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Abstract
The present work is a computational investigation of a periodically fully developed nanofluid transport through a wavy
module. The governing equations for this investigation are formulated along with the appropriate boundary conditions and
then solved using the finite volume method. Comparisons with previously reported results show excellent agreement. The
simulations are carried out using five wavy amplitudes for a range of Reynolds number from 102 to 103. It is found that
increasing the amplitude and increasing the nanoparticle volume fraction achieve enhancement of the heat transfer at the
cost of increased pumping power. Correlations for the friction factor and the Nusselt number as functions of the amplitude
and the Reynolds number are provided.
Keywords Wavy channel · Al2O3 · Periodic · Nanofluid · Heat transfer enhancement
List of symbols
A	Amplitude of the wave (m)
Cf	Friction factor
cp	Specific heat (J kg−1 K−1)
DH	Hydraulic diameter of the channel (m)
h	Heat transfer coefficient (W m−2 K−1)
k	Thermal conductivity of air (W m−1 K−1)
L	Length of single wave of the computational
domain (m)
Nu(x)	Local Nusselt number
Nu	Average Nusselt number
P	Periodic part of pressure (Pa)
p	Static pressure (Pa)
PP	Pumping power (W)
Re	Reynolds number
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T	Temperature (K)
Tw	Surface temperature (K)
Tb	Fluid bulk temperature (K)
WU	Upper wall channel boundary
WL	Lower wall channel boundary
x	Axial coordinate (m)
y	Vertical coordinate (m)
Greek symbols
𝛽 	Overall rate of pressure drop (Pa m−1)
𝜇	Dynamic viscosity (Pa s)
λ0	Length of the wave (m)
ν	Kinematic viscosity (m2 s−1)
ρ	Density fluid (kg m−3)
𝜃	Dimensionless temperature
τw	Wall shear stress (Pa)
𝜑	Nanoparticle volume fraction
Subscripts
a	Ambient
avg	Average
bf	Base fluid
f	Fluid
in	Inlet section
m	Mass
nf	Nanofluid
out	Outlet section
p	Particle
ratio	Ratio of (nf/bf)
w	Wall
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Introduction
Fluid flow and heat transfer through channels of varying
configuration continue to be an active area of engineering
research due to its utility in many applications such as
power generation, chemical processing, solar and thermal
devices, electronics, and transportation. Passive enhance‑
ment of heat transfer [1] by use of surface geometries such
as a wavy channel intensifies transport by promoting mix‑
ing due to growing recirculation regions in the vicinity of
the wavy surface [2]. Sui et al. [3, 4] experimentally and
computationally investigated laminar and transitional flow
of liquid water in a wavy and straight microchannel. It was
shown the heat transfer is significantly enhanced for the
wavy channel due to the formation of dean’s vortices at a
small cost in terms of pressure drop in comparison with
the straight channels. Mohammad et al. [5, 6] compared
the performance of wavy channels to straight channels.
It was that the friction factor as well as the shear stress
increased monotonically with increasing amplitude, which
is accompanied with an augmentation of in the heat trans‑
fer. Sajid et al. [7] experimentally investigated nanofluid
flow and heat transfer in wavy mini-channel heat sinks. For
all nanofluids concentrations, the heat transfer is enhanced
in comparison with distilled water. Moreover, in the work
conducted by Ničeno and Nobile [8], two-dimensional
steady and transient fluid flow and heat transfer charac‑
teristics through periodic wavy channels had been inves‑
tigated numerically, and they considered both sinusoidal
and arc-shaped channels. They found out that these types
of channels exhibit higher pressure drop compared to par‑
allel ones. In addition, they found that the heat transfer
augmentation in these types of channels could reach up
to three times for higher Reynolds numbers compared to
parallel channels.
The addition of high thermal conductivity nanom‑
