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A mathematical model is accentuated the mixed bioconvective flow on a vertical wedge in a Darcy porous
medium filled with a nanofluid containing both nanoparticles and gyrotactic microorganisms. Thermophoresis
and Brownian motion impacts are addressed to consolidate energy and concentration equations with passivelycontrolled boundary conditions. A mixed convective parameter for the whole regime of the mixed convective is
appointed. The system of governing partial differential equations is converted into a non-similar set, which are
then solved by an implicit finite difference method. By taking the impacts of the varying pertinent parameters,
namely, the bioconvection nanofluids and wedge angle parameters in the entire mixed convection regime, the
numerical results are analyzedIP:
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1. INTRODUCTION
Convective transport in porous media has been investigated extensively in recent years in diverse applications
such as numerous areas fields of science, technology and
environment. Heat exchangers, underground spread of pollutants, grain storage, food processing, geothermal systems, oil extraction, store of nuclear waste material, solar
power collectors, optimal design of furnaces and solar
collectors, crystal growth in liquids, packed-bed catalytic
reactors, nuclear reactor safety, food processing and underground spread of pollutants are just some applications of
this theme. Many studies have been made comprehensive monographs of the studies of heat transfer in relevance to the above applications.1–4 Also, low thermal
conductivity of conventional base fluids such as water,
air, etc., has caused investigators to examine nanotechnology to improve the performance of heat exchangers.
Convective heat transfer can be enhanced by supplement
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of metal or metal/oxide solid particles to base fluids.
Choi5 was the first author who introduced the term of
nanofluid. Boungiorno6 was also the pioneer investigator
who analyzed the physical phenomena in the heat transfer
of nanofluid. He reported seven slip mechanisms that happened between nanoparticles and base fluid that are inertia, Brownian diffusion, thermophoresis, diffusiophoresis,
magnus effect, fluid drainage, and acceleration of gravity.
EL-Kabeir et al.7 have studied the mixed convection flow
of a nanofluid about a solid sphere in a saturated porous
medium. Sheikholeslami8 examined the nanofluid flow and
heat transfer over a stretching porous cylinder. He9 has
also considered the Darcy model to study the influence of
Lorentz forces on nanofluid flow through a porous cylinder. Some other authors have attempted to determine the
nanofluid flow and heat transfer in porous media with different geometric forms.10–21 In several articles, nanofluid
was assumed to be single phase, whilst other works have
applied the two-phase approach. Lotfi et al.22 compared
the single phase and two-phase models (mixture and Eulerian) for the forced convection in a horizontal tube. Their
data results elucidated that single and two-phase models
predict nearly congruous hydrodynamic fields, whilst these
2169-432X/2020/9/024/012
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models are very various in thermal domains. They elucihave analyzed the unsteady mixed bioconvection squeezing flow of a nanofluid containing nanoparticles and motile
dated that the single phase model and the two-phase Eulegyrotactic microorganisms between two parallel plates.
rian pattern disparage the Nusselt number. Akbari et al.23
The objective of this work is to examine the mixed
studied the comparison between a single phase and twobioconvective boundary layer flow of a nanofluid susphase models for mixed convection of nanofluid in a horipended with both nanoparticles and gyrotactic microorganzontal tube with uniform heat flux. The predictions of the
isms over a vertical wedge saturated porous medium. The
single phase and two phase models of Cu–water nanofluid
24
model used for the nanofluid incorporates the effects of
in a wavy channel are analyzed by Rashidi et al. Impact
Brownian motion and thermophoresis in the entire range of
of magnetic field on nanofluid two phase flows was inves25
mixed convection parameter with the passively controlled
tigated by Sheikholeslami and Rokni.
boundary condition for nanoparticle volumetric fraction
On other side, bioconvection phenomenon plays a
at the wall. A parametric study indicating the effects of
fundamental role in several applications like biological
