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Abstract The present work is dedicated to understanding the natural convective flow mechanism and heat exchange under magnetic field within a concentric circular annulus between
a heat-generating conductive internal cylinder and an isothermally cold external cylinder
filled with a CNTs-water-based nanoliquid. The free convective flow is generated by the
temperature gradient created between the inner heat-generating solid cylinder and the outer
cold cylinder. The flow equations in their dimensionless form are numerically solved via
the technique of finite volume. The dependency of various factors and their interrelationships affecting the thermo-hydrodynamic behavior and heat exchange rate within the system
has been delineated. The findings of this study emphasize the role of the considered control parameters with regards to the hydro-thermal characteristics and the heat exchange rate
within the annulus.
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Magnetic field (N/A m2 )
Specific heat at constant pressure (J kg−1 K−1 )
Acceleration of gravity (m s−2 )
Heat conductivity (W m−1 K−1 )
Heat conductivity ratio (m2 s−1 )
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Dimensionless pressure
Volumetric heat generation (W m−3 )
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The inner to outer radius ratio, RR  r 2 /r 1
Temperature (K)
Components of velocity (m s−1 )
Dimensionless of velocity components (m s−1 )
Coordinate system (m)
Dimensionless of coordinates

Greek letters
ψ

α
β
μ
ρ
υ
σ
φ
θ

Stream function (m2 s−1 )
Dimensionless of stream function
Thermal diffusivity (m2 s−1 )
Coefficient of volume expansion (K−1 )
Dynamic viscosity, kg m−1 s−1
Density (kg m−3 )
Kinematic viscosity (m2 s−1 )
Electrical conductivity (1/ m)
CNTs concentration (in volume)
Dimensionless temperature

Subscripts
avg
c
f
h
nf
1
2

Average
Cold
Host liquid (pure water)
Hot
Nanoliquid
Refer to the inner cylinder
Refer to the outer cylinder

