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Abstract
Purpose – This study aims to study the transverse vibration and instabilities of the fluid-conveying single-
walled carbon nanotubes (CNTs). To this purpose, the Euler–Bernoulli beam model is used. Also, the surface
effects, small-size effects of the both fluid and structure and two different elastic mediums viscoelastic and
Pasternak elastic are investigated.
Design/methodology/approach – To consider the nano-scale for the CNT, the strain-inertia gradient
theory is used and to solve the governing equation of motion for the system, the Galerkin’s method is used.
The effect of the flow velocity, aspect ratio, characteristic lengths of the mentioned theory, effects of Knudsen
number and effects of the Winkler, the Pasternak elastic and the viscoelastic medium on the frequencies and
stabilities of the system are studied. The effects of the above parameters on the vibrational behavior are
investigated both separately and simultaneously.
Findings – The results show that the critical flow velocity value is increased as the aspect ratio,
characteristic lengths, Winkler modulus, shear and damping factors increase. Also, the critical flow velocity is
increased by considering the surface effects. In addition, the consequence of increase in the nano-flow-size
effects (Knudsen number) is decreasing the critical flow velocity. Moreover, it can be observed that the effect
of the shear factor on increasing the critical flow velocity is different from the rest of parameters.
Originality/value – Use of Timoshenko and modified couple stress theories and taking into account Von-
Karman expressions for investigating the nonlinear vibrations of triple-walled CNTs buried within Pasternak
foundation.

Keywords Knudsen number, Fluid-structure interaction equation, Pasternak elastic medium,
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Nomenclature
An = constant amplitudes;
b = general slip coefficient;
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Bn = dimensionless Eigen-frequencies;
C = damping factor;
Cijkl = Cartesian components of elasticity tensor;
Cr = rarefaction coefficient;
din = inner diameter of the nanotube;
dout = outer diameter of the nanotube;
E = Young’s modulus;
Es = Young’s modulus of the surface layer;
Fbody = body forces acting on the fluid element;
Fext = transverse external force acting on the beam;
H = CNT thickness;
I = moment of inertia;
K =Winkler modulus;
Kn = Knudsen number;
L = length of the nanotube;
ls and lm = characteristic length scales related to the strain gradient and inertia gradient;
mc = CNT mass per unit length;
mf = Fluid mass per unit length;
N = number of vibration modes;
PD = dynamic pressure;
Pe = external pressure;
P

�
= internal pressurization;

qn (t
�
) = unknown coefficients related to the nth vibrational mode;

Qn(X
�
) = nth dimensionless Eigen-functions related to the dynamic displacements;

Ri = CNT internal redius;
S = shear factor;
t = Time;
t0 = thickness of the surface layer;
T

�
= externally imposed tension;

u = displacement;
v = flow velocity;
W = flexural displacement of the CNT wall;
x = longitudinal coordinate of the elastic axis;
Z = medium effects;
a = a theoretical constant depends on Kn;
« 0
xx and k = extensional and bending strains;

m = viscosity of the fluid flow;
Pc = mass density of the nanotube;
Pf = mass density of the fluid;
s v = tangential momentum accommodation coefficient; and
t 0 = residual surface stress.

1. Introduction
Up to now, it is known that the carbon nanotubes (CNTs) have excellent properties and
applications in various fields of the sciences. The arrangement of their atoms, their small
scale, and their geometrical shape are some of the reasons for having these wonderful
properties. Hence, these tubes show different responses at the various conditions respect to
the classical tubes and materials. One of the essential fields to study CNT behaviors is the
mechanical field and especially their dynamic response. To this end, the experimental and
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theoretical methods can be employed to study the mechanical properties. Some of the
potential applications of CNTs as nanofluidic devices (Mattia and Gogotsi, 2008; Kiani,
2013), drug delivery devices (Rao and Cheetham, 2001; Rosen and Elman, 2009), nano-
electro-mechanical systems (Craighead, 2000; Pugno, 2005), nano-mechanical sensors
(Murmu and Adhikari, 2012; Joshi et al., 2010), etc., were investigated recently. By applying
theoretical continuum mechanics, the computational simulations of CNTs can be studied
easier and faster than the molecular dynamics (MD) simulations. To consider small-size
effects of the system, the non-classical continuum theories such as nonlocal continuum
theory presented by Eringen and Kim (1977); Eringen (2002), Oveissi et al. (2016a, 2016b),
Oveissi and Ghassemi (2018); Oveissi et al. (2018, 2017), modified couple stress theory
presented by Yang et al. (2002) and strain gradient theory (Hu et al., 2012), are proposed in
many works of literature. Up to the present, many impressive subjects on the vibration
response of the CNTs have investigated. For example, Hu et al. (2012) reported that the MD
results indicated that the classical (local) beam and rod models give good predictions for
fundamental frequencies of long SWCNTs when their length is larger than 3.5 nm. Li and
Kardomateas (2007) studied the dynamic behavior of multi-walled CNTs embedded in the
elastic media by a nonlocal shell model. They concluded that the small internal parameters
of the nanotubes have a significant influence on the natural frequencies of the MWCNTs.
Lee and Chang (2009) investigated the effect of small-size on the equations of motion using
nonlocal elasticity. They indicated that increasing nonlocal parameter had the effect of a
decrease in the critical velocity of fluid flowing CNTs. Wang (2010) developed an analytical
model to investigate the surface effects on the vibrational behavior and stability of CNTs
conveying fluid. Rashidi et al. (2012) presented a model for a single mode coupled vibration
of fluid conveying CNTs considering the slip boundary conditions of nano-flow. They
expressed that the critical flow velocities could decrease if the passage fluid is a gas with
nonzero Kn, in comparison with a liquid nano-flow. Jiang et al. (2004) developed a way to
determine the thermal expansion coefficient for CNTs. They showed that the thermal
expansion coefficient was negative for the low temperature but positive for high
temperature. Soltani et al. (2010) studied the vibrational characteristics of the viscoelastic
matrix by the Kelvin–Voigt model with various boundary conditions and found that the
elastic and damping properties had influences on the natural frequencies, critical velocities
and instabilities.

