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 Flow, heat, and mass transfer of

hybrid nanofluids in a wavy chamber
were addressed.
 A two-phase approach, including the
Brownian motion and
thermophoresis forces, was
introduced.
 The drift flux of composite hybrid
nanoparticles was computed.
 The concentration distribution of
composite nanoparticles was
investigated.
 The location of the solid block and
undulation of surfaces are
investigated.
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Introduction:: Mixed convection flow and heat transfer within various cavities including lid-driven walls
has many engineering applications. Investigation of such a problem is important in enhancing the performance of the cooling of electric, electronic and nuclear devices and controlling the fluid flow and heat
exchange of the solar thermal operations and thermal storage.
Objectives:: The main aim of this fundamental investigation is to examine the influence of a two-phase
hybrid nanofluid approach on mixed convection characteristics including the consequences of varying
Richardson number, number of oscillations, nanoparticle volume fraction, and dimensionless length
and dimensionless position of the solid obstacle.
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Nomenclature
A
H
Cp
D
df
dp
DB
DB0
DT
DT0
H
k
Kr
L
Le
N
NBT
Nu
Pr
Ri
Re
ReB
Sc
T
T0

T fr

amplitude
dimensionless solid block position, H ¼ h=L
specific heat capacity
dimensionless solid block length, D ¼ d=L
diameter of the base fluid molecule
diameter of the nanoparticle
Brownian diffusion coefficient
reference Brownian diffusion coefficient
thermophoretic diffusivity coefficient
reference thermophoretic diffusion coefficient
dimensionless width of the heat source, H ¼ h=L
thermal conductivity
circular cylinder to nanofluid thermal conductivity ratio, K r ¼ ks =knf
width and height of the square cavity
Lewis number
number of undulations
ratio of Brownian to thermophoretic diffusivity
average Nusselt number
Prandtl number
Richardson number
Reynolds number
Brownian motion Reynolds number
Schmidt number
temperature
reference temperature (310 K)

Thermophoresis and Brownian motion
Hybrid nanofluid
Two-phase approach
Wavy heater
Localized solid block

freezing point of the base fluid (273.15 K)
velocity vector
V
normalized velocity vector
uB
Brownian velocity of the nanoparticle
x, y & X, Y space coordinates & dimensionless space coordinates

v

Greek symbols
a
thermal diffusivity
c
inclination angle of magnetic field
b
thermal expansion coefficient
d
normalized temperature parameter
h
dimensionless temperature
l
dynamic viscosity
m
kinematic viscosity
q
density
u
solid volume fraction
u
normalized solid volume fraction
/
average solid volume fraction
Subscript
b
bottom
c
cold
f
base fluid
h
hot
hnf
hybrid nanofluid
p
solid nanoparticles

Methods:: The migration of composite hybrid nanoparticles due to the nano-scale forces of the Brownian
motion and thermophoresis was taken into account. There is an inner block near the middle of the enclosure, which contributes toward the flow, heat, and mass transfer. The top lid cover wall of the enclosure is
allowed to move which induces a mixed convection flow. The impact of the migration of hybrid nanoparticles with regard to heat transfer is also conveyed in the conservation of energy. The governing equations
are molded into the non-dimensional pattern and then explained using the finite element technique. The
effect of various non-dimensional parameters such as the volume fraction of nanoparticles, the wave
number of walls, and the Richardson number on the heat transfer and the concentration distribution
of nanoparticles are examined. Various case studies for Al2O3-Cu/water hybrid nanofluids are performed.
Results:: The results reveal that the temperature gradient could induce a notable concentration variation
in the enclosure.
Conclusion:: The location of the solid block and undulation of surfaces are valuable in the control of the
heat transfer and the concentration distribution of the composite nanoparticles.
Ó 2020 The Authors. Published by Elsevier B.V. on behalf of Cairo University. This is an open access article
under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

