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In the current investigation, natural convection heat transfer and fluid flow in a two-dimensional annulus founded

by two differentially heated confocal elliptic cylinders oriented and filled with the water-based silver nanofluid is per-

formed numerically. The inner ellipse surface is at an isothermal uniform temperature Th, while the outer wall is at a

differentially lower uniform temperature Tc. The equations that govern the problem are formulated in elliptic coordi-

nates and expressed in terms of the stream function and vorticity for steady, incompressible, and laminar flow using

the dimensionless form. The finite volume method is used to discretize these equations. The numerical simulations

covered a range of the Rayleigh number (103
≤ Ra ≤ 105), volume fraction of Ag-nanoparticles 0 ≤ φ ≤ 0.08, and the

orientation angles from 0 up to 90 deg. Eccentricities of the outer and inner ellipses are kept constant at 0.6. and 0.9.

Representative results for the studied cases are shown in terms of isotherms, streamlines, and graphs of the Nusselt

numbers. The simulation results are also reported in detail, and a very good agreement was found between present

results and those from the literature.

KEY WORDS: natural steady convection, elliptic coordinates system, confocal elliptic cylinders, orienta-
tion effects, nanofluids

1. INTRODUCTION

There is now an inventive method of heat transfer enhancement that utilizes nanoscale solid particles diffused in a
conventional base fluid, i.e., nanofluid (Choi and Eastman, 1995), for which nanoscale solid nanoparticles have a
higher thermal conductivity than the conventional base fluid. This super thermal conductivity can help to enhance
the rate of heat transfer in many industrial applications, such as solar collectors, thermal storage systems, cooling
of electronic, electrical and nuclear devices, etc. The effective properties of different nanofluids, such as thermal
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100 Bouzerzour et al.

NOMENCLATURE

a thermal diffusivity (m2 s−1)
Cp specific heat at constant pressure (J.kg−1. K−1)
c half focal distance in the elliptical coordinates

(m)
Dh characteristic length (m)
d1, d2 major axes of the inner and outer elliptic

cylinders (m)
D1, D2 minor axes of the inner and outer elliptic

cylinders (m)
g gravitational acceleration (m.s−2)
h scale factor (m)
H dimensionlessh
K thermal conductivity (W.m−1. K−1)
Nu Nusselt number
Pr Prandtl number
Ra Rayleigh number
T dimension temperature (K)
u, v axial and radial velocities (m.s−1)
Vξ, Vθ velocity components inξ andθ directions

(m.s−1)
x, y Cartesian coordinates (m)

Greek Symbols
α orientation angle

β thermal expansion coefficient
(K−1)

ε1, ε2 eccentricities of ellipses
µ dynamic viscosity, kg/m s
ξ, θ elliptic coordinates (m)
ρ density (kg.m−3)
υ kinematic viscosity (m2.s−1)
φ volume fraction of the

nanoparticles
ψ stream function (m2.s−1)
ω vorticity (s−1)

Subscripts
1 inner cylinder
2 outer cylinder
avg average
c cold
f fluid
h hot
nf nanofluid
p solid particles

Superscript
+ dimensionless parameters

conductivity, viscosity, and thermal diffusivity of nanofluids, have been widely investigated by many researchers
(Kang et al., 2006; Velagapudi et al., 2008; Turgut et al., 2009; Rudyak and Belkin, 2010; Murugesan and Sivan,
2010; Nayak et al., 2010).

Studies dealing with natural convection heat transfer of nanofluid problems within simple geometries, such as
enclosures differentially heated with different shapes (square, rectangular, triangular, etc.), have received considerable
attention in the literature (Tayebi et al., 2013, 2016a; Tayebi and Djezzar, 2015; Boulahia et al., 2017a,b; Tayebi and
Chamkha, 2017a; Zargartalebi et al., 2017; Mehryan et al., 2019; Tahmasebi et al., 2018; Azzouz et al., 2019).

One of the most important studies in heat transfer is the investigation of natural, forced, and mixed heat transfer
convection phenomena in an annular passage. This research is important due to its presence in gas turbines, heat
exchangers, reactors, chemical industries, etc. Detailedreview studies have been published by Togun et al. (2014)
bearing on numerical/experimental examinations that tackle annular passages with different configurations, type of
fluid, and boundary conditions. The effects of several parameters that intervene in the enhancement of the heat transfer
rate in annular passages, both concentric and eccentric, are studied.