In the present work, the effects of the fluid flowing through CNTs, applying the strain-
inertia gradient continuum theory, aspect ratios with CNT thickness, the small-size effect
of nanoflow by considering Knudsen number to take into account the slip boundary
condition and its variation and also the surface effects are elucidated on the system
natural frequencies and instabilities. Moreover, the effects of the Winkler modulus, the
damping factor of the viscoelastic medium and the shear factor of the Pasternak elastic
medium on the system are studied. These investigations include considering the above-
mentioned parameters both separately and simultaneously. The equation of motion of
CNTs is derived by applying the Euler–Bernoulli beam model. The vibration analysis of
the system and discretization of the governing equation are accomplished using the
Galerkin’s approximate solution method. It will be shown that the new governing
equations by considering all of the parameters in each elastic foundation are applicable to
analyzing the nano-fluidic devices.

2. Basic theory and analytical model
Considering the conventional equation of motion for the Euler–Bernoulli beam model, the
free flexural vibrations of SWCNT conveying laminar, incompressible, infinite and viscous

Instabilities of
SWCNT

1775



fluid flow is studied (Paidoussis, 1998; Wang and Ni, 2009; Askes and Aifantis, 2009; Yoon
et al., 2005; Mirkalantari et al., 2017; Saffari et al., 2017; Foroutan et al., 2018; Noorian et al.,
2014; Pirmoradian and Karimpour, 2017; Torkan et al., 2018). By noting to the definition of
the bending moment and shear force, also, by defining Fext as the transversal external force
acting on the beam due to the flowing fluid, the equation of motion can be expressed as:

EI
@4W
@x4

þmc
@2W
@t2

¼ Fext (1)

where E and I are Young’s modulus and the moment of inertia of the area cross-section, and
also,W, x and t are the flexural displacement of the CNT wall, the longitudinal coordinate of
the elastic axis, and time, respectively. In addition, Fext is defined as the transverse external
force acting on the beam in the corresponding displacement direction due to the flowing fluid.
The momentum-balance equation in fluid dynamics, the Navier–Stokes equation is given as:

r
dv
dt

¼ �rP þ mr2vþ Fbody (2)

in which v is the flow velocity; r , P and m are the mass density, the pressure and viscosity
of the fluid flow, respectively. Fbody represents the body forces acting on the fluid element.

According to lectures such as Wang and Ni (2009), by using equation (2) and applying
compatibility condition at the point of interaction between the internal fluid and Nanotube
structure, the right-hand side of equation (1), can be obtained as:

Fext ¼ �mf
@2W x; tð Þ

@t2
þ V 2 @

2W x; tð Þ
@x2

þ 2V
@2W x; tð Þ

@t@x

� �
(3)

By substituting equation (3) into equation (1), the differential equation of motion of SWCNT
conveying fluid can be written as:

EI
@4W
@x4

þmc
@2W
@t2

þmf
@2W x; tð Þ

@t2
þ V 2 @

2W x; tð Þ
@x2

þ 2V
@2W x; tð Þ

@t@x

� �
¼ 0 (4)

3. Non-classical theory of strain-inertia gradient
Askes and Aifantis developed a combination of strain and inertia gradients (Askes and
Aifantis, 2009). They express this theory as:

r €ui � l2m€ui;mm

� �
¼ Cijkl uk;jl � l2s uk;jlmm

� �
(5)

where r , Cijkl and u are the mass density of nanotube, Cartesian components of elasticity
tensor and displacement, respectively. The subscripts “s” and “m” in ls and lm denote the
characteristic length scales related to the strain gradient and inertia gradient, respectively. It

is clear that the bending moment is M ¼
ð
A

zsdA, where s represents the flexural or axial

stress, hence by equation (5), it can be expressed as:
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s ¼ E « � l2s @2«=@x2
� �� �

þ r cl
2
m @2«=@t2
� �

(6)

According to the 1D Euler–Bernoulli beam theory and for the von Karman nonlinear strain,
the constitutive relation is:

« xx ¼ @u=@x� z @2w=@x2
� �

� « 0
xx þ zk (7)

where « 0
xx and k are the extensional and bending strains, respectively. Therefore, the

bendingmoment relation for 1D strain-flexural curvature can be obtained as follows:

M ¼
ð
A

zsdA ¼ �EI
@2w
@x2

� l2s
@4w
@x4

� �
� r cIl

2
m

@4w
@x2@t2

(8)

Finally, by using equation (3) and the second derivative of equation (8), considering strain/
inertia gradient theory, equation (4) can be rewritten as:

EI
@4W x; tð Þ

@x4
� l2s

@6W x; tð Þ
@x6

� �
þ mf þmcð Þ @

2W x; tð Þ
@t2

þ 2mfV
@2W x; tð Þ

@x@t

þmfV 2 @
2W x; tð Þ
@x2

þ r cIl
2
m
@6W x; tð Þ
@x4@t2

¼ 0 (9)

4. Size effect of nano flow
Regarding the boundary condition of fluid at the point of contact between it and the
SWCNT, slip boundary condition can be considered. Due attention to the nanostructure, it
can be said that the flowing fluid has nano scale, too. For this case, the definition of the
Knudsen number (Kn) can be used Rashidi et al. (2012). To this end, the average velocity
correction factor VCF is used, because the size effect of the nano flow is a function of Kn;
VCF can be expressed as follows:

VCF ¼ Vavg�slip

Vavg� no�slipð Þ
¼ 1

Cr knð Þ 4
2� s v

s v

� �
Kn

1� bKn

� �
þ 1

 !
(10)

where Cr is the rarefaction coefficient that it is defined as Cr(Kn) = 1/1þ akn, in which a is
a theoretical constant so that it depends on Kn by a = a0 (2/p )[tan�1 (a1Kn

3)]. Using
numerical experiments it was found that the values of a1 and B are equal to 0.4 and
coefficient a0 equals 64/3p (1 � (4/b)) when the Kn tends to infinity (i.e. Kn ! 1). Also, in
equation (8), s v is the tangential momentum accommodation coefficient, which in practical
applications is considered 0.7. In addition, b as a general slip coefficient (slip boundary
condition of second-order approximation), can have the value equal to �1. For having more
accurate and considering the nano size for fluid flowing through the nanotube, Vave-slip can
be replaced byVCF�Vave-(no-slip) (Rashidi et al., 2012).
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5. The influence of surface effects
The internal fluid flowing nanotube due to the large ratio of surface/interface area with
volume at the nano size causes a different behavior from the behavior of the macroscopic
systems. In this case, the surface effects can play an important role in the vibrational
behavior of the system. The surface effects due to the presence of the surface energy include
two discrete parts; the effects of surface elasticity and surface residual stress. The surface
elasticity has an increasing effect on the bending rigidity and this additional flexural
rigidity due to inner and outer surface layers in a straight and slender beam with L-long
circular SWCNT conveying fluid is represented as follows (Wang, 2010):

a ¼ 1
8
pEst0 d3in þ d3out

� �
(11)

where Es and t0 are Young’s modulus and thickness of the surface layer, din and dout are the
inner and outer diameter of the nanotube, respectively. According to the Young–Laplace
equation (Wang, 2010), the surface residual stress causes a distributed transverse load as
p (x) =P0 (@

2w/@x2), in which w and x are the transverse deflection of the nanotube and the
axial coordinate, respectively. In the distributed transverse load relation, if the cross-section
is considered as a circular shape, the constantP0 can be given as (Wang, 2010):

P0 ¼ 2t 0 din þ doutð Þ (12)

where t 0 is the residual surface stress.

6. Effect of pressure
Involving pressure in the main equation of motion has two parts. The first is the dynamic
pressure, PD, resulting from the fluid-structure interaction that it is computed by solving the
momentum balance equation or well-known Navier–Stokes equation, equation (2). It is
known that this type of pressure is a part of the right-hand side of equation (2). By using left-
hand side of equation (2) instead of its right-hand side, the dynamic pressure is applied in the
equation of motion automatically. The effect of the dynamic pressure can be seen in the third
term of equation (4), which includes three parts. The first mf(@

2W/@t2) is the internal force
resultant of the translational transverse acceleration, the second part mfV

2(@2W/@x2)
denotes an internal force due to the centrifugal acceleration and the third part 2mfV(@

2W/
@t@x) represents the internal force corresponding to the Coriolis acceleration.

The second part of pressure is the external pressure, Pe, which is containing axial
pressure, possibly a pretension exerted by fluid flow and a medium foundation effect, which
it can be written as:

pe ¼ P�Ai � T�½ � @
2W
@x2

þ Z (13)

where P
�
and T

�
are the internal pressurization and externally imposed tension,

respectively. In addition, Z represents the medium effects that consist of two different
types. The Winkler modulus (K) and shear factor (S) for the Pasternak-elastic medium
and also Winkler modulus (K) and damping factor (C) for the viscoelastic medium are
considered as follows:
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For Pasternak–elastic medium Z ¼ KW x; tð Þ � S
@2W x; tð Þ

@x2

For viscoelastic medium Z ¼ KW x; tð Þ þ C
@W x; tð Þ

@t

For elastic tubes, in view of the FSI equation and viscosity of fluid flow, the imposed tension
(T

�
) and pressure drop (P

�
Ai) eliminate one another and then vanish from the equation of

motion (Yoon et al., 2005). Therefore, to consider the effect of pressure from this section, one
needs to apply only the medium effects on the equation of motion.