convection flow within the lid-driven enclosure having a sinusoidal hot surface. It did conclude that the rate of heat transfer
enhances by growing Reynolds number, nanoparticle volume fraction, and magnetic number, whereas the converse does obtain for
the Hartmann number. Azizul et al. [11] numerically examined
mixed convection by heatline visualization technique inside a
wavy bottom enclosure equipped by a solid central block. The
results showed that natural convection was dominated for essential rates of Grahsof number achieving the maximum heat transfer
rate in the system. Karbasifar et al. [12] examined numerically
mixed convection regarding Al2O3-water nanofluids within an
enclosure including hot elliptical cylinder located at the centre.
They described that the increment in the average heat transfer
relies upon the fluid velocity, volume fraction and cavity angle.
More interesting analyses on convection heat transfer in an enclosure including the detached obstacle of different configurations
(square, circular, and triangular), can be found in the referenced
papers [13–22].

Introduction
The study of mixed convection flow and heat transfer within
various cavities including lid-driven walls has attracted concern
due to its application in a comprehensive variety of engineering
fields like nuclear reactors, electronic devices and solar power
[1–8]. Mixed convection includes the forced convection which
results in the passage of the surface(s) and the natural convection
which occurs as a result of the difference in temperature. This
coupling within the buoyancy force and the shear force makes it
more complicated. Oztop et al. [9] examined laminar mixed convection flow considering the magnetic force into a lid-driven
enclosure heated at the corner. Their conclusions indicated that
the magnetic domain owns a significant influence toward controlling the heat and fluid flow. In contrast, dimensions of the heater
have a vital force on the natural convection dominant regime.
Sheikholeslami and Chamkha [10] investigated the importance
of a variable magnetic domain toward the characteristics of mixed
64
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of low Rayleigh number. Ismael et al. [55] examined the entropy
generation and mixed convection of hybrid nanofluids within a
lid-driven cavity numerically. The outcomes confirmed that the
use of hybrid nanofluid improves the economical features by
decreasing the amount of significant thermal conductivity
nanoparticles. The literature shows significant gaps in the knowledge of using the two-phase hybrid nanofluid approach. In addition, there is a need for further understanding of the effect of the
wavy walls on heat transfer and fluid flow. The current research
makes progress towards discussing these significant gaps together
with the important effect of using an internal localized solid block
through the mixed convection. Additional published studies on
free convection heat transfer using phase change of hybrid
nanofluids can be found into references [56–59].
In a very recent study, Goudarzi et al. [60] modeled the twophase flow and heat transfer of hybrid nanofluids in an enclosure.
They examined the free convection heat transfer of Ag–MgO
nanoparticles in the water by taking into account the influence of
the thermophoresis and Brownian motion effects. These authors
assumed that the Ag and MgO nanoparticles are added into the
water in distinct phases, and the particles are not in physical contact. So, they considered independent concentration equations for
each of Ag and MgO nanoparticles. This approach can be applied
for hybrid nanofluids with separate nanoparticles. However, most
of the hybrid nanofluids indeed are made of composite nanoparticles [61,62]. Hence, the two types of nanoparticles bond to each
other in the host fluid in the form of a composite nanoparticle
and migrate simultaneously. As a result, there will be only one concentration equation for the composite particles (hybrid nanoparticles), but the thermophoresis and Brownian motion forces should
be computed for the composite nanoparticle. The present study
aims to model the two-phase convection heat transfer of composite hybrid nanofluids.
Based upon the literature survey above and the authors’ awareness, no such work has been reported to deal with mixed convection inside wavy lid-driven enclosures having a localized solid
square block and using a two-phase hybrid nanofluid approach.
Thus, the main aim of this fundamental investigation exists to
examine the influence of a two-phase hybrid nanofluid approach
on mixed convection characteristics including the consequences
of varying Richardson number, number of oscillations, nanoparticle volume fraction, and dimensionless length and dimensionless
position of the solid obstacle. This investigation can contribute to
enhancing the performance of the cooling of electric, electronic
and nuclear devices and to controlling the fluid flow and heat
exchange of the solar thermal operations and thermal storage.