The study focusing on heat transfer in a horizontal annulus with nanofluid flowing is an especially interesting
problem because of their many industrial applications, especially in heat exchangers. Therefore, considerable studies
have been done by several authors (Togun et al., 2014; Parvinet al., 2012; Mehrizi et al., 2013; Izadi et al., 2013;
Sheikholeslami et al., 2014; Matin and Pop, 2014; Seyyedi etal., 2015; Mokhtari et al., 2015; Tayebi and Chamkha,
2017b) dealing with convective heat transfer problems for the case of concentric and eccentric horizontal circular
annular cavities.
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Natural Convection of Nanofluid in an Inclined Elliptical Annulus 101

Many other researchers have studied heat transfer and fluid flow (without nanoparticles) in horizontal elliptic
annular cavities with different geometrical configurations and boundary conditions. Lee and Lee (1981) analyzed,
numerically, the natural convection problem for the symmetrical cases of elliptical annuli using the elliptical co-
ordinates and performing experiments for this configuration with some cases. Schreiber and Singh (1985) studied
two-dimensional (2D) steady-state free convection between horizontal confocal elliptical cylinders oriented at arbi-
trary angles. Governing equations are expressed in a systemof elliptic coordinates. Elshamy et al. (1990) performed
a numerical study of 2D laminar natural convection flows in a horizontal confocal elliptical annulus and developed
practical correlations to determine mean Nusselt numbers.Cheng and Chao (1996) reported numerical outcomes of
fluid flow and heat transfer in a horizontal eccentric annularpassage with various geometric configurations and heat-
ing conditions. Effects of Rayleigh number, dimensionlesseccentricity, and the ratio of the areas of the cylinders on
of the equivalent conductivity are examined.

Mota et al. (2000) analyzed natural convection heat transfer in a horizontal eccentric elliptical annular passage
saturated with a porous medium using the Darcy–Boussinesq equations. A greater improvement of the heat transfer
rate has been recorded for the eccentric passage versus the concentric one. Hirose et al. (2001) presented a numerical
and experimental study for natural convective heat transfer and fluid flow from an isothermal horizontal eccentric
elliptical annular cavity with a different orientation angle and reported their impact on heat transfer improvement.
Zerari et al. (2013) investigated numerically forced and mixed convection heat transfer in the annulus passage between
two horizontal confocal elliptical cylinders. They indicated that the natural convection heat transfer was improved by
increasing the Grashof number. Bouras et al. (2014) performed numerical computation for double-diffusive natural
convective flow in an annular space between confocal elliptic cylinders filled with a Newtonian fluid. Isothermal and
iso-concentration boundary conditions are used at the inner and outer walls of the annulus. Governing equations of
momentum (in terms of stream function-vorticity), concentration, and energy were expressed using the dimensionless
form and formulated in a system of elliptic coordinates for steady-state laminar 2D and incompressible flow. It was
noted that heat and mass transfer increase with an increasing Rayleigh number. At high values of the Rayleigh number,
iso-concentrations display a plume as isotherms. However,when the Lewis number is> 1, the mass plume becomes
stronger and diffuses through the annular space.

Studies of heat transfer and flow in the annular cavities formed by horizontal confocal elliptic cylinders and filled
with nanofluids have been found to be very limited in the literature. In this context, Izadi et al. (2009) numerically
simulated a 2D laminar forced convection in an annulus filledwith water-based Al2O3 nanofluid using a single-phase
model. It is noted that the axial velocity does not remarkably change with the nanoparticle concentration. However, the
temperature is affected by adding nanoparticles. In addition, they found that the adding of solid nanoparticles enhances
the heat transfer coefficient. Dawood et al. (2014) investigated, numerically, the mixed convection in a laminar regime
within a 3D elliptic annulus with constant heat flux by using different water-based nanofluids (different types and size
of nanoparticles for different concentrations). Basic equations of heat transfer and fluid flow are discretized based on
the finite volume method using the semi-implicit method for pressure linked equations (SIMPLE) algorithm to define
the primitive variables. They note that the water-based SiO2 nanofluid has the highest heat transfer rate, followed by
water-based Al2O3, ZnO, CuO nanofluids, and at last pure water. The heat transfer rate increases by increasing both
the nanoparticle concentration and the Reynolds number; however, it decreases by increasing the size of nanoparticles.
Recently, Tayebi and Chamkha (2016b) and Tayebi et al. (2017, 2018) investigated numerically the natural convective
flow inside an annular cavity between two horizontal confocal elliptic cylinders filled with water-based Cu–Al2O3

