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Abstract
Purpose – The purpose of this paper is to study the effects of ﬁnite wall thickness on the natural convection and
entropy generation in a square cavity ﬁlled with Al2O3–water nanoﬂuid in the presence of bottom heat source.

Design/methodology/approach – The moving isothermal heater was placed on the bottom solid wall.
The vertical walls (left and right walls) were fully maintained at low temperatures. The rest of the bottom
solid wall along with the top horizontal wall was kept adiabatic. The boundaries of the domain are assumed to
be impermeable; the ﬂuid within the cavity is a water-based nanoﬂuid having Al2O3 nanoparticles. The
Boussinesq approximation is applicable. The dimensionless governing equations subject to the selected
boundary conditions are solved using the ﬁnite difference method. The current proposed numerical method is
proven excellent through comparisons with the existing experimental and numerical published studies.
Findings – Numerical results were demonstrated graphically in several forms including streamlines,
isotherms and local entropy generation, as well as the local and average Nusselt numbers. The results reveal
that the thermal conductivity and thickness of the solid wall are important control parameters for
optimization of heat transfer and Bejan number within the partially heated square cavity.
Originality/value – According to the past research studies mentioned above and to the best of the authors’
knowledge, the gap regarding the problem with entropy generation analysis and natural convection in
partially heated square cavity has yet to be ﬁlled. Because of this, this study aims to investigate the entropy
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generation analysis as well as the natural convection in nanoﬂuid-ﬁlled square cavity which was heated
partially. A square cavity with an isothermal heater located on the bottom solid horizontal wall of the cavity
and partly cold sidewalls are essential problems in thermal processing applications. Hence, the authors
believe that this present work will be a valuable contribution in improving the thermal performance.
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1. Introduction
Natural convection heat transfer in a cavity is investigated by many researchers because of its
wide application areas. The usage of nanoﬂuids as working media on natural convection heat
transfer in a cavity has gained attention of researchers in recent years. Khanafer et al. (2003)
performed numerical studies on natural convection in cavities that are partially occupied by
nanoﬂuids. Meanwhile, Jou and Tzeng (2006) have studied natural convective heat transfer in
nanoﬂuids which occupy a rectangular cavity. An experimental study on natural convection
heat transfer of alumina-water nanoﬂuid in vertical square cavity was studied by Ho et al.
(2010). Alsabery et al. (2017a) investigated the problem of transient natural convection heat
transfer in a nanoliquid-saturated porous oblique cavity numerically. They found that the
strength of the ﬂow circulation increases for the relative concentration of nanoﬂuid with the
increment of the inclination angle to the positive direction. Baytas and Pop (2002) explained
numerically the free convection ﬂow and heat transfer in a square cavity bounded by
isothermal vertical walls at different temperatures and adiabatic horizontal walls. Mobedi
(2008) studied the conduction effect of horizontal walls on natural convection heat transfer in a
square cavity numerically. The results indicated that the transfer rate decreases for high values
of Rayleigh number (Ra) and thermal conductivity ratio. Ghalambaz et al. (2016) reported the
radiation and viscous dissipation effects on natural convection heat transfer in a porous cavity
ﬁlled with nanoﬂuid. They mentioned an enhancement of the heat transfer with the increasing
of Lewis number. The nano-encapsulated phase change materials on the natural convection
heat transfer in a square cavity was proposed by Ghalambaz et al. (2019a).
Recently, the problem of natural convection with various thermal boundary conditions in
closed cavities ﬁlled with nanoﬂuids has been given considerable attention by several
studies. Santra et al. (2008) investigated the heightened heat transfer in nanoliquid based on
Ostwald–de Waele model, housed in a differentially heated cavity. Kent (2009) performed a
numerical analysis of laminar natural convection in an enclosure of isosceles triangular
cross-section for cold base and hot inclined walls. He observed that the enclosures with a low
aspect ratio have higher heat transfer rates from the bottom surface of the triangular
enclosure. Basak et al. (2012) numerically investigated the entropy generation because of
natural convection in right-angled triangular enclosures ﬁlled with porous media with top
angles 15° and 45° for various thermal boundary conditions. The double diffusive natural
convection with entropy generation in a two-dimensional enclosure with partial heating and
salting sources was investigated by Oueslati et al. (2013). Sheremet and Grosan (2017)
reported the natural convection heat transfer combined with entropy generation in a square
cavity ﬁlled with a nanoﬂuid under the effect of variable temperature distribution along left
vertical wall. They found that the growth of the amplitude of the temperature distribution
along the left vertical wall and increase of the wave number lead to an increase in the
average entropy generation. Alsabery et al. (2017b) reported the effect of non-uniform
heating on the unsteady natural convection in a trapezoidal cavity ﬁlled with nanoﬂuid.
Revnic et al. (2019) explained the non-uniform temperature variations and Buongiorno’s
nanoﬂuid model on the natural convection inside a trapezium cavity.