Computational fluid dynamic (CFD) predictions of the convective heat transfer, fluid flow and temperature distributions can
be achieved using two main paths. These are homogenous singlephase and two-phase approaches [23]. The former depends on
the continuous phase assumption and considers that nanoparticles
and the working liquid remain in thermal equilibrium among negligible slip velocity within them. The assumption of the two-phase
path considers that the value of the corresponding velocity among
the nanoparticles and the fluid phase may not equal to zero where
different advanced methods manage the governing equations. The
two-phase approach ought widely adopted for simulating both
natural convection such as in references [24–31] and mixed convection such as in references [32–35] in nanofluids. Wen and Ding
[36] experimentally concluded that the two-phase nanofluid path
does found to be further accurate due to the possible variations
in the slip velocity within the nanoparticles and the working liquid.
Buongiorno [37] formed a non-homogeneous equilibrium rule,
including the effect of thermophoresis and Brownian motion as
the two significant slip mechanisms in particular nanofluid flow.
The author introduced seven slip mechanisms between the working liquid and nanoparticles by developing a non-homogeneous
two-component equation which shows the significance of Brownian motion and thermophoresis. Darzi et al. [38] presented 2D and
3D numerical simulations to show the impact of Cu nanofluid on
mixed convection heat transfer within the lid-driven hollow utilizing the two-phase mixture form. It was concluded that the use of
fines does not raise the heat transfer toward moderate and low
Richardson numbers because of occurring the flow blockage within
the corners of the used fins. Motlagh and Soltanipour [39] and
Esfandiary et al. [40] examined free convection heat transfer inside
a square hollow including nanofluids adopting the two-phase
model. Their findings noted that the rule of heat transfer increased
by increasing the concentration of rated nanoparticles.
Recently, several researchers have concentrated toward the
application of combined or hybrid nanofluid as an innovative category of nanofluids engineered through dispersing two types or
more of nanoparticles, including metallic and non-metallic
nanoparticles, in ordinary liquids. Metallic nanoparticles, like Cu,
Ag, Au, and Al, have high values of thermal conductivities, but they
have limitations in terms of their poor stabilities and significant
reactivity. The use of non-metallic nanoparticles like MgO, CuO,
Al2O3, and Fe3O4 shows low thermal conductivities with many
beneficial properties compared to the metallic, like excellent stability and chemical inertness [41–51]. Therefore, it is expected that
the combined of metallic with non-metallic nanosized particles
leads to improve the thermophysical features of the hybrid nanofluid with achieving the accepted stability. However, this also
depends on the suitable selection of these combined nanoparticle
materials. Suresh et al. [52] achieved the highest improvement
level of 13.56% toward the heat transfer rate by employing
Al2O3-Cu hybrid nanofluid. Tayebi and Chamkha [53] analysed
the natural convection and entropy generation under the magnetic
field inside a square cavity containing a hollow cylinder loaded by
Al2O3-Cu/water hybrid nanofluid. The effective viscosity and thermal conductivity occurred defined using Corcione correlations
regarding the Brownian motion of nanoparticles. The outcomes
determined that inserting a hollow conducting cylinder can significantly change the flow characteristic and thermal patterns as well
as irreversibilities within the enclosure. The impact of using Al2O3
nanoparticles and Al2O3-Cu hybrid nanoparticles suspended in
water on mixed convection in a cavity equipped via heated oscillating cylinder did numerically questioned by Mehryan et al.
[54]. It was determined that the use of the considered nanoparticles confirms improvement in the heat transfer rate for the cases