hybrid nanofluid, Cu–water based nanofluid (37), and CNT–water nanofluid, respectively.
The present paper deals with the effects of pertinent parameters, such as the Rayleigh number, concentration,

and orientation angle on the free convective flow of Ag–waterbased nanofluid confined by two horizontal confocal
elliptical cylinders. The walls of the annulus are isotherms, as the inner wall is hot and the outer one is cold. This
investigation covers Rayleigh numbers in the range of 103–105, volume fractions ranging from 0 to 8%, orientation
angles from 0 to 90 deg. The eccentricities of outer and innerellipses are fixed at 0.6 and 0.9, respectively. The
mathematical model is formulated in a system of elliptical coordinates that are suitable for this kind of problem,
as the physical boundaries are identified with constant value coordinates (Moon and Spenser, 1971) and expressed
in terms of the stream function and vorticity equations. Thegoverning equations are discretized based on the finite
volume technique, which has been proposed and improved by Patankar (1980) with the assistance of the centered
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102 Bouzerzour et al.

differences method (Nogotov, 1978). The iterative method of Gauss-Seidel was used to solve the resulting algebraic
equations system using a successive under-relaxation method (SURM).

2. MATHEMATICAL MODELING

The schematic diagram of the annular space under consideration is illustrated in Fig. 1. It is an annulus formed by
two confocal elliptic cylinders. The fluid in the annulus is water-based nanofluid containing silver nanoparticles. The
nanofluid is assumed incompressible, and the flow is considered to be laminar. The natural convection is modeled by
solving the equation of mass conservation, the momentum equation, and the energy equation. No-slip and isothermal
boundary conditions are imposed on both elliptic cylinder walls. Because the cylinders are long enough, the flow is
considered to be two-dimensional. We consider a thermal equilibrium between water and solid spherical nanoparticles
(Ag). The Boussinesq approximation is considered for the density and all other properties are assumed to be all
constant and listed in Table 1.

The dimensional transformation from elliptical (ξ, θ) to Cartesian coordinates (x, y) (Moon and Spenser, 1971)
is

{

x = c chξ cos θ

x = c shξ sinθ
(1)

wherec is the half focal distance

c =
d1

chξ1
=

d2

chξ2
(2)

On the basis of these assumptions [Eqs. (1) and (2)], the governing equations for laminar, steady-state natural
convection in an annulus filled with Ag–water nanofluid are written in elliptical coordinates as follows:
Continuity Equation:

∂

∂ξ
(hVξ)

∂

∂θ
(hVθ) = 0 (3)

FIG. 1: Problem study and boundary conditions

TABLE 1: Thermophysical properties of the base fluid and the nanoparticles

ρ (kg.m–3) Cp (J.kg–1K–1) K (W.m–1K–1) β (K–1)

Pure water 997.1 4179 0.613 21× 10−5

Silver (Ag) 10,500 235 429 1.89× 10−5
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Momentum (Vorticity) Equation:

Vξ

h

∂ω

∂ξ
+

Vθ

h

∂ω

∂θ
=

(ρβ)nf
ρnf

1
h
g

[

(F1 cosα− F2 sinα)
∂T

∂ξ
− (F1 sinα+ F2 cosα)

∂T

∂θ

]

+
µnf

ρnf

1
h2

(

∂2ω

∂ξ2
+

∂2ω

∂θ2

)

(4)

Energy Equation:
∂T

∂ξ
Vξ + Vθ

∂T

∂θ
=

Knf

(ρCp)nf

1
h

(

∂2T

∂ξ2
+

∂2T

∂θ2

)

(5)

The vorticity defined by

ω = −
1
h2

(

∂2ψ

∂ξ2
+

∂2ψ

∂θ2

)

(6)

whereh is the scale factor for the elliptic coordinates






























h = c
√

sh2ξ sin2 θ

F1 =
shξ cosθ

√

sh2ξ sin2 θ

F2 =
chξ sin θ

√

sh2ξ sin2 θ

(7)

For the generated mesh in the present study, the constant values ofξ are associated with elliptic curves; whereas,
the constant values ofθ are associated with the lines joining the two limited elliptic cylinders (see Fig. 2).