HFF
30,3

1520

Entropy generation because of natural convection is an important issue in engineering
applications because it gives information about local and global losses of energy because of
heat transfer and ﬂuid friction irreversibility (FFI). Many researchers have focused on square,
rectangular or circle-shaped enclosures in the literature. Mahmud and Fraser (2004) analyzed
the problem of entropy generation in a ﬂuid saturated porous cavity for laminar
magnetohydrodynamic natural convection heat transfer. Ilis et al. (2008) investigated the
entropy generation in rectangular cavities with the same area but different aspect ratios
numerically. The heat transfer between vertical walls occurs by laminar natural convection.
He found that for a cavity with high value of Ra, the total entropy generation because of ﬂuid
friction and total entropy generation number increases with increasing aspect ratio. The
entropy generation analysis was presented by Sheremet and Grosan (2017) for the problem of
natural convection in a wavy cavity ﬁlled with nanoﬂuid and having a non-uniform heating.
They pointed out that the enhancement of Bejan number (Be) is achieved by an increment of
nanoparticle volume fraction or a reduction of Ra. Bondareva et al. (2017) performed a
numerical analysis of laminar natural convection with entropy generation in a partially
heated open triangular cavity ﬁlled with a Cu-water nanoﬂuid. The result shows the heat
transfer enhancement and ﬂuid ﬂow attenuation with nanoparticle volume fraction, mainly
for high values of Ra. The effect of local heat source on the transient natural convection and
entropy generation in partially open cavities was explained by Öztop et al. (2017). The
augmentation of the nanoparticles volume fraction tended to enhance the overall heat
transfer and diminish the Be on entropy generation and convection heat transfer in a liddriven cavity ﬁlled with nanoﬂuid in the presence of bottom solid wall Gibanov et al. (2018).
Conjugate convection is the convection because of thermal interaction between ﬂuids and
solids. In the recent years, much attention was received by the conjugate convection heat
transfer in cavities because of its signiﬁcance in various engineering systems. Ismael et al. (2016)
investigated entropy generation because of natural convection–conduction heat transfer in a
square domain numerically under steady state condition. The results show that the largest solid
thickness and the lower wall thermal conductivity ratio manifest better thermal performances.
Sheremet et al. (2015) presented the effects of solid isothermal partition insertion in a nanoﬂuid
ﬁlled with cavity that is cooled via corner isothermal cooler. They observed an enhancement of
heat transfer and attenuation of convective ﬂow inside the cavity which was caused by an
insertion of nanoparticles. Basak et al. (2013) described the entropy generation during natural
convection in a porous trapezoidal structure of various inclination angles with isothermal and
non-isothermal cases. The results show that square cavities may be optimal geometry in
comparison to trapezoidal cavities for both cases. Alsabery et al. (2017c) studied the outcome of
ﬁnite wall thickness and sinusoidal heating on convection in a nanoﬂuid saturated local thermal
non-equilibrium using the ﬁnite difference method (FDM). They found that with the overall heat
transfer, non-uniform heating was signiﬁcantly increased. The convection heat transfer is
shown to be inhibited by the presence of the solid wall. Conjugate natural convection and heat
transfer of various nanoﬂuid models (single-phase, two-phase and hybrid nanoﬂuid) inside a
porous cavity in the presence of local thermal non-equilibrium condition was clearly
investigated by Ghalambaz et al. (2019b), Mehryan et al. (2019) and Tahmasebi et al. (2018).
According to past research studies mentioned above and to the best of the authors’
knowledge, the gap regarding the problem with entropy generation analysis and natural
convection in partially heated square cavity has yet to be ﬁlled. Because of this, this study aims
to investigate the entropy generation analysis as well as the natural convection in nanoﬂuidﬁlled square cavity which was heated partially. A square cavity with an isothermal heater is
located on the bottom solid horizontal wall of the cavity, and partly cold sidewalls are

important problems in thermal processing applications. Hence, the authors believe that this
present work will be a valuable contribution in improving the thermal performance.
2. Mathematical formulation
The steady two-dimensional natural convection problem in a square cavity with length L and
having a solid wall placed at the bottom with length d is illustrated in Figure 1. An isothermal
heater is placed on the bottom solid horizontal wall of the cavity with length h while the wavy
vertical walls are maintained at a constant cold temperature Tc. The remainder of the bottom
wall and the top wall are kept adiabatic. The boundaries of the domain are assumed to be
impermeable; the ﬂuid within the cavity is a water-based nanoﬂuid having Al2O3
nanoparticles. The Boussinesq approximation is applicable. By considering these assumptions,
the continuity, momentum and energy equations for the Newtonian ﬂuid, laminar and steady
state ﬂow can be written as follows (Alsabery et al., 2017b):
@u @v
þ
¼ 0;
@x @y
@u
@u
1 @p
¼
þ  nf
u þv
r nf @x
@x
@y
@v
@v
1 @p
þ  nf
u þv ¼
r nf @y
@x
@y
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(1)
!
@2u @2u
þ
;
@x2 @y2

!
ð r b Þnf
@2v @2v
þ
gðT  T0 Þ;
þ
r nf
@x2 @y2

!
@T
@T
@2T @2T
u
þv
¼ anf
þ 2 :
@x
@y
@x2
@y

(2)

(3)

(4)

The energy equation of the solid wall is:
@ 2 Tw @ 2 Tw
þ
¼ 0;
@x2
@y2

(5)

where x and y are the Cartesian coordinates measured in the horizontal and vertical directions
respectively, g is the acceleration because of gravity, r nf is the density of the nanoﬂuid,  nf is the
kinematic viscosity of the nanoﬂuid and T0 is the reference temperature (310 K).

Figure 1.
Physical model of
convection in a
square cavity
together with
conducting wall and
coordinate system
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The thermo-physical properties of the nanoﬂuid including heat capacitance ( r Cp)nf, effective
thermal diffusivity anf, effective density r nf and thermal expansion coefﬁcient b nf can be
explained respectfully as the following:






r Cp nf ¼ ð1  f Þ r Cp f þ f r Cp p ;
(6)

anf ¼ 
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knf
 ;
r Cp nf

(7)

r nf ¼ ð1  f Þ r f þ f r p ;

(8)

ð r b Þnf ¼ ð1  f Þð r b Þf þ f ð r b Þp :

(9)

The dynamic viscosity ratio of water–Al2O3 nanoﬂuids for 33 nm particle size in the
ambient condition is described by Corcione (2011) as follows:


0:3 1:03 
m nf
¼ 1= 1  34:87 dp =df
f
:
(10)
mf
And the thermal conductivity ratio of water–Al2O3 nanoﬂuids is calculated by Corcione
(2011) as follows:
knf
T
0:66
¼ 1 þ 4:4Re0:4
B Pr
kf
Tfr

!10

kp
kf

!0:03

f 0:66 ;