1 Introduction
Annular passages are classified among the most important designs in thermal energy devices.
They can be found in different applications of heat and mass transfer. Studies of the effects
of geometric aspects of the annulus, physicochemical structure of the working fluid, and
internal or external excitations on the buoyancy-driven flow and the rate of heat transfer
are considered by several researchers in many numerical and experimental investigations.
Kuehn and Goldstein [1] experimentally and theoretically analyzed free convective flow and
heat exchange in air and water-filled horizontal circular annular enclosure. They perused the
effects of Rayleigh number on temperature and velocity distributions and local heat transfer
coefficients. Natural convection in eccentric circular annular passages containing a saturated
porous medium is investigated by Bau [2]. Ho et al. [3] considered the different configurations
of horizontal cylindrical annuli to examine the free convective fluid flow with isothermal and
constant heat flux boundaries. They also employed a correlation between Nusselt number
and Rayleigh number. Shekar et al. [4] explored numerically natural convection inside an
annular cavity limited by two eccentric cylinders considering an interior energy source. The
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influence of the Rayleigh number, Prandtl number, radius ratio, and characteristic temperatures ratio of internal and external heating are examined. Numerical investigations have
been conducted by Elshamy et al. [5] to examine 2D-free convection airflow in an elliptical
annular cavity. The internal wall surface is heated while the external one is isothermally
cooled. The local and overall heat transmission rates for alternate values of the Rayleigh
number and eccentricity of the inner cylinder are determined. After the emergence of the
nanofluids that have been shown to improve heat transfer process effectively [6–16], numerous researches have been performed to study heat transfer improvement in annuli systems
using nanofluids. Abu-Nada et al. [17] devised a CFD code to study the natural thermal convection water-based nanofluid confined between horizontal annulus utilizing different kinds
of solid nanoparticles. Abu-Nada [18] perused the effect of variable heat conductivity and
viscosity of CuO–H2 O nanoliquid-filled horizontal concentric annular space. Sheikholeslami
et al. [19] have perused the effect of the presence of a magnetic field on the thermal free convection in a semi-annular cavity occupied with copper–water nanofluid. The overall thermal
transmission rate was found to augment with Rayleigh number and with the concentration
of the solid nanoparticles. Also, at weak Rayleigh, the overall thermal transmission rate
was found to augment with Hartmann number. The thermal buoyancy-driven flow in a Cuwater nanofluid filled-semi annular cavity was numerically studied by Soleimani et al. [20].
They reported that the addition of copper solid nanoparticles is beneficial at weak Rayleigh
numbers. Matin and Pope [21] reviewed the effect of eccentricity, radius ratio of cylinders,
Rayleigh number, and volume fraction of nanoparticles on free convection in a nanoliquid
filled-eccentric annular cavity. They concluded that the inclusion of copper nanoparticles
into the host liquid performed a remarkable intensification of heat transfer rate. Sheremet
and Pop [22, 23] considered Buongiorno’s [22] and Tiwari and Das’ [23] nanofluid models
to investigate thermal-natural convection in a porous horizontal annular space. Hu et al. [24]
investigated free convection in a Cu–H2 O nanoliquid-filled eccentric annular cavity with a
constant heat flux thermal condition. Selimefendigil and Öztop [25] have explored the effect
of the presence of a radial conductive solid partition within a horizontal concentric annular enclosure filled with nanofluid on MHD free-convection heat exchange. Sambamurthy
et al. [26] have perused the impacts of various-shaped inner heat generating solid cylinder
on conjugate free convection in a horizontal annulus bounded by a cold circular enclosure.
The effects of different configurations, Grashof number, and geometric aspect ratio on the
convective flow, temperature, and heat exchange rate are examined. Hatami et al. [27] have
executed a numerical study on the thermal free-convective of a nanofluid confined between
a wavy-walled heated internal cylinder and a cold external cylinder. Thermal free convection in a CNT-H2 O nanofluid-filled annular elliptic cavity with mixed thermal boundary
conditions is studied by Tayebi et al. [28]. Equations are formulated in the elliptic coordinates system using non-primitive variables. Dogonchi et al. [29] proposed a numerical study,
using the modified Fourier formula, of magneto-hydrodynamic free thermal convection of
ferrofluid within a semi-circular enclosure in the case of an interior triangular heater and
internal heat generator or heat sink. Tayebi and Chamkha [30, 31] explored the effectiveness
of the use of hybrid nanoliquid as heat transfer fluid in the improvement of heat transfer
in a confocal elliptical annular space and eccentric circular annulus. Alsabery et al. [32]
have accomplished a numerical study on the free-convective flow and thermal transmission
in a horizontal concentric annular enclosure filled with non-Newtonian blood considering
conductive solid inner surface. Bouzerzour et al. [33, 34] perused the effect of different
arrangements of heat sources on the inner surface [33] and the impact of the inclination angle
[34] on the buoyancy-driven flow and heat exchange of a nanofluid filled-elliptical annular
passage. Recently, Tayebi and Öztop [35] investigated the generation of entropy characteris-
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Fig. 1 Schematic of the physical problem

tics during thermal free-convective flow within an elliptical annular space loaded by a hybrid
nanofluid.
As shown by the literature survey above-mentioned, annuli enclosures are of specific and
notable importance in thermal convective heat transfer in various thermal energy systems.
Despite that, the study of natural convection fluid flow and heat transfer exchange in a
concentric annular space formed between an internal heat generating conductive cylinder and
a cold outer cylinder filled with CNTs-water-based nanoliquid in the presence of magnetic
field has not previously been considered by researchers, especially since the presence of
heat-conducting elements can significantly alter the fluid motion and heat transfer within
systems [36, 37]. Such configuration may be found in many practice engineering purposes
e.g. solar thermal receivers, heat exchangers, heating and cooling of underground electric
cables, heat removal in nuclear reactors, lubrication and others.