Mathematical formulation
The mixed convective heat transfer problem of hybrid nanoliquid flowing into wavy-walled cavities having length L and containing square solid block with length d and horizontal position h is
considered, as outlined in Fig. 1. The left wavy isothermal heater
does maintained by the xed temperature (T h ). The wavy sidewall
of the enclosure having an isothermal cold temperature (T c ). The
top moving surface, as well as the bottom surface, remain well
insulated. All of the wavy cavity surfaces are impermeable including no-slip condition, and the uid inside the hollow remains waterbased hybrid nanofluid containing Cu-Al2O3 nanoparticles, and the
Boussinesq approximation continues appropriate. Examining the
assumptions mentioned above, the continuity, momentum and
energy equations regarding the laminar and steady convection
are as the following [32,63]:
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Fig. 1. Schematic representation regarding the physical design, geometrical features and the coordinate system.
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and the thermal conductivity ratio of nanofluids obtained also by
Corcione [64] as:

ð4Þ
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knf
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/0:66 :
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The heat equation concerning the solid block is:

r2 T w ¼ 0:

Based on the two-phase approach, the nanoparticles mass flux (J p )
will be formulated as:

J p;T ¼ qp DT

lhnf
1
h
i;
¼
lf 1  34:87df 0:3 ðdCu Þ0:3 ð/Cu Þ1:03 þ dAl O 0:3 /Al O 1:03
2 3
2 3

ð6Þ

J p;B ¼ qp DB ru;

rT
T

;

DB ¼

kb T
;
3plf dp

ð7Þ

lf
kf
DT ¼ 0:26
u:
2kf þ kp qf T

ð14Þ


qC p



hnf









qhnf ¼ /Cu qCu þ /Al2 O3 qAl2 O3



qf uB dCu þ dAl2 O3
2kb T
ReB ¼
; uB ¼

 :
lf
plf dCu þ dAl2 O3 2

ð9Þ

ð16Þ

Here lf ¼ 0:17nm is the mean path of the liquid particles,

Hybrid nanofluid density qhnf is given as



þ 1  /Cu  /Al2 O3 qf :

ð15Þ

where ReB of the hybrid nanofluid is defined as:



¼ /Cu qC p Cu þ /Al2 O3 qC p Al O
2 3



þ 1  /Cu  /Al2 O3 qC p f :

10

 0:03
khnf
T
¼ 1 þ 4:4ðReB Þ0:4 Pr0:66
kf
T fr
kf
h


0:66 i
0:03 
0:03
 ðkCu Þ ð/Cu Þ0:66 þ kAl2 O3
/Al2 O3
;

ð8Þ

The hybrid nanofluids sufficient physical properties are implemented in the following scheme:


Hybrid nanofluid heat capacitance qC p hnf given is



ð13Þ

Using on these two models, we will define the dynamic viscosity
and thermal conductivity ratios concerning water-Cu-Al2O3 hybrid
nanofluids toward 33 and 29 nm particles with the following form
[65]:

ð5Þ

J p ¼ J p;B þ J p;T ;

ð12Þ

kb ¼ 1:380648  1023 ð J=K Þ determines the Boltzmann number
and df defines the molecular diameter of the used liquid (water)
as the following form [64]:

ð10Þ

Hybrid nanofluid buoyancy coefficient ðqbÞhnf with be defined as:

"



ðqbÞhnf ¼ /Cu ðqbÞCu þ /Al2 O3 ðqbÞAl2 O3 þ 1  /Cu  /Al2 O3 ðqbÞf :

6M
df ¼ 0:1 
N pqf

ð11Þ
The dynamic viscosity ratio of nanofluids occurred obtained by Corcione [64] as:

#13
:

ð17Þ

Presently we shall propose the following non-dimensional
variables:
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X ¼ xL ; Y ¼ yL ; V ¼ Uv0 ; P ¼ qpLm2 ; u ¼ u/ ; DB ¼ DDB0B ;
2

nf f

T c
c
c
DT ¼ DDT0T ; d ¼ T hTT
; h ¼ TTT
; hw ¼ TTwT
; D; H ¼ d;h
:
T c
L
c
c
h

V  rh ¼

ð18Þ

ð19Þ
ðqbÞhnf
qf lhnf 1 2
r Vþ
Ri  h;
qhnf lf Re
qhnf bf

r2 h þ

ðqC p Þf
ðqCp Þhnf

DB
RePrLe

ru  rh

ðqC p Þf
DT
rhrh
;
ðqCp Þhnf RePrLeNBT 1þdh


DB
DT
r2 h
;
r2 u þ

V  ru ¼
Re  Sc
Re  Sc  NBT 1 þ dh
2
r hw ¼ 0;