7. The analytical model of governing equation
By considering all of the mentioned subjects and substituting them into equation (4), the
main equation of motion for transverse vibration of single-walled CNTs conveying fluid
flow can be established. Including the surface effects, the Knudsen number and elastic
foundation and also by using the strain-inertia gradient theory, based on Euler–Bernoulli
beammodel, it can be written as follows:

EI þ að Þ @4W x; tð Þ
@x4

� l2s
@6W x; tð Þ

@x6

� �
þ mf þmcð Þ @

2W x; tð Þ
@t2

þ 2mf VCFð ÞVavg;slip
@2W x; tð Þ

@x@t
þ mf ðVCFÞ2V2

avg;slip �P0

� � @2W x; tð Þ
@x2

þ r cIl
2
m
@6W x; tð Þ
@x4@t2

þ Z ¼ 0 (14)

The two types of corresponding boundary conditions are considered as:

W 0; tð Þ ¼ @W 0;Tð Þ
@x

¼ W 1; tð Þ ¼ @W 1; tð Þ
@x

¼ 0 for clamped–clamped ends

W 0; tð Þ ¼ @2W 0; tð Þ
@x2

¼ W 1; tð Þ ¼ @2W 1; tð Þ
@x2

¼ 0 for pined–pined ends

Up to this time, the main differential equation of motion of the SWCNTs conveying fluid
equation (14) is investigated without one or some of those parameters by researchers. Here,
all of those are studied separately and simultaneously. By introducing dimensionless
parameters as follows:

t* ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

EI
mf þmcð Þ

s
t
L2 ; X

* ¼ x
L
; W* ¼ W

L

uave;slip ¼
ffiffiffiffiffiffi
mf

EI

r
L� Vavg;slip; uave; no�slipð Þ ¼

ffiffiffiffiffiffi
mf

EI

r
L� Vavg; no�slipð Þ
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m* ¼ mf

mf þmc
; b ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mf þmc

EI

r
Lv 2

a* ¼ a

EL
; p* ¼

Q
0L

2

p 2EI
; k ¼ KL4

EI
; s ¼ SL2

EI
; c ¼ CL2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

EI mf þmcð Þ
p

c ¼ r cI
L2 mf þmcð Þ ; lm ¼ lm

L
; l s ¼ ls

L
(17)

And by considering the strain-inertia gradient theory, the dimensionless governing equation
of motion can be expressed as:

1þ a*ð Þ @4W*

@X*4 � l 2
s
@6W*

@X*6

� �
þ @2W*

@t*2
þ 2

ffiffiffiffiffi
m̂

p
VCFð Þuavg; no�slipð Þ

@2W*

@X*@t*

þ ðVCFÞu2avg; no�slipð Þ � p 2g
� � @2W *

@X*2 þ cl 2
m

@6W *

@X*4@t*2
þ z� ¼ 0 (18)

where:

z� ¼ kW* X*; t*
� �

� s
@2W * X*; t*

� �
@X*2 for the Pasternak–elastic medium

z� ¼ kW * X*; t*
� �

þ c
@W* X*; t*

� �
@t*

for the viscoelastic medium

and the associated boundary conditions in the dimensionless form are:

W* 0; t*
� �

¼ @W* 0; t*
� �

@X* ¼ W * 1; t*
� �

¼ @W* 1; t*
� �

@X* ¼ 0 for clamped–clamped ends

(19)

W * 0; t*
� �

¼ @2W * 0; t*
� �

@X*2 ¼ W* 1; t*
� �

¼ @2W* 1; t*
� �

@X*2 ¼ 0 for pined–pined ends

(20)

8. Approximate solution
To determine the solution of the equation of motion equation (18), and to compute the
complex natural frequencies (eigenvalues) and mode shapes (eigenvectors), also to study
instabilities of SWCNT conveying fluid associated with the boundary conditions in
equations (19) and (20), the Galerkin’s approximate procedure is employed. For this purpose
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and also to obtain the characteristic equation of the transverse vibration of the SWCNT, the
solution can be expressed as:

W * X*; t*
� �

ffi
XN
n¼1

f n X*ð Þqn t*ð Þ (21)

where f n(X
�
) is the nth Eigen-functions in dimensionless form related to the dynamic

displacements, qn(t
�
) are the unknown coefficients related to the nth vibrational mode or the

generalized coordinate.N is the total number of assumedmodes of vibration in the analysis.
To have a simple harmonic motion for the system, the generalized coordinates can be

written as follows:

qn t*ð Þ ¼ Aneib nt
*
; n ¼ 1; 2; . . . ;N (22)

where An are the constant amplitudes and b n are dimensionless complex valued eigen-
frequencies (eigenvalues). These eigen-frequencies could be represented in parts as b n =
Re [b n] þ Im[b n] which the real parts show the modal equivalent damping and the
imaginary parts show natural frequency of the system.