2 Formulation
2.1 Problem description
MHD thermal free-convection under the Boussinesq approximation of CNTs/H2 O nanofluid
in a concentric circular annular cavity bounded by a long internal heat generating conducting
cylinder and a long cold outer one is considered (See Fig. 1). Magnetic field is applied
horizontally. The thermal equilibrium condition between the constituents of the nanofluid
(carbon nanotubes and water) is applied. The nanofluid flow is considered to be laminar
and incompressible. The inner to outer radius ratio is fixed at RR  r 2 /r 1  2. We display
the properties of the materials used to make nanofluid, water liquid and carbon nanotubes
(CNTs), in Table 1. [38, 39].
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Table 1 Pure water and CNTs properties [38, 39]

Pure water (Pr  6.2)
CNTs

C p (J/kg K)

k (W/m K)

ρ (kg/m3 )

β (1/K)

σ (Sm−1 )

4179

0.613

997.1

21 × 10–5

0.05

2600

1.6 × 10–6

4.8 × 10–7

425

6600

Material properties of the CNTs-water nanoliquid depending on the concentration in
volume of nanoparticles are determined in the following equations:
ρn f  (1 − φ)ρ f + ρCNT φ

(1)

(ρC p)n f  (1 − φ)(ρC p) f + (ρC p)CNT φ

(2)

(ρβ)n f  (1 − φ)(ρβ) f + (ρβ)CNT φ

(3)

The CNTs-based nanofluid effective heat conductivity and viscosity are estimated by
Eqs. (4) and (5) utilizing Xue correlation [40] and Brinkman model [41], respectively:
  k +k f 

+1−φ
2φ kCNT /(kCNT − k f ) ln CNT
2k f
 


(4)
kn f 
kf
k
k
+k f
+1−φ
2φ kCNTf−k f ln CNT
2k f
μn f  μ f (1 − φ)−2.5

(5)

The electrical effective conductivity is defined as [38, 39]:


 
 
 
σCNT
σCNT
σCNT
σn f  σ f 1 + 3
− 1 φ/
+2 −
−1 φ
σf
σf
σf

(6)

2.2 Dimensional equations
The transport equations for 2D steady, laminar and incompressible magnetohydrodynamic
natural-convective flow of CNTs-based nanoliquid can be established as:
– Continuity equation:
∂u ∂v
+
0
∂x ∂y

(7)

– Momentum equations:



∂u
1 ∂ p μn f ∂ 2 u ∂ 2 u
∂u
+
+v
−
+
(8a)
∂x
∂ y  ρn f ∂ x  ρn f ∂ x 2 ∂ y 2
(ρβ)n f
σn f 2
∂v
1 ∂ p μn f ∂ 2 v ∂ 2 v
∂v
+ 2 +
g(T − Tc ) + −
B v (8b)
+v
−
+
u
2
∂x
∂y
ρn f ∂ y ρn f ∂ x
∂y
ρn f
ρn f 0
u

– Energy equation for the nanofluid domain:
u

∂T
∂T
+v
 αn f
∂x
∂y



∂2T ∂2T
+
∂x2
∂ y2

– Energy equation for the heat generating solid inner cylinder:




∂ ks ∂∂Ty
∂ ks ∂∂Tx
+
+ Q0  0
∂x
∂y


(9a)

(9b)
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∂ψ  u∂ y
∂ψ  −v∂ x

(10)

2.3 Equations in the dimensionless form
To write the above equations in their dimensionless form, we introduced the following dimensionless parameters:
p
x
y
(r2 − r1 )
(r2 − r1 )
u, V 
v, P 
,
X
,Y 
,U 
αf
αf
p0
(r2 − r1 )
(r2 − r1 )
p0  ρ f

α 2f
(r2 − r1 )

2

,θ 

T − Tc
ks
ψ
; 
, Kr 
T
kf
αf

Q 0 (r2 − r1 )2
T 
kf
The dimensionless equations are written as follows:
∂U ∂ V
+
0
∂ X ∂Y
 2

ρ f ∂ P μn f /μ f
∂ U ∂ 2U
∂U
∂U
Pr
+
+V
−
+
U
∂X
∂Y
ρnf ∂ X
ρn f /ρ
∂ X 2 ∂Y 2
f

U

ρ f ∂ P μn f /μ f
∂V
∂2V ∂2V
∂V
Pr
+
+V
−
+
∂X
∂Y
ρn f ∂Y ρn f /ρ f
∂ X 2 ∂Y 2

+

(ρβ)n f
ρn f β f

Ra Pr θ −

(11)
(12a)