(11)

where ReB is deﬁned as:
ReB ¼

r f uB dp
;
mf

uB ¼

2kb T
:
p m f dp2

(12)

The range of the nanoparticles volume fraction in (Corcione, 2011) work is (0 # f # 0.04).
Here, kb = 1.380648  1023(J/K) is the Boltzmann constant. lf = 0.17 nm is the mean path of
ﬂuid particles. df is the molecular diameter of water given as (Corcione, 2011):
df ¼

6M
;
Np rf

(13)

where M is the molecular weight of the base ﬂuid, N is the Avogadro number and r f is the
density of the base ﬂuid at standard temperature (310 K). Accordingly, and basing on water
as a base ﬂuid, the value of df is obtained:

df ¼

6  0:01801528

1=3

6:022  1023  p  998:26

¼ 3:85  1010 m:

Now, we introduce the following non-dimensional variables:

(14)

X¼

x
;
L

D¼

Y¼
d
;
L

y
;
L

Pr ¼

U¼
f
;
af

vL
T  Tc
Tw  Tc
;
u ¼
;
uw ¼
;
af
Th  Tc
Th  Tc
g b f ðTh  Tc ÞL3
pL2
h
Ra ¼
;
P¼
;
H¼ :
L
 f af
r f a2f
uL
;
af
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The dimensionless governing equations are obtained as:
@U @V
þ
¼ 0;
@X @Y

r f m nf
@U
@U
@P
U
þV
¼
þ Pr
@X
@Y
@X
r nf m f
r f m nf
@V
@V
@P
þV
¼
þ Pr
U
r nf m f
@X
@Y
@Y





@2U @2U
þ
;
@x2 @Y 2

@2V @2V
þ
@X 2 @Y 2

anf
@u
@u
U
þV
¼
@X
@Y
af

(16)


þ

ð r b Þnf
Ra Pr u ;
r nf b f


@2u @2u
þ
;
@X 2 @Y 2

(17)

(18)



@2u w @2u w
þ
¼ 0:
@X 2
@Y 2

(19)

(20)

The dimensionless boundary conditions of equations (16-20) are:
on the heated part of the bottom horizontal wall:
U ¼ V ¼ 0; u ¼ 1; Y ¼ 0; ð1  H Þ=2 # X # ð1 þ H Þ=2;

(21)

on the adiabatic parts of the bottom wall:
U ¼ V ¼ 0;

@u
¼ 0; Y ¼ 0; 0 # X # ð1  H Þ=2 and ð1 þ H Þ=2 # X # 1;
@Y

(22)

on the left vertical wall:
U ¼ V ¼ 0; u ¼ 0; X ¼ 0; 0 # Y # 1;

(23)

U ¼ V ¼ 0; u ¼ 0; X ¼ 1; 0 # Y # 1;

(24)

on the right vertical wall:
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on the adiabatic top wall:
U ¼ V ¼ 0;

@u
¼ 0; 0 # X # 1; Y ¼ 1;
@Y

(25)

u ¼ u w ; at the interface wall;
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U ¼ V ¼ 0; u ð X; DÞ ¼ u w ð X; DÞ;

(26)

@ u ð X; SÞ
@ u w ð X; DÞ
¼ Kr
;
@Y
@Y

(27)

where Kr = kw/knf is the thermal conductivity ratio and over the surface of the solid wall.
The local Nusselt number evaluated at the heated part of the bottom horizontal wall, which
is deﬁned by:
 
@u
:
(28)
Nuw ¼ 
@Y Y¼0
Also, the local Nusselt number along the interface between the solid wall and the nanoﬂuid
region is deﬁned as:
 
knf @ u
Nui ¼ 
:
(29)
kf @Y Y¼D
Finally, the average Nusselt number evaluated at the heated part of the bottom horizontal
wall of the cavity is given by:
Nu w ¼

ð Bþð0:5H Þ
Bð 0:5H Þ

Nunf dX;

(30)

and the average Nusselt number evaluated at the interface surface is given by:

ð1
Nu i ¼

Nui dX:

(31)

0

The entropy generation relation is given by Ilis et al. (2008) and Alsabery et al. (2018a):
" 
"  
2 #
 2 #
 2 
2
2
m nf
knf
@T
@T
@u
@v
@u @v
:
þ
S¼ 2
þ
2
þ2
þ
þ
@x
@y
@x
@y
@x @x
T0
T0

(32)

In dimensionless form, the local entropy generation can be expressed as:
" 
 2 #
2
knf
@u
@u
SGEN ¼
þ
kf
@X
@Y
( " 
2 )
 2 #  2
2
m nf
@U
@V
@ U @2V
þ
Nm 2
þ
þ
þ
;
mf
@X
@Y
@Y 2 @X 2
 a 2
m T
f
where, N m ¼ kf f 0 LðDT
is the irreversibility distribution ratio and SGEN ¼ Sgen
Þ

(33)
T02 L2
2

kf ðDT Þ

.

The terms of equation (33) can be separated to the following form:
SGEN ¼ Su þ SW ;

(34)

where Su and SW are the entropy generation because of heat transfer irreversibility (HTI)
and FFI, respectively.
" 
 2 #
2
knf
@u
@u
;
(35)
Su ¼
þ
kf
@X
@Y
( " 
2 )
 2 #  2
2
m nf
@U
@V
@ U @2V
SW ¼
Nm 2
þ
þ
þ
:
(36)
mf
@X
@Y
@Y 2 @X 2
By integrating equation (34) over the domain, the global entropy generation (GEG) for the
present two-dimensionalð study is obtained
ð as the following:
ð
GEG ¼ SGEN dXdY ¼ Su dXdY þ SW dXdY:

(37)

It is appropriate to mention Be to determine which is dominant, heat transfer or FFI. Be is
deﬁned as:
ð
Su dXdY
Be ¼ ð
:
(38)
SGEN dXdY
When Be > 0.5, the HTI is the dominant, while when Be < 0.5, the FFI is the dominant.