eter size particles such as Al2O3 to the base fluid, hence
producing the so-called nanofluid conductivity, can lead
to greater enhancement in the heat transfer [9–14]. The
theory of nanofluid flows modeling approaches is given
by Mahian et al. [15]. A comprehensive state-of-the-art
review and a discussion of the challenges and oppor‑
tunities in the field is detailed. In a companion article,
Mahian et al. [16] gave an in-depth review of the various
computational methods including the finite difference,
finite volume, finite element, lattice Boltzmann, dissipa‑
tive particle dynamics, and the molecular dynamics. The
article highlights the effects of the chosen model on the
predicted thermal performance. The field knowledge gaps
and the focus of future efforts are explained. There are a
few studies involving nanofluid in wavy channels [17–21]
which showed that increasing the waviness amplitude,
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Reynolds, and the Prandtl numbers are directly propor‑
tional to increases in the convective heat transfer. Most of
these studies employed in-phase wavy channels and fewer
studies involved out-of-phase wavy channels. All of above
studies investigated either hydrodynamically fully devel‑
oped flow by leading in the flow in a long plain section or
hydrodynamically and thermally developing flow. It must
be mentioned that applications of wavy or corrugated flow
passages typical contain a large number of corrugation,
perhaps hundreds. As such, it gives rise to the so-called
periodically fully developed flow and heat transfer which
was introduced by [22]. Wavy heat sinks with smooth and
ribbed surfaces employing Al2O3 nanofluid were investi‑
gated computationally using the two-phase mixture model.
It is found that by increasing the mass fraction from 0.1
to 0.4%, it resulted in an increase in the heat transfer by
threefold while nearly doubling of the pressure drop.
Although the study considers a single periodic section,
it unfortunately assumes uniform velocity at the module
inlet and does not utilize the periodicity condition. Hence,
the results are suitable only for the inlet module of the
wavy channel [23]. The single-phase model is employed
by Manca et al. [24] to investigate nanofluid in a ribbed
channel. The influence of ribs geometry on the heat aug‑
mentation is studied for different pitch and Reynolds num‑
ber. The Navier–Stokes and energy equations are solved
for a symmetric wavy channel using single and multiple
periods in order to demonstrate that a periodic geometry
and flow periodicity hold even for time-dependent govern‑
ing equations [25]. In a similar geometry, Li and Zhang
[26] proposed a solution of the transient energy equations
by decomposition; the advantage of the method is to facili‑
tate the handling of non-uniform boundary temperatures.
Bazdar et al. [27] numerically investigated flow and heat
transfer of a nanofluid in a wavy channel using various
wavelengths. The simulations affirm that higher volume
fractions of nanoparticles in conjunction with a wavy
channel significantly enhance the heat transfer.
To the authors’ knowledge, periodically fully devel‑
oped nanofluid flow in an asymmetric wavy passage has
not been investigated in the literature. Therefore, in this
paper, the problem of hydrodynamically and thermally
periodically fully developed flow and heat transfer of
Al2O3–water-based nanofluid in a wavy channel subjected
to a uniform wall temperature is considered. Our study is
conducted for a Reynolds number range of 102–103, vol‑
ume fraction range of 𝜑 = 1−4% , and for different wave
amplitudes. The discretization is carried out using the
FVM and velocity, and pressure decoupling is handled
with the SIMPLE algorithm. The code has been validated
for the flow of nanofluid inside a horizontal tube [28]
against experimental [29] and theoretical studies [30].
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Problem description and governing
equations

