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In this paper propulsion of a hydrophobic particle in a gel medium is analyzed numerically. Transport of nanoparticles
in gel medium has relevance in the context of controlled drug delivery, colloid separation, and biotechnology. The gel
medium is considered to be a homogeneous porous medium, and the hydrodynamics in the gel medium is governed by
the Brinkman equation. A Navier-slip boundary condition on the surface of the particle is imposed. We have consid-
ered the hydrodynamics of microsized particles by considering the Reynolds number, based on the particle radius and
translational velocity, as O(1). Subsequently, we have presented results for mixed convection of the heated hydrophobic
particle for a moderate range of Reynolds number. Hydrophobicity of the particle creates a large reduction in drag
compared to a hydrophilic particle. The variation of the drag factor, which measures the ratio of drag of a hydrophobic
particle suspended in gel and clear fluid, with the gel permeability is found to be similar for any choice of the particle
slip length. The flow separation from the surface of the hydrophobic particle delays with respect to Reynolds number.
Heat transfer is relatively little influenced by the surface hydrophobicity of the particle.
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1. INTRODUCTION

Viruses, proteins, and synthetic polymers (latex PMMMA) are examples of colloidal particles. The linear dimension
of the colloids range from 10 nm to 1µm, for which the gravitational force is insignificant on the dispersion and
settling of colloidal particles. Analyzing transport of colloids is important in the context of biotechnology, as well as
in many industrial processes such as coating, ink-jet printers, food processing, detergents, and cosmetics (Adamczyk
et al., 2002). Colloid particle transport in polymer gels has relevance in may practical contexts such as drug delivery,
food processing, biological tissue, and separation processes (Laxton and Berg, 2008; Adibnia et al., 2017; Ge et al.,
2011).

Polymer gels are crosslinked networks of polymers. The diffusion of nanoparticles in polymer gels has been
studied extensively, both experimentally and theoretically (Fatin-Rouge et al., 2004; Jain, 1987; Lieleg and Ribbeck,
2011; Lieleg et al., 2010). For biological applications the range of interest of the particle size is of the order of the
gel mesh size. Thus, the hindrance produced by the gel matrix on the transport of nanopatricles through the gel
medium should grow as the particle size grows, which may result in slower movement of larger particle and size
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NOMENCLA TURE

a radiusof the core (m)
Cd drag coefficient
Fd nondimensional drag force
g gravitational acceleration (ms−2)
Gr Grashof number
Nu local Nusselt number
Nu total Nusselt number
p pressure (Nm−2)
Pr Prandtl number
r radial distance
Re Reynolds number
Ri Richardson number
t scaled time

T ∗ dimensional temperature (K)
T0 dimensional fluid temperature (K)
Ts dimensional surface temperature (K)
u scaled velocity vector
U0 reference velocity (m s−1)
u scaled cross-radial velocity component
v scaled radial velocity component

Greek Symbols
β softness parameter
β1 volumetric expansion coefficient (K−1)
µ dynamic viscosity (kg m−1s−1)
Ω drag factor

filtering. However, the hydrodynamics and hindered diffusion in the gel medium are more complex, so it depends on
the surface properties of the particle as well as the properties of the gel network.

Functional modifications of colloid particle surfaces are often adopted to improve dispersion and prevent agglom-
eration. Schuhmann et al. (1997) and Moyano et al. (2014) have reported the synthesis of nanoparticles functionalized
with ligands, which creates a tunable hydrophobicity and prevents surface adsorbtion of proteins and formation of
corona. Sperling and Parak (2010) reviewed different strategies of surface modification and functionalization of inor-
ganic colloidal nanoparticles. The synthesis of nanoparticles involves surfactant molecules that bind to their surface
and creates surface hydrophobicity. Modification of the nanoparticle surface to decrease the hydrophilicity for en-
hanced drug delivery is studied by Simi and Abraham (2007). Thus, a detailed analysis of the transport of hydrophobic
colloids in gel medium has great practical relevance.