3. Numerical method and validation
The dimensionless governing equations (16-20) subject to the boundary conditions.
Equations (21-27) are numerically formulated using an iterative FDM. The grid-points
distribution at the conducting wall and the enclosure is shown in Figure 2, where ND þ 1 is
number of nodal points in the vertical axis in the wall, NX þ 1 is number of nodal points in
the x axis and NY þ 1 is number of nodal points in the y axis.
By solving the governing equations in the stream function–vorticity formulation
(Alsabery et al., 2018b), the ﬁnite difference form of the equation related to the dimensionless
vorticity is:
Xiþ1;j  2Xi;j þ Xi1;j Xi;jþ1  2Xi;j þ Xi;j1
þ
 ðSX Þi;j ¼ 0
(39)
ð DX Þ2
ðDY Þ2
with

"


r f m nf
Wi;jþ1  Wi;j1
Xiþ1;j  Xi1;j
ðSX Þi;j ¼ Pr
r nf m f
2DY
2DX


#
Wiþ1;j  Wi1;j
Xi;jþ1  Xi;j1

2DX
2DY

(40)
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þ



ð r b Þnf
u iþ1;j  u i1;j
Ra Pr
:
r nf b f
2DX

(41)

To solve the value of X at the grid point i and j, the values of X at the right-hand side must
be provided. B = DX/XY. This method is known as the point Gauss–Seidel method. The
general formulation of the method provides:
h


lr
k
k
kþ1
k
kþ1
2
2Þ k
ð
Xkþ1
¼
X
þ
þ
X
þ
B
X
þ
X
X
i;j
i;jþ1
i;j
i1;j
i;j1  2 1 þ B Xi;j
2ð1 þ B2 Þ iþ1;j#
m 
f
ð DX Þ2 ðSX Þki;j
(42)

m nf
The computation is assumed to move through the grid points from left to right and bottom
to top. Where the superscript k denotes the iteration number. We make partition in the
solution domain in the X-Y plane into equal rectangles of sides D X and D Y. The values of
the relaxation parameter l r must lie in the range 0 < l r < 2 for convergence. The range 0 <
l r < 1 corresponds to under-relaxation, 1 < l r < 2 over-relaxation and l r = 1 refers to the
Gauss–Seidel iteration. The ﬁnite difference form of equation relating the stream function,
energy and volume fraction could be treated in the same way.
The ﬁnite difference equation of the dimensionless energy equation of the solid wall
[equation (20)] is written in the Gaussian successive over-relaxation formulation as:
h


lr
kþ1
k
kþ1
2
ðu w Þi;j
5ðu w Þki;j þ
ðu w Þkiþ1;j þ ðu w Þkþ1
i1;j þ B ðu w Þi;jþ1 þ ðu w Þi;j1
2
2ð1 þ B Þ #
2ð1 þ B2 Þðu w Þki;j
The conditions at the solid-nanoﬂuid interface boundary are:
k
ðu Þkþ1
w Þi ; ND þ 1
i;ND þ 1 5ðu



1
k
k
k
þ1
ðu Þi;ND þ 3 þ 4ðu Þi;NDþ2  3ðu Þi;ND þ 1
ðu w Þki;ND
5
þ1
Kr
þ 4ðu w Þki;ND  ðu w Þki;ND =3

Figure 2.
Grid-point
distributions in the
conducting wall (j #
ND þ 1) and cavity
(j > ND þ 1)

(43)

(44)

In the current numerical work, several grid testings are performed: 10  10, 20  20, 40  40,
60  60, 80  80, 100  100, 120  120, 140  140 and 160  160. Table I explains the
average Nusselt number at the bottom wall (Nu w ), the average Nusselt number at the
interface wall (Nu i ), Be and the GEG at different grid sizes for Ra = 105, Ha = 25, f = 0.02,
kw = 0.76 and D = 0.3. The results indicate insigniﬁcant differences for the 140  140 grids
and above. Therefore, for all computations in this work, the 140  140 uniform grid is used.
For the purpose of validating the data, we have compared the present results with the
previous experimental and numerical ﬁndings presented by Calcagni et al. (2005) for the
problem of free convective ﬂow and heat transfer in a square cavity ﬁlled with pure ﬂuid
and partially heated from below, as explained in Figures 3 and 4. In addition, a comparison
is made between the resulting ﬁgures and the one provided by Ilis et al. (2008) for the case of
entropy generation and natural convection in a square cavity fully heated from sides, as
shown in Figure 5. Figure 6 shows alternative comparisons regarding the enhancement in
the thermal conductivity because of the addition of the Al2O3 nanoparticles with two
different experimental results and the numerical results of Corcione et al. (2013) as well.
These results provide conﬁdence in the accuracy of the present numerical method.
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4. Results and discussion
This section presents numerical results for the streamlines, isotherms and isentropic lines
(the local dimensionless entropy generation) with various values of Ra (103 # Ra # 106),
nanoparticles volume fraction (0 # f # 0.04), solid wall thermal conductivity (kw = 0.28,
0.76, 1.95, 7 and 16) (epoxy: 0.28, brickwork: 0.76, granite: 1.95, solid rock: 7, stainless steel:
16), solid wall thickness (0.01 # D # 0.5), heat source length (0.2 # H # 0.8) and heat source
position (0.25 # B # 0.75), where the value of Prandtl number is ﬁxed at Pr = 4.623. The
values of the average Nusselt number, overall Be and GEG are calculated for various values
of Ra and D. The thermo-physical properties of the used base ﬂuid (water) and solid Al2O3
phases are described in Table II.
Figure 7 shows the effects of various Ra on the streamlines, isotherm and isentropic for
kw = 0.76, D = 0.2, H = 0.5, B = 0.5, f = 0 (solid lines) and f = 0.02 (dashed lines). By
heating up the bottom solid horizontal walls and constant cold temperature on the vertical
walls with having a solid wall placed at the bottom clearly affects the ﬂow behavior and the
distribution of temperature. At a low Ra, the ﬂow inside the cavity appears with two
streamlined rotating cells, one in anti-clockwise located at the right solid square and one in
clockwise direction located at the left solid squares. This results from the effect of bottom
solid horizontal walls and vertical walls with variation in the distribution of temperatures.
The magnitude of the contour labels denotes the strength of the ﬂuid ﬂow. The positive and
negative sign of labels denote the anti-clockwise and clockwise directions, respectively.
Grid size