ρ f σn f
H a 2 Pr V
ρn f σ f



αn f ∂ 2 θ
∂θ
∂θ
∂ 2θ
+V

U
+
2
∂X
∂Y 2
 ∂θ ∂Y

 α f ∂θ ∂ X
∂ Kr ∂ X
∂ K r ∂Y
+
+ Kr  0
∂X 
∂Y
∂  U ∂Y
∂  −V ∂ X
The non-dimensional numbers illustrated in the non-dimensional equations are:
⎧
gβ f T (r2 −r1 )3
⎪
⎨ Rayleigh, Ra 
υf αf
υf
Prandtl,
Pr

αf
⎪
⎩
Hartmann, Ha  (r2 − r1 )B0 σ f /μ f
The associated boundary conditions are determined as follows [42, 43]:
⎧
∂
⎪
⎨ Outer circular surface: U  V  ∂n  0, θ  0
Nanofluid
interface: U  V  ∂
∂n  0,θn f  θs
  - inner cylinder

⎪
∂θ
⎩ and ∂θ

K
r
∂n n f
∂n s

(12b)
(13a)
(13b)
(14)

(15)

(16)

The local and overall heat transmission rates are determined from the local and average
Nusselt numbers, respectively, which are expressed as follows:

 
−kn f ∂θ 
Nu 
(17)
kf
∂n r1
1 2π
∫ Nu dn
Nuavg 
(18)
2π 0
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Fig. 2 Example of a non-refined mesh of the computational domain

Table 2 Grid sensitivity test based on Nuavg on the inner boundary for Ra  106 , Ha  0, φ  0.04, and Kr
1
Grid size

50 × 20

100 × 40

150 × 60

200 × 80

250 × 100

Nuavg

8.073

5.123

4.418

4,347

4.346

3 Numerical methodology
The technique of finite volume is applied to discretize and approximately solve the nondimensional conservation equations along with the established boundary conditions [44].
The second-order upwind scheme is employed to discretizing the motion and heat equations.
For velocity–pressure coupling the Semi-Implicit method for Pressure-Linked Equations
(SIMPLE) algorithm is used. Convergence criterion is assumed to be 10–6 for all variables.
Figure 2 represents an example of a non-refined mesh of the grid employed in this study.
The grid sensitivity test, based on Nuavg on the inner boundary, has been implemented for
various grids dimension using the following parameters: Ra  106 , Ha  0, φ  0.04, and
Kr  1 in order to choose the best one that guarantees mesh independence on the numerical
results (See Table 2). Eventually, a grid with 200 and 80 nodes in the circumferential and
radial direction, respectively, was chosen as the best one as the variation of Mean Nusselt
become negligible.
To assure the accuracy of our numerical procedure, we compared our outcomes quantitatively, in Figs. 3 and 4, and in a qualitative way (Fig. 5) with those published in the literature
by Abu-Nada et al. [17] and Pop [21].
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Fig. 3 Comparison of the present Nuavg with the numerical results of Abu-Nada et al. [17] and Matin and Pop
[21] when Pr  0.706 and RR  2.5

Fig. 4 Comparison of the present dimensionless temperature distribution with the numerical results of AbuNada et al. [17] and Matin and Pop [21] when Ra  47 × 103 , Pr  0.706, and RR  2.6

4 Results and discussion
Influences of the governing non-dimensional parameters such as the Rayleigh number
(103 ≤ Ra ≤ 107 ), Hartmann number (0 ≤ Ha ≤ 50), solid/fluid heat conductivity ratio (1 ≤ Kr
≤ 10) and volume fraction of carbon nanotubes (0 ≤ φ ≤ 0.04) on free-convective flow characteristics and heat exchange under magnetic field in a circular concentric annulus enclosure
between an inner heat generating conducting cylinder and outer cold cylinder containing
CNTs-based nanofluid are examined. The inner to outer radius ratio is fixed at RR  r 2 /r 1
 2.
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Fig. 5 Comparison of the present results, (a) for streamlines and isothermal lines by Matin and Pop [21],
(b) when φ  0.03 (Cu), RR  2.5, and Pr  6.21

