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1. INTRODUCTION
In previous decades, numerous unique methods were
employed to enhance heat transfer rate and achieve different levels of thermal efficiencies. It is crucial to
increase thermal conductivity to achieve this. Finally,
many attempts were made to spread high-level heatconducting solid particles into fluids to increase heat conductivity, and nanofluids appeared in the early 1990s.
Many experiments of nanofluids have been performed to
satisfy the demands of manufacturing applications. Even
if nanofluids quench engineers’/scientists’ desire for thermal power, a superior form of liquid is still being sought
even today. Advanced nanofluids such as “hybrid nanofluids” with higher thermal conductivity than nanofluids have
been developed to address these issues. As a result, the
new study is mainly based on using hybrid nanofluids,
the authors’ primary target for increasing the heat transfer rate. Hybrid nanofluids have a wide variety of uses in
nearly all areas of heat transfer, including vehicle thermal
control, nuclear system cooling, solar energy, heating and
cooling in homes, heat pump, space aircraft, and ships. In
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terms of industrial applications, hybrid nanofluids outperform nanofluids in terms of performance.
Many researchers were drawn to hybrid nanofluids
because of these characteristics. Many laboratory trials
have yielded impressive findings tapping hybrid nanofluid
systems. Niihara1 showed nano mixtures with enhanced
heat and mechanical properties through a novel substance
construct theory. Jana et al.2 discovered that the addition of single and hybrid nano additives improved fluid
heat conductivity. Suresh et al.3 done research to create hybrid (Al2 O3 –Cu water) nanofluid. They suggested
nano mixtures with a new nanomaterial design principle
that greatly enhanced thermal and mechanical features.
Momin4 conducted the examination of laminar flow and
convection of mixed type through Al2 O3 /water and hybrid
nanofluid using the inclined tube. Suresh et al.5 later
published an Al2 O3 –Cu/water effect on thermal features.
Baghbanzadeh et al.6 researched similar nanofluids’ heat
conductivity and the production of silica/carbon nanotube
hybrid nanostructures. Just a few papers in hybrid nanofluids were written numerically. Takabi and Salehi7 showed
how a hybrid nanofluid would increase a sinusoidal corrugated enclosure’s heat transfer efficiency. Labib et al.8
done the analysis of hybrid nanofluids and base fluids
consequence in heat transfer of forced convective type
numerically. Takabi and Shokouhmand9 described Al2 O3 –
Cu/water impact on flow characteristics and heat transfer
doi:10.1166/jon.2020.1755
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In this paper, transient free convective boundary layer flow of a viscous hybrid nanofluid due to a vertical
stretching sheet with MHD effects is studied numerically using the Crank Nicolson finite difference numerical
technique. To explore the properties of heat transfer and the flow field due to a vertical stretching sheet in the
existence of a Lorentz force, two different fluids, specifically Cu–Al2 O3 /water and Cu/water, are utilized. The
results of different physical parameters and the practical quantities of concern that they affect are investigated.
According to this article’s results, Cu–Al2 O3 /water has a superior heat transfer rate than Cu/water in a magnetic
field setting. Various other nano mixtures can be attempted to attain the optimal heat transfer rate.
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in a turbulent environment. Nasrin and Alim10 investigated
numerically discover transient free convective border layer
flow of a viscous hybrid nanofluid due to a stretching sheet
convection of forced type using a solar collector of flat
in the existence of MHD effects. This study examines the
plate type by finite element simulation.
impacts of magnetic parameter, stretching parameter, and
Meanwhile, over the last few decades, the issues associnanoparticle volume fraction on the skin friction parameter
ated with hydromagnetic nanofluids have been more indusand Nusselt number along with velocity and temperature
trially important. These engineering processes include
patterns.
gas turbines and numerous propulsion systems for aeroplanes, rockets, spacecraft, and space vehicles. The results
of MHD heat transfer can be substantial at high-level
2. FORMULATION OF THE PROBLEM
running temperatures. Stretching sheet research is freThe physical model and the cartesian coordinate system
quently confronted in real-world issues, which have piqued
is as demonstrated in Figure 1. The sheet and hybrid
researchers’ attention due to their various applications
nanofluid firstly static with the temperature at T for all
in microelectronics, microfluidics, manufacturing, space,
t  ≤ 0. With time t  > 0, the sheet is impulsively stretched
acoustics, avionics. Sparrow et al.11 first investigated a
in the vertically upward direction with a constant velocmagnetic field’s influence on heat transfer of free conity proportional to the distance along the sheet surface.
vection type. Crane12 studied the flow along with an
The sheet’s surface is maintained at a constant temperature
extending plate. In Reference, Andersson and Dandapat13
Tw higher than the ambient hybrid nanofluid’s temperaexplored the flowing of a power-law fluid past an extendture T . We presume that a standardized magnetic field
ing sheet. Chakrabarti and Gupta14 studied MHD flow and
of strength B0 functions in the perpendicular direction to
heat transfer due to a stretching sheet. After, Vajravelu15
the sheet. The validity of the boundary layer and Boussiresearched convective flow with MHD effects for a connesq approximations29 is assumed. Based on these above
tinuously moving surface in detail. Using viscous dissiassumptions and the Tiwari and Das30 nanofluid model,
pation and Joule heating, Das et al.16 investigated MHD
and following the assumptions in Rajesh et al.31 except
slip flow of mixed convection type past an inclined porous
heat generation, the problem’s governing equations are as
plate. Choi17 contributed to the literature by introducing
follows.
the idea of nanofluid. Khan and Pop18 went on to inves∗
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plate with viscous dissipation. Mustafa et al.23 recently
analyzed the border-layer flow of nanoliquid over a nonThe associated conditions are
linearly extending sheet, including boundary condition of
24
convective type. Mansur et al. demonstrated the stagnat∗ ≤ 0
For all x ∗ and y ∗
tion point flow of a nanofluid with MHD due to an extendv1∗ = 0 v2∗ = 0 T ∗ = T∗
ing/shrinking surface with suction. Pal and Mandal25 established the radiative nanofluids flow of mixed convection
type past an extending/diminishing surface in a medium
of porous type, including heat production as well as viscous dissipation. In Reference, Das et al.26 investigated
the entropy for transient magneto nanofluid flow past an
accelerating extending layer, including a boundary-setting
of convective type. Haq et al.27 demonstrated thermal radiation’s effect on MHD stagnation point flow of nanofluid
past a stretching surface with slip effects. Anjali Devi and
Suriya Uma Devi28 numerically investigated MHD, and
suction effects on Cu–Al2 O3 /water flow past a permeable
stretching sheet.
Given the preceding investigation articles and applications in manufacturing and industry, the aim is now to
Fig. 1. The physical model with the coordinate system.
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Table I. Thermophysical properties of Cu–Al2 O3 /water.
Property
Density 