The corresponding eccentricities of the inner and outer cylinders are as follows:


















ε1 =
1

chξ1
=

√

d2
1 −D2

1

d1

ε2 =
1

chξ2
=

√

d2
2 −D2

2

d2

(8)

The effective density of the nanofluid is as follows:

(ρ)nf = φρp + (1− φ)ρf (9)

(a) (b)

FIG. 2: (a) Physical grid and (b) computational grid
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104 Bouzerzour et al.

where the thermal diffusivity of the nanofluid is as follows:

(α)nf =
Knf

(ρCp)nf
(10)

And, heat capacitance of the nanofluid is given as follows:

(ρCp)nf = φ(ρCp)p + (1− φ)(ρCp)f (11)

The thermal expansion coefficient of the nanofluid can be determined by

(ρβ)nf = φ(ρβ)p + (1+ φ)(ρβ)f (12)

The effective viscosity is given by Brinkman (1952) as follows:

(µ)nf =
µf

(1− φ)2.5
(13)

In Eq. (10),Knf is the effective thermal conductivity of the nanofluid, which for low dense mixtures with
micron-sized spherical particles, according to Maxwell (1881), is

Knf = Kf

(Kp + 2Kf)− 2φ(Kf −Kp)

(Kp + 2Kf) + φ(Kf −Kp)
(14)

These models [Eqs. (13) and (14)] have been used recently in the literature to estimate the effective dynamic
viscosity and the thermal conductivity of nanofluids in numerical simulation of free convection (Mahmoodi, 2011).

To transform the dimensional governing equations into dimensionless equations, we use the following dimen-
sionless quantities:

Dh = c, H =
h

Dh

, V +

ξ
=

Dh

αf

Vξ, V +

θ
=

Dh

αf

Vθ, ψ
+ =

ψ

αf

, ω+ = ω
D2

h

αf

, T+ =
T − Tc

Th − Tc

Previous governing equations become in the following dimensionless form:

∂

∂ξ
(HV +

ξ
)
∂

∂θ
(HV +

θ
) = 0 (15)

HV +
ξ

∂ω+

∂ξ
+HV +

θ

∂ω+

∂θ
= Pr RaHf1(φ)

[

(F1 cosα− F2 sinα)
∂T+

∂ξ
− (F1 sinα+ F2 cosα)

∂T+

∂θ

]

+ Prf2(φ)

(

∂2ω+

∂ξ2
+

∂2ω+

∂θ2

)

(16)

∂T+

∂ξ
HV +

ξ
+HV +

θ

∂T+

∂θ
= f3(φ)

(

∂2T+

∂ξ2
+

∂2T+

∂θ2

)

(17)

ω+ = −
1
H2

(

∂2ψ+

∂ξ2
+

∂2ψ+

∂θ2

)

(18)

In Eqs. (16)–(18), the Prandtl number (Pr), and the Rayleighnumber (Ra), are defined as follows:

Pr=
υf

αf

, Ra=
gβfD

3
h(Th − Tc)

υfαf

(19)
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And










































f1(φ) =
1

{

[(1− φ)ρf ] /φρp
}

+ 1

βp

βf

+
1

φρp/ [(1− φ)ρp] + 1

f2(φ) =
1

(1− φ)2.5 [(1− φ) + φ(ρp/ρf)]

f3(φ) =
Knf/Kf

(1− φ) + φ
{

[(ρCp)p] /(ρCp)f
}

(20)

The boundary conditions in the dimensionless form are as follows:
Inner cylinder wall (ξ = ξ1 = constant):

V +
ξ

= V +
θ

=
∂ψ+

∂θ
=

∂ψ+

∂ξ
= 0

ω+ = −
1
H2

(

∂2ψ+

∂ξ2
+

∂2ψ+

∂θ2

)

T ∗ = 1

Outer cylinder wall (ξ = ξ2 = constant):

V +

ξ
= V +

θ
=

∂ψ+

∂θ
=

∂ψ+

∂ξ
= 0

ω+ = −
1
H2

(

∂2ψ+

∂ξ2
+

∂2ψ+

∂θ2

)

T+ = 0

Calculation of local Nusselt number for the cylinder walls is performed by

Nu =

(

−
Knf

Kf

)

1
H

∂T+

∂ξ

∣

∣

∣

∣

ξ1,2

(21)

Mean Nusselt number is calculated as follows:

Nuavg =
1

θNN − θ1

∫ θNN

θ1

Nudθ (22)

The integral in Eq. (21) is approximated with the aid of Simpson’s method.