Polymer-coated nanoparticles are used in foams and emulsions for enhanced oil recovery. The emulsion-filled
hydrogel composites (droplet-hydrogel composites) are useful for drug delivery and food sciences (Qiu and Park,
2001; Sala et al., 2009). The hydrodynamics of a viscous drop and drag experienced by the drop can be obtained by
imposing a Navier-slip condition at the nondeformable surface of the spherical drop (Feng et al., 2012). The surface
of the polymer-coated nanoparticles may exhibit hydrophobicity. Several studies have characterized the colloid and
biocolloid transport in porous media in the context of environmental science (Sim and Chrysikopoulos, 1996; Simand
Chrysikopoulos, 1998; Anders and Chrysikopoulos, 2009; Torkzaban et al., 2008). Some of the recent studies on
heat transfer characteristics in porous media based on the Darcy-Brinkman model are cited in Pantokratoras (2016),
Cekmer et al. (2016), and Rabhi et al. (2017).

The nonwetting characteristics of a surface can be measured by the velocity slip length (Lauga, 2004). Slip
length is defined as the proportionality constant between the slip velocity and shear strain rate. Duwairi and Al-
Khliefat (2014) studied the effect of slip velocity on heat transfer from a vertical plate embedded in porous medium.
Goldenberg et al. (1989) made an experimental study of the transport of hydrophobic particles and gas bubbles in
porous media. However, numerical study of the transport of hydrophobic colloids in porous media and the parameter
which influences this has not been made in detail.

In the present paper, we have considered the hydrodynamics of a hydrophobic colloid in porous media by con-
sidering a Navier-slip condition at the surface of the particle. We have also considered the mixed convection when the
linear dimension of the heated hydrophobic particle is considered large enough so that the buoyancy effect becomes
non-negligible. Mixed convection due to suspended particles are also important in analyzing the transport of aerosol
particles. The gel medium is considered to be a continuum, and the hydrodynamics is governed by the Brinkman
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equations where the permeability is determined by the gel screening length. Study of mixed convection and heat
transfer is also important to analyze the transport of a heated viscous drop in porous medium.

2. MATHEMATICAL MODEL

We consider a rigid spherical particle of radiusa with uniform surface temperatureTs moving with a constant velocity
U0 in a hydrogel medium of temperatureT0 < Ts. The surface of the particle is considered to be hydrophobic with
a slip lengthλ. This problem is equivalent to that of a stationary sphere experiencing an incoming flow at a uniform
velocity ofU0ez far from the particle surface in a frame of reference fixed at the center of the particle [Fig. 1(a)]. A
spherical polar coordinate(r,θ,ϕ) is adopted with the origin at the center of the sphere and the initial line(θ = 0)
along the positivez axis. We assume that the problem is axially symmetric with thez axis as the axis of symmetry.
The Darcy-Brinkman extended model is used to described the flow inside the hydrogel medium, which is considered
to be uniform with constant permeabilityk2

p.
The governing equations for the present problem are the mass conservation (continuity) equation for incompress-

ible fluid, the Darcy-Brinkman extended Navier-Stokes equation under the Boussinesq approximation, and the energy
equation governing the flow. We scale the velocity byU0, radial coordinate bya, time bya/U0, pressure byρU2

0 , and
gravitational acceleration by its magnitudeg. The dimensionless temperature is defined byT = (T ∗−T0)/(Ts−T0),
whereT ∗ is the dimensional temperature. With that the nondimensional Navier-Stokes equations under the Boussi-
nesq approximation and the energy equation governing the flow and heat transfer characteristics can be expressed
as

∇ · u = 0 (1)

∂u
∂t

+ (u · ∇)u = −∇p+
2

Re
∇2u − 2β2

Re
u + RiTez (2)

∂T

∂t
+ u · (∇T ) =

2
RePr

∇2T (3)

whereu = (vr, vθ) is the fluid velocity withvr radial andvθ cross-radial velocity components,ez is the upward
directed unit vector,p is the pressure,t is the time, andT is the temperature. The nondimensional parameterβ that
appears in Eq. (2) defines the softness of the porous layer withβ = a/kp.