)
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)
(
𝜕 v 𝜕2v
𝜕u
𝜕P
𝜕u
+ 𝜇nf
=𝛽−
+
𝜌nf u + v
𝜕x
𝜕y
𝜕x
𝜕x2 𝜕y2

(4)

A computational fluid dynamics analysis of a two-dimen‑
sional asymmetric wavy channel is considered in this
study. The physical domain of the analyzed channel con‑
sists of a periodic wavy unit with a constant foot length, L,
and height, 2H. The channel wavy walls profile is given as
)
(
y = A cos 2𝜋x∕𝜆o
(1)

y-direction conservation of momentum:
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where A is the amplitude of the wave and 𝜆o is the length
of the wave. Here, five wave amplitudes are considered as
shown in Fig. 1a. It is assumed that the flow is laminar,
single-phase flow, steady and periodically fully developed.
The pressure, p, in periodic, fully developed flow can
be expressed as follows:
(2)

p(x, y) = −𝛽x + P(x, y)

It must be noted that the pressure field is decomposed
into two parts: one that varies linearly with the coordinate
direction at a rate of 𝛽 and a portion that behaves in a peri‑
odic manner from a unit cell to another [22].
The governing equations of continuity, momentum, and
energy for the fluid flow and heat transfer in the periodic
module under consideration, in Cartesian coordinates, are
as follows:
Continuity:

𝜕u 𝜕v
+
=0
𝜕x 𝜕y

(3)

x-direction conservation of momentum:

(a)

The energy equation:
)
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(6)

The upstream and downstream ends of the solution
domain are subjected to the periodicity conditions [22, 31]
given as:

u(0, y) = u(L, y)

(7)

v(0, y) = v(L, y).

(8)

P(0, y) = P(L, y).

(9)

T(0, y) − Tw
T(L, y) − Tw
=
Tb (0) − Tw
Tb (L) − Tw

(10)

The boundary conditions at the solid surface are pro‑
vided by the no-slip requirement, and the thermal bound‑
ary condition employed here is a uniform wall tempera‑
ture. The base case wavy channel amplitude is given by
A2, whereas A1, A3, A4, and A5 are scaled from A1 by
incrementing the amplitude by 125%, 75%, 50%, and 25%,
respectively. Different inlet mass flow rates are consid‑
ered in the ranges of the Reynolds number 102–103, and

Cyclic boundaries

(b)

Uniform temperature

y
A
x

λ0

Fig. 1  a The wavy module and b the mesh layout in the computational domain
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the working fluid is water or A
 l 2O 3–water-based nano‑
fluid with constant properties. In the following section,
we introduce the dimensionless parameters which include:
The Reynolds number and friction factor are defined as

Re = 𝜌uDH ∕𝜇

(11)

(
)
2
f = 𝛽DH ∕ 0.5𝜌u

(12)

where DH is the hydraulic diameter of the channel under
consideration.
H

1
udy
u=
H∫

(14)

DH = 2H
The dimensionless temperature 𝜃 is given as

T − Tw
Tb − Tw

(15)

where Tw is the boundary temperature and Tb is the bulk
temperature which is defined as
H

∫
0

H

|u|Tdy∕

∫
0

|u|dy

(16)

The average Nusselt number is defined by

Nu = hDH ∕k

(17)

where h is the heat transfer coefficient which is defined as

h = Q∕2LS LMTD

(18)

Q is the rate of heat transfer over the periodic module.
Ls represents the heated length of the channel, and the logmean temperature difference (LMTD) is defined as
[
] [
]
Tw − Tb (L) − Tw − Tb (0)
LMTD = {[
] [
]}
(19)
ln Tw − Tb (L) ∕ Tw − Tb (0)

where Tb (0) and Tb (L) are the bulk temperatures at the inlet
and the outlet of the periodic module. The local heat transfer
coefficient is defined as
)
(
h = q∕ Tw − Tb
(20)
where q is the local heat flux.
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Alumina (Al2O3) 3880
Water
998

773
4182

k/W m K−1

–
−6

998 × 10

36
0.597

Table 2  Properties of considered nanofluids, single-phase model
𝜑

𝜌/kg m−3

cp/J kg−1 K−1

𝜇/Pa s

k/W m−1 K−1

0.00
0.01
0.04

998.2
1027
1113

4182
4053
3707

998e−6
1083e−6
1486e−6

0.597
0.614
0.667

Thermophysical properties

where u is the average velocity.
The hydraulic diameter is defined as follows

Tb =

𝜌/kg m−3 cp/J kg−1 K−1 𝜇/Pa s

Material

(13)