3. NUMERICAL IMPLEMENTATION

The physical domain of the annulus is complex; therefore, itis transformed into a rectangular domain with mapping,
which allows the equations to be discretized on an orthogonal uniform mesh. The system of Eqs. (16)–(17) with
the corresponding boundary conditions is numerically solved using finite volume method. Equation (18) is resolved
using the centered difference method. The iterative methodof Gauss-Seidel was used to solve the resulting algebraic
equations system (matrix) using a successive under-relaxation method, where 10−6 was chosen as the convergence
criteria for all dependent variables and a value of 0.75 is taken for the under-relaxation parameter for all iterations.
The 2D mesh grid that was generated, including physical and computational grids, is illustrated in Fig. 2.
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The following condition is used to obtain convergence:
∣

∣

∣

∣

∣

maxΦn+1
i,j −maxΦn

i,j

maxΦn+1
i,j

∣

∣

∣

∣

∣

≤ 10−6 (23)

wheren + 1 is the current iteration andn is the previous iteration;Φ stands forψ+ or T+ andi, j refers to space
coordinates.

A fourth-order accurate formula is used for the vorticity boundary condition. The vorticity at the inner wall is
expressed as follows:

ω∗(1, j) = −
1

H2(1, j)

[

7(1, j)− 8ψ∗(2, j) + ψ∗(3, j)
2(∆η)2

]

(24)

The vorticity at the outer wall is expressed as follows:

ω∗(NN, j) = −
1

H2(NN, j)

[

7(NN, j) − 8ψ∗(NN − 2, j) + ψ∗(NN − 3, j)
2(∆η)2

]

(25)

3.1 Grid Independent Check

In order to determine a proper grid for the numerical simulations, a strict mesh testing procedure was conducted
to ensure a mesh-independent solution. Seven different uniform grids (11× 11 to 61× 121) are employed. The
variations of mean Nusselt numbers of the inner surface withthe grid number are given in Fig. 3 for the case of Ra=
104,φ = 0.04, and for the orientation angleα = 0 deg. On the basis of the results of Fig. 3, a 51× 101 grid is formed
for all of the subsequent numerical calculations.

3.2 Code Validation

In order to validate the developed code, the problem of the natural convection flow between two elliptic cylinders
filled by pure fluid (air), according to the geometry considered in the work of Elshamy et al. (1990), is analyzed using
the presented code and the results are compared to their results. Table 2 shows comparisons between the average
Nusselt numbers of the inner and outer elliptic cylinder walls for different Rayleigh numbers; eccentricities, and
orientation angles obtained by the present simulation and by Elshamy et al. (1990). As Table 2 shows, a very good
accord exists between the two results.

4. RESULTS AND DISCUSSION

The code is employed to investigate, numerically, the natural convection heat transfer and fluid flow in a 2D annulus
founded by two differentially heated confocal elliptic cylinders oriented and filled with water-based Ag nanofluid

FIG. 3: Effect of the grid density on the mean Nusselt numbers of inner wall for Ra = 104, α = 0 deg, andφ = 0.04
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TABLE 2: Comparisons of the results of our present study with the results of Elshamy
et al. (1990)

Inner Surface Outer Surface

ε1 ε2 α Ra Present
Results

Elshamy
et al. (1990)

Present
Results

Elshamy
et al. (1990)

0.9 0.4 0 104 3.53 3.53 1.14 1.19
0.86 0.4 90 104 3.70 3.68 1.39 1.35
0.86 0.4 90 4× 104 5.27 5.34 1.87 1.93
0.68 0.4 90 104 2.87 2.66 1.41 1.38

using the finite volume method. Calculations are made for theRayleigh number (103 ≤ Ra≤105), the concentration
of nanoparticles 0≤ φ ≤ 0.08, and for various angles of orientation,α of the elliptical annulus with respect to gravity.
The eccentricities of inner and outer ellipse are fixed atε1 = 0.9 andε2 = 0.6, respectively. The Prandtl number of
water is 6.2. The results are reported next in terms of isotherms, streamlines, and graphs of mean and local Nusselt
numbers.