Nu w

Nu i

Be

10  10
20  20
40  40
60  60
80  80
100  100
120  120
140  140
160  160

1.7074
1.7395
1.7935
1.8291
1.8601
1.8974
1.9904
1.9904
1.9905

2.232
2.1931
2.118
2.0815
2.0543
2.0294
2.0024
1.992
1.9918

0.012833
0.013314
0.014222
0.014359
0.014507
0.014706
0.014713
0.014742
0.014755

GEG
92.793
Table I.
92.243
Grid testing for
90.885
Nu w ; Nu i , be and
89.853
GEG at different grid
89.9
sizes for Ra = 105,
89.303
f = 0.02, kw = 0.76,
88.599
88.528 D = 0.2, H = 0.5 and
B = 0.5
88.523
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Figure 3.
(Left) Calcagni et al.
(2005) and (right)
present study for (a)
streamlines at Ra =
106 and H = 0.4, (b)
isotherms at Ra = 105
and H = 0.8 and (c)
isotherms at Ra =
1.836  105 and H =
0.8 for the case of
numerical and
experimental results
of Calcagni et al.
(2005) at f = 0 and
D=0

Where Cmin represents the optimal stream function. These values are signiﬁcant in showing
the minimum change of the ﬂow. Application of the nanoparticle volume fraction tends to
decrease the strength of the ﬂow circulation, which was affected by the viscosity and the
inertial force. The increase of the Ra also increases the intensity of the streamlines together
with the cells size because of the strong buoyancy forces in comparison to the viscous forces.
Both clockwise and anti-clockwise circulations of the streamlined cells for pure liquid are
larger than that for nanoﬂuid. The strength of the ﬂow circulation tends to increase with the
Ra being affected by the increment of the buoyancy force and convection intensity. The
isotherm patterns within, appear with a high density within the solid wall as illustrated in
Figure 7(a). By the increase of the Ra, the isotherm patterns within the solid wall show a
greater density.
Figures 8(a) and (b) show that the effects of Ra for, respectively, bottom and interface
walls on the local Nusselt number and along the x coordinate of water– Al2O3 at f = 0.02,
kw = 0.76, D = 0.2, H = 0.5 and B = 0.5. At bottom wall, all the local Nusselt number for all
Ra have same pattern. The local Nusselt number decreases until it reaches minimum at X =
0.25. After that, the local heat transfer increases. Meanwhile, the lines drawn for the local
Nusselt number at interface wall take a sinusoidal shape for all Ra. As we can see, the
convective heat transfer is high at higher Ra. Figures 9(a) and (b) present the effects of
various values of the volume fraction on the local Nusselt number, respectively, for bottom
and interface wall and along the x-coordinate at Ra = 105, kw = 0.76, D = 0.2, H = 0.5 and B =
0.5. A higher volume fraction signiﬁcantly enhances heat transfer owing to the increased
thermal conductivity. Moreover, a higher volume fraction inﬂuences the local heat transfer,
giving the maximum local Nusselt number.
Figure 10(a) and (b) illustrate the effects of various nanoparticle volume fractions,
respectively, for the bottom and interface walls on the average Nusselt number with
different Ra at kw = 0.76, D = 0.2, H = 0.5 and B = 0.5. Obviously, the convective heat
transfer for both bottom and interface walls increases by the Ra and this is attributed to a
higher nanoparticle volume fraction. The heat transfer rate, which results in a maximum
average Nusselt number, is signiﬁcantly increased through application of higher
nanoparticle volume fraction because of the higher temperature gradient and magnitude,
which are provided by the sinusoidal right boundary condition. On the contrary, the lower
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Figure 4.
Comparison of the
average Nusselt
number interface
with Ra for different
H with Calcagni et al.
(2005) at f = 0 and
D=0
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Figure 5.
Streamlines and
isotherms (a), GEG
and Be (b), Ilis et al.
(2008) (left), present
study (right), for Ra =
105, f = 0, D and
H=1

nanoparticle volume fraction has a weaker inﬂuence on the convective heat transfer, which
obtains the minimum average Nusselt number.
Figures 11(a) and (b) show the effects of various nanoparticle volume fractions on the Be
and GEG with different Ra at kw = 0.76, D = 0.2, H = 0.5 and B = 0.5. Average Be indicates
the importance of entropy generation because of heat transfer or ﬂuid friction
irreversibilities. As mentioned earlier, Be > 0.5 indicates that HTI is dominant whereas Be <
0.5 indicates ﬂuid friction dominant entropy generation. A common trend of decrease in Be
with Ra is observed for all nanoparticle volume fractions. The maximum value for Be occurs
at low Ra, shows that entropy generation in the cavity is primarily because of HTI. Higher
nanoparticle volume fraction increases the Be because of the higher inﬂuence on the
convective heat transfer. At higher Ra, the Be decrease to 0, indicating that entropy
generation in the cavity is because of FFI. Figure 11(b) illustrates the effect of nanoparticle
volume fraction on the GEG with different Ra. The GEG increases at Ra = 105 because of the
signiﬁcant of entropy generation primarily because of the ﬂuid friction. Lower nanoparticle
volume fraction manifests better GEG signiﬁcant to entropy generation because of high heat
transfer at higher nanoparticles volume fraction.
Figure 12 exempliﬁes the results of different thermal conductivity of solid wall on the
streamlines, isotherm and isentropic of the global nanoliquid phases for Ra = 105, D = 0.2,
H = 0.5, B = 0.5, f = 0 (solid lines) and f = 0.02 (dashed lines). The isotherm patterns of the
nanoﬂuid phases appear with a high density within the solid wall because of lower thermal
conductivity. The strength of the ﬂow circulation tends to increase in correspondent to the
increase of the thermal conductivity of solid wall. Meanwhile, by increasing the thermal
conductivity ratio of solid wall, the isotherm patterns within the solid wall decrease as
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Figure 6.
Comparison of (a)
thermal conductivity
ratio with Chon et al.
(2005) and Corcione
et al. (2013) and (b)
dynamic viscosity
ratio with Ho et al.
(2010) and Corcione
et al. (2013)