Resulting toward the following dimensionless governing equations:

V  rV ¼ rP þ

khnf
1
kf RePr

ð21Þ

þ

h

r  V ¼ 0;

ðqC p Þf
ðqC p Þhnf

ð22Þ
ð23Þ

where

ð20Þ

Fig. 2. Comparison of isotherms between (left) experimental outcomes of Paroncini et al. [66], (middle) numerical work of Paroncini et al. [66], and (right) the current work;
Pr ¼ 0:7; Ra ¼ 2:28  105 ; / ¼ :0 and D ¼ 0.

Fig. 3. Comparisons of (a) the average Nusselt number with the current outcomes, the experimental outcomes of Putra et al. [67] and the numerical outcomes of Corcione
et al. [68] toward several amounts of Rayleigh number at / ¼ 0:01 and N ¼ 0 and D ¼ 0, (b) the thermal conductivity ratio with Chon et al. [69] and Cianfrini et al. [70]; and (c)
the dynamic viscosity ratio with the experimental and numerical outcomes of Ho et al. [71] and Cianfrini et al. [70].
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lf
qf T c

Le ¼
3

m2f

kf

ðqCp Þf /DB0

; Pr ¼

Ontheadiabatictopmovinghorizontalwall :

kb T c
/; DB0 ¼ 3pl
;
f dp

mf
af

;

ð25Þ
u
@h
U ¼ 1; V ¼ 0; @@n
¼ 0; @n
¼ 0;
Ontheheatedleftverticalwall : 1  Að1  cosð2NpX ÞÞ; 0 6 Y  1
D
u
1 @h
U ¼ V ¼ 0; @@n
¼  DT  N1BT  1þdh
; h ¼ 1;
@n

ð24Þ

:

B

Onthecoldedrigthwavywall : Að1  cosð2NpX ÞÞ; 0 6 Y  1
D
u
1 @h
¼  DT  N1BT  1þdh
; h ¼ 0;
U ¼ V ¼ 0; @@n
@n
B

The dimensionless boundary conditions of Eqs. (19)–(22) are:

Ontheadiabaticbottomhorizontalwall
:
u
@h
U ¼ V ¼ 0; @@n
¼ 0; @n
¼ 0:

l  106 ðkg=msÞ


q kg=m3
C p ðJ=kg KÞ
b  105 ð1=KÞ
dp ðnmÞ

Fluid phase (water)

Cu

Al2O3

0.628

400

40

695

–

–

993

8933

3970

4178
36.2

385
1.67

765
0.85

0.385

29

33

ð27Þ
ð28Þ

The local Nusselt number (Nu) does determine toward the hot wavy
surface as:

Table 1
Thermo-physical properties of water, Cu nanoparticles and Al2O3 nanoparticles at
T ¼ 310K [72].
Physical properties


k W m1 K1

ð26Þ

Nu ¼ 

khnf
kf



@h
@W



;

ð29Þ

W

where W the total length of the hot wavy source. The average Nusselt number evaluated on the heated wavy surface which is defined
as follows:

Z
Nu ¼

W

NudW:

ð30Þ

0

Fig. 4. Streamlines (left), isotherms (middle), and nanoparticle distribution (right) with Richardson number (Ri) for hybrid nanofluid, / ¼ 0:02; N ¼ 3; D ¼ 0:25 and H ¼ 0:5.
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@U @V
P ¼ k
þ
;
@X @Y

Numerical Method and Validation
The dimensionless form of the governing equations Eqs. (19)–
(22) controlled by the dimensionless boundary conditions Eqs.
(25)–(28) are solved by the Galerkin weighted residual finite element method. First, we transfer the momentum equations in Eq.
(20) to the Cartesian X and Y-coordinates as the following:
The momentum equation in the X-direction:

qf
@U
@U
@P
U
þV
¼
þ
@X
@Y
@X qhnf

which consequently generates the momentum equations in X and
Y:

U @V
þ V @V
@X
@Y

!

lhnf 1 @ 2 U @ 2 U
:
þ
lf Re @X 2 @Y 2

ðqbÞhnf
hnf bf

þq

ð31Þ

q

hnf

ðqbÞhnf
hnf bf

þq

Ri h:



lhnf 1 @ 2 V
lf Re @X 2

2

þ @@YV2

@U
@X

hnf




2
þ @@YU2 ;


lhnf 1 @ 2 V
@2 V
lf Re @X 2 þ @Y 2
lhnf 1 @ 2 U
lf Re @X 2

Ri h:

Regarding the FEM, the governing equations are formulated toward
the weak (or weighted-integral) formulation. Therefore, the resulting weak formulations concerning equations across the wavy region
remain accomplished:

The momentum equation in the Y-direction:
@P
U @U
þ V @U
¼  @Y
þqf
@X
@Y

 qf
þ @V
þq
@Y
hnf


qf
@k @U
@V
¼ @Y @X þ @Y þ q

@k
U @U
þ V @U
¼ @X
@X
@Y



ð32Þ

R 
X

k

k



Ui U k @U
þ Ui V k @U
dXdY ¼ k
@X
@Y

R

@ Ui
X @X



@U k
@X


k
þ @V
dXdY
@Y

2 k

R
q l
1
@ U
@ 2 Uk
þ q f lhnf Re
X Ui @X 2 þ @Y 2 dXdY;
hnf
f

R @ Ui @Uk @V k 
R 
k @V k
k @V k
þ @Y dXdY
X Ui V @X þ Ui V @Y dXdY ¼ k X @Y
@X
2 k

R
2 k
ð
q
b
Þ
qf lhnf 1 R
hnf
þ q l Re X Ui @@XV2 þ @@YV2 dXdY þ q b Ri X Ui hk dXdY

The Finite Element Method (FEM) is used for determining the governing equations. Employing the FEM toward the momentum Eqs.
(31) and (32) directs into the following rule:
At first, the penalty FEM is implemented to eliminate the pressure (P), including the penalty parameter (k) as:

hnf

f

hnf f

Fig. 5. Streamlines (left), isotherms (middle), and nanoparticle distribution (right) with number of oscillations (N) for hybrid nanofluid, Ri ¼ 1; / ¼ 0:02; D ¼ 0:25 and
H ¼ 0:5.
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þ
qhnf bf
X
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Next, the following basis extensions are used toward the variables
ranges:

V

N
X
Vj Uj ð X; Y Þ;

P

j¼1

h

N
X
Pj Uj ð X; Y Þ;
j¼1

N
X

hj Uj ð X; Y Þ;



u 

j¼1

ð33Þ

N
X

u Uj ð X; Y Þ:

j

j¼1

Then again, the residual pattern of equations is computed
by integrating the weak appearance of equations across the discrete
region:
m
X
R
Rð1Þi ¼
Uj X

"

j¼1

"
m
X
R
Uj X
þk

m
X
U j Uj

q

hnf

@ Uj
@X

m
X

þ

j¼1
@ Ui @ Uj
@X @X

!

V j Uj

#

@ Uj
@Y

dXdY þ

m
X

Vj

R

whereas the relative index denotes by the superscript k, subscripts
regarding i; j describe the residual and node number, respectively.
Here, m determines the iteration number.
Furthermore, integrals are completed through the second order
Gaussian quadrature. The Newton–Raphson iteration algorithm is
employed for iteratively determining the residual equations by
the following closing form of all field variables:

Ui dXdY

j¼1

j¼1

þq f

!