= 1 −

hnf

Dynamic viscosity

,

hnf

Hybrid nanofluid (Cu–Al2 O3 /water)


+ 2 s2
2  1 − 1  f + 1 s1
f

=
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bf
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Table II. Thermophysical properties of water and nanoparticles.

H2 O (f )
Cu (s2)
Al2 O3 (s1)


(kg/m3 )

(W/mK)


(s/m)


(1/K)

Cp
(J/kgK)

997.1
8933
3970

0.613
401
40

55 × 10−6
596 × 106
35 × 106

21 × 10−5
167 × 10−5
085 × 10−5

4179
385
765

Note: Source: Turkyilmazoglu.34
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The exact result of Eq. (8) in the non-existence of inertial
terms depending on the border conditions (9) utilizing the
analytical (Laplace transform) approach is offered by
⎞
⎛
√
⎜ y Pr ⎟
(11)
 = erfc ⎝
⎠
2 t F6
F5
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2.1. The Nusselt Number and Skin Friction
Coefficient
The valuable quantities viz C f (skin friction parameter)
and Nux (local Nusselt number) specified as
Cf =

w
f vw2

Nux =

qw x ∗
∗
∗
f Tw − T 

(12)

Where w (skin-friction) and qw (heat transfer) from the
sheet are presented by
 ∗
 ∗
v1
T
qw = − hnf
(13)
w = hnf
∗
y y∗ =0
y ∗ y∗ =0
Employing transformations (5), we get
Cf Rex2 =

1

G3/4
r
1 − 125 1 − 2 25
 

hnf
Nux = −
G1/4
r x
y y=0
f



v1
y


y=0

(14)
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where Rex = vw L/f is the Reynolds number.