Physical properties
Cp(J/kgK)
r (kg/m3)
k(Wm 1K 1)
b  105(1/K)
m  106(kg/ms)
dp(nm)
Source: (Bergman and Incropera, 2011)

Fluid phase (water)

Al2O3

4,178
993
0.628
36.2
695
0.385

765
3,970
40
0.85
–
33

Table II.
Thermo-physical
properties of water
with Al2O3
nanoparticles at T =
310K
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(a)

(b)

(c)

Figure 7.
Variation of the
streamlines (left),
isotherms (middle)
and isentropic (right)
evolution by Ra for
kw = 0.76, D = 0.2,
H = 0.5, B = 0.5, f =
0 (solid lines) and
f = 0.02 (dashed
lines)

(d)
Notes: (a) Ra = 10 ; (b) Ra = 10 ; (c) Ra = 105; (d) Ra = 106
3

4

thermal resistance of the solid wall is reduced. As isentropic, the patterns of isentropic are
high at the left and right wall as well as at the interface between the wall and solid insert.
The amplitudes of isentropic lines decrease as the thermal conductivity ratio increase.
Figure 13 illustrates the effects of various solid wall thickness on the streamlines,
isotherm and isentropic for Ra = 105, kw = 0.76, H = 0.5, B = 0.5, f = 0 (solid lines) and f =
0.02 (dashed lines). Figure 13(a) illustrates the ﬂow behavior and the temperature
distribution within the porous cavity with the absence of the solid wall. It can be seen that
the streamlines within the cavity tend to appear with two streamlined rotating cell, in which
one appears in the clockwise direction next to the left vertical of the cavity while the other
appears in the anti-clockwise direction next to the right vertical of the cavity. Because of the
various temperature distributions, the density of the isotherm pattern appears high near the
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Figure 8.
Variation of local
Nusselt number
interfaces with (a)
bottom wall and (b)
interface wall for
different Ra at f =
0.02, kw = 0.76,
D = 0.2, H = 0.5 and
B = 0.5

Figure 9.
Variation of local
Nusselt number
interfaces with (a)
bottom wall and (b)
interface wall for
different f at
Ra = 105, kw = 0.76,
D = 0.2, H = 0.5 and
B = 0.5
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Figure 10.
Variations of the
average Nusselt
number of (a) bottom
wall and (b) interface
wall with Ra for
different f at kw =
0.76, D = 0.2, H = 0.5
and B = 0.5

Figure 11.
Variation of (a) Be
and (b) the GEG with
Ra for different
values of f at kw =
0.76, D = 0.2, H = 0.5
and B = 0.5

left and right as well as the bottom walls of the cavity. The streamlines are then moved from
there toward the adiabatic walls with the presence of solid ﬁnite thickness walls to the top
wall of the cavity. In addition, both cells tend to shrink vertically. The strength of the ﬂow
circulation decreases (see Cmin values) because of the solid wall which has a higher thermal
resistance. Because of the viscosity forces and the inertial force, the strength of the ﬂow
circulation decreases with the addition of 5 per cent nanoparticles. By increasing the
thickness of the solid wall, it inﬂuences the distribution of ﬂow behavior as well as the
temperature proﬁles. The amount and density of the isotherm pattern are vividly increased
within the solid wall, as the solid wall offers a high resistance. This, in turn, leads to the low
temperature.
Figures 14(a) and (b) illustrate the effects of various values of thermal conductivity for,
respectively, bottom and interface walls on the local Nusselt number and along the x
coordinate of water–Cu at Ra = 105, f = 0.02, D = 0.2, H = 0.5 and B = 0.5. Noticeably, the
convective heat transfer is clearly inﬂuenced by the changes of the thermal conductivity at
both walls. The local Nusselt number is increased by increasing the thermal conductivity.
This enhancement tends to appear obviously at the interface wall. This is because
increasing of the thermal conductivity of the solid wall tends to reduce the heat resistance
and as a result, more heat will transfer from the bottom hot wall to the cavity. Because of
that, the local heat transfer at the interface wall increases with the augmentation of the
thermal conductivity. However, at the bottom wall, lower thermal conductivity leads to a
maximum local Nusselt number.
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(a)

(b)

(c)

(d)
Notes: (a) kw = 0.28; (b) kw = 1.95; (c) kw =7; (d) kw = 16

Figure 12.
Variation of the
streamlines (left),
isotherms (middle)
and isentropic (right)
evolution by thermal
conductivity of the
solid wall (kw) for
Ra = 105, D = 0.2, H =
0.5, B = 0.5, f = 0
(solid lines) and f =
0.02 (dashed lines)
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(a)

(b)

(c)
Figure 13.
Variation of the
streamlines (left),
isotherms (middle)
and isentropic (right)
evolution by the solid
wall thickness (D) for
Ra = 105, kw = 0.76,
H = 0.5, B = 0.5, f =
0 (solid lines) and
f = 0.02 (dashed
lines)