#

@ Ui @ Uj
X @X @Y

dXdY

j¼1

h

lhnf 1 X R @ Ui @ Uj
U j X @X @X
lf Re
m

Ui
þ @@Y

@ Uj
@Y

i

dXdY;

Cmþ1  Cm
6 g:
Cm

j¼1

Fig. 6. Streamlines (left), isotherms (middle), and nanoparticle distribution (right) with dimensionless length of the solid block (D) for hybrid nanofluid,
Ri ¼ 1; / ¼ 0:02; N ¼ 3 and H ¼ 0:5.
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(0:2 6 H 6 0:8) where additional parameters remain fixed as

Toward the aim of approving the existing numerical data, comparisons are made among the simulated data and the experimental and
numerical achievements of Paroncini et al. [66] concerning the free
convection case inside a square enclosure activated from sides, as
exhibited in Fig. 2. Fig. 3(a) displays a comparison among the current outcomes and the experimental arrangements of Putra et al.
[67] and the numerical result of Corcione et al. [68] using Buongiorno’s model and for various Rayleigh numbers at / ¼ 0:01;
N ¼ 0 and R ¼ 0. While the models of the thermal conductivity
and the dynamic viscosity remain confirmed by a comparison
among the experimental data in Figs. 3(b) and 3(c). Considering
such findings which perform significant trust toward the accuracy
of the existing numerical approach.

Re ¼ 100; kw ¼ 0:01; Pr ¼ 4:623; Le ¼ 3:5  105 ; Sc ¼ 3:55  104
and N BT ¼ 4:1, respectively. The thermophysical characteristics of
the base fluid (water), Cu nanoparticles and Al2O3 nanoparticles
phases are listed in Table 1.
Fig. 4 presents the hybrid nanofluid flow fields, which are visualized by the streamlines (left), the thermal fields, which are visualized by the dimensionless temperature isolines (middle), and the
nanoparticle distribution (right) for various amounts of the
Richardson number when / ¼ 0:02; N ¼ 3; D ¼ 0:25 and H ¼ 0:5.
The nanofluid flow structure portrays a formation of two main
clockwise vortices near the adiabatic horizontal walls. The codirection of the moving wall (shear-driven forces) and buoyancy
forces helps such behavior to occur. The side wavy walls alter
the form of the vortices. Flow close the block show high-velocity
flow near to the top and bottom borders of the block. A low
Richardson number depicts an appearance of secondary vortices
in the left and right of the enclosure between the active walls
and the solid body due to weak buoyancy forces. The isotherms
lines show the growth of thermal boundary zones adjacent to the
active vertical surfaces. The layer continues to rise inside the wavy
troughs, while it groups at the crests. We also notice the develop-

Results and Discussion
The current section displays numerical outcomes concerning
the streamlines, isotherms and nanoparticle distribution among
various values of the Richardson number (0:01 6 Ri  10),
nanoparticle volume fraction (0 6 /  0:04), number of undulations (0 6 N 6 4), dimensionless length of the solid block
(0:1 6 D 6 0:4) and the dimensionless position of the solid block

Fig. 7. Streamlines (left), isotherms (middle), and nanoparticle distribution (right) with dimensionless position of the solid block (H) for hybrid nanofluid,
Ri ¼ 1; / ¼ 0:02; N ¼ 3 and D ¼ 0:25.
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undulations toward the vertical active surfaces of the cavity tends
to reduce the flow strength inside the cavity. The flow cells move
away from the solid block toward the horizontal walls. The
nanoparticles tend to be accumulated at the bottom of the cavity
by raising the value of N.
Fig. 6 portrays that inserting a large centered conducting block
suppresses the convection flow within the cavity by reducing the
flow area of the hybrid nanofluid and also limiting the influence
concerning the shear force induced through the moving adiabatic
wall. As a result, the isotherms reveal less deterioration. Concurrently, it is seen from the nanoparticle distribution contours that
the nanoparticles prefer to be distributed close to the wavy walls
at a higher value of D. This is because the thermal conduction
mechanism enhances the thermophoresis effects.
Fig. 7 explores the effect of the relative position, up and down,
of the solid body on streamlines and isotherms as well as the
hybrid
nanoparticle
distribution
contours
when
Ri ¼ 1; / ¼ 0:02; N ¼ 3 and D ¼ 0:25. As seen from the figure, moving the conductive body downward (decreasing H) leads to a more
free space in the upper part of the cavity for nanofluid flow and
thermal plume development. As a result, one can nd a significant
concentration of nanoparticles area there, due mainly to the thermophoretic effects inside the thermal plume and the shear effect
movements. Moving the conductive body upward limits the
impact from the shear force required with the upper moving wall,
which is reflected at the concentration of nanoparticles inside the
cavity as they dispersed throughout the cavity except for the bottom side (due to the effect of circulating zone which pushes the
nanoparticles away) and near the cold wavy wall (due to thermophoretic impacts).