The dimensionless mode shapes (eigenfunctions) satisfy the corresponding boundary
conditions, in this article, clamped-clamped and clamped-free ends are considered. To this
end, the related essential and natural boundary conditions are as equations (19) and (20),
respectively. For these types of boundary conditions, the comparison functions can be
considered as:

gn X*ð Þ ¼ sin npX*ð Þ (23)

By integrating the residual weighted over the whole of the structure domain for the
fundamental frequency and simplifying it; the equation of motion for SWCNT conveying
fluid embedded in the viscoelastic medium becomes:

1þ cl 2
mp

4
� � 1

2
€q1 tð Þ þ �cð Þ 1

2
_q1 tð Þ þ 1þ âð Þ p 4 þ l 2

sp
6

� �h

þ �p 2ð Þ VCFð Þ2u2avg; no�slipð Þ � p 2gÞ þ k
i 1
2
q1 tð Þ ¼ 0 (24)

And for the Pasternak-elastic medium:

1þ cl 2
mp

4
� � 1

2
€q1 tð Þ þ 1þ âð Þ p 4 þ l 2

sp
6

� �
þ VCFð Þ2u2avg � p 2g
� �

�p 2ð Þ
	

þ ½kþ sp 2�
i 1
2
q1 tð Þ ¼ 0 (25)

Finally, by substituting the generalized coordinate equation (22) and its derivatives into
equations (24) and (25), the natural frequencies of SWCNTs conveying fluid flow by
considering the surface effects, Knudsen number and elastic medium effects can be obtained
by using the strain/inertia gradient theory.
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9. Results and discussion
In this section, the vibrational behavior of the fluid flowing SWCNT based on the strain-
inertia gradient continuum theory is simulated numerically and to this end, the Galerkin
approximate solution method is used. Based on the obtained equations (24) and (25), the
effect of the surrounding elastic medium, surface effects, boundary conditions, variation of
the flow velocity, geometrical properties and Knudsen number effect on the resonant
frequencies and system instabilities are analyzed and studied. The material and geometric
constants of SWCNT and fluid (herein water) under consideration are given in Table I.

To discuss the numerical simulations of the vibrational behavior of the mentioned CNT
conveying fluid, all of the derived results are in dimensionless form. In addition, the length
of the nanotube is considered as L= 200Ri (Table II).

To validation the numerical results, the results of Paidoussis (1998) are considered. As
Paidoussis investigates the plug flow theory, the Knudsen number is set equal to zero or
VCF is substituted by one in equation (18). From Figures 4 and 5, it can be observed that by
increasing the flow velocity from zero to its critical value, the natural frequencies approach
zero and for critical flow velocities the resonant frequencies become zero; as a result, the
system’s stiffness would disappear and divergence mode occurs. As shown in Figure 4, the
first mode divergence is equal top as it is expected from the Paidoussis observations.

9.1 Simulation of the strain/inertia gradient theory
To study the influence of size-scale on the transverse vibration of SWCNTs conveying fluid
using strain/inertia gradient theory, the dimensionless fundamental eigen-frequency
parameter of the system is investigated in terms of the dimensionless flow velocity through
SWCNT. In this subsection, only the strain/inertia gradient parameters from the main
equation of motion equation (18), are considered. To this end, the range of the characteristic
length scales ls and lm are considered in agreement to Section 2, which they are related to the
strain gradient and inertia gradient, respectively. These coefficients can be contemplated as
lm = 10ls nm for SWCNT (20, 20) (Askes and Aifantis, 2009). The parameter c only depends
on geometric and material properties in Table I. The large ranges of values for characteristic
length scales are possible (Askes and Aifantis, 2009). To show the characteristic lengths
effect, the value of the strain gradient is set equal to 0.1 and 0.0355 in this subsection.

Figures 1 and 2 illustrate that how the imaginary parts of the dimensionless fundamental
frequency of flowing fluid CNT change for various values of the dimensionless fluid flow

Table I.
Material and
geometric constants
of carbon nanotubes
and fluid

Fluid SWCNT
Parameter mf r f m mc r c E Ri h
Dimension kgm�1 kgm�3 Pas kgm�1 kgm�3 Tpa nm nm

Value 1.2566� 10�16 1� 103 1.12� 10�3 6.5031� 10�1 2.3� 103 1 0.2 0.1

Table II.
The values of nano-
flow parameters

Parameter Symbol Range of value

Knudsen number Kn 0.001-0.01 for liquid
Tangential momentum accommodation coefficient s v 0.7
General slip coefficient b �1
Other parameters a1, B 0.4
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velocity, different characteristic lengths and aspect ratios. From Figure 1, it can be found
that by increasing the flow velocity to 3.172 and 3.375 the natural frequency leads to zero for
the strain gradient characteristic length scales equal to 0.0355 and 0.1, respectively. It means
that the first divergence instability occurs at a higher critical fluid flow velocity if the
characteristic length increases.