F
= 6
F5
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n+1
n+1
n
n
n
in+1
j−1 − 2i j + i j+1 + i j−1 − 2i j + i j+1



2 Pr y2
(17)

The Thomas algorithm32 examines the preceding equations for numerical answers of velocity and temperature
fields. Additional features (consistency, stability, and convergence) for solving difference equations have been submitted by Prasad et al.33 Figure 2 illustrates the effects
of a mesh sensitivity analysis used to assess the proper
mesh framework for numerical simulation. The steps viz
x = 005 for x-axis and y = 025 for y-axis, were mentioned to find true results. Simultaneously, the time step
was explored, with t = 001 chosen as the optimal value
for successful outcomes. The temperature patterns from
this study ( 1 = 0) are compared to Equation’s theoretical relationship (11) in Figure 3 to ensure the numerical
results’ accuracy, shown to be in the superb pact. This confirms that the current solution approach is appropriate for
this sort of challenge.

3. NUMERICAL SOLUTION
The PDEs (6)–(8) and the associated conditions (9) were
decoded using a strong Crank-Nicolson style numerical
procedure. The respective difference
are asOn:
fol-Fri, 22 Oct 2021 09:19:07
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4. RESULTS AND DISCUSSION
To accomplish a clear understanding of the physical problem, mathematical solutions for different physical parameter values are obtained. Numerical results for magnetic
parameter M = 0, 4, 9, stretching parameter A = 02, 0.5,
0.8, solid volume fraction 2 = 0005, 0.02, 0.04, time t =
05, 1, 1.5, Pr (Prandtl number) = 6.2 are achieved, and
these outcomes are submitted explicitly in Graphs 4–19.
We kept M = 4 A = 05 1 = 01 2 = 004 x = 1 t = 1,
and n1 = 3 constant throughout the study unless otherwise specified except for the concerned parameter under
analysis.
Figures 4 and 5 indicate the result of the magnetic
parameter M on the velocity distribution and dimensionless temperature distribution. Lorentz force is caused by
the combination of magnetic and electric fields during the
movement of an electrically conducting liquid in the existence of a magnetic field of transverse type. It noted that
as the magnetic field strength improves, for both hybrid
and nanofluids, the impeding force rises and, as a result,
the velocity drops accompanied by the border-layer width

Fig. 6.

Impact of M on the skin friction coefficient.
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Fig. 7.

Impact of M on the Nusselt number.

Fig. 4.

Impact of M on the velocity patterns.

as the magnetic field tends to minimize velocity. But,
the temperature rises, as displayed in Figure 5. Figure 6
indicates that when the magnetic field grows, the flow
rate decreases, causing the skin friction coefficient to fall.

Fig. 5.

Impact of M on the temperature profiles.

Fig. 8.

J. Nanofluids, 9, 293–301, 2020

Impact of A on the velocity patterns.
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Fig. 9. Impact of A on the temperature profiles.

Fig. 12. Impact of

2
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on the velocity profiles.
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Fig. 10. Impact of A on the skin friction coefficient.

Fig. 13. Impact of

Figure 7 provides that as the magnetic field improves,
the rate of heat transfer drops. It is found that Cu–
Al2 O3 /water has a greater heat transfer rate than that of
Cu/water.

The consequences of stretching parameter A on velocity and temperature profiles are exhibited in Figures 8 and
9. An upsurge in the stretching parameter tends to force
the fluid to move in the border layer. Consequently, the

Fig. 11. Impact of A on the Nusselt number.

Fig. 14. Impact of

298

2

2

on the temperature profiles.

on the skin friction coefficient.
J. Nanofluids, 9, 293–301, 2020

Rajesh et al.

Fig. 15.

Impact of
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2

on the Nusselt number.

Fig. 18.

Skin friction coefficient with time t.

Fig. 17.

Growth of temperature patterns with time t.

J. Nanofluids, 9, 293–301, 2020

Fig. 19.