Figure 4 shows the influence of orientation angles of the annulus on heat transfer atφ = 0.08. They are given
by average Nusselt number, which is calculated from Eq. (21). As can be seen from Fig. 4, for a givenα mean
Nusselt numbers are increased with increasing Rayleigh number. This result is well-illustrated in Fig. 5. For a specific
Rayleigh number, when increasing the orientation valuesα, the mean Nusselt number is also increased. The reason
is, when the inclination angle increases, the main vortexesmove to the large gap between ellipses and the fluid
movement occurs simply. The highest rate of heat transfer isformed forα = 90 deg. The increase in mean Nusselt is
more significant for higher Rayleigh numbers when the convection is the dominant heat transfer. This is because an
increase in Ra provokes the buoyancy forces to increase.

The variation of the mean Nusselt number around the inner ellipse wall withφ for different inclination angles at
Ra= 103 and 105 is illustrated in Fig. 6. It is seen from Fig. 6 that, for both Rayleigh numbers and fixed value ofα,
the mean Nusselt number increases linearly by increasingφ. The effect of nanoparticles’ concentration on the mean
Nusselt number is almost the same, as the slopes are almost equal. In addition, it can be seen that the effect of the
volume fraction of nanoparticles is more pronounced at higher Rayleigh number.

On the other hand, Fig. 7 shows the variation of the mean Nusselt number around the inner cylinder as a function
of Rayleigh number for various values of nanoparticle volume fraction atα = 45 deg. Figure 7 shows that the effect of
nanoparticles’ concentration on Nusselt number is more pronounced at high Rayleigh number than at low Rayleigh

FIG. 4: Profile of the average Nusselt number
around the inner cylinder with the Rayleigh
number for various orientation angles atφ =

0.08

FIG. 5: Profile of the average Nusselt num-
ber around the inner cylinder with the ori-
entation angles for various Rayleigh number
whenφ = 0.08
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(a) (b)

FIG. 6: Variation of the mean Nusselt number around the inner cylinder with nanoparticle volume fraction for different orientation
angles at (a) Ra= 103 and (b) Ra= 105

number. This is because at higher Rayleigh number, the convection is the dominated mechanism for heat transfer
and the temperature gradient near the inner cylinder is greater compared to the conduction mechanism, which is
dominated at low Rayleigh number.

For better comparison, profiles of the mean Nusselt numbers with the nanoparticles volume fraction forα = 45
deg is shown in Fig. 8. It is clearly seen that for a fixed value of the Rayleigh number, Nusselt number increases
linearly by increasingφ and this increase became more considerable (the line slope is increased) for a high value of
the Rayleigh number (Ra= 105).

Figures 9(a)–9(c) shows the profile of the local Nusselt number along the inner and outer surfaces of the annulus
for three different values of inclination anglesα = 0, α = 45, andα = 90 deg when Ra= 105 andφ = 0.04.
As shown in Fig. 9, local Nusselt numbers on the outer and inner surfaces present opposite distributions due to the
nonorganized behavior of the flow inside the annulus. The first displays a global maximum, while the second displays
a global minimum. These two extremes are achieved at the plume region corresponding to the angular position:θ =
90 deg for the case ofα = 0 deg,θ = 28.8 deg forα = 45 deg andθ = 0 deg forα = 90 deg.

The distribution of local Nusselt number on the inner and outer boundaries of the annulus for different values
of the solid volume fraction when Ra= 105 andα = 45 deg is depicted in Fig. 10. We can note that the maximum
values (whether the inner or outer surface) are affected by the presence of nanoparticles while the minimum values are

FIG. 7: Variation of the average Nusselt num-
ber around the inner cylinder as a function of
Rayleigh for various values of nanoparticles
concentration atα = 45 deg

FIG. 8: Variation of the average Nusselt num-
ber along the inner ellipse with the volume
fraction of nanoparticles for different Ra at
α = 45 deg
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(a) (b)

(c)

FIG. 9: Profile of local Nusselt number around inner and outer cylinder’s walls: (a)α = 0, (b)α = 45, and (c)α = 90 deg

FIG. 10: Local Nusselt number along inner and outer cylinder’s wallsfor different values of the nanoparticle volume fraction
when Ra= 105 andα = 45 deg

not affected. It is also noted that the plume region does not move about the angular position with increasing volume
fraction.