Figure 6 portrays the change in the isotherms and streamlines plots with respect to Rayleigh
numbers, Ra  103 to 107 at Ha  0, Kr  1 and φ  4% of CNTs. We notice the formation of
a duo of counter-rotating and symmetrical (with respect to the vertical midline) flow vortices.
The left vortex turns in the counterclockwise (CCW) rotation while the right one circulates in
the clockwise (CW) rotation. This behavior results from that the nanofluid ascents along the
inner heat-generating solid cylinder and the vertical median line to arrive at the annulus top,
and then descents radially along the cold surface of the annulus. With increasing Rayleigh
number, the flow speed intensity increases as well, and the core of the vortices moves upward.
The velocities in the lower portion of the annulus are very low compared to those in the top
portion. This indicates stratification effects in the bottom region of the annulus (the nanofluid
is practically stagnant at this region). The thermal fields in Fig. 6 show that, for weak Rayleigh
number, during the conduction-dominated stage, iso-temperature lines are found to be parallel
and regular which reflect a uniform radial distribution of heat in the annulus from the heatgenerating cylinder center to the cold outer surface. As the Rayleigh number increases, the
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Fig. 6 Evolution of isothermal
lines and streamlines with Ra at φ
 0.04, Ha  0 and Kr  1

free-convective cooling performance increases, and as a result, the average temperature of
the nanofluid and the solid region decreases. The lower part of the heat-generating cylinder
and the upper part of the cold cylinder show a boundary-layer behavior reflecting more
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Fig. 7 Evolution of isothermal
lines and streamlines with φ at Ra
 106 , Ha  0 and Kr  1
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Fig. 8 Evolution of isothermal
lines and streamlines with Kr at
Ra  106 , Ha  0 and φ  0.04

essential heat exchange rate at these regions. Besides, a thermal plume area is formed at the
top of the heat-generating cylinder. It is noteworthy that, at higher values of Rayleigh, the
iso-temperatures lines inside the solid cylinder are getting closer to each other owing to the
strength of the heat transfer rate around the surface of the inner cylinder. Moreover, isotherm
plots inside the heat-generating solid cylinder reflect a uniform radial distribution of heat
from the center of the solid cylinder to its surface with maximum dimensionless temperature
always occurs at the center of the solid cylinder for all considered values of the Rayleigh
number.
The flow speed within the annulus is observed to augment with increasing values of the
CNTs volume fraction as shown by the absolute values of stream functions in Fig. 7 and as
a result, more essential cooling of heat-generating cylinder is observed.
Figure 8 shows the change in the isotherms and streamlines plots with respect to thermal
conductivity ratio (Kr  1, 5 and 10) when to Ha  0, Ra  106 and φ  4%. As can
be seen, elevating Kr, which corresponds to an augmentation of the solid cylinder thermal
conductivity, k s with respect to that of host liquid, k f , makes the convective flow increases
and the temperature within the solid cylinder decreases, because the thermal resistance of the
conducting inner heat-generating cylinder decreases and therefore loses more heat energy by
conduction to the surrounding. Thus, the values of the temperature inside the heat-generating
cylinder decrease with Kr. It is also noticeable that the nanofluid temperature increases due
to the fact that the cooling of the internal heater cylinder is more quickly compared to the
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Fig. 9 Evolution of isothermal
lines and streamlines with Ha at
Ra  106 , φ  0.04 and Kr  1

heat transferred out through the cold outer cylinder. It should be noted that the maximum
temperature point inside the solid cylinder moves upward with the increase of Kr due to the
strong local heat exchange rate in the lower part of the conducting cylinder.
From Fig. 9, a decrease in the convective flow is observed by applying a magnetic field.
The cores of flow vortices move upward due to the Lorentz forces. The cooling performance
decrease with the augmentation of Hartmann as evidenced by the values of the nanofluid
temperature and internal heat-generating cylinder temperature.
The local Nusselt number distribution and the dimensionless temperature profiles along
the inner heat-generating cylinder surface for different values of Kr are represented in Fig. 10
and for various values of φ in Fig. 11 at Ra  106 , φ  0.04 and Ha  0. For a given value
of Kr or φ, maximum heat transfer rates are reached near the bottom surface of the heatgenerating cylinder where the thermal gradient is high there. These maximum values increase
with Kr and decrease with φ, whereas the minimums are located exactly at the top of the
internal cylinder surface where the thermal plume area is located which represents a minimum
thermal gradient. These minimum values increase in severity with increasing the values of
φ and Kr. The local dimensionless temperature distribution along the conductive cylinder is
almost the opposite of the local Nusselt number distribution, which confirms the behavior of
heat exchange rate at the surface.
The profiles in Fig. 12 represent the variation of average Nusselt number, Nuave and
average dimensionless temperature of the inner heat-generating conductive solid cylinder,
θ avg with respect to Ra for different values of Kr at Ha  0 and φ  0.04. Mean heat exchange
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Fig. 11 Distribution of local Nusselt number and dimensionless local temperature along the inner surface for various values of φ when Ra  106 , Kr  1 and Ha  0
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Fig. 13 Average Nu number (Nuavg ) and average dimensionless temperature of the solid cylinder (θ avg ) with
the respect to φ for various values of Kr at (a): Ra  104 , (b): Ra  106 and Ha  0