ment of a down-going plume-liken at the upper right moving wall
and up-going one at the lower wall reflecting the behavior of heat
transport inside the cavity. Increasing the Richardson number, by
prevailing the buoyancy forces over the inertia forces, results in
the increase of the main rotating vortices and the suppression of
the secondary vortices with an important augmentation of the
velocity gradients near the block and the wavy walls. Also, the isotherms become more irregular and horizontal. This denotes that
free convection is predominant. The nanoparticles distribution displayed in Fig. 4 reports an appearance of nanoparticle concentration zones in the top, and the bottom portion of the enclosure
which describes the particles transport directions in these areas
due to the Brownian effects. Besides, the less intensive flow within
the cavity, at low Ri, improves the thermophoresis effects, and
therefore, a high concentration of nanoparticles is observed near
the wavy cold wall. An increase in the Richardson results in a
higher convective motion, and the circulating flow manages more
nanoparticles, and thus, less concentration of nanoparticles occurs
toward the cavity core.
We examine in Fig. 5 the effect of the undulations number of
the active surfaces of the cavity on the flow, temperature, and
hybrid
nanoparticles
isoconcentration
patterns
when
Ri ¼ 1; / ¼ 0:02; D ¼ 0:25 and H ¼ 0:5. The isothermal contours
reflect a large temperature gradient on the flat walls (Fig. 5)) and
on the crests of the wavy surfaces (Fig. 5(b and c)), with a wider
zone for the first case, which result in a large local transmission
rate in these areas. We note a diminution in the deterioration of
the isotherms within the cavity by increasing the number of undulations which determines the weakness of the convective heat
transport between the active walls. It was also found that imposing

Fig. 8. Average Nusselt number with (a) Ri and (b) N for various types of nanoparticles at Ri ¼ 1; / ¼ 0:02; N ¼ 3; D ¼ 0:25 and H ¼ 0:5.

Fig. 9. Average Nusselt number with (a) Ri and (b) N for different values of / at hybrid nanofluid, D ¼ 0:25 and H ¼ 0:5.
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Fig. 8 portrays differences of Nu with respect to the Ri and N for
various types of nanofluids with 2% volume fraction at D ¼ 0:25
and H ¼ 0:5. At a given value of Ri and N, it is seen that employing
hybrid nanofluids offers a very good heat transfer behaviour in the
cavity compared to the Cu-based nanofluid, Al2O3-based nanofluid,
and certainly with the pure fluid. This is because the hybrid nanofluid holds the most important active thermal conductivity associated with other fluids. One notes that the rate of heat is a
monotonously increasing function of Ri due to the predominance
of the buoyancy effects, which increases the convective flow.
Fig. 8(b) shows that, first, the presence of a specific number of
undulations on the existing wall improves the rate of heat transfer.
The reason is related to the enlargement in the heat exchange surface. Generally, beyond the undulations number N ¼ 2, the mean
Nusselt number declines by the rise in N parameter. Besides, we
note optimum values of N toward the highest rate of heat transfer.
The increase of Copper and Alumina hybrid nanoparticles in the
receiving fluid improves heat transmission influenced by the
enhancement of the overall heat conductivity from the hybrid
nanofluids (Fig. 9).

This article does not contain any studies with human or animal
subjects.
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