Different parameters arising in the nondimensional form of the governing equations are Reynolds number Re=
2ρU0a/µ, Prandtl number Pr= cpµ/k, Grashof number Gr= 4gβ1ρ

2(TS − T0)a
3/µ2, and the Richardson number

Ri = Gr/Re2. Hereρ is the density,µ is the viscosity,Cp is the specific heat,g is the gravitational acceleration, and
β1 is coefficient of thermal expansion.

(a) (b)

FIG. 1: (a) Schematic diagram of the geometry and (b) grid distribution around the particle
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The surface of the fluid impermeable rigid particle(r = 1) is considered to be hydrophobic and possessing a
constant temperature, i.e.,

on r = 1, vr = 0, vθ = λs
∂

∂r

(vθ
r

)
, T = 1

whereτrθ is the shear strain rate andλs is the scaled slip length, scaled by the particle radius.
Along the outer boundary(r = R ≫ 1), we impose

vr = cos θ, vθ = − sin θ, T = 0

The hydrodynamic drag force on the soft sphere, scaled byµU0a, can be obtained as

Fd = −
∫ ∫

S

[
p cos θ+ sin θ

∂u

∂r

]
dS (4)

The drag coefficientCd for a sphere is related with the drag force asCd = 2Fd/ρU
2
0S, whereS is the reference

area.
The heat transfer between sphere and the ambient fluid is calculated via the nondimensional quantity total Nusselt

number

Nu = −
∫ π

0

[
∂T

∂r

]
r=1

sin θ dθ (5)

3. NUMERICAL METHODS

The coupled set of governing equations describing the mixed convection are solved numerically using a control vol-
ume method (LeVeque, 2002) over a staggered grid system. In a staggered grid arrangement, the velocity components
are stored at the midpoints of the cell faces to which they are normal and the pressure is stored at the center of the
cell. Different control volumes are used to integrate different momentum equations. The convective terms are dis-
cretized by using the upwind-biased QUICK scheme (Leonard, 1979), while the central difference scheme is used
to discretize the diffusion-like terms. A pressure-correction-based iterative method SIMPLE (Patankar, 1980) is used
to solve the resulting algebraic equations. The pressure link between the continuity and momentum equations are
accomplished by transforming the discretized continuity equation into a Poisson equation for pressure correction. We
have employed a line-by-line iterative method along with the successive-over-relaxation (SOR) technique to solve the
pressure correction equation. At every iteration the velocity components are updated by using the pressure correction.
Iterations are continued until the divergence-free velocity field is obtained.

We have developed the computer code based on the methods as described above. The code has been tested for
accuracy by comparing with several existing results.

3.1 Grid Distribution and Code Validation

We consider a nonuniform grid distribution along the radial direction, while uniform grids are considered along the
cross-radial direction. As the changes in the flow behavior occur at a faster rate at the fluid-porous interface, the grid
size along the radial direction near the interface is considered to be small. The grid size is then increased by arithmetic
progression as we move away from the interface.

We made a grid independency test and comparison of our numerical solution with the existing solutions for the
case of hydrophilic particles in porous medium as well as a hydrophobic particles in clear fluid. In Fig. 2(a) we have
shown a good agreement of our calculated drag force with the corresponding analytical solution obtained by Stigter
(2000) for a hydrophilic particle (λs = 0) in a gel medium. Figure 2(b) shows a comparison of the present results with
Basset (1961) for the hydrophobic particle in clear fluid, i.e.,β = 0. The grid independency test is also illustrated in
Figs. 2(a) and 2(b). The grid size 0.0104× 0.0125, where the first number denotes the lowest grid size inr direction
δr = 0.0104 and the second number corresponds to the uniform grid size inθ directionδθ = 0.0125, is found to be
the optimal choice. The outer boundary of the computational domain was placed at a far radial distance so as to have
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(a) (b)