(d)
Notes: (a) D = 0.1; (b) D = 0.1; (c) D = 0.3; (d) D = 0.5

Figures 15(a) and (b) perform the outcomes of various thermal conductivity ratio for,
respectively, bottom and interface walls on the average Nusselt number with different
length of solid wall at Ra = 105, f = 0.02, H = 0.5 and B = 0.5. It is noticeable that the
increment in length of solid wall for bottom and interface wall inﬂuenced the convective heat
transfer. For bottom wall, we observed that the convective heat transfer tends to increase
with an increase in the length of solid wall particularly for a high thermal conductivity ratio.
At a lower thermal conductivity ratio, it was clearly observed that the convective heat
transfer decreases because of lower thermal conductivity ratio. For interface wall, the overall
heat transfer decreases signiﬁcantly with the increase in length of solid wall because of the
resistance of the solid wall. The convective heat transfer is strongly enhanced with the lower
thermal conductivity ratio because of the lower thermal conductivity.
Figure 16(a) shows the effect of various thermal conductivity ratio on the Be with
different length of size enclosure at Ra = 105, f = 0.02, H = 0.5 and B = 0.5. We observed
that the values of Be are less than 0.5 for all thermal conductivity ratios. It shows that the
FFI is dominant over the HTI for all thermal conductivity ratios. However, the Be increases
especially at higher thermal conductivity ratio. Figure 16(b) demonstrates the GEG affected
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Figure 14.
Variation of local
Nusselt number
interfaces with (a)
bottom wall and (b)
interface wall for
different kw at Ra =
105, f = 0.02, D = 0.2,
H = 0.5 and B = 0.5

Figure 15.
Variations of the
average Nusselt
number of (a) bottom
wall and (b) interface
wall with D for
different kw at Ra =
105, f = 0.02, H = 0.5
and B = 0.5
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Figure 16.
Variation of (a) Be
and (b) the GEG with
D for different kw at
Ra = 105, f = 0.02,
H = 0.5 and B = 0.5

Figure 17.
Variations of the
average Nusselt
number of (a) bottom
wall and (b) interface
wall with Ra for
different D at f =
0.02, kw = 0.76, H =
0.5 and B = 0.5

by various thermal conductivity ratios with various sizes of enclosure. The ﬁgure shows
that the GEG decrease as the size of enclosure increase because of weak ﬂuid friction.
However, the best performance of GEG is at higher thermal conductivity ratio.
Figures 17(a) and (b) illustrate the effect of varying lengths of solid wall for, respectively,
bottom and interface walls on average Nusselt number with different Ra at f = 0.02, kw =
0.76, H = 0.5 and B = 0.5. It was observed that the convective heat transfer was inﬂuenced
by the increase of Ra for both bottom and interface walls. The convective heat transfer
increases particularly for lower inner length of solid wall because of the resistance of the
solid wall. At higher inner length of heat source, the convective heat transfer is slightly
increased as the Ra increases. It occurs to both bottom and interface walls.
Figure 18 illustrates the effect of various sizes of enclosure on the Be and GEG with
different Ra at f = 0.02, kw = 0.76, H = 0.5 and B = 0.5. Suppression effect on the HTI is
posed by the nanoparticles for a wide range of the Ra s, Ra > 105. On the other hand, two
stages of nanoﬂuid effect on GEG were observed; Stage 1 is for low Ra where the
nanoparticles action can be ignored as seen in Figure 18(b). Stage 2 for Ra > 105 where the
existence of nanoparticles stimulates the GEG. This is because of the enhanced viscous and
inertia effects associated with the length of enclosure.
Figure 19 depicts the effects of various length of heat source on the streamlines,
isotherms and isentropic for Ra = 105, kw = 0.76, D = 0.2, B = 0.5, f = 0 (solid lines) and f =

0.02 (dashed lines). Figure 19(a) illustrates the ﬂow behavior and temperature distribution
within the cavity with 0.2 length of heater. It is observed that the streamlines within the
cavity has the tendency to appear with two primary cells in the clockwise direction located
on the left of the cavity, and with anticlockwise direction next to the right vertical side of the
cavity. Because of the heating wall at the horizontal of the cavity, the intensity of
the isotherm patterns of the nanoﬂuid is high within the solid insert. With the increase of the
length of heat source, the strength of the ﬂow circulation decreases. The isotherm patterns
are elongated horizontally as the length of heat source increases. Because of various
temperature distributions, the isentropic is high at the left, right and the interface between
the cavity and solid insert. The amplitudes of isentropic increase as the heater source
increases.
Figure 20 depicts the effect of various heat source positions on streamlines, isotherms
and isentropic for Ra = 105, kw = 0.76, D = 0.2, H = 0.5, f = 0 (solid lines) and f = 0.02
(dashed lines). The outcome from changing the heat source position on the bottom walls of
the cavity is illustrated in Figure 20(a). The streamlines has the tendency to appear with
high intensity on the right side of the cavity and low intensity at the left side of the cavity.
The isotherm pattern of the nanoﬂuid is high within the solid insert because of the heating
at the bottom wall of the cavity. Isentropic ﬁeld illustrates zones of entropy generation
because of heat transfer and ﬂuid friction. We can see that the main place of high entropy
generation is at right and left of the heater, where the cold wave collides with the hot
temperature. As we can see that an increase in the heat source location leads to a growth of
corner recirculation. The main reason for such behavior is the inﬂuence of buoyancy force
from the heater.
Figures 21(a) and (b) present the effects of various values of length heat source on the
local Nusselt number and along the x-coordinate of water–Cu at Ra = 105, kw = 0.76, f =
0.02, D = 0.2 and B = 0.5 for bottom and interface wall. At the bottom wall, the local Nusselt
number occurs according to the size of heat source. Obviously, the convective heat transfer
is clearly inﬂuenced by the changes of the length heat source at both walls. Moreover, longer
length heat source inﬂuences the local heat transfer, giving the maximum local Nusselt
number.
Figures 22(a) and (b) illustrate the effect of various length of inner solid for Ra = 105, kw =
0.76, f = 0.02 and B = 0.5, respectively, bottom and interface walls on average Nusselt
number with different length of heat source. Increasing the length of inner solid clearly
affects overall heat transfer rate in which it decreases the convective heat transfer for all
length of heat source which is affected by the resistance of the solid inner cavity,
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Figure 18.
Variation of (a) Be
and (b) the GEG with
Ra for different D at
f = 0.02, kw = 0.76,
H = 0.5 and B = 0.5
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(a)