The isotherms and streamlines for different values of Rayleigh number for the case ofα = 0 deg whenφ =
0 (regular fluid) are shown in Fig. 11. For Ra= 103, the conduction is the mode of heat transfer dominant, where
the isotherms are almost parallel and concentric curves that follow well the active wall’s profiles and the distribution
of temperatures simply decreasing the hot wall to the cold wall. The flow is organized in two cells that turn in
opposite directions, and the stream function value is almost zero, indicating that the convection effect is extremely
small. It is observable that as the Rayleigh number increases the thickness of the isotherms near the cylinder’s wall
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FIG. 11: Isotherms (left), streamlines (right) for various values of Rayleigh whenφ = 0 andα = 0 deg

increases. That means that the temperature gradient at the cylinders’ walls increases and, consequently, the average
Nusselt number increases except in the plume region on the inner cylinder, which is presented the maximum thermal
boundary layer causing a decrease in Nusselt number. On the contrary, as the Rayleigh number increases the plume
of the isotherms ascends towards the outer cylinder and the thermal boundary layer thickness decreases it causes
Nusselt number to increase [it is compatible to the results presented in Fig. 9(a)]. In addition, as Rayleigh number
increases, the main vortex deforms from an oval shape to an expanded shape and the central elements move to the
top of the annulus under the buoyancy effect. The intensity of the streamlines in the top part of the annulus is more
important, because in that region the fluid moves more freelywith the help of the large gap between cylinders, and of
course, under the effect of buoyancy force this is well-observed at higher Rayleigh number. Instead, a phenomenon
is observed that is usually found at the bottom portion of theannulus where the flow is inert and stably stratified.
It should be emphasized at this stage that all results presented in Figs. 5–8 are in agreement with those reported by
Elshamy et al. (1990) and Bouras et al. (2014).

Figure 12 illustrates the isotherms (left) and streamlines(right) for different orientation angles whenα = 0.04
and Ra= 105. It is observed that when the parameterα increases, the vortexes move toward the wider space in the
annular until it occupies almost the whole annulus atα = 90 deg. The intensity of the stream function increases and
then raises the thermal flux near both cylinders. This is in agreement with the results presented in Figs. 6 and 7, which
confirm that the mean Nusselt number for the caseα = 90 deg is greater than the other cases.

Finally, the effects of Ag nanoparticle volume fractions onthe flow structure is presented in Fig. 13, forα =
45 deg and Ra= 105. As can be seen from these contours, by increasing the solid volume fraction of nanofluid, the
magnitude of stream functions increases due to the buoyancyforces overcome the viscous forces. In this case, the
isotherms distort and plume appears above the inner cylinders.

5. CONCLUSION

The effects of the inclination angleα of the annulus, the nanoparticle concentration parameterφ and the Rayleigh
number on natural convective flow in an annular space betweenconfocal horizontal elliptical cylinders with isothermal
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FIG. 12: Isotherms (left), streamlines (right) for various orientation angles atφ = 0.04 and Ra= 105

surfaces filled with a silver–water-based nanofluid have been investigated numerically, and the following results have
been observed during the present study:

• The distribution of isotherms and stream functions are symmetric about the vertical line for the cases ofα =
0 and 90 deg, but are not symmetric for other cases of inclination angles.

• For a specific Ra andφ when increasing the orientation valuesα, the mean Nusselt number is also increased
and the highest heat transfer rate occurs forα = 90 deg. This is mainly due to the fact that this configuration
allows for more freedom in the fluid movement symmetrically within the annulus.
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FIG. 13: Isotherms (left), streamlines (right) for various values of volume fraction atα = 45 deg and Ra= 105

• The effect of the orientation angle on the heat transfer rateis more significant at higher Rayleigh numbers
when the heat transfer mechanism is mainly by convection.

• The flow intensity essentially increases by increasing Rayleigh number and volume concentration. This maxi-
mizes the strength of the natural convective heat transfer in the annulus.

• The plume region presents the low values of Nusselt numbers for the inner cylinder and the maximum values
for that of the outer for all situations. Also, it was observed that minimum values of local heat transfer are not
affected by the addition of silver nanoparticles; whereas,the maximum values are affected.

• The results also indicate that the addition of silver nanoparticles produces a significant enhancement of global
heat transfer with respect to that of the base fluid, and theireffect is more pronounced at higher Rayleigh.

• The effect of nanoparticles concentration on the heat transfer rate is almost the same for each orientation angle
at a given Ra.
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