FIG. 2: Variation of scaled drag force(FD) for forced convection Ri = 0 for three different grid sizes with (a) softness parameter
(β) for a hydrophilic particle (λs = 0) through a porous medium and (b) slip length(λs) through a clear fluidβ = 0. Corre-
sponding analytical results due to Stigter (2000) and Basset (1961) are also presented. The grid size 0.0104× 0.0125 closed to the
sphere is optimal. Here Re = 0.01.

no further effect on the forces experienced by the particle due to the variation of the outer boundary size. We found
that the outer boundary of radius 25a is the optimal one. The particle drag remains unaltered for further increase of
the radius of the outer boundary.

In Fig. 3 we have compared our results for drag of a hydrophobic particle in clear fluid with the experimental
results for drag on a viscous drop. We have also compared our calculated drag coefficient (Cd) and total Nusselt
number (Nu) for hydrophilic particles (λs = 0) in a clear fluid (β = 0) with the corresponding results due to Feng
and Michaelides (2001) for Ri = 0.0 and Bhattacharyya and Singh (2008) for Ri = 0.5 and 1.5, respectively.

FIG. 3: Variation of drag coefficient (Cd) of the hydrophobic particle withβ and comparison with the experimental results
(symbols) of Wegner et al. (2007) for a viscous droplet forβ = 0 (clear fluid) at different values ofϕµ(= 1,2,5,10)when Re = 1
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4. RESULTS AND DISCUSSION

We first present results for the transport of a hydrophobic microsized particle in gel medium for which the Reynolds
number isO(1). Subsequently, we have considered the mixed convection for a moderate range of Reynolds number.
We have computed the flow field for low to moderate range of Reynolds number 0.01≤ Re≤ 50 at different choice
of Richardson number (Ri). The Prandtl number (Pr) is taken to be 0.72 for all the calculations. The range of the
softness parameter of the porous layerβ varies from 0 to 10.

4.1 Colloids in Free Solution (β = 0)

Based on the experimental results of organic droplets on drag, Wegner et al. (2007) have shown that the following
correlation for drag coefficient provides a close agreement with the experimental results.

Cd(Re,ϕµ) =
3.05(783ϕ2

µ + 2142ϕµ + 1080)

(60+ 29ϕµ)(4+ 3ϕµ)Re0.74 (6)

whereϕµ is the viscosity ratio of the droplet to the ambient fluid. For low to moderate range of Re, the internal
circulation as presented by Wegner et al. (2007) leads to the slip length at the droplet surface asλs = 1/(6ϕµ). In
Fig. 3 we have compared this correlation for drag coefficient with our computed solution for the drag coefficient of
a hydrophobic rigid particle when slip length isλs = 1/(6ϕµ). The circulation within the droplet for lower range
of Reynolds number leads to the consideration of slip length at the droplet surface asλs = 1/(6ϕµ). Results are
obtained for different values ofϕµ(= 1,2,5,10)when Re = 50. Our computed solutions for the hydrophobic particle
are found to be in excellent agreement with the correlation (6) for the viscous droplet. We have also included results
when the viscous droplet is in gel medium.

4.2 Hydrophobic Colloids in Gel Medium for Re ∼ O(1)

The drag exerted on a hydrophobic colloid suspended in a gel medium is presented in Fig. 4 when Reynolds number is
considered to be low, i.e., Re= 0.01. The corresponding analytic solution for the drag of a hydrophilic particle(λs =
0) in gel medium under the linear flow condition is indicated in the figure. Figure 4 shows that the drag experienced by
the particle in gel medium enhances as the permeability of the medium decreases. The drag reduces with the increase
of slip length. We find that compared to a hydrophilic particle, a superhydrophobic particle experiences a reduced
drag of 33.4% in a free-solution case (β = 0) and it is 29.7% in gel medium withβ = 10. A profound impact of the
particle hydrophobicity on its drag is evident from the results.