0

𝜃=

Table 1  Material properties at a temperature of 293 K

The working fluid is water or a mixture of water and Al2O3
with a diameter of 38 nm, at different volume fractions of
1% and 4%. Reported in Table 1 are the thermophysical
properties of water and A
 l2O3, mainly density, specific heat,
dynamic viscosity, and thermal conductivity given by [32]
for both A
 l2O3 and water. The introduction of nanoparticles
in the aqueous and their concentrations alter the mixture
properties. A single-phase model is adopted where the pure
fluid transport coefficients are replaced with those of the
nanofluid. It is assumed that the uniformly sized particles
are well dispersed in the aqueous phase with no slip between
them and that the local thermal equilibrium between the
phases prevails. The following equations are used to com‑
pute the thermophysical properties of the homogenous
single-phase nanofluids [33–36] given in Table 2. Density
and specific heat are evaluated using the classical mixture
formula as follows:
Density:

𝜌nf = (1 − 𝜑)𝜌bf + 𝜑𝜌P

(21)

where 𝜌nf is the density of nanofluid, 𝜌bf is the density of the
base fluid, and 𝜑 is the nanoparticle volume fraction.
Specific Heat:
( )
( )
( )
𝜌cp nf = (1 − 𝜑) 𝜌cp bf + 𝜑 𝜌cp P
(22)
( )
( )
where cp nf is the specific heat of the nanofluid and cp bf
is the specific heat of the base fluid. Since the volume frac‑
tion considered here is less than 10%, the fluid mixture is
considered as a Newtonian fluid. The viscosity and thermal
conductivity are given as [33–36],
Dynamic viscosity:
(
)
𝜇nf = 𝜇bf 123𝜑2 + 7.3𝜑 + 1
(23)
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where 𝜇nf is the viscosity of the nanofluid and 𝜇bf is the
viscosity of the base fluid.
Thermal conductivity:
(
)
knf = kbf 4.97𝜑2 + 2.72𝜑 + 1
(24)
where knf is the thermal conductivity of the nanofluid and kbf
is the thermal conductivity of the base fluid.

Solution method
The governing equations in terms of primitive variables
along with the cyclic boundary conditions Eqs. (3–10) are
solved using the finite volume method (FVM). The compu‑
tational domain consists of a single periodic wave-shaped
channel segment as specified by Eq. (1). The steady-state
governing equations were spatially discretized using a sec‑
ond-order upwind scheme. Pressure–velocity decoupling
is handled by the SIMPLE algorithm [37]. The Reynolds
number range between 1 0 2 and 1 0 3 is considered pure
water or (0%) volume, and 1% and 4% of Al2O3 are used
in the study. The residuals for the convergence are moni‑
tored, and the solutions are deemed converged when the
mass and velocity residuals become less than 10−7 and the
energy residuals are less than 10−9.

Table 3  Mesh study

Mesh size cf
[40, 20]
[64, 34]
[102, 54]

Fig. 2  Model for nanofluid
inside a horizontal tube subject
to a uniform wall temperature
with work presented by [29]

Nu

0.002082435 10.86
0.002009328 10.49
0.001960636 10.30

Mesh independence study and model
validation
Progressions of meshes with increasing sizes (40 × 20) ,
(64 × 34), and (102 × 54) are tested to determine an optimal
mesh size. A mesh refinement effect on the average Nus‑
selt number and friction factor is shown in Table 3. A nonuniform, quad-mapped mesh consisting of 5400 elements
is found to be adequate for all computations. Experimental
data on nanofluids flow inside a wavy channel are lack‑
ing. However, the accuracy of the computational code has
been validated for a circular tube against the numerical and
experimental data of [29] for Al2O3–water nanofluid flow
inside a circular tube of 12.4 mm in diameter, 𝜙 = 1% and
dp = 30 nm using the Dirichlet thermal boundary condition.
The enhancement in the average heat transfer hr was vali‑
dated for the Reynolds number in the laminar range. It is
shown in Fig. 2 that a generally excellent agreement is found
with the computational model and good agreement with the
experimental results.