By comparing Figures 1 and 2, it can be seen that the critical flow velocity value has been
decreased; so that, by increasing the aspect ratio from 2 to 100, the influence of the
characteristic length could be vanished approximately.

Figure 1.
Imaginary parts of

the first
dimensionless

frequencies versus
dimensionless flow

velocities for various
characteristic lengths
and aspect ratio equal

to 2 (L/2Rout = 2)

Figure 2.
Imaginary parts of

the first
dimensionless

frequencies versus
dimensionless flow

velocities for various
characteristic lengths
and aspect ratio equal
to 100 (L/2Rout = 100)
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Figure 3 shows the variation of the dimensionless critical flow velocity versus various
values of the dimensionless CNT thickness for four different aspect ratios 25, 50, 100 and
200. It can be observed that the effect of the aspect ratio on the critical flow velocity is
increased as the CNT thickness decreases (at a lower CNT thickness the effect is more
serious). In other words, if the length and outer radius are constants, by increasing thickness
of CNT, the dimensionless critical flow velocity is decreased and by increasing aspect ratio
at the CNT constant thickness, the dimensionless critical flow velocity increases.

9.2 Simulation of size effect of nano flow
Now, the effect of nano-scale flow on the vibrational response of CNT conveying fluid is
investigated. It should be noted that the range of the Knudsen number is different for
various fluids. For example, this range for the liquid nano-flow value could be from 0.001 to
0.01. Here, its range is assumed between 0 and 1 and the length of the CNT is equal to L =
200Ri.

Figure 4 illustrates the dimensionless fundamental frequency against the dimensionless
flow velocity and the first mode divergence versus various values of Kn. It is obvious that
by increasing Kn number, the first eigen-frequency approaches to zero, i.e. the divergence
instability could be happened at a lower critical fluid flow velocity; consequently, the region
of stability decreases. As shown in Figure 4, when theKn is equal to zero, the dimensionless
critical fluid flow velocity for the first mode divergence would be equal to p , which is
predicted by continuum plug flow theory.

Figure 5 indicates the variation of the dimensionless natural frequency with the
dimensionless flow velocity for various values of Knudsen number in the second mode. It
could be seen that the same phenomena and results have been done by enlarging the wave
number. As demonstrated in Figure 5, for example, when Kn is equal to zero, the
dimensionless second eigen-frequency becomes zero when the dimensionless critical flow
velocity is equal to 6.05 and the natural frequency and nonzero damping coupled at the same
value technically. In this case instability due to the combination of two modes (flutter
instability), occurs in 0.7428 for Kn equivalent to 1. It can be seen that the domain of

Figure 3.
The dimensionless
critical flow velocity
for various values of
dimensionless CNT
thickness and
different aspect ratios
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combined modes increases as the Knudsen number increases. In addition, increasing the
Knudsen number decreases the critical flow velocity.

9.3 Effect of surrounding elastic medium
In this subsection, the surrounding elastic mediums effects are investigated. For this
purpose, the values of dimensionless Winkler modulus k, Pasternak s and viscoelastic
medium c are selected from Table III. By noting that the Winkler modulus k, is a coefficient
of the x term, one may expect that the effect of this parameter is as the same as the influence
of a spring in the system.

Figure 4.
Dimensionless

natural frequencies
versus dimensionless

flow velocities for
various values of

Knudsen number in
first modes

Figure 5.
Dimensionless

natural frequencies
versus dimensionless

flow velocities for
various values of

Knudsen number in
second modes
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Figure 6 shows the first dimensionless natural frequencies against the dimensionless
flow velocities for three values of the dimensionless Winkler modulus 0, 100 and 200. In this
case, the main governing equation of motion is considered with this parameter only. It can
be seen that, by increasing the Winkler modulus, the (first) eigen-frequencies and
dimensionless critical flow velocities are increased. This result is predictable because the
stiffness of the system has been increased. For example, in the case without Winkler
modulus, the first divergence instability is equal to p ; and at k = 100 its value is 4.472,
which it shows 42.33 per cent intensification. At k = 200, the first divergence instability
occurs at 5.489, and its intensification value is approximately 74.69 per cent.

Figures 7 and 8 illustrate the variation of the dimensionless first eigen-frequencies
against the dimensionless flow velocity for three different values of the dimensionless
Winkler modulus with dimensionless damping factor in a viscoelastic medium and with the
dimensionless shear factor in a Pasternak elastic medium, respectively. In this subsection,
the values in Table II are used for the mentioned parameters.