FIG. 4: Variation of the scaled drag force(Fd) with β for differentλs(= 0,0.05,0.1,0.5,1.0,∞). Here Ri = 0 and Re = 0.01.
The symbols represent the results of Stigter (2000) whenλs = 0.
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Figures 5(a)–5(c) shows that the drag remains independent of Reynolds number for a lower range of Reynolds
number. For this range of Reynolds number the fluid convection has a negligible effect on the particle drag. The
effect of convective transport reduces further as the gel permeability reduces. By comparing with the results for the
hydrophilic particle(λs = 0), we find that the range of Reynolds number for which the flow can be treated as linear
becomes lower when the particle is considered to be hydrophobic.

We now present the drag ratio for low Reynolds number for which fluid convection may have a negligible impact,
i.e., Re< 1. The factorΩr measures the ratio between the drag (Fd) of the hydrophobic particle with the correspond-
ing drag (FH

d ) of a hydrophilic particle of identical radius suspended in the gel medium of identical permeability.
Figure 6(a) shows that the drag factor reduces with the increase of slip length and attains a saturation at largeλs
for which the particle can be considered to be superhydrophobic. It is evident from Fig. 6(a) that the effect ofλs
is significant for higher values ofβ. The ratio between the drag exerted on a hydrophobic particle suspended in gel
medium with the drag when the particle is translating at an identical speed in a clear fluid(β = 0) is denoted by
Ωf . The corresponding result for the hydrophilic particle(λs = 0) as obtained by Stigter (2000) is also presented
in Fig. 6(b). We find that the drag factor rises with the increase ofβ, and the variation of the drag factorΩf with β

(a) (b) (c)

FIG. 5: Variation of the scaled drag force(Fd) with Re for differentλs(= 0.05,0.1,0.5,1.0,∞) when Ri = 0.0: (a)β = 0.5,
(b)β = 1.0, and (c)β = 2.0. The symbols correspond to the results due to Stigter (2000) whenλs = 0.

(a) (b)

FIG. 6: Variation of the drag factor (a)Ωr ratio of drag between the hydrophobic particle and the hydrophilic particle withλs at
differentβ. Here symbols correspond toλs = ∞ (superhydrophobic), (b)Ωf ratio of drag of a hydrophobic particle in gel with
the drag due to free solution, withβ at differentλs. Symbols correspond to results of Stigter (2000) whenλs = 0. Here Ri = 0 and
Re = 0.01.
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follows a similar pattern for all choices of slip length parameterλs. This is because the flow is linear for this Reynolds
number.

4.3 Mixed Convection of a Hydrophobic Particle for Re > 1

Comparison of the average Nusselt number and drag for the corresponding hydrophilic particle in free solution
(β = 0) in mixed convection for Re> 1 with the computed results due to Feng and Michaelides (2001) for forced
convection (Ri= 0) and Bhattacharyya and Singh (2008) for (Ri= 0.5,1.5) are presented in Figs. 7(a) and 7(b).
The present computed results are found to be in excellent agreement with these existing results. It is evident from
these results that both the average rate of heat transfer and drag increases as the Richardson number increases. It
may be noted that Ri assumes values greater than 1 when the buoyancy effect dominates the shear driven convection,
whereas Ri< 1 implies a dominance of the forced convection. We have considered the range of Richardson number
as 0≤ Ri ≤ 2. Increase in Ri at a fixed Re implies that the particle surface temperature is raised, which creates an
increment in heat transfer as well as enhanced resistance in translating the particle.