the several physical parameters governing the problem on
systems, modern engineering, biotechnology and envithe velocity, temperature, nano-particle volume fraction
ronmental systems. The term bioconvection indicates a
and the density motile microorganisms profiles as well as
macroscopic convection movement of a fluid produced
the local Nusselt and motile microorganism numbers. The
due to the density gradient generated by collective swimobtained results are explained in graphical forms and the
ming of microorganisms like bacteria and algae. These
physical patterns of the problem are debated.
self-propelled motile microorganisms enhance the density of the base fluid by swimming in a particular direction, thus causing bioconvection. Although bioconvection
2. PROBLEM FORMULATION
systems can be featured on the basis of the mechanism
Consider steady laminar mixed bioconvective flow and
of directional motion of the several kinds of microorheat transfer from a vertical wedge. The wedge is adjacent
ganisms, whilst on average they swim upward (denser
to a porous medium and drenched with a nanofluid conthan the base fluid) and they are replenished by uptaining both nanoparticles and motile gyrotactic microorswimming microorganisms, consequently promoting bioganisms as depicted in Figure 1. It is assumed that
convection operation within the system. This operation
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Ingenta on the trend of microorganisms’ swimming and
ment (convection). Away from the motile microorganisms,
on their propulsion mechanisms. Bioconvection-induced
the nanoparticles are not self-propelled, and their moveflow is predicted to appear merely in a dilute suspension
ment is driven by thermophoresis and Brownian motion
of nanoparticles; otherwise, a considerable concentration
manifesting in the nanofluid. Subsequently, the movement
of nanoparticles may produce a large suspension visof the motile microorganisms is independent of the movecosity, which may inhibit bioconvection. Further, it is
ment of the nanoparticles. However, this phenomenon
assumed that the wedge surface is maintained at constant
was first presented by Pedley and Kessler.26–28 Kuznetsov
et al.29 30 have reported an analytical study for a falling
plume caused by bioconvection of oxytactic bacteria in
g
a fluid saturated porous medium. Kuznetsov31 has also
x,u
showed that adding microorganisms to a nanofluid proPorous Medium
motes its stability as a suspension and obviating nanoparTw , nw
ticles from agglomerating and aggregating. Aziz et al.32
analyzed the natural convective flow over a horizontal plate
in a nanofluid saturated porous medium containing gyrotactic microorganisms. Tham et al.33 34 studied the mixed
bioconvection flows of a nanofluid adjacent to a sphere and
T ,C , n
a cylinder embedded in porous media. Bég et al.35 investigated the problem of boundary layer mixed bioconvection
2φ
flow of a nanofluid containing both nanoparticles and gyrotactic microorganisms along a vertical plate embedded in
a porous medium. Xu and Pop36 37 considered the mixed
bioconvection flows of nanofluids over a stretching surface and in horizontal channel using a passively controlled
U
model. The free bioconvective flow and heat transfer about
y,v
a vertical cone embedded in a porous medium saturated
38
39
with a nanofluid is examined by Mahdy. Raees et al.
Fig. 1. Flow model and coordinate system.
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temperature Tw and density of motile microorganisms nw ,
and that these values are assumed to be larger than
the constant ambient temperature and density of motile
microorganisms, T and n , respectively. The nanoparticles fraction on the wedge surface is assumed to obey
the passively controlled nanofluid model proposed by
Kuznetsov and Nield,40 41 whereas the ambient nanoparticles volume fraction C is assumed to be constant. The
gravitational acceleration g is vertically downwards. The
Darcy model is employed in the analysis by assuming
small both flow velocity and pores of the medium. However, it is considered that the Oberbeck-Boussineq approximation is valid i.e., the density variation only occurres in
the buoyancy term of the momentum equation. With the
above cited assumptions, the governing equations of mass,
momentum, thermal energy, nanoparticle volume fraction,
and microorganisms based on Bég et al.35 and the Darcy
law proposed by Hsieh et al.42 and Yih43 can be written as
follows:
u v
+
=0
(1)
x y
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The boundary conditions of the problem are as follows:
y =0
DB
y →

vx0 = 0

C DB T
+
= 0
y T y

u = U 

T = T 

T = Tw 
n = nw

C = C 

n = n

(6a)
(6b)

where Tw is the wall temperature. U , T and C are the
free stream velocity, temperature and nanoparticles volume fraction, respectively. In the problem under consideration, the potential flow velocity can be written as U =
axm , where m = / −  is the wedge angle parameter, the half-wedge angle and a is a constant. Truly, the
cases m = 0, (1/3, 1/2, 2/3) and 1 correspond to a free
stream flowing over a vertical flat plate, over right angle
wedge and a stagnation flow normal to a vertical surface,
respectively.
It is more convenient to convert the governing equations with their associated boundary conditions into a nonsimilar dimensionless form by introducing the following
dimensionless variables and parameters:
1−C f  gK T p −f  gK C
y
u
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=
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where  is the reduced stream function which satisfies
C
C
2 C
DT  2 T
+v
= DB 2 +
u
(4)
the continuity equation,  is the non-similarity mixed con2
x
y
y
T y
vection parameter, Pex and Rax are the local Péclet and
 

modified Rayleigh numbers, respectively.
n bWC 
C
2 n
n
= Dn 2
n
(5)
u +v +
The transformed dimensionless forms of the governing
x
y
C y
y
y
equations are
where x and y denote the vertical and horizontal directions,
respectively. u, v, T , C and n are the x- and y-components
(8)
f  = 1−2   −Nr −Rb  
of velocity, temperature and nanoparticle volume fraction
and the density of motile microorganisms, respectively.
Table I. Comparison of values of − 0 for various values of m
K, , g, DB , DT and Dn are the permeability of the
and  for regular fluid (Rb = Pe = Lb = 0) in the absence of nanoparticles volume fraction, Brownian motion and thermophoresis effects (Nr =
porous medium, volumetric expansion coefficient of the
Nb = Nt = 0).
base fluid, gravitational acceleration vector, Brownian diffusion coefficient, thermophoretic diffusion coefficient and
Hsieh et al.42
Yih43
Present results
the diffusivity of microorganisms, respectively. , f , p

m=0
m = 0 m = 1/3 m = 1 m = 0 m = 1/3 m = 1
and m are the viscosity of the suspension of nanofluid
1.0
0.5642
0.5642 0.6515 0.7979 0.5642 0.6516 0.7979
and microorganisms, fluid density, nanoparticles mass den0.9
0.5098
0.5097 0.5878 0.7181 0.5098 0.5879 0.7181
sity and the microorganisms density, respectively. b,
0.8
0.4603
0.4602 0.5278 0.6385 0.4602 0.5280 0.6385
and WC are the chemotaxis constant, average volume of a
0.7
0.4174
0.4173 0.4731 0.5599 0.4173 0.4732 0.5599
microorganism and the constant maximum cell swimming
0.6
0.3832
0.3832 0.4261 0.4854 0.3832 0.4261 0.4854
speed, respectively. e = k/cf and = cp /cf are
0.5
0.3603
0.3603 0.3900 0.4227 0.3603 0.3901 0.4227
0.4
0.3506
0.3505 0.3686 0.3823 0.3506 0.3687 0.3823
the thermal diffusivity of porous medium and the ratio
0.3
0.3550
0.3550 0.3643 0.3697 0.3550 0.3643 0.3697
of heat capacities, respectively. k, (cf and (cp are
0.2
0.3732
0.3732 0.3769 0.3786 0.3732 0.3769 0.3786
the thermal conductivity, heat capacity of the fluid and
0.1
0.4035
0.4035 0.4044 0.4049 0.4035 0.4043 0.4049
the effective heat capacity of the nanoparticles material,
0.0
0.4438
0.4437 0.4437 0.4437 0.4437 0.4437 0.4437
respectively.
26

J. Nanofluids, 9, 24–35, 2020

Chamkha et al.

Mixed Bioconvective Flow Over a Wedge in Porous Media Drenched with a Nanofluid

1
  + 1+mf   +Nb   +Nt 2
2


1
 
 f
−
= m1− f
2


Le
Nt
 
 + 1+mf +
2
Nb


Le
 
 f
= m1− f
−
2


(a)

Lb
1+mf  −Pe   +  +
2


Lb

f
m1− f 
− 
=
(11)
2



  +
(9)

1+mf 0−m1−
(10)

f
0 = 0


Nb 0+Nt  0 = 0

0 = 1

0 = 1

(12a)

(b)

ARTICLE

IP: 62.215.193.29 On: Thu, 16 Dec 2021 09:01:52
Copyright: American Scientific Publishers
Delivered by Ingenta

(c)

(d)

Fig. 2. Effects of the thermophoresis parameter Nt and bioconvection Rayleigh number Rb on (a) velocity profiles, (b) temperature profiles,
(c) nanoparticle volume fraction profiles, (d) density of motile microorganisms profiles.
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Fig. 3. Effects of the thermophoresis parameter Nt and bioconvection Rayleigh number Rb on the local Nusselt number.

f   =  2 

 = 0

 = 0

 = 0

(12b)

Rb =

m −f  nw −n

1−C f  Tw −T 

cp DT Tw −T 
n
=
 Nt =
(13)
where Nr is the buoyancy ratio parameter, Le is the Lewis
nw −n 
cf e T
number, Lb is the bioconvection Lewis number, Pe is the
bioconvection Péclet number, Nb is the Brownian motion
It should be mentioned that  = 0 (Pex = 0) corresponds to
parameter, Rb is the bioconvection Rayleigh number, 
pure free convection while  = 1 (Rax = 0) corresponds to
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The physical quantities of substantial interest of this
p −f  C
e
problem
are the local Nusselt number Nux and the density
Nr =
 Le =

1−C f  Tw −T 
DB
number of the motile microorganisms Nnx . These physical
quantities can be respectively defined as:
bWC
Lb = e  Pe =

Dn
Dn
Nux = −Pex 1/2  −1   0
(14)
cp DB C
Nb =

(15)
Nnx = −Pex 1/2  −1   0
cf e

Fig. 4. Effects of the thermophoresis parameter Nt and bioconvection Rayleigh number Rb on the local density of the motile microorganisms number.
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3. NUMERICAL METHOD AND VALIDATION
The governing nonlinear partial differential equations (8)–(11) with the pertinent boundary conditions (12)
are solved numerically using the implicit finite-difference
method identical to that reported by Blottner.44 This
(a)

numerical scheme has several coveted features that make
it convenient for solution of parabolic partial differential
equations. These features contain a second order accuracy with arbitrary  and  spacing. In this work Thomas
algorithm (see Blottner44 ) is employed. The convergence
(b)

ARTICLE
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(d)

Fig. 5. Effects of the Brownian motion number Nb and bioconvection Lewis number Lb on (a) velocity profiles, (b) temperature profiles, (c) nanoparticle volume fraction profiles, (d) density of motile microorganisms profiles.
J. Nanofluids, 9, 24–35, 2020
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Fig. 6. Effects of the Brownian motion number Nb and bioconvection Lewis number Lb on the local Nusselt number.
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Fig. 7. Effects of the Brownian motion number Nb and bioconvection Lewis number Lb on the local density of the motile microorganisms number.

Fig. 8. Effects of the bouncy-ratio parameter Nr and bioconvection Péclet number Pe on the local Nusselt number.
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Effects of the bouncy-ratio parameter Nr and bioconvection Péclet number Pe on the local density of the motile microorganisms number.
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profiles. Also, the increase in the bioconvection Rayleigh
criterion used is based on the difference between the new
number Rb causes a reduction in both the flow velocity and
and the old iterations. When this difference approached
nanoparticles volume fraction profiles, whereas a reverse
10−5 the solution is supposed converged and the iteration
trend occurs in the profiles of temperature and gyrotactic
process is terminated. In order to validate the accuracy of
micro-organisms. This is due to the fact that the difference
the present computer cod, the results are compared with
of cell densities between the wall and ambient fluid based
the previously published data of Hsieh et al.42 and Yih.43
on Eq. (7) induces a force to extent the buoyancy force
Table I displays this comparison, it can be seen that the
which affects the flow pattern accordingly.
agreement between the results is excellent. This has estabFigures
3 and09:01:52
4 illustrate the effects of Nt and Rb on
lished confidence in the numerical
to be presented
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the motile microorganisms Nnx in the entire range of
the mixed convection parameter 0 ≤  ≤ 1. It can be seen
4. RESULTS AND DISCUSSION
that both the local Nusselt number Nux and the density
This section is devoted to discuss the graphical illustrations
number of the motile microorganisms enhance dramatiwhich represent the impacts of the buoyancy ratio paramcally when the thermophoresis parameter Nt and bioconeter Nr, Brownian motion parameter Nb, thermophoresis
vection Rayleigh number Rb boost. This is due to the fact
parameter Nt, bioconvection Rayleigh number Rb, bioconthat thermophoresis causes an increase in the temperature
vection Lewis number Lb, bioconvection Péclet number
in boundary layer leading to an increase in the thermal
Pe, mixed convection parameter  and the wedge angle
boundary layer thickness.
parameter m on the nanoparticles volume fraction, temperFigures 5(a)–(d) depict the influence of the Brownature, microorganism density function, local Nusselt numian motion parameter Nb, and the bioconvection Lewis
ber and the density of the motile microorganisms number.
number Lb on the dimensionless velocity, temperature,
Figures 2(a)–(d) reveal the effects of the thermophoresis
volume fraction and density of motile microorganisms proparameter Nt and bioconvection Rayleigh number Rb on
files, respectively. It is evident that a rise in the Brownthe dimensionless velocity f  , temperature ,
ian motion parameter results in a slight increase in both
nanoparticles volume fraction  and the density of
of the velocity and temperature profiles and considerable
motile microorganisms  profiles, respectively. It is
increase near the wall in the nanoparticles volume fracobvious that the increase in the thermophoresis parameter
tion profiles. Also, by comparing Figures 5(b) and (d), it
Nt accelerates the flow velocity which causes an increis found that the Brownian motion parameter Nb has an
ment in both the temperature profile and thermal boundary
opposite influence on the density of motile microorganlayer thickness, while the opposite behavior occurs with
isms profiles as compared with the temperature profiles.
the nanoparticles volume fraction near the wedge surface.
This is to say, its increase causes sufficient reduction in the
This is due to the fact that the presence of nanoparticles
motile microorganisms profiles. Furthermore, it is noticed
which accounts for the thermophoresis parameter Nt in
that the velocity profiles promote while the nanofluid temthe base fluid promotes the thermal conductivity and thus,
perature, volume fraction and the motile microorganisms
results in a boosted thermal boundary layer thickness and
profiles decrease as the bioconvection Lewis number Lb
temperature. Moreover, it is found that the behaviors in the
boost. Moreover, it is found that the Lewis number promicroorganisms have similar distributions in the velocity
duces a reduction in the microorganism concentration layer
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thickness. This occurs because the increase in the bioconvection Lewis number has a tendency to increase the viscous diffusion rate which in turn, enhances the velocity
and then reduces the temperature and the density of the
microorganisms.
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(a)
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Figures 6–7 show the variations of the local Nusselt
number and the density of the motile microorganisms number with various values of Nb and Lb in the entire range
of the mixed convection parameter 0 ≤  ≤ 1, respectively.
It is found from these figures that both the local Nusselt
(b)
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(d)

Fig. 10. Effect of the wedge angle parameter m on (a) velocity profiles, (b) temperature profiles, (c) nanoparticle volume fraction profiles, (d) density
of motile microorganisms profiles with cases of regular fluid and bio-nanofluid.
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number and the density of the motile microorganisms number are increased as the Brownian motion parameter Nb
and the bioconvection Lewis number Lb are increased for
the reasons mentioned above. Conversely, they have an
opposite behaviors with the increase in buoyancy ratio
parameter Nr and the bioconvection Péclet number Pe as
seen in Figures 8–9. The reason for this pattern is that
the bioconvection Péclet number depends upon the diffusivity of microorganisms. Therefore, it directly affects
the microorganism concentration and so extremely affects
the density of the motile microorganisms. In addition, the
bioconvection Péclet number assists in raising the speed
of the microorganisms with respect to the fluid and so,
the density of the microorganisms is decreased near the
wedge surface. On other hand, increasing the value of
the buoyancy ratio Nr has a tendency to increase the
fluid motion along the wedge surface which is filled with
the bionanofluid. This behavior in the flow velocity is

accompanied with slight effects on the fluid temperature
and the volume fraction, and for this reason, no figures
for these profiles are shown herein. However, the effects
of larger bioconvection Péclet number on the local Nusselt number and the density of the motile microorganisms
number are noticed more clearly for the buoyancy ratio as
displayed in Figures 8–9.
Finally, Figures 10(a)–(d) illustrate the influence of
the wedge angle parameter m on the dimensionless
velocity f  , temperature , nanoparticles volume fraction  and the density of motile microorganisms  profiles, respectively for two cases of
bio-nanofluid and regular fluid. It is clearly seen that
the volume fraction profile increases while the velocity, temperature, motile microorganisms profiles and its
boundary-layer thickness sufficiently decrease as the
wedge angle parameter m increases. This yields a strong
enhancement in both the local Nusselt number and the
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Fig. 11.

Effect of the wedge angle parameter m on the local Nusselt number with cases of regular fluid and bio-nanofluid.

Fig. 12.

Effect of the wedge angle parameter m on the local density of the motile microorganisms number with bio-nanofluid case.
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density of the motile microorganisms number as seen in
Figures 11 and 12. The effects of the nanofluid and bioconvection parameters on local Nusselt number and the
density of the motile microorganisms number are presented in Figures 11–12. As mentioned before, the major
effect of these parameters is found on the velocity which
is due to the fact that, in bioconvection, the average density of upwardly swimming microorganisms is slightly
greater than base fluid. It is also observed that the dimensionless velocity for the regular fluid convers a little
bit more rapidly than the corresponding velocity for a
nanofluid with bioconvection. However, it is observed from
Figure 11 that the behaviors in the micro-organisms have
similar distributions in the profiles of the flow velocity
and the results are more pronounced for a bio-nanofluid
compared to a regular fluid. Moreover, it is found that
the behaviors in the local Nusselt number are more pronounced for a bio-nanofluid compared to a regular fluid.

Chamkha et al.

Cf
CP
Dn
DB
DT

Skin friction coefficient
Specific heat at constant pressure
Diffusivity of the microorganisms
Brownian diffusion coefficient
Thermophoretic diffusion coefficient of the
microorganisms
f Dimensionless velocity
g Acceleration gravity vector
h Local heat transfer coefficient
k Thermal conductivity of fluid
Le Lewis number
Lb Bioconvection Lewis number
m Wedge angle parameter
Nb Brownian motion number
Nr Buoyancy ratio parameter
Nt Thermophoresis number
Nux Local Nusselt number
n Density of motile microorganisms
Pe Bioconvection Péclet number
Pex Local Péclet number
5. CONCLUSION
Pr Prandtl number
In the present work, a mathematical model has been
qw Wall heat flux
developed for the phenomenon of mixed bioconvection
Rax Modified Rayleigh number
of nanofluids over a vertical wedge in a porous medium
Rb Bioconvection Rayleigh number
containing oxytactic microorganisms. The model utilized
Re Local Reynolds number
for the nanofluid consolidates the effects of Brownian
T Temperature
motion and thermophoresis in the
of passively
TDec
Ambient
temperature
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controlled boundary conditions. A numerical
solution
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temperature
Tw Wall
been obtained using the implicit finite-differenceDelivered
method by Ingenta
u Velocity component in x-direction
with Thomas algorithm. The influence of emerging paramv Velocity component in y-direction
eters on the velocity, temperature, nanoparticles volume
U Potential flow velocity
fraction, microorganism density function, local Nusselt
wc Maximum cell swimming speed
number and the density of the motile microorganisms numx Horizontal co-ordinate
ber are presented graphically. From the present computay Vertical co-ordinate
tions, important findings are summarized as follows:
(1) An increment in the thermophoresis parameter and
Greek Symbols
the bioconvection Rayleigh number produces a sufficient
Thermal diffusivity
reduction in the local Nusselt number and the density of
 Thermal expansion coefficient
the motile microorganisms numbers.
Average volume of a microorganism
(2) Rises in the bioconvection Lewis number and the
 Motile parameter
Brownian motion parameter consistently depress both
 Dimensionless co-ordinate
the local Nusselt number and the density of the motile
 Dynamic viscosity of the ambient fluid
microorganisms number.
 Kinematic viscosity
(3) Both of the local Nusselt number and the motile
 Dimensionless temperature
microorganisms number enhance dramatically as the
 Dimensionless nanoparticle volume fraction
wedge angle parameter is raised, whereas they reduce as
 Stream function
both the buoyancy ratio parameter Nr and the bioconvec Dimensionless density of motile microorganisms
tion Péclet number are increased.
f Density of the fluid
(4) The behaviors in the local Nusselt number are more
f  Density of the base fluid
pronounced for a bio-nanofluid compared to a regular
p Density of the particles
fluid.
m Density of the microorganism
cf Heat capacity of the fluid
cp Effective heat capacity of the nanoparticle material
NOMENCLATURE
 Non-similarity mixed convection parameter
a Constant
Ratio between the effective heat capacity of the
nanoparticle material and heat capacity of the fluid
C Nanoparticle volume fraction
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Subscripts
w At the wall
 Condition far away from the surface
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