Results and discussion
Figure 3 shows the local wall shear stress distributions at
the top surface (Fig. 3a), which has an amplitude A2 and
at the top surface (Fig. 3b) of the channel and amplitude
A4. It must be noted that by doubling the amplitude, and
the peak local shear increases by a factor of 177%. This is
due to the enlargement of recirculating zone in the vicinity
of the wall which enhances the heat transfer, whereas the
increase in the nanoparticle volume concentration from 1
to 4% increases the peak of the local shear stress from 52 to
306% which can be attributed to the increase in molecular
vicosity. Whereas, the increase in the conductivity of the

2.4

Mojarrad et al. Model

2.2

h avg ratio

2

Mojarrad et al. Experiment

1.8
1.6
1.4
1.2
1
0.8
600
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800

900

1000

1100

1200

1300

Re
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(a)
Local wall shear stress/Pa s–1

Fig. 3  a Local wall shear stress
(Pa s), top wall, amplitude A2
(1.0). b Local wall shear stress
(Pa s), top wall, amplitude A4
(0.5)
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base fluid results in more effective thermal transport. Also,
increasing the Reynolds number from 300 to 500 increases
the local shear peak value by a factor of 1.77 owing to the
increased inertial effect. Figure 4 shows similar trends of
the local shear stress at the bottom channel wall, where the
location of the peak is shifted due to the geometry and the
asymmetry of the channel configuration. Figure 5 shows that
the required pressure gradient that drives the flow through
the periodic module is dramatically increased with increas‑
ing amplitude and particle volume fractions. This is due to
a greater internal resistance of the expanding recirculating
fluid flow, in addition, to the increased viscous resistance
since the agent of shear, that is, the viscosity of the nano‑
fluid, is higher with greater particle volume fraction. Fig‑
ure 6 demonstrates these effects in dimensionless form with
commonly used friction factor curves at various amplitudes
and at 1% and 4% nanoparticle volume fractions.
Considering the channel top surface, Fig. 7 illustrates the
effect of the following parameters: the channel amplitude, A,
the nanoparticle volume fraction, 𝜑, and the inertial effect,
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Re, on local convective heat transfer coefficient, h. A twofold increase in the amplitude of the channel results in nearly
76% increase in the peak heat transfer coefficient, which is
attributed to the augmentation of the convective effect of the
growing recirculating fluid zones. At fixed Re = 300 and a
change in 𝜑 from 0 to 4%, the peak heat transfer coefficient
increases by 18% this is because of the enhanced thermal
conductivity of the base fluid. For a given concentration
of nanoparticles volume fraction, 𝜑 = 4%, we note a more
pronounced increase in the local heat transfer coefficient
when increasing Re from 300 to 500, and this augmentation
of 25% is caused by the more vigorous convection driven
by additional inertial effects. Figure 8 shows the local heat
transfer coefficient at the channel bottom surface. The
enhancement in the heat transfer is similar to the channel top
surface, and the shift in the location of the peak is consistent
with the asymmetry of the channel. Thus far, we consider
the local effects of amplitude, Re, and 𝜑 on the heat coef‑
ficient of the channel. A global effect of these parameters on
the average Nusselt number is depicted in Fig. 9a. A 36%
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(a)
Local wall shear stress/Pa s–1