As can be seen in equation (18), damping factor is the coefficient of the first order term
@X

�
/@t

�
. That is, it has a behavior like a damper so by increasing this parameter value, the

system damping increases. As shown in Figure 7, it can be observed that, by increasing the
damping factor, the instability occurs at a higher dimensionless flow velocity, i.e. the flow
velocity reaches its dimensionless critical value. In other words, increasing the damping
factor causes a higher natural frequency and then stability region will increase. For

Table III.
Parameters of
Viscoelastic and
Pasternak elastic
mediums and surface
effects

Parameter Symbol Range of values

Dimensionless Winkler modulus k 0-100-200
Dimensionless shear factor s 0-25-50
Dimensionless damping factor c 0-25-50
Surface elastic modulus t 0 0.9108 N/m
Surface residual stress Es 5.1882 N/m

Figure 6.
Dimensionless
fundamental natural
frequencies versus
dimensionless flow
velocities for three
values of the
dimensionless
Winkler modulus
k = 0, 100 and 200
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example, for a constant value of the Winkler modulus k = 0, and three values of
dimensionless damping factor 0, 25 and 50, the first modes divergence are happening in
3.142, 5.069 and 8.552, respectively which it shows 61.33 per cent and 68.71 per cent
intensification, respectively.

Also in equation (18), it is seen that the shear modulus is the coefficient of the @2X
�
/@t

�2

term, thus this parameter could have a role similar to the mass of the system but with a
negative sign. Therefore, it can be expected that the whole of the system’s mass is decreased
by considering a Pasternak-elastic medium and this fact causes to the natural frequencies

Figure 7.
Dimensionless

fundamental natural
frequencies versus
dimensionless flow
velocities for three
values of both the

dimensionless
Winkler modulus and

the dimensionless
damping factor

Figure 8.
Dimensionless

fundamental natural
frequencies versus
dimensionless flow
velocities for three
values of both the

dimensionless
Winkler modulus and

the dimensionless
shear factor
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are increased. Figure 8 shows that for a constant Winkler modulus value as k = 0, the
resonant frequencies increase as the dimensionless shear modulus increases. For example,
by increasing the shear factor s, from 0 to 25 and 50, the dimensionless critical flow
velocities are increased; so that the first modes divergences occur in 3.142, 5.906 and 7.738,
respectively. It can be observed that in each enlarging of the dimensionless shear factor
approximately 87.97 per cent and 31.02 per cent intensification is happened, respectively.
This process continues for other constant values of the dimensionless Winkler modulus as
e.g. at k = 100 the first modes divergence has occurred in 4.472, 6.707 and 8.367, respectively
for the dimensionless shear modulus values equal to 0, 25 and 50 and Also at k = 200, the
instabilities happen in 5.489, 7.425 and 8.952, respectively. It can be found that at k = 100 by
each increasing of non-dimensional shear modulus 49.98 per cent and 24.75 per cent
intensification and at k = 200, 35.27 per cent, and 20.57 per cent intensification occur,
respectively. That is, the growth rate is reduced continually.

9.4 Simulation of the surface effects
In this subsection, the surface effects on the vibrational behavior of SWCNT conveying fluid
is studied. To this end, just the surface effects on the governing equation [equation (18)], is
investigated. Figure 9 shows the dimensionless natural frequency of the SWCNT conveying
fluid against the dimensionless flow velocity for with and without surface effects. It can be
found that due to surface effects, the natural frequency is increased. In addition, by
considering the surface effects the dimensionless flow velocity reaches critical value later
and the systemwill be more stable than the case without considering the surface effects.

Figure 10 illustrates the variation of the first non-dimensional natural frequency versus
dimensionless flow velocity for various thicknesses and aspect ratios of SWCNT. It is
observed that, as the dimensionless flow velocity increases to its critical value, the
dimensionless fundamental natural frequency decreases. In addition, the surface effects
cause an increase in the non-dimensional natural frequency. This effect is observable
especially for smaller thicknesses and larger aspect ratios, so that, the thickness has a
negative effect and aspect ratio has a positive influence. For example, for the same thickness

Figure 9.
Dimensionless
fundamental natural
frequency against
dimensionless flow
velocity whit (– – –)
and without (—)
surface effects
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equal to 1 nm, by enlarging the aspect ratio from 100 to 500, the first dimensionless natural
frequency is increased and the first mode divergence varies from 3.142 to 3.161. Also, for the
same aspect ratio equal to 500, owing to increasing the CNT thickness from 1 to 10 nm, the
dimensionless critical flow velocity occurs at 3.161 and 3.144, respectively.

Figure 11 shows the dimensionless critical flow velocity versus the dimensionless CNT
thickness for two different aspect ratios 5 and 10, and characteristic length scales 0.1 and
0.0355. It can be observed that as the aspect ratio is increased, the dimensionless critical flow
velocity value increases. In addition, the same phenomena for a higher characteristic length
scales have occurred. As shown in Figure 11, in the first case, the dimensionless critical flow

Figure 10.
Dimensionless

fundamental natural
frequency against
dimensionless flow
velocity for various
aspect ratios and
thicknesses with

considering surface
effects

Figure 11.
The dimensionless
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velocity has approximately 3.36 per cent intensification at the same characteristic length
scale, and in the second case, has about 0.63 per cent intensification at the same aspect ratio.
It is clear that the dimensionless critical velocity value is decreased by increasing the value
of dimensionless CNT thickness through the tube.

