr ¼
�f

��f

� �
Prandtl number

�0 ¼
ri
ro

aspect ratio of radii of the
cylinder

�1 ¼
!oro
!iri

aspect ratio of rotational
speeds of the cylinder

� ¼
Kf

�Cpð Þf


 �
diffusivity coefficient

DT¼Ti-To temperature difference (k)

�n ¼
1 n4 1
0 n41

�
arbitrary parameter

� HAM-auxiliary linear operator
l dynamic viscosity coefficient

(kg/m�s)
o angular speed of the cylinder

(1/s)
u dimensionless concentration of

the nanoparticles
up dimensionless porosity
Wd viscous dissipation (1/s2)
r density (kg/m3)
r electric conductivity (mho/m)
H HAM-auxiliary nonlinear

operator
�h HAM arbitrary parameter

Subscripts

i inner
o outer
f fluid
p solid nanoparticle
nf nanofluid (mixture)
u velocity
T temperature
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