Fig. 4  a Local wall shear stress
(Pa s), bottom wall, amplitude
A2 (1.0). b Local wall shear
stress (Pa s), bottom wall,
amplitude A4 (0.5)
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Fig. 5  Pressure gradient, 𝛽 ,
(Pa m−1) applied across a
periodic module for a range of
Reynolds number and various
nanoparticles volume fraction
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increase in the average Nusselt number for the investigated
range of Reynolds number is achieved by doubling the chan‑
nel amplitude. A 4% nanoparticle volume fraction addition

to the base fluid increases the heat transfer by nearly 6%. The
enhancement of heat transfer with increased waviness takes
place at the cost of increased frictional effects as shown in
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Fig. 6  Friction factor as defined
by Eq. (12) for a range of
Reynolds number and various
nanoparticles volume fraction
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(a)
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Fig. 7  a Local convection heat
transfer coefficient, top wall,
amplitude A2 (1.0). b Local
convection heat transfer coef‑
ficient top wall, amplitude A4
(0.5)
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Fig. 10. The increase in the amplitude and the nanoparticle
volume fraction dramatically increase the required pump‑
ing power. In other words, doubling the channel ampli‑
tude results in a quadruple increase in the pumping power,
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whereas a volume fraction of nanoparticles of 1% and 4%
corresponds to increase of 20% and 60% in pumping power.
At the Reynolds number of 1 0 3 and the nanoparticle
volume fraction of 4%, we observe that doubling the

Periodically fully developed nanofluid transport through a wavy module	

(a)

3000

Re = 500
Re = 500
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Re = 300
2000

h/W m–2 K–1

Fig. 8  a Local convection heat
transfer coefficient, bottom wall,
amplitude A2 (1.0). b Local
convection heat transfer coef‑
ficient, bottom wall, amplitude
A4 (0.5)
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amplitude of the channel enlarges the fluid recirculation
zones and results in enhanced mixing in the vicinity of the
concave and convex wall regions as depicted in Fig. 11
via the velocity field, stream function, and the isotherms
contour plots.
The average Nusselt number and the friction factor are
correlated to the Reynolds number and other parameters
as follows:

(

)0.62

(

)1.453

A
Nu = 1.5857
𝜆o

f = 52.4049

A
𝜆o

𝜑0.0398 Re0.673

𝜑0.0679 Re−0.376

(25)

(26)

In summary, the increase in the channel waviness reveals
an enhancement of the local and average heat transfer at
the surface due to fluid recirculation near the concave and
convex portions of the top and bottom channel walls, respec‑
tively. As the Reynolds number increases, the additional
inertial force fuels the recirculation zones and increasing
its size further which, in turn, increases the efficiency of the
transport exchange between these zones and the fluid in the
core of the channel. In addition, the presence of the nano‑
particles effectiveness in heat transfer enhancement can be
attributed to the increase in the thermal conductivity of the
base fluid. The augmentation of heat transfer with increased
waviness takes place at the cost of increased pumping power.

The above correlations are valid for 𝜑 > 0 , and where
A and λ0 are the amplitude and length of the wave, the R2
value for correlations (25) and (26) is 0.988 and 0.941,
respectively. The expected average error for either correla‑
tions is less than 1%.
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(a)
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Nu av

Fig. 9  a Average Nusselt
number, for a range of Reynolds
number. The effect of doubling
the amplitude and nanoparticles
addition is illustrated. b Aver‑
age Nusselt number for various
amplitudes and the all nanopar‑
ticles volume fractions
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Fig. 10  Variation of pumping
power with increasing Reynolds
number, amplitude, and nano‑
particle volume fraction
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Fig. 11  a, b Velocity vectors,
c, d stream function plots, e, f
isotherms contours are shown
for two different amplitude,
Re = 103
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Conclusions
A steady two-dimensional analysis of a periodically fully
developed flow through a wavy channel module has been
carried out. It is found that increasing the volume frac‑
tion of nanoparticles increases both the heat transfer rate
and the pumping power. In addition, the increase in the
channel waviness enhances the heat transfer at the cost
of additional frictional losses. On the average, the pres‑
sure drop penalty is nearly fourfold when doubling the
amplitude of the channel. However, the heat transfer rate
experiences a modest increase of nearly 30%. The presence
of 4% of A
 l2O3 nanoparticles by volume fraction increases
the friction factor by 12% while the augmentation in the
heat transfer rate is nearly 6%.
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