9.5 Effect of all of the parameters simultaneously
In this subsection, the effect of all of the mentioned parameters on the vibrational response
of SWCNT conveying fluid flow is studied together for different elastic medium. Figure 12,
compares the variation of the dimensionless natural frequencies of the system against the
dimensionless flow velocity for the SWCNTwith and without theWinkler elastic medium. It
is found that, by considering the Winkler modulus, herein equal to 100, the natural
frequency increases and reaches zero later, i.e. the flow velocity of each mode reaches its
critical value later. Hence, the divergence and flutter instabilities occur farther from the
origin point and the system becomes more stable. According to Figure 12, the difference
between cases with and without the Winkler modulus decreases in higher modes. From this
figure, it can be observed that approximately 29.56, 3.05 and 0.63 per cent intensification
occur in the magnitudes of the critical flow velocities for the first, second and third modes,
respectively.

Figures 13 and 14 illustrate how the first three dimensionless frequencies versus the
dimensionless flow velocity will change for the viscoelastic and the Pasternak-elastic
foundation, respectively. It should be noted that the visco-elastic and Pasternak model of the
elastic medium, in general, contain both the Winkler modulus and the damping factor; and
the Winkler and the shear modulus, respectively. It observes from these two figures that by
increasing the flow velocity from zero to its critical value, the natural frequencies decrease
and reach zero in the critical flow velocities; at this moment, the stiffness of the system
vanishes and the instabilities occur. As shown in Figure 13, the dimensionless critical flow
velocity for the first mode divergence is equal to 4.915, second mode divergence and first
mode flutter is 5.259 and for third mode divergence and second mode flutter is 7.752.
According to Figure 14, it can be seen that the dimensionless flow velocity for the first,
second and third mode instabilities would be 5.507, 6.461 and 8.463, respectively. Comparing

Figure 12.
Dimensionless
natural frequencies
against
dimensionless flow
velocities considering
the small-size effect of
nano-flow and
nanostructure and
surface effects for two
differentWinkler
modulus 0 and 100
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these two figures show that, the dimensionless critical flow velocities values for three first
modes in the system with the Pasternak elastic medium is larger than their values in the
viscoelastic medium. It found that approximately 12.05 per cent reduction for the first mode
divergence, 22.86 per cent reduction for the second mode divergence and first mode flutter
and 9.17 per cent reduction for the third mode divergence and second mode flutter is
happened in the system with viscoelastic medium respect to the same system with
Pasternak elastic medium. As a result, it can be said that the Pasternak elastic medium
predicts the systemmore stable.

Figure 14.
Dimensionless
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Figure 13.
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10. Conclusions
Transverse vibration and instability of the fluid conveying SWCNTs considering small-
scale effects of both nano-flow and nanostructure and the surface effects are investigated. In
addition, the effects of the three different foundations, Winkler medium, viscoelastic
medium and Pasternak elastic medium are considered. All of the mentioned cases both
separately and simultaneously are studied. To this end, the Euler–Bernoulli beam model
and the strain-inertia gradient theory are used. Also, the Galerkin’s approximate solution
method was used to solve and discretize the governing equation of motion. The divergence
and flutter modes for the vibrational behaviors of SWCNT conveying fluid are determined
in each case. Furthermore, the influences of the characteristic lengths related to strain-inertia
gradient theory and aspect ratio on the system’s instabilities and the variations of the
frequencies and critical flow velocity values are discussed.

By investigating numerical results obtained from the dispersion equations, we could
study the behavior of the mentioned-systems, which would have been paid little attention so
far. These numerical and parametric studies disclosed to us the following remarkable
results:

� The natural frequencies and the critical flow velocities increase rapidly as the
SWCNT radii, characteristic lengths ls and lm, the Winkler modulus, the shear and
damping factors increasing.

� Inversely, the eigen-frequencies and the critical flow velocity values go dramatically
down as the SWCNT length and Knudsen number rising.

� Considering the surface effects can be caused to increase the critical flow velocity
value and natural frequency and as a consequence, the instability modes occur later.
It means that the system has been more stable.

Also, given the details, the following results can be mentioned:
� The first divergence instability occurs at a higher critical fluid flow velocity if the

characteristic length increases. In addition, if the CNT length and outer radius are
constants, the dimensionless critical flow velocity is declined by increasing
thickness of CNT and is enhanced by increasing aspect ratio at the CNT constant
thickness.

� It can be found that by increasing Kn number, the divergence instability could
happen at a lower critical fluid flow velocity; consequently, the region of
stability decreases. Moreover, the domain of combined modes and the critical
flow velocity value respectively are increased and decreased by increasing the
Kn number.

� About the effect of surrounding elastic medium, it can be seen that increasing the
Winkler modulus and damping factor in a viscoelastic medium and shear factor in a
Pasternak elastic medium, causes to reach the higher system stability and natural
frequency. Moreover, the dimensionless critical flow velocities values for three first
modes in the system with the Pasternak elastic medium is larger than their values in
the viscoelastic medium

� Considering the surface effects cause to reach the dimensionless flow velocity to the
critical value later and the system will be more stable. Moreover, it causes to
increase the dimensionless natural frequency especially for smaller thicknesses and
larger aspect ratios. Furthermore, as the aspect ratio is increased, the dimensionless
critical flow velocity value increases.
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