rate increases as Rayleigh increases for all considered values of Kr. The average temperature
of the inner cylinder decreases with the thermal conductivity ratio and Rayleigh number,
and this reduction tends to be more severe as Rayleigh increases which indicates a more
important cooling of the heat-generating cylinder.
From Fig. 13, it is possible to conclude that the insertion of CNTs in the water tends to
a rise of the convective flow speed, and as a consequence, the inner heater cylinder average temperature reduces. At the same time, the heat exchange rate decreases. This can be
explained by the behavior of the thermal gradient over the inner cylinder which appears
to decrease by increasing the nanoparticles’ concentration. Also, it should be noted that
the effect of inserting carbon nanotubes is more effective in reducing heat exchange rate at
higher Rayleigh number while their effect in the cooling of the inner heater cylinder is more
effective at low Rayleigh. The magnetic field works to suppress the natural-convective flow
inside the annulus and thus reduces the heat transfer rate on both annulus walls and as a
result, the average internal temperature of the inner cylinder increases with the increase of
the Hartmann number (See Fig. 14).
Figure 15 demonstrates that the magnetic field affects the mean heat transfer rate and
mean internal temperature of the inner cylinder with the same rate for all considered values
of the carbon nanotubes concentration.
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Fig. 14 Average Nu number (Nuavg ) and average dimensionless temperature of the solid cylinder (θ avg ) with
the respect to Ha for various values of Kr at (a): Ra  104 , (b): Ra  106 and φ  0.04

Fig. 15 Average Nu number (Nuavg ) and average dimensionless temperature of the solid cylinder (θ avg ) with
the respect to φ for various values of Ha at (a): Ra  104 , (b): Ra  106 and Kr  1

5 Conclusion
In this present numerical study, the technique of finite volume is applied to discretize and
approximately solve the non-dimensional conservation equations of the problem of thermal
free convection under magnetic field in a concentric circular annular cavity bounded by
an internal heat-generating conducting cylinder and a cold outer one. The annulus space is
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filled with CNTs/H2 O nanofluid. Impacts of the involved dimensionless parameters and their
mutual relationships, e.g. Rayleigh (Ra) and Hartmann (Ha) numbers, CNTs concentration
(φ), and heat conductivity ratio (Kr), on the flow and heat transfer characteristics have been
studied. The main results indicate that natural nanofluid circulation speed is an increased
function of Ra, φ and Kr while it is a diminished function of Ha parameter. The maximum local
heat exchange rates occur close to the bottom of the heat-generating cylinder while minimums
are located at the top of the inner cylinder. The maximum local heat exchange rates occur
close to the bottom part of the heat-generating cylinder while the minimums are achieved
at the top of the inner cylinder. The results also show that the total heat transfer exchange
increases with Ra and Kr and decrease with increasing Ha and φ. A growth of Ra and φ
allows to decrease the average inner cylinder temperature as well as the nanofluid temperature
inside the annulus, while augmenting Kr leads average inner cylinder temperature to decrease
and the nanofluid temperature to increases as well. Therefore, for a passive cooling process
purpose, augmenting thermal conductivity of the inner heat-generating solid cylinder and
CNTs concentration can be considered as more effective.
Data Availability Statement This manuscript has associated data in a data repository. [Authors’ comment:
The data that support the findings of this study are available from the corresponding author upon reasonable
request.]
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