Nusselt number with time t.
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drop for increasing stretching limit, exhibited in Figure 10.
It is evident that as  drops, the Nusselt number rises
for the growing stretching limit for both liquids, which is
painted in Figure 11. A higher heat transfer rate via Cu–
Al2 O3 /water is observed than Cu/water for all stretching
parameter values.
Figures 12 and 13 show the sway of 2 on the velocity and temperature patterns. Figure 12 shows that as the
solid volume fraction increases, the velocity for both liqIP: 95.175.65.65 On: Fri, uids
22 Oct
2021 09:19:07
decreases.
This is because Lorentz force influences
Copyright: American Scientific
Publishers
the addition
of more conducting nanoparticles into the liqDelivered by Ingenta
uid, decreasing velocity for growing 2 . But this decrease
in velocity with solid volume fraction is not substantial,
as displayed in Figure 12. Figure 13 depicts the temperature patterns for different 2 for Cu/water and Cu–
Fig. 16. Growth of velocity patterns with time t.
Al2 O3 /water combinations. The nanoparticles physically
dispel energy in the kind of heat. The simultaneous addition of extra nanoparticles can exert extra energy, raisvelocity finds accelerated for boosting stretching limit for
ing the temperature. Figure 14 shows how increasing 2
both liquids. Owing to pushing the fluid along the stretchdecreases the C f for both fluids. Figure 15 shows that raising surface, it is remarked that temperature drops for the
ing 2 improves the Nusselt number of Cu–Al2 O3 /water
rising stretching limit, portrayed in Graph 9. The C f values

MHD Effects on Hybrid Nanofluid (Cu–Al2 O3 /Water) Flow with Convective Heat Transfer Due to a Stretching Sheet

rather than Cu/water. The optimal Nusselt number can be
obtained by combining and adjusting the proportions of
the nanomixture. Figures 16 and 17 show the evolution of
velocity and temperature patterns over time. The velocity
and temperature trends and the corresponding boundary
layers are shown to rise with time in the graphs. It is also
discovered in Figures 18 and 19 that as t (time) rises, the
C f goes up while the Nux drops for both nano and hybrid
nanofluid flows.
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5. CONCLUSIONS



t
g
n1
y
Nux
Pr
Cp
t
T∗
t∗
x
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Kinematic viscosity (m2 s−1 )
Volumetric thermal expansion coefficient (K−1 )
Time grid step size
Acceleration (owing to gravity) (ms−2 )
Nanoadditives empirical form parameter
Grid step size in y-direction
Local Nusselt number
prandtl number
Specific heat (at constant pressure) (Jkg−1 K−1 )
Non-dimensional time
Liquid temperature (K)
Time (s)
Dimensionless cartesian coordinate parallel to the
sheet
Cartesian coordinate parallel the sheet (m)
Dimensionless velocity x-component
Dimensionless velocity y-component
Dimensionless cartesian coordinate perpendicular
to the sheet
Cartesian coordinate perpendicular to the sheet (m)

In this research article, “we numerically discovered transient free convective boundary layer flow of a viscous
hybrid nanofluid due to a stretching sheet in the presx∗
ence of MHD effects. This study examined the impacts of
v1
magnetic parameter, stretching parameter, and nanoparticle
v2
volume fraction on the skin friction parameter and Nusselt
y
number along with velocity and temperature patterns.” The
findings of the study are
y∗
(1) Skin friction coefficient (C f ), velocity, and Nusselt
number (Nux ) decrease but Temperature increases with
Subscripts
Magnetic field parameter for both hybrid nanofluid and
w Sheet surface conditions
nanofluid flows

Free stream conditions
(2) Selecting Cu–Al2 O3 /water as working fluid, higher
f
Base fluid
heat transfer rates will be achieved than Cu/water
i
mesh node
(3) Choosing Cu–Al2 O3 /water asIP:operating
fluid, On:
skinFri, 22 Oct x-direction
95.175.65.65
2021 09:19:07
j
y-direction
mesh
node
Copyright:
friction between the liquid and the sheet
can be American
reduced Scientific Publishers
nf
Nanofluid
Delivered
by
Ingenta
than Cu/water
hnf Hybrid nanofluid
(4) Velocity and Nusselt number increase, but temperature
s1 Aluminium oxide nano particles
and skin friction decrease with stretching parameter
s2 Copper nano particles
(5) Temperature and Nusselt number increase, but skin
friction decreases with nanoparticle volume fraction
Superscripts
(6) Temperature, velocity, and skin friction coefficient
n Time grid node
rise, but Nusselt number declines with time t.
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NOMENCLATURE
v1∗ Velocity x-component (ms−1 )
1 Aluminium oxide nanoparticles concentration
2 Copper nanoparticles concentration
Dynamic viscosity (Pa s)
T∗ temperature of liquid far away from the sheet
 Non-dimensional temperature
 Density (kg m−3 )
Tw∗ Sheet temperature (K)
v2∗ Velocity y-component (ms−1 )
Heat conductivity (Wm−1 K−1 )
x Grid step size in x-direction
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