(d)

(c)

Figure 19.
Variation of the
streamlines (left),
isotherms (middle)
and isentropic (right)
evolution by heat
source length (H) for
Ra = 105, kw = 0.76,
D = 0.2, B = 0.5, f =
0 (solid lines) and f
= 0.02 (dashed lines)

(d)
Notes: (a) H = 0.2; (b) H = 0.4; (c) H = 0.6; (d) H = 0.8
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(d)
Notes: (a) B = 0.25; (b) B = 0.45; (c) B = 0.55; (d) B = 0.75

Figure 20.
Variation of the
streamlines (left),
isotherms (middle)
and isentropic (right)
evolution by heat
source position (B) for
Ra = 105, kw = 0.76,
D = 0.2, H = 0.5, f =
0 (solid lines) and
f = 0.02 (dashed
lines)
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Figure 21.
Variation of local
Nusselt number
interfaces with (a)
bottom wall and (b)
interface wall for
different H at Ra =
105, f = 0.02, kw =
0.76, D = 0.2 and
B = 0.5

Figure 22.
Variations of the
average Nusselt
number of (a) bottom
wall and (b) interface
wall with D for
different H at Ra =
105, f = 0.02, kw =
0.76 and B = 0.5

signiﬁcantly reducing the convective heat transfer. Furthermore, a longer length of heat
source leads to the highest enhancement of the overall heat transfer, which has the
maximum weighted average Nusselt number.
Figure 23 depicts variants of GEG and Be with the size of inner solid for different length
of heat source at Ra = 105, kw = 0.76, f = 0.02 and B = 0.5. Figure 23(a) demonstrates that
the FFI dominant over the HTI for all size of heat source. However, a continuous increase of
Be with D is recorded for all H. On the other hand, we observed that the GEG decreases as
the size of the solid wall increases for all length of the heat source. The attribution of this
refers to the two concentrators of entropy generation localized at the two edges of the wallporous interface. Hence, when D increased, the available space for vortex rotation will be
limited which in turn leads to a reduction of its strength, hence less irreversibility will come
from the ﬂuid friction. At the same time, it will weaken the GEG.
Figures 24(a) and (b) display the effects of various heat positions for bottom and interface
walls on average Nusselt number with different sizes of inner solid at Ra = 105, kw = 0.76,
f = 0.02 and H = 0.5. We clearly observed that the convective heat transfer decreases as the
size of solid wall increases for all heat position for both walls. The higher position of heat
source has a maximum average Nusselt number at bottom wall. However, at interface wall,
a lower position of heat source has a maximum weighted average Nusselt number. The

variations of GEG and Be with the size of cavity for different position of heat source depicted
in Figure 25 for Ra = 105, kw = 0.76, f = 0.02 and H = 0.5. When the value of B is low, it
means that the position of heat source is at the right of bottom cavity. Figure 25(a) shows
that the nanoﬂuid friction is dominance as the value of Be is lower than 0.5 while
Figure 25 (b) shows that the GEG are decreasing for all positions of heat source as the size of
cavity increases.
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Figure 23.
Variation of (a) Be
and (b) the GEG with
D for different H at
Ra = 105, f = 0.02,
kw = 0.76 and B = 0.5

Figure 24.
Variations of the
average Nusselt
number of (a) bottom
wall and (b) interface
wall with D for
different B at Ra =
105, f = 0.02, kw =
0.76 and H = 0.5

Figure 25.
Variation of (a) Be
and (b) the GEG with
D for different B at
Ra = 105, f = 0.02,
kw = 0.76 and H = 0.5
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5. Conclusions
In the current numerical work, the FDM is used to analyze the entropy generation and
natural convection in a partially heated square cavity ﬁlled with Al2O3–water nanoﬂuid and
having a solid bottom wall. The detailed computational results for the streamlines,
isotherms and the local entropy generation for different values of the Ra, nanoparticles
volume fraction, solid wall thermal conductivity, solid wall thickness, heat source length
and the heat source position. Some important conclusions from the study are given below:
 Increasing of the solid wall tends to inﬂuence the ﬂow behavior in which the
temperature distribution and the local entropy generation are affected by the
resistance because of the conductive heat transfer in the solid wall.
 A very strong enhancement is observed on the heat transfer rate with the increase in
the Ra from 104 to 106 as compared to the other values. This is because of a
signiﬁcant increment of the buoyancy forces compared to the viscous forces in this
range of the Ra.
 The thermal property and the size of the solid bottom wall signiﬁcantly inﬂuence
the rate of heat transfer. A thick solid wall inhibits the convective heat transfer
within the square cavity, as well as a low thermal conductivity of the solid wall.
While the higher thermal conductivity of the solid wall increases the rate of heat
transfer.
 The convective heat transfer enhances with the increase in the heat source length at
the bottom wall and the interface walls within the square cavity. In the same way,
such enhancement is observed on the GEG and the average Be.
 The GEG increases with the augmentation of the Ra, while a counteractive behavior
is observed on the average Be. As the Ra rises, the average Be tends to reduce.
 The GEG is a decreasing function of the size of the inner solid for the case of
intensive convection regime (Ra  105), while the average Be is an increasing
function of the size of the inner solid of the same regime.
 A thick solid wall with a high thermal resistance inhibits the GEG. However, the
GEG is strong at the higher thermal conductivity of the solid wall. Whereas, a
relatively thick solid wall clearly leads to a positive inﬂuence on the average Be.
 Some other directions in future works could include non-Newtonian ﬂuids, threedimensional problems and non-uniform heating. Including the non-Darcy effect in
the formulation of the porous medium problem is also a considerable future work.
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