Variations of drag and Nusselt number wih Reynolds number in mixed convection of a hydrophobic particle are
presented in Figs. 8 and 9 for different values of the Richardson number. As expected, both drag and Nusselt number
increase with the increase of Reynolds number for any choice of Ri. The particle hydrophobicity attenuates the drag
but reinforces the rate of heat transfer. The effect of slip length onFd andNu becomes pronounced at larger range of
Re. Increase in slip length reduces the momentum loss due to shear stress at the particle surface as well as enhances
the fluid convection. This results in increasing increments inNu and reduction inFd.

The streamline pattern (Fig. 10) at Re= 50 shows that the flow separation and formation of recirculation bubbles
at the surface of the particle occurs for the hydrophilic particle. The hydrophobicity of the particle delays the flow
separation with respect to the Reynolds number. Figure 11 shows that a stronger thermal plume develops when the
particle is considered to be hydrophobic.

Figure 12 shows that the heat transfer enhances with the increase of Richardson number at a fixed Reynolds
number. The form of variation of the average rate of heat transfer with Ri at different Re is similar for any choice of
the slip length parameter(λs). It is evident from the results that the average rate of heat transfer is relatively little
affected by the hydrophobicity of the particle surface.

(a) (b)

FIG. 7: Comparison of (a) total Nusselt numberNu and (b) drag coefficient (Cd) with Re for a hydrophilic particle (λs = 0) in
a clear fluid(β = 0) with the corresponding results due to Feng and Michaelides (2001) for Ri = 0 and Bhattacharyya and Singh
(2008) for Ri = 0.5 and 1.5
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(a) (b) (c)

FIG. 8: Variation of the scaled drag force(Fd) with Re for differentλs(= 0.05,0.1,0.5,1.0) when Ri = 0. (a)β = 0.5,
(b)β = 1.0, and (c)β = 3.0. Dashed line corresponds to superhydrophobic case (λs → ∞) and solid lines for other values ofλs.

(a) (b) (c)

FIG. 9: Variation of total Nusselt number(Nu) with Re for differentλs(= 0.05,0.1,0.5,1.0)when Ri = 0: (a)β = 0.5, (b)β =
1.0, and (c)β = 3.0. Dashed lines correspond to superhydrophobic case (λs → ∞) and solid lines for other values ofλs.

(a) (b) (c)

FIG. 10: Streamlines at differentλs for β = 1 and Ri = 0: (a)λs = 0, (b)λs = 1.0, and (c)λs = ∞. Here Re = 50.
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(a) (b) (c)

FIG. 11: Isothermal contours at differentλs for β = 1 and Ri = 0: (a)λs = 0, (b)λs = 1.0, and (c)λs = ∞. Here Re = 50.

(a) (b) (c)

FIG. 12: Variation of total Nusselt number(Nu) with Ri for different Re(= 5,10,25,50) at (a)λs = 0.05, (b)λs = 0.1, and
(c) λs = ∞. Hereβ = 1 and Re = 50.

5. CONCLUSION

We have studied the hydrodynamics of a hydrophobic particle in a porous medium by imposing the Navier-slip bound-
ary condition at the surface of the particle. The particle hydrophobicity creates a profound drag reduction compared to
the hydrophilic particle. When the Brinkman screening length of the medium is comparable with the particle size, the
stronger fluid convection induced by the particle hydrophobicity leads to the nonlinear hydrodynamics to being even
for Re∼ O(1). The present numerical model is in good agreement with the existing results for hydrophobic particles
in free solution as well as hydrophilic particles in a gel medium. Flow separation from the surface of the hydrophobic
particle occurs at a higher Reynolds number compered to a hydrophilic particle. Hydrophobicity results in a substan-
tial reduction in drag for the higher range of Reynolds number. However, the heat transfer is found to have relatively
little influence on the surface hydrophobicity as the convective transport of heat is low in the porous medium. A
strong thermal plume develops for the hydrophobic particle, and the plume gets stronger with the increase